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We report the results of an investigation into physics students’ understanding of vector addition,
magnitude, and direction for problems presented in graphical form. A seven-item quiz, including
free-response problems, was administered in all introductory general physics courses during the
2000/2001 academic year at lowa State. Responses were obtained from 2031 students during the
first week of class. We found that more than one quarter of students beginning their second semester
of study in the calculus-based physics course, and more than half of those beginning the second
semester of the algebra-based sequence, were unable to carry out two-dimensional vector addition.
Although the total scores on the seven-item quiz were somewhat better for students in their second
semester of physics in comparison to students in their first semester, many students retained
significant conceptual difficulties regarding vector methods that are heavily employed throughout
the physics curriculum. @003 American Association of Physics Teachers.
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[. INTRODUCTION veyed students in both the first- and second-semester courses
of the two-semester general physics sequence, both in

Vector concepts and calculation methods lie at the heart ctlgebra-based and calculus-based courses.
the physics curriculum, underlying most topics covered in
introductory courses at the university level. As Knighas || METHODS
emphasized, the vector nature of forces, fields, and kinemati-
cal quantities requires that students have a good grasp of We constructed a quiz containing seven vector problems
basic vector concepts if they are to be successful in masteposed in graphical forntsee the Appendjx The problems
ing even introductory-level physics. Knight has alluded toassess whether students can correctly identify vectors with
the surprising lack of published research regarding studeri@entical magnitudes and directions, and whether they can
|earning of vector Conceptsy and h¥ector Know|edge Test Cal’ry out vector addltlon In one and two QImenSIonS. On f|Ve
provided an invaluable first glimpse into the pre-instruction©f the problems, students are asked to give a free response or
vector knowledge of students enrolled in the calculus-basetP Select multiple options from a list. On the other t#8
physics course. Most of the problems on Wetor Knowl- and #7, they are given possible ch0|ces_. On four prc_)blems
edge Tesfocus on algebraic aspects of vectors. Another sigStudents are explicitly prompted to provide explanations of

nificant investigation has been reported by Kafimho ex-  their work.

plored students’ understanding of vector concepts in the 1MiS diagnostic quiz was administered to students in all
context of electric forces and fields. Aguirte@nd Aguirre Introductory general physics courses taught at lowa State

and Rankifi have studied students’ ideas about vector kine—UniVerSity (ISU) during the 2000/2001 academic yeane

matics, but their inquiry focused on the interrelationshipsdld not include in our study one-semester elementary physics

) . .~courses using little or no mathematics; these courses are in-
among velocity, acceleration, and forcg rather than propertlet%nd(:)d as surveys for nontechnical studentsry minor re-
of vectorsper se Recently, Ortizet al’> have reported on

visions were made to the quiz between fall and spring semes-

student learning difficulties related to basic vector operations[:erS

(shuch as dot and cross prodyass employed in introductory gy is a large public university with a focus on engineer-
PNySICS COUrses. , _ ing and technical subjects. The average ACT Mathematics
Our instructional experience has led us to believe that stuscre of all freshmen entering ISU in fall 2000 was 24.5
dents’ poor understanding of vector ideas posed in graphicalompared to the national average of 21.8 for students who

form presents a particularly troublesome obstacle to theiggmpleted the core college-preparatory curricufusu
success in mastering physics concepts. Graphical and gepynks 16th nationally in number of undergraduate engineer-
metrical interpretations of vector ideas pervade the entiretyng degrees awarded. It therefore seems unlikely that our
of the general physics curriculum. Despite most studentsresults will underestimate the average performance level of
previous exposure to vector concepts in mathematics coursgsysics students nationwide.

or in high-school physicgas indicated by various surveys — The algebra-based general physics sequence consists of
and the heavy emphasis we have placed on those conceptsphysics 111(mostly mechanigs and Physics 11Zmostly

our own instruction, students’ persistent confusion about funelectricity and magnetism, and optic§he calculus-based
damental vector notions has bedeviled our instructional efsequence is comprised of Physics 22dechanics, electro-
forts. We decided therefore to carry out a systematic investistatics, and dc circuits and Physics 22Zmagnetism and
gation of university physics students’ knowledge of basicelectromagnetism, thermal physics, optics, and modern phys-
ideas of vector addition, magnitude, and direction during thecs). In this paper, we will use the following designations for
initial weeks of their physics courses. To this end, we surthese courses: Physics 111: A-l; Physics 112: A-ll; Physics

