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An optical signal (image etc.) can be described by its complex amplitude u (x,y), or by its spatial frequency spectrum. 
Both descriptions are complete and also equivalent, because one can be derived from the other by a Fourier transformation. 
Neither the complex amplitude nor the spatial frequency spectrum is suitable for answering a question like "what is the 
spatial frequency in a certain part of the image?". Here the term "local spectrum" is adequate. A rigorous definition of the 
"local spectrum" can be based on the Wigner distribution function. We developed optical methods for producing this "local 
spectrum" and we applied these methods to the investigation of sound patterns. 

1. The philosophy behind the Wigner distr ibution 
function 

The term "Wigner distribution function" (WDF) is 
not very well known in optics. Therefore we will begin 
by stating in philosophical terms the importance and 
the usefulness of  the WDF. This philosophy can be ex- 
plained best by thinking of  music and how it is docu- 
mented in print. Every physical event such as a piece 
of  music can be described in various ways. For exam- 
ple, we may plot the air pressure u(t) as a function of  
time t (fig. 1), or its temporal Fourier transform •v) :  

i f( .) =fu(,) e x p ( 2 n i u t )  dt 

Both descriptions u (t) and if(u) are complete,  but 
nevertheless unsuitable for the performing musician. 
He needs to know which frequency v he has to produce 
at time t. The "musical score" (fig. 1) satisfies the mu- 
sician but not the mathematician. It is illegal to speci- 
fy a monochromatic  frequency at a given point in time. 
Such a specification would violate the uncertainty prin- 
ciple. We need a finite duration, at least one full peri- 
od, for measuring the frequency. A longer duration 
would improve the accuracy of  the frequency measure- 
ment but would destroy the sharpness of  the time 
measurement. The conflict between the musician and 
the mathematician can be avoided, if the WDF is used 
for describing the acoustical signal. The WDF was thor- 
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Fig. 1. Different descriptions of the same signal. 

oughly investigated by de Bruijn [2] and recently in- 
troduced into optics by Bastiaans [3]. 

2. The goals of  this study 

First we will briefly show how the WDF relates to 
better  known optical quantities such as the complex 
amplitude u (x), the intensity I u (x) 12, the spatial fre- 
quency spectrum if(v), the power spectrum I ff(v)l 2 
and the ambiguity function A(IJ, y). The WDF can be 
considered as a "masterform signal" from which all 
other forms of  signal description can be derived, not 
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only the ones mentioned above. As we will see, the 
local frequency spectrum l~(x, v;6x), which contains 
information about the signal u in space and frequency, 
emerges from the WDF by convolution with a narrow 
Gauss function. 

The main contribution of this paper are two optical 
methods for measuring the local spectrum I~. First we 
apply these methods to simple test patterns like grat- 
ings and zone plates. Later we use these methods to 
investigate acoustical signals, derived from spoken 
words. 

3. Properties of the Wigner distribution function 

The Wigner distribution function (WDF) can be de- 
fined in two equivalent forms: 

W(x, v) = f u (x + x'/2 ) u* (x-x'/2 ) 

X exp ( -2nivx ' )  dx', (1) 

w(x,v) =f ~(v+v'/2) ff*(v-v'/2) 

× exp(2zriv'x) dr', (2) 

u (x) =fff(v) exp (2rdvx) dx. 

The complete symmetry between x and v indicates 
that space and frequency have equal weight in this 
description. 

For deriving further properties it is useful to define 
the function F(x,y): 

F(x,y) = u(x +y/2) u*(x-y/2) 

= f  W(x,v) exp (27rivy) dr. (3) 

Apparently, F is hermitian: F(x,y) = F*(x,-y). Hence 
the WDF is real: 

(4) W(x,y) = f F(x,y) exp(-2rdvy) dy, 

w(x,v) = W*(x,v). (5) 

The WDF is the double Fourier transform of the am- 
biguity function A(p,y), that describes signal correla- 
tion in the presence of Doppler shifts: 
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A (U,Y) =f,, (x +y/2) u* (x-y~2) exp (-2rripx) dx, (6) 

w(x,.) =ffa(,,,y) exp [2rri ( v x -  vy)l dp dy. (7) 

Important special cases of W and A are auto convolu- 
tion and auto correlation: 

w(x,o) = f . (x +x'/2) u* (x-x'/2) dx', 

A (0 ,y) = f .  (x +y/2) u* (x-y~2) (8) 

The intensity, the power spectrum and the total ener- 
gy of the signal can be retrieved from the WDF by the 
following operations (projections): 

lu(x)lZ = f w(x,v)& I~(v)la = f w(x,v)~, (9) 

Etota I = f W(x,v) dx dr. 

