THE GYROSCOPE
REFERENCES

The Feynman Lectures on Physics, Chapter 20 (avery nice, intuitive description of the operation of the
gyroscope). Copy available at the Resource Centre.

Most Introductory Physics texts (eg. A.Hdliday and R.Resnick, Physics; M.Sternheim and JKane,
General Physics) discuss Angular Motion, Moments of Inertia, Smple Harmonic Motion, etc.

Operation and Instruction Manual for the MITAC Gyroscope (available a the Resource Centre)
INTRODUCTION

One of themogt interesting areasinthe science of rotationa dynamicsisthe study of spinning solid objects,
tops, hoops, whedls,etc. Fromthegyrocompass (whichindicatestrue North, rather than Magnetic North)
to an understanding of how a cyclist turns corners, the applications of thisfied of study are both practica
and fascinating. Thisexperiment isdesigned to
introduce you to some of these interesting and
often counter-intuitive properties of rotating
bodies.

The apparatus consigts of a 2.7 kg cylindrica

rotor that is spun at a constant rate by an
electric motor. The rotor is mounted in a
double gimbd arrangement which dlows it to

assume any orientation.

THEORY

Angular Mation. The basic equations for
angular motion can often be obtained smply
from those for linear motion by making the
falowing subgtitutions (bold quantities are
vectors):

D ga

Linear variables Y Angular variables
Force, F Y Torque’ [
Mass, m Y Moment of Inertia, |

Velodity, v Y Angular velocity, W
Momentum, p Y Angular Momentum, L

Accderation,a Y Angular accderdion, a
NB. The analogy needsto be treated with caution; e.g. | isnot a constant property of the body, as is mass, since its
value depends the axis around which it is measured.
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Thus Newton's Law F = a , becomest = = ( ):Ia.

dt dt dt dt

Soweseethat a torquet™ applied to abody rotating with angular momentum L produces achangein that
angular momentum according to the relationship:

s
dt

)

where t~ isthe applied torque; L= lw isthe angular momentum, W isthe angular velocity of
rotation of the body and | isthe moment of inertia of the body about the axis of rotation (i.e., about the
W axis).

If thistorque t_> isgpplied perpendicular to thedirection of L (i.e., perpendicular tothedirection of W )

then from equation (1), L does not change in magnitude but does change in direction (if you do not
understand why thisis so, check with a demonstrator before going any further). Thischange in

directionof L (and thusasoof W) is caled precession and appears as arotation of the direction of the
L vector in space with a precession angular velocity of W p- Then it can be shown that:

—

= W, "L )
EXPERIMENTS

1. Introductory experiment

Study the gyroscope (gyro) and ensurethat you
can identify the outer frame, the outer gimbal
(which has a vertica rotation axis), the inner
gimbal (with horizontal rotation axis), and the  £GREw o &
caging screw which locksthe outer gimba tothe :
frame, dong with the associated equipment:  INMER
weights, orings, supports and the scale.
Instrument alignment

- Setthegyroon aleve table. : = P ;

- Lock the outer vertica gimbd to the frame SsA -b . ' E'rlr' SPIRAL
with the caging knob. e SN

- Start the motor and alow a minute or so for
the rotor to attain a constant operating speed.

- Adjust the arrow head and/or tail weights by -~
turning them until the arow remans in a -
horizontal plane, which indicates a balance
about theinner gimbd axis.

MOTOR
COUNTER
WEIGHT

ROTOR

BAZE

AFIMUTH S3CALE
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Free (two degrees of freedom) gyro

Unlock the outer gimbal by releasing the caging screw, then start the motor. Observe the orientation of the
soin vector arrow. Carefully lift the gyro by its base. What happens to the direction of the spin vector
arrow?

After returning the gyro on the table, carefully push down on the arrow or the head to produce a torque
vector. Notice the opposing torque. Observe the resulting tendency to rotate (precess) about the vertical
axis. Determine the directions of the spin, torque and precesson vectors and verify that the spin vector
precesses toward the torque vector.