630 Am. J. Phys.71 (6), June 2003 http://ojps.aip.org/ajp/ © 2003 American Association of Physics Teachers 630



(a) Responses to Individual Problems (b) Responses to Individual Problems
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Fig. 1. Responses of students to individual problems on
the vector concept diagnostic. Percent correct responses
shown for students in@ first- [A-I] and second-
semestefA-II | algebra-based introductory physicb)

first- [C-1] and second-semestE€-I1] calculus-based
introductory physics.
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221: C-l; Physics 222: C-1l, where | and Il designate the firstthe students. Students were asked to respond to the quiz so
and second courses in each sequence, respectiVabt is, |  that instructors could get a better idea of their background
is primarily a mechanics course, while Il is primarily a knowledge in vectors. They were asked to fill in their names
course on electricity and magnetism. All four courses areon the quiz to aid in record keeping. The same procedure was
taught during both the fall and spring semesjeResults  followed in both fall and spring semesters. Responses were
were obtained from a total of 2031 students, divided into theobtained from the great majority of enrolled students. Re-
four courses as follows: Algebra-based physics: A-l, 520 tosponses on each problem were graded as correct or incorrect,
tal (fall: 287; spring: 233 A-ll, 201 total (fall: 83; spring:  and frequently appearing errors were noted and tabulated.
118). Calculus-based physics: C-l, 608 totéhll: 192;
spring: 416; C-Il, 702 total (fall: 313; spring: 389 (In the
paper we refer to these courses as the “four groupBg-  Ill. RESULTS
cause the quiz was administered in both fall and spring of-
ferings in all four courses during the academic yéhat is,
twice each in A-l, A-ll, C-1, and C-Il for a total of eight
administrationy many students took the quiz twice, once in
their fall-semester course and again in their spring-semest
course. The number of repeat test-takers is not known.
We did not survey the students in this study sample with®- Responses to problems

regar'd to their previous backgroqnd in physms and ma}th- Figure 1 shows the percentage of correct responses to each
ematics. However, surveys carried out in ISU physics, i, item for students in all four courses. We now proceed to
courses during the summer and in other years have indicatefls. ;s the students’ responses to each individual problem in
that nearly three quarters of students in the algebra-bas ore detail

courses, and more than 90% of those in the calculus-based p . \)jam #1'Vector magnitude. Performance on this prob-
courses, have studied physics in high school. In these SUlam was genérally good, with a.range of 63%—87% correct

; tors including two-d; ional tor additi ith Yesponses for the four different groups. However, more than
Of VEclors including two-dimensional vector adaition, €Itner o ,q g of the students in A-1 didot answer this question

in their high-school physics classes or in high-school and/o[:orrectly, which indicates that student knowledge even on

ci)lldeget mat[\hcoulrsebSThlk:); IS tge case for adbogt tV\t/%gy/rdi (t)r]: this basic vector property cannot be taken for granted. The
students Iin the algebra-based course, and about 9% OF NOzfyst common error was to assume that vectors can only

in the calculus-based courseélhese results are consistent h : .

. X o X : ave equal magnitudes when they are parallel or antiparallel
with Knight's finding that 88% of students in the first quarter 9 g y N _p > P
of the introductory calculus-based physics course at his int@ €ach othexfor example, choosingD|=|G|, but not|D|

stitution had previous instruction on vectors. Of course, all=|F|=|G|).

students in the second-semester cou(des is, Physics 112 Problem #2:Vector direction. A significant number of stu-

[A-11] and Physics 222C-Il]) have had extensive exposure dents in all classes made errors on this quest&39%—45%

to vector representations and calculations in their firstincorrect responseslt is notable that there was very little

semester university courses. They represent 44% of the totdifference in performance between students in the first- and

population sample in this study. second-semester courses, both in the algebra-based and
The quiz was administered in recitation sectigasound  calculus-based sequences. This small performance increment

25 students eaghduring the first week of class in all four seems to suggest that, particularly on this problem, little in-

courses, before instruction on vectors took place. The quizrease in understanding occurs during the first-semester

did not count toward a course grade and was not returned toourse(that is, in A-l and C-J.