The complex amplitude can be recovered apart from a 
constant phase factor. We use the function F, which 
can be derived from the WDF by eq. (3), with a special 
argument: 

u(x) = exp (i~00) F ( x [ Z , x ) / ~ ) ,  (10) 

exp (i~o0) = u (0)/[ u (0)[. 

The frequency spectrum if(v) can be obtained similar- 
ly from ie(p,v) = ff(v+p/2) ff*(v-p/2). Further proper- 
ties of the WDF can be found in the papers by de 
Bruijn [2] and Bastiaans [3]. According to [3], the 
Fraunhofer diffraction is represented by a 90 ° rotation 
of the WDF. Fresnet diffraction corresponds to a shear. 
ing of the WDF. 

Three simple examples illustrate the meaning of 
the WDF: 

1) Monofrequency (fig. 2a) 

u(x) = exp(2niv0x ) ~ W(x,v) = 6 (V-VO) 
2) Pulse (fig. 2b) 

u(x) = ~(X-Xo)--, W(x,v) = ~(X-Xo) 
3) Linearly increasing frequency (fig. 2c) 

u(x) = exp [2m(½a x 2 +bx +c)] 

-+ W(x,v) = 8 (ax +b-v). 
Here 6 (x) denotes the Dirac delta function. 
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Fig. 2. The Wigner distribution function of some simple sig- 
nals. a) Monofrequency. b) Pulse. c) Linearly increasing fre- 
quency. 

These examples suggest to interpret the WDF as a 
function, which is able to give information about an 
infinitely small space-frequency spot. Of course this 
interpretation cannot be legal because it would be in 
conflict with the uncertainty principle. It is impossible 
to determine the frequency of a signal within an in- 
finitely small space interval. For an interpretation of 
the WDF, one might compare it to a probability den- 
sity function p (z). The value p itself has no significant 
meaning, but 

z + A z  

P(z) = f p(z')dz' 
z - A z  

is the probability that the stochastic variable z' lies 
between z -Az  and z + Az. 

In this way the local spectrum, which describes the 
frequency content of  a signal depending on position, 
can be derived from the WDF by integration over an 
area 6x6v. Instead of sharp boarders we take a weight- 
ing function 

a(x;gx) a(v;Sv) 

with 

G (x ;fix) = 1/x/6x exp [-2rr(x/gx)  2 ], 

G(v; 5v) = 1/x/ffv exp [-2rr(v/6 p)21. (11 ) 

If we choose the product 5xfv >1 , tile uncertainty 
principle is satisfied. In the continuing we will use the 
minimal uncertainty 6x6v = 1. We will see that the re- 
suiting quantity: 

W(x,v;ax) = f f w(x>') 
X G (x-x';6x) G (p-v'; 1/Sx) dx'dv' ,  (12) 

is positive and has the wanted physical meaning. We 
insert the former WDF definition eq. (1), (2) into the 
formula of  the modified WDF (eq. (12)) and obtain: 

li~(x,v;Sx) = [ f u (x') 

× G(x-x';x/26x) exp(-21riux ' )  dx'  2, (13) 

w(x,v;6x)= f 
, 2 

× G (v-v'; X/2/6x) exp (2rriv x) dv (14) 

Fig. 3 illustrates qualitatively the effect of different 
sizes of 6x in the space-frequency domain (top) (eq. 
12) and in the space domain (bot tom) (eq. (13)). 

The two extreme cases are : good spatial, bad fre- 
quency resolution (left); good frequency, bad spatial 
resolution (right). 

For clarification we assume the complex amplitude 
u (x) to be essentially zero outside o f - - A x o / 2  < x < 

,, ,, 

Iq AXo ta ~ AX 0 ~1 

× x 

Fig. 3. Illustration of the relationship between u, W and W ac- 
cording to eqs. (12), (13). The dotted lines (upper half) are 
the boundaries of W. 
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Axo/2. The resolution length 6x 0 is the inverse of the 
bandwidth Av 0 = 1/6x O. Conversely the frequency res- 
olution 6u 0 of  if(v) is 1/Ax 0 . If the question to be ask- 
ed requires spatial sharpness as good as possible we set 
6x ~ 6x 0. The gaussian in eq. (13) is almost like a 
delta function. Hence we get: 

l~(x ,v;6x)  ~ lu(x)l 2. (15) 

The other extreme case is 6x > Ax 0, yielding optimal 
sharpness in the frequency domain. Now eq. (14) pro- 
duces: 

l~(x,v;Sx) ~ Iff(v)l 2. (16) 

The in-between-case 6x 0 < 6x < Ax 0 can be under- 
stood as "local spatial frequency spectrum". 