Captive (one degree of freedom) gyro

Lock the outer gimba to the base. Except for smdll frictiond and inertid torques, there is now no directly
opposing torque when the arrow is depressed as before. This can be explained by the basic gyro equation
2):

—

f:Wp, L )

With the outer gimbal locked, the gyro isnot freeto precess and the precession angular velocity W o Must

be zero. Then, by Eq. (2), theangular momentum L must be zero, which means no torque is generated to
oppose the torque caused by pushing on the arrow. The gyro seemsto have logt itsinertia properties.

2 - Determination of rotor angular momentum

Y ou need: 300g and 150g torquer weights; stop watch.

The gyro has to be baanced.

Unlock the outer gimbal by releasing the caging knob. Attach one of the torquer weights on the shaft of the
Spin vector arrow and secure the detent in one of the notches.

Orient the spin vector arrow inthe horizontal plane and then release the arrow, alowing the gyro to precess
about the vertical axis. Ostillationswhich may occur can be damped by applying avery dight torqueto the
outer gimba about the precession axis.

Determine the time the outer gimba takes to rotate five complete revolutions. Caculate the precesson

frequency f and the precesson angular velocity W p:
W, =2pf @

Measure the lever arm: the distance (along the spin vector arrow) between theinner gimba rotationa axis
and the notch on which the torquer weight was placed.

Express the applied torque (in N m) by multiplying the force due to the torquer weight (in N) by the lever
am (inm).

Use (2) to determine the angular momentum L of the gyro.

Repeat the experiment for three or four other combinations of torquer and lever arm. Two weights are
supplied; each weight can be placed in any of the different positions on the shaft; more than oneweight can
be used & atime.
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3-Measurement of rotor moment of inertia. Analytical deter mination of rotor moment
of inertia.

The moment of inertiaof abody measuresthe distribution of itsmass about the axis of rotation. Theangular
momentum L of arotating body is dependent upon the moment of inertial:

—

L=Iw (4

L isthe angular momentum, W isthe angular (spin) velocity of rotation of the body and | isthe moment

of inertia of the body about the axis of rotation whichisthe W (vector) axis.

The objective of thisexperiment isto cal culate the rotor moment of inertiafrom: the angular momentum as
measured in Experiment 2, and the spin angular velocity to be measured in this experiment.

Baance the gyro, apply power to the rotor and alow approximately one minute for the rotor to comeup
to speed. Measure the time required to complete ~50 revol utions, calculate the rotor spin velocity inrad/s.
Use (4) and the previoudy determined L to cdculate |.

In order to caculate the rotor moment of inertiawe shall consider the solid to be made of two bodies
having moments of inertial; and 1,. The moment of inertia | of the rotor can be cdculated by using the
method of superpostion. To smplify theca culation, we neglect thesmal hub &t the centreand the rounding
of dl sharp edges. The rotor is a composite solid made up as the difference between two right circular
cylinders. To get the solid, we have to subtract 1, from [

1. -,_1 2
I, =—M.r ==V,rr
1 5 111 211
(5)
1 21 2
I, =—Mory ==Vorr
oL = 2 5 212 5 2l 1o

(r) (r2)

Mio, ri2, Vi, are masss, radii and volumes of the two cylinders;r  is the density of the cast iron
materid (7 x 10° kg/n?).

Cdculatethe vauefor the moment of inertiaof the gyro rotor. Compare the vaueto that measured before.
Discuss the sources of error.
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4 - M easurement of system momentsof inertia

In this experiment two composite moments of inertia of the system will be measured:
a) theinner gimba plus rotor moment of inertia about the inner gimba axis of freedom;
b) theinner gimba and outer gimba moment of inertia about the vertical axis.