All statistical results we will cite in this papéexcept for
those in Sec. Il ¢ reflect averages over the entire sample,
that is, fall- and spring-semester offerings combined in the
&ase of each of the four courses.
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The single most common incorrect response was to list

both vectors= and G, instead ofF only, thus reflecting con- (a)
fusion about the requirement that vectors with the same di- <
rection be parallel to each othéOr, perhaps this response
indicates confusion about how tecognizewhen two vec-
tors are parallel.This error represented 20% of all responses (b) (c)
(almost half of all incorrect responseis the algebra-based — —
course, with no significant difference between A-l and A-I1.
However, there also were a significant number of students
responding that the answer was “none”; this category com-

prised 11% of all responses in the algebra-based cdarse o —
quarter of all incorrect responses in both A-1 and A-Re-
markably, those students who answered “none” very often A
asserted explicitly that all of the angles—or the “slopes”— (d) ’
were different, despite the presence of the grid, which was ”
intended to allow easy evaluation of the angles. The other
option appearing with some frequency on students’ responses

was vectorC, thus equating the direction of vectdr with _ B _
Fig. 2. Common student errors on problem ¢aidition of collinear vec-

that of —A. [It is worth noting that outside the U.S., the torg: (a) two-headed arrowtb) tail-to-tail; (c) tip-to-tip; (d) re-orientation
property we refer to as “direction” often is assumed to com- of top vector.
prise two separate properties, that of “orientatidfihe of
action and “sense”(loosely, “which way it points’), see,
for example, Ref. 7. - difficult to obtain a correct solution for problem #4 by using
Problem #3:Qualitative vector addition. Performance on an incorrect algorithm. We will return to this issue in the
this problem was very good for students in all courses, withdiscussion of problem #5.
correct responses in the 83%—-96% correct range. However, problem #5: Two-dimensional vector addition. The vast
students were not asked to provide explanations of their anmajority of problems in the general physics curriculum that
swer, and evidence provided by student performance ofhvolve vector quantities require an understanding of this
problems #4 and #5 strongly suggests that many studentsasic operation. We found that most students in the calculus-
arrived at the correct answer for problem #3 through use of a
clearly incorrect algorithnfthat is, the “split-the-difference”
algorithm to be discussed after problem) #Because use of
this algorithm reflects substantial confusion regarding vector (@) (b) -
addition, it seems probable that problem #3 does not in itself d
provide valid assessment of students’ understanding of this
vector operation.
Problem #4:One-dimensional vector addition. The stu- ol el e il #4
dents in the calculus-based courses performed very well on
problem #4: C-1, 84% correct; C-Il, 92% correct. However, a
substantial fraction of the students in the algebra-based
courses were not able to solve this problem: A-l, 58% cor-
rect; A-Il, 73% correct. (© (d)
In A-l, 19% of all incorrect responses consisted of a two-
headed arrow as shown in Fig(a® in A-Il, this response
was only 11% of the incorrect responses. Often this arrow
was eight boxes long, but other lengths were common. Rep- ~

resentative explanations for this response weR,i$ made

by connecting the end dk to the end ofB,” and “It is just

the two vectors put together.” Another common error in the
algebra-based courg@3% of all incorrect responses in A-l
and A-ll combinegl was to show a horizontal resultant with ()
incorrect magnitude and/or direction.

Many students produced a sloping resultant; in A-I these
represented 20% of the incorrect responses, which rose to
36% in A-Il. Most of these students did not show their work,
but those who did typically had a diagram similar to one of
those in Figs. th)—2(d). Sometimes these students would
explain that they were using the “tip-to-tail” method, or
words to that effect.