3. Experimental setups for producing the local 
spectrum 

The definition of  the local spectrum (eq. (13)) 
leads directly to the first method for producing 
l~(x,v;6x). As shown in fig. 4 the signal is multiplied 
with the gaussian window. The product is Fourier 
transformed in a coherent 2-f setup. The intensity can 
be recorded on photographic film. Moving the signal 
transparency and the recording film simultaneously 
provides the variation of  the position coordinate x. In 
our experiment the movements were synchronized by 
two coupled stepmotors. After a scan over the whole 
signal transparency, I~(x,v;6x) is recorded on the film. 
This method is convenient if the signal u (x) is travel- 
ing by its own nature like u(x-vt).  For realtime appli- 
cations we developed a second setup (fig. 5). Here the 
gaussian transmittance G is rotated by an angle of  45 °. 

I", f :',: f .I 

TRANSMITTANCE INTENSITY 

Ulx')  G (x - X';Ox'V~) W(x,V) +-G(x,Ox )G(V; l /Ox) 

Fig. 4. First setup for producing the local spectrum I~. The 
gaussian slit (left) moves horizontally, the recording plate 
(right) vertically. 

TRANSM ITTAN CE INTE NSI TY 

U(x) G ( x -  y;6x] /~ ' )  Wl y,v } *  Gly~Sx) G(v;1/Sx 1 

Fig. 5. Second setup for producing the local spectrum W. No 
part is moving. 

A one-dimensional Fourier transformation together 
with the modulus square by recording the intensity 
again yields the local spectrum: 

f.(x) a(x-y; 

X exp(- 2rriux)dx 2 = l~(y,u;SX). (17) 

( 1 + cos  (c%x))  rec t  ( x / A x )  

Fig. 6. Test signal (monofrequency of finite duration) and 
local spectrum W. 
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A variation of  the effective gaussian width 6x can be 
achieved simply by changing the angular orientation 
of the gaussian slit in fig. 5. 

l +s in (A  s i n ( ~ x ) + %× )  

4. Experimental results 

With the setups discussed in the last chapter we 
produced the local spectra of some test signals and as 
a practical example the local spectra of speech signals. 
For this reason the analytic signal has been transform- 
ed into an optical transmittance, where transmittance 
T = 1 corresponds to maximum signal and T = 0 to 
minimum signal. In fig. 6 - 1 0  the signal is always shown 
above the associated local spectrum. Fig. 6 represents 
a sinusoidal signal of  finite duration. The space-frequen- 
cy representation is able to answer questions concern- 
ing the spatial behavior as well as the frequency con- 
tent. On fig. 7 we used a sinusoidal grating with linear- 

1 + cos (2E(vo x) 2) 

~V 

Fig. 8. Test signal (sinusoidal frequency modulation) and local 
spectrum W. 

~V 

Fig. 7. Test signal (linearly increasing frequency) and local 
spectrum W. 

ly increasing frequency. In this representation the fre- 
quency can be determined for every position. 

The last test signal in fig. 8 is again a cosine grating, 
but the frequency of  this grating now varies sinusoidal- 
ly. The Wigner representation again shows very clearly 
the frequency variation depending on position. The 
next three experiments (figs. 9, 10, 11) were perform- 
ed with sound patterns u (t). These time signals have 
been transformed into spatial signals u(x). For this 
purpose they were biased and transferred onto photo- 
graphic film. These transparencies served as input sig- 
nal for our optical transformation. The local spectra 
are distinctly different if the same speaker utters dif- 
ferent words (figs. 9, 10) or if different speakers pro- 
nounce the same word (fig. 11). Hence the observed 
local spectra should be suitable as inputs both for 
speech recognition and for speaker identification. 
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SPOKEN WORD "ONE" tV 
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Fig. 9. Signal u(x) of spoken word "one" and l~(x,v;6x). 

SPOKEN WORD "TWO" 
~ v  

Fig. 10. Signal u(x) of spoken word "two" and l~(x,v;6x). 

x 

WORD"ONE" 

× 

Fig. 11. The local spectra ~(x,u;Sx) of the word "one", spoken by different persons. 
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5. Conclusions References 

We showed the Wigner distribution function to be 
a very profound and useful form for describing physi- 
cal signals. The "local spectrum" has been derived 
from the Wigner distribution function. This was the 
base for two new optical methods,  that could be useful 
for speech recognition and speaker identification. Be- 
yond this particular application the WDF is quite suit- 
able for handling many optical signal processing prob- 
lems, as has been shown recently by Bastiaans [4], 
whose valuable comments are gratefully acknowledged. 
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