When the gimbals are restrained by springs (see Figures 1, 2a, 2b and 3) the gyroscope would oscillate

K
with anaturd frequency W =, [— (6), whereK isthe torque constant and

| isthe composite moment of inertiaof theinner gimba plusrotor. The torque constant isequd to theratio
of the output torque to the output angular displacement:

t
K=— (7)

g

In the Situations shown in Figures 1, 2a, 2b and 3, the torque applied to the rotor-plus-gimbal is ,

t = SFE’" 7 by definition of torque. Here S F isthesum of theforces adtinga adistance ¢ from
the axis of rotation. These forces are provided by the two springs. If k; and k, are the spring constants

of the two springs, d; and d, the extensions from the unstressed length when the rotor is & rest, and D
the extenson of one spring and the concomitant compression of the other astherotor oscillates (verticdly
in Figures 2a and 2b, horizontaly in Figure 3), we have:

t =SF" /=[ky(d; + D) - k,(d, - D)] ®

which,if k; - k, - kandd, . d,, becomes:

t =2k¢D
)

Now D = /q whereq isthe angular displacement of the rotor-plus-gimbal (see Figure 1).
Equation (7) becomes:
t 2
K == M
q q

_[2ke?
WA (1)

Youwill assumek; . k, . k=76.5N/m

= 2k¢? (10)

and the angular frequency:
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Figure 2a.

_ Figure 3.
Figure 2b.

Procedure

A. Moment of Inertia about Inner Gimbal Axis

Bdance the gyro (see Instrument alignment, above). Attach the pointer and spring lever to the inner
gimba then apply power to the gyro rotor. Balance the outer gimba by means of the adjustment weights
on the shaft of the spin vector arrow. Attach the springs as shown in Figure 2a.and 2b.

Deflect the spin vector arrow asmall amount (5 to 10 degrees) and then rdeaseit.

Time ~ 20 ostillations with a stopwatch. Compute the natural frequency in oscillations/second. Caculate
K from Eg. (10) and then use Equation (11) to compute the “inner” moment of inertiall;.
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B. Moment of Inertia about the Outer Gimbal Axis

Use the gyro configuration shown in Figure 3 without rotor excitetion.

Orient the spin vector arrow in the horizonta plane.

Deflect the outer gimba ~ 5 to 10 degrees about the vertica axis and then releaseit.

Time ~20 ocillaions with a sopwatch; compute the natural oscillation frequency in oscillations/second.
Use equations (10) and (11) to compute the *outer” moment of inertia |, of the rotor, inner gimba and
outer gimba about the verticd axis.

5. Analytical study of nutation
Nutationis the oscillation of the spin arrow as it precesses. This may be observed by giving adownward
tap to the head of the spin arrow asiit precesses; a damped oscillatory motion will be observed. Another
exercise would be to clip one of the weights to the spin arrow and observe the precession.
The angular frequency of the nutation depends on the inertid properties of the spinning rotor. If |, isthe
moment of inertia of the outer gimba plus rotor plus weight about its vertical axis, and I;,, the moment
of inertiaof theinner gimba plusrotor pluswei ght about itshorizontd axis, it can be shownthat theangular
frequency of nutation of the rotor is given by:
w, = 2pf, = Lt (12)

| iw | ow
I, and |; determined in Experiment 4 become now |, and |;,, They have aterm added to take account
of the extra contribution of the torquer mass.
Bdance the gyro and unlock the outer gimba. Apply power to the rotor and align the spin vector arrow
in the horizonta plane. Clip aweght (use the maximum torque available) and time~50 cyclesof nutation.
Cdculatethenutation frequency in oscill ations/second. Computethe nutation frequency using Equation (12)

and compare the result with the measured vaue.

Observations
- A limitation of the apparatus comes from friction in the bearings of the gimbas. This is particularly
noticeable with alarge weight hung on therotor axis. If friction did not exist, the arrow would not drop with
time. Y ou should figure out which bearing is causing this and you might work out how to move the base
to diminate this torque while you perform your experiment.

- One of the most useful features of agyroscopeisthe sability of itsdirection of spinin space. Gyroscopic
gtability can be understood by rewriting Equation (1):

w, - Iw,

Dt

—

{ =

where W ¢ andWi arethefind and initid angular speed (spin) of the object. If t_' issmdl or goplied

for ashort time, it will have only asmal effect in changing the angular momentum of the object and the spin
direction will be congtant.

RM Serbanescu - Feb. 2003. Previous ver sions of thisguide sheet werewritten by D. Harrison (1974),
J. Vise (1988) and T. Key (1995)
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