Perf bl #4 t d it Fig. 3. Common student errors on problem @hidition of noncollinear
erformance on problem was not as good as It was O\r/]ectorgz (a) zero vertical componentp) split-the-difference algorithm(c)

problem #3, PaftiCU|ar|Y in the algebra-base_d courses. Weicorrect parallelogram additior(d) incorrect horizontal componentg)
suspect that, in comparison to problem #3, it may be morep-to-tip error.

v

1\
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based course solved this problem corre¢H8% in C-1, 73%  obvious route for obtaining a correct answer to problem #3
in C-11), but only a minority of students in the algebra-basedby using the incorrect “split-the-difference” algorithm, we

course could do s@22% in A-1, 44% in A-ll). now believe that problem #3 is not a valid indicator of stu-
The most common error for all four groups was to drawdents’ knowledge of vector addition.
the resultant vector aligned along the horizontal akis Problem #6:Two-dimensional vector subtraction. In prin-

nearly s9, pointing toward the leffFig. 3(a@)]. The magni- ciple this problem could be solved with the same algorithms
tudes of the horizontal components in this class of responsassed for problem #5, combined with some algebraic manipu-

varied widely. Although some of the students who made thigation and knowledge of how to form A from A. However,
error were successful in determining the net horizontal comgydents probably have less practice with a specific algorithm
ponent(that is, five boxes, leftwajdall failed to realize that  for carrying out vector subtraction, compared with vector
the net vertical component would be one box upward. Manyqgition. That is, students may have memorized “place the
students’ diagrams explicitly showed the algorithm they usedaj| of one to the tip of the other” as an addition algorithm
to obtain this resultJoin vectorsA and B at a common  without gaining enough understanding to extend this idea to
vertex, and form the resultant by “splitting the difference”to a similar problem posed as a subtraction. One might there-
obtain a net vertical component of zdisee Fig. 8)]. This  fore expect that performance on problem #6 would be infe-
response was usually a clear attempt to implement a paratior to that on problem #5, and indeed it was. However the
lelogram addition rule. Some students explicitly used a vendifference was generally rather small: only 4—5% fewer cor-
similar algorithm[see Fig. &)] to obtain an apparently re- rect in the calculus-based course, and 4% and 9% fewer,
lated error, that is, a resultant vector with the correct verticafrespectively, in A-1 and A-1l. Overall, error rates on problem
component and pointing toward the left, but with an incor-#6 ranged from 32% incorrect in C-II, up to 82% incorrect in
rect horizontal component. Although a particular example ofA-I.

this response is shown in Fig(d, the magnitudes of the In the calculus-based courgéoth C-I and C-ll com-
horizontal components represented in students’ responséied, 83% of the students who answered problem #5 cor-
covered a wide range. It was not clear to us how they wereectly also answered problem #6 correctly. Similarly, 89% of
able to arrive at the correct vertical component while stillthose who answered problem #6 correctly also answered
having an incorrect horizontal component. It seems possiblproblem #5 correctly(There was no significant difference
that the positioning of thé andB vectors on the page—that Petween C-I and C-Il students regarding this patjefifnis

is, one on top of the other—contributed to this outcome. It is’©SPONSe pattern suggests that for students in the calculus-
noteworthy that in a large proportion of cases where student32s€d course, problem #5 and problem #6 provide a roughly
drew diagrams suggestive of the parallelogram addition rule€guivalent indication of students’ understanding of two-
they were unsuccessful in arriving at a correct answer to thigimensional vector addition.

problem. Instead they produced variants of Figh) 8r 3(c), By contrast, in the algebra-based course, only 67% of stu-
or made some other error due to imprecise drawing of th&leénts who answered problem #5 correctly also answered
parallelogram. problem #6 correctly. Of the students who answered problem

Most students who drew resultant vectors similar to thosé® correctly, 83% also solved problem #Bgain, there was
in Figs. 3a) and 3d) did not show a diagram to explain how NO S|gn|f|cant difference between A-1 and AjISo, for stu-
they obtained their result. Therefore, we cannot be certaifl€nts in the algebra-based course, problem #6 was indeed
that they used the same algorithm to obtain this split-Significantly more difficult than problem #5p(0.01 ac-
difference resultant. The proportion of the entire class thagording to az test for difference between correlated
gave incorrect responses corresponding to either Fay.c8  proportiond). In this case the two problems did not provide
Fig. 3(d) (regardless of the horizontal componewas A-l,  equivalent indications of students’ knowledge, because a cor-
42%; A-ll, 29%; C-l, 21%:; and C-Il, 13%. rect solution to problem #6 was correlated with superior per-
The next most common error on this problem originatedformance on this two-problem subset.
from mistaken employment of a “tip-to-tip” algorithm in There were a wide variety of incorrect responses to prob-
which the resultant vector begins at the tip of vedioand lem #6. Many students’ explanations made it clear that they

ends at the tip of vectd or, less often, points from the tip Yvere trying to fmdéaB Sufh thaik would b? the a"erage'
of B to that of A. (This error also has been described byIn some sense, ok andB. However, lacking an algorithm

KnightZ) In this case the interpretation of students’ responsegOr this purpose, students oiten resorted to guessing or esti-
was unambiguous because their diagrams explicitly showe@hating the direction of vectds. A common response was to
the algorithm they had employed. There are two versions ofirawB as a horizontal vectawertical component0) point-

this error: either the vectors are first brought together to ang to the right; one-quarter of all incorrect responses were of
common vertexsee Fig. 89); this procedure actually pro- this type in both algebra-based and calculus-based courses
duces the difference vectpB—A]), or they are left in place  (algebra based, 26%; calculus based, 25Vhese vectors
and the “resultant” arrow is drawn directly on the original were drawn either with their tails in contact with the tailf
diagram. This type of responseither versionwas given by  or, more often, as isolated vectors in the blank grid space to
9% of students in the algebra-based course and 6% of thosge (ignt of A and R. Most students did not explain their

in the calculus-based course, with very little difference be'reasoning, but some offered clear descriptions of their think-
tween the | and Il courses.

As was noted in connection with problems #3 and #4, thdnd such as R should be a combination éf andB so | tried
number of correct responses on problem #3 was well abovt put it betweerA andB”; “The magnitude of B andA are
that on problem #4. We now see that it was also far higheequal, so the direction of the resultant is directly between the
than the correct response rate on problem #5. In view of théwo.” Overall, a large majority of students with incorrect
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(a) Total Score (b) Total Score
Algebra-based Course Calculus-based Course
OA-I, N=520 (mean score = 3.3) 01 C-l, N=608 (mean score = 5.0)

MA-ll, N=201 (mean score = 4.3) M C-ll, N=702 (mean score = 5.6)
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Fig. 4. Distribution of total scores on vector concept
diagnostic in percent of class obtaining a particular
score (score range: 097 (a) first- [A-1] and second-
semestefA-Il | algebra-based introductory physicbk)
first- [C-1] and second-semestf€-I1] calculus-based
introductory physics.
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responses to this problem realized tBawould have a posi- aPart”; “A larger, the angle is greater between the vectors”;
tive horizontal component, but were unable to determine itslarge_r thr,;,m because both vectors are farther apart than the
precise value. ones inB.

Problem #7: Comparison of resultant magnitude. This
problem is another application of vector addition for which B. Total score comparisons

students are unlikely to have memorized a specific algorithm.

With no grid available, students do not have at hand a? _ is sh o h :
straightforward a calculation procedure as might be em f;?ﬁ;(qul)l;mlIaﬁyozjilsstr;sbu(i\évge{:]os;gd :.m-lc-aaen 3‘;?&250;”3%"\,%&
loyed in problems #5 and #6. However, only a qualitative L) X O

ploy P yaq he A-ll distribution(mean score4.3) is somewhat bimodal.

response is required on problem #7, while a precise quant he distributi i th lculus-based
tative answer is needed for problem #5; moreover, there aren€ distributions in the calculus-based course are very
trongly skewed toward higher scor@dthough that in C-l is

only three possible choices. This smaller selection of option§I hat bi | for th lculus-based
may mitigate the additional challenge posed by problem #7IS0 Somewhat bimodalMean scores for the calculus-base

(if there is any. In any case, the only group for whom per- course are C-1: 5.0; C-IlI: 5.6. These distributions suggest that

formance on problems #5 and #7 differed by more than 5941€ diagnostic is a good reflection of the mean level of
was students in A-l; they achieved 32% correct on proble nowledge of students in the algebra-based courses, whereas

#7 compared to only 22% correct on problem #5. However:[he average level of vector knowledge of students in the

it is interesting to note that 23% of the C-II students whoCalculus-based courses goes beyond that characterized by
successfully solved problem #5 also gave incorrect responsdis diagnostic.
to problem #7. It seems that the apparently superior algorith-
mic skill of the C-Il students did not always translate to aC. Differences in performance between fall- and
situation in which a grid was lacking. spring-semester courses

Many students who chose the corrdtsmaller than”)
response in problem #7 gave a satisfactory explanation oé]
their answer, often accompanied by a diagram that reflecte
use of the parallelogram or tip-to-tail addition rules to dem-
onstrate thajR,|<|Rg|. Among those students who gave

incorrect answers, there was a preference for the “equal to
responsethat is, magnitude of resultant of pdiris equal to

The distribution of students’ total score on the diagnostic

We were surprised to find that on many of the quiz items,
ere appeared to be a significant difference in performance
between students in the fall and spring offerings of vhey
same courséfor example, the fall and spring offerings of
A-1). Students enrolled in C-1 during the spring semester of
2001 had higher scores on all seven quiz items than students
: e . in the fall 2000 semester of the same course. The mean
that of pairB), very often justified by an explanation such as scores(percent correct out of seven problems; sstandard

“the vectors inA and B are equal magnitude,” and some- o : : _ . 740
times accompanied by an invalid application of the Pythagorgewat'or) were: spring, 2001 N=416): 74% corrects.d,

ean formula to paiB. The ratio of “equal to” responses in 2270 fall, 2000 (N=192): 65% corrects.d=27%. The
comparison to “larger than” responses was almost exacﬂ)ﬂlﬁerence in mean scores is statistically significant qtp_he
1:1 in A-l, but in A-ll the “equal to” response jumped in ~=0.0003 level according to a two-sampeest. A very simi-
popularity to nearly a 2:1 ratio compared to “larger than.” In lar fall-spring discrepancy was found for students in A-l
both C-I and C-lI, the “equal to” response was the more (Spring, 51%; fall, 44%;p<0.001). For C-II there was a
common incorrect response by nearly a 3:2 ratio. The “largesmaller but still statistically significant superiority, this time
than” response was justified by the larger vertex angle or théowever in thefall semester mean scoréfall, 83%; spring,
“larger area covered” in diagram A. Explanations such as78%, p<<0.01) while in A-Il, the fall-spring difference in
these were typical: A is larger because arrows are further mean scores was very small and not statistically significant.
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For C-II, on a three-item group of closely related problemshad taken place during the first-semester course. This small
(problems #5, #6, and #7fall performance was significantly performance improvement was observed for both algebra-
better(fall, 76%; spring, 64%p<0.001 according to a chi- based and calculus-based courses. It seems that the bulk of
square test In A-ll, a fall-spring difference on the same students’ basic geometrical understanding of vectors was
three-item group was again preséfatl, 49%; spring, 38% brought with them to the beginning of their university phys-
but did not quite rise to the level of statistical significanceics course and was little changed by their experiences in that
(p=0.12), perhaps because of the relatively small sampléourse, at least during the first semester.
size. It seemed clear that, although most students were unable
Although it seems clear that the discrepancy in perfort0 solve two or more of the problems, they did have some
mance between students in the fall- and spring-semester oflegree of basic knowledge which they attempted to apply to
ferings of A-l and C-I is not due to chance—and the samehe problems they missed. For instance, there often were ef-
may be true for the inverse effect observed in A-Il andforts to apply a tip-to-tail rule or a parallelogram addition
C-ll—we do not have data that would allow us to determinefule which were unsuccessful due to imprecise execution.
the cause. Many factors might contribufer example, stu- Frequently, students did not accurately copy the magnitude
dents repeating courses, advanced students preferring “ofnd/or the direction of the vectors they were attempting to
sequence” offerings, etg. but at this point we can only add. Often, they were uncertain as to which “tail” was sup-
5pecu|ate on this matter. posed to be in contact with which “tip."
Many students had an intuitive feel for how vectors should
add which, it was clear, was based on their experience with
IV. DISCUSSION forces. Although the word “force” is not used in the quiz,

many students referred to the vectors as “forces” and used

b The Cfonﬁepts prol_oded in this giagnostic are amogng thﬁ rno%namical language to describe their thinking, such as how
asic of all vector ideas. Students are assumed to have g yector was “pulling” the other in a certain direction, or

good understanding of them throughout all but the first week 1\, he “pulls” of two vectors would balance out. In many

or two of the introductory physics curriculum. Although a ;5seg students were able to estimate the approximate direc-
very brief (less than one lectureliscussion related to these q, of 5 resultant without being able to give a correct quan-
concepts is usually provided near the beginning of the firstyiative answer.

semester course, students often are assumed to have beer|1t seemed to us that many of the students’ errors could

exposed to vector ideas either in their mathematics cours rhaps be traced to a single general misunderstanding, that
or in high-school physics, with the further assumption thate ;¢ the concept that vectors may be moved in space in
very little review is needed. Th? emphasis of the discussi_o%r’der to combine them as long as their magnitudes and di-
and use of vector concepts in the college-level physiCaciinns are exactly preserved. We suspect that, to some ex-
course is decidedly on the algebraic aspects and is d'reCtefgnt, this misunderstanding results in part from lack of a clear

toward calculational competence. As a consequence, graphiyncent of how to determine operationally a vector's direc-
cal and geometrical interpretations of vector operations may, (through slope, angle, efc.

be somewhat nfegl:zcted. His | hat of the. /AS mentioned in Sec. I, very few reports of students’ vec-
(As a point of reference on this issue, we note that of th§, ,nderstanding have been published. We may make direct
seven9 hlgh—schoo!) physics textbooks surveyed in a rece mparison, however, with the results reported by Krlight
study, all but oné® cover vector concepts to some extent, o problem 5 of hisvector Knowledge TesThis problem is
including one- and two-dimensional vector addition pre-yery similar to problem #5 on our own quiz. Knight found
sented in graphical form. Most of these texts go into considy,ai 4304 of students in the first-quarter calculus-based
erable detail. No doubt the actual extent of vector coverage, rse at California Polytechnic State University, San Luis
in h|gh-_school physics courses varies very widely throughoubbispo, were able to answer that problem correctly. This
the nation). L . . statistic may be compared to the 58% correct response rate
We found that a significant proportion of students in OUrye ohserved on problem #5 in the first-semester calculus-
sample had serious conceptual confusion related to basie,seq courséc-l) at ISU. Although the difference is statis-
vector concepts represented in graphical form, even thougf ally significant it is not particularly large, and might be

surveys suggest that most of them had previous instruction ig..qunted for by slight differences both in the test problems
vectors.(More than 44% of students in our sample had takern, 4 in the student populations.

at least one full semester of university-level mechapics.  apother comparison we may make is to the results re-
Even in the second semester of the calculus-based physiggeq by Kanim on a problem involving net electrical force
course(that is, C-Il—in which students are assumed from o 5 chargd? this problem is similar to our problem #7. He
the very first day to have considerable expertise with vec:toFeports that 70% of students in a second-semester calculus-
methods—énore than ?ne-quarte(;é)_f_the (zljass dCOUIC:c not Cﬁ”l@fased course at the University of lllinois gave a correct re-
out a JWO' |men5|o;1ah ve<|:torba bmond urrmat_a rom thesponse to that question, nearly identical to the 68% correct
second semester of the algebra-based cohs is, A-I)  rasnonse rate to problem #7 in our second-semester calculus-
suggest that the majority of students in the first semester gf oo courséC-I1). Kanim reports similar results on related

this course(A-1) never successfully mastered this operation., ohlems among students at the University of Washington
This finding should have rather sobering implications for in-5 .4 alsewhere.

structors who assume that, for example, students beginning
study of electric field superposition are competent with vec-
tor addition. V. CONCLUSION
On many of our quiz items, improvements in student per-
formance from first to second semester were small or prac- In previous investigations, Knightand Kanint have
tically nonexistent, indicating that little learning of the ideas documented a variety of serious student difficulties with both

635 Am. J. Phys., Vol. 71, No. 6, June 2003 N.-L. Nguyen and D. E. Meltzer 635



algebraic and graphical aspects of vector concepts amorgjudents through a series of exercises in which they perform
students in introductory physics courses at several instituvector additions and subtractiofisoth with and without use
tions similar to our own. Their results and ours consistentlyof a grid) may be useful in improving their understanding of
support a conclusion that significant additional instruction orthese ideas.

vectors may be needed if introductory physics students are to Further research will be needed to determine whether cur-
master those concepts. We suspect that most instructoriular materials based on such a strategy are effective in
would be unsatisfied with a situation in which more than halfimproving both students’ performance on assessments such
of the students are still unable, after a full semester of studyas the quiz used in our study, and students’ ability to provide
to carry out two-dimensional vector additioas we found to  explanations of their work with precisioiidescribing a

be the case in the algebra-based course clearly delineated calculational proceduaad accuracyde-

It is clear from our findings that many students have subscribing acorrect calculational proceduje Additional re-
stantial intuitive knowledge of vectors and vector superposisearch(such as that initiated by Oritet al®) is necessary to
tion, obtained to some extent by study of mechanics, and ygirobe students’ understanding of more advanced vector con-
are unable to apply their knowledge in a precise and therezepts such as scalar and vector products.
fore fruitful manner. They seem to lack a clear understanding As a consequence of our findings, we have increased the
of what is meant by vector direction, of how a vector may beamount of instructional time we devote specifically to vector
“moved” so long as its magnitude and direction are strictly concepts. We have developed some instructional matE¥ials
preserved, and of exactly how to carry out such moves byn a format similar to the problems on our diagnostic quiz,
parallel transport. Many students are confused about the tigand continue development and assessment of additional ma-
to-tail and parallelogram addition rules. terials. Our group has carried out a preliminary series of

One way in which vector addition may be introduced isstudent interviews to shed additional light on student under-
through the use of displacement vectors, because students standing of vector concepts. We are also extending our re-
have experiences that could allow understanding of how aearch to assess students’ understanding of more advanced
50-m walk to the east and subsequent 50-m walk to the nortbhoncepts, such as scalar and vector products, coordinate sys-
is equivalent to a 71-m walk to the northeast. Students coultems and rotations, etc. In addition, we are examining Stu-
be guided to determine similar equivalent displacements—eent understanding of vector ideas, specifically in the context
perhaps initially by using a grid—when the component dis-of physics concepts such as superposition of forces and
placements are at arbitrary angles. In order to solidify thefields.
notion of vector addition, it also would be important for stu-
dents to practice applying these methods when no grid OAckNOWLEDGMENTS
other means for quantitative measurement is available. Many
of the responses by students in our stydy particular, to We are grateful for the assistance of Larry Engelhardt,
problem #7 suggest that an ability to solve vector problemsboth for his collaboration in the data analysis and for the
when a grid is available do not always translate to a similainsight he provided based on the student interviews he has
ability in the absence of a grid. Recent interviews carried outecently carried out. This material is based in part upon work
by our group lend support to this observatiéniVe believe  supported by the National Science Foundation under Grant
that curricular materials that guide No. REC-0206683.

APPENDIX: VECTOR CONCEPT QUIZ

Name:

Class: Section:

1. Consider the list below and write doval vectors that have the same magnitudes as each other. For instance if vectors
W andX had the same magnitude, and the vectorg, andA had the same magnitudes as each othet different fromwW
andX) then you should write the followindW|=|X|, |Y|=|Z|=|A|.

A B C D E F G H |
L

Answer
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2. List all the vectors that have the sawieaction as the first vector Iisted&. If there are none, please explain why.

W

Explain

3. Below are shown vecto@quﬁ. ConsiderR, the vector sunthe “resultant”) of A andB, whereR=A +B. Which of
the four other vectors show(C,D,E,F) has most nearly theame directionasR?

s NN

Answer

4. In the space to the right, dra® whereR=A +B. Clearly label it as the vectdR. Explain your work.

F 3
>

\ 4
@

Explain

5. In the figure below there are two vectdksand B. Draw a vectoR that is the sum of the twdj.e., I5=,&+I§). Clearly
label the resultant vector &.
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. 6. In the figure below, a Vectar is shown that is theet resultantof two other vectordA andB (i.e., Ee:/&-Fé)_; Vectar
A is given. Find the vectoB that when added té producesR; clearly label itB. DO NOT try to combine or addh andR
directly together! Briefly explain your answer.

A
\ P
\

Explain

7. In the boxes below are two pairs of vectors, pairand pairB. (All arrows have the same lengthConsider the
magnitude of theesultant (the vector summof each pair of vectors. Is the magnitude of the resultant of pdarger than,
smaller than or equal tothe magnitudeof the resultant of paiB? Write an explanation justifying this conclusion.

e

Explain

Problem solutions:

1. |Al=[E[=[H|=[1], [D|=|F|=|G|

2. F

3.D

#4 #5 #6
> N§‘ e~
7. smaller than.
[
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