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Bell’s Inequality

• Alice and Bob each get one particle

– Alice measures A1 or A2

– Bob measures B1 or B2

– Each measurement can have one of d outcomes

• ASSUME: there are 4 local hidden varibles
– j – result if Alice measures A1

– k – result if Alice measures A2

– l – result if Bob measures B1

– m – result if Bob measures B2

– And for a given trial there exist  fixed values of j,k,l & m



Bell’s Inequality
• Construct the quantities

– r =  B1-A1 = l-j

– s =  A2-B1 = k-l

– t =  B2-A2 = m-k

– u =  A1-B2 = j-m

– r+s+t+u=0

• P(Aa=Bb+k) = prob. Aa and Bb differ by k

• I = P(A1=B1)+P(A2=B2)+ P(B2=A1)+ P(B1=A2+1)

• Our assumptions say:  <3



QM Prediction d=2

• If we do some experiment and I >3 then 
nature can’t be described by a realist non-
local theory.

• Alice and Bob share: |00> + |11>

– A1 = |0> ±|1>

– A2 = |0> ± i|1>

– B1 = |0> ±exp(iπ/4)|1>

– B2 = |0> ±exp(-iπ/4)|1>

• I = 3.4



Now Set Arbitrary d

d-dimensional entanglement:

More general inequality:

Now: Id ≤2
But if Alice and Bob measure :

Id =2.6981, as d→∞



Transverse Spatial Modes

Gaussian Beam:

Higher Order Solutions:

A solution to Helmholtz equation in 
the paraxial approx.



Laguerre-Gauss Vortex Modes

Each photon in the beam carries ħl
units of orbital angular momentum



Our d-dimensional Entangled System

Spontaneous Parametric Down-Conversion!!!!

Pump with l=0 light

Conservation of angular momentum:

c0|0,0> + c1|+1,-1> + c2|+2,-2> + c3|+3,-3> +…….

+ + + + ……



Transforming Transverse Modes 

Use grating with variable 
phase

Output field:

Consider:

Then:

The nth diffraction order picks up a transverse phase, Φ(S)



Measuring Transverse Spatial Modes

• Convert desired mode into TEM00, then 
couple to single mode fiber

• ‘Undo’ phase and amplitude changes of 
desired mode



Experiment



Filtering the Output to Increase 
Entanglement

Ideal state has equal 
amplitudes



The measurements:

• You all remember:

• Clearly:

• Where θ are angles of mode analyzers



Raw Data



Results:



Does it Really Prove all 11 dimensions 
are entangled?

• Yes….

• S11 = 2.67±0.22
– They know the diagonal elements

– Assuming perfect coherence between first 10 and 
no coherence between 11:
• S’11 = 2.14

• The 11th dimension is at least partially 
entangled



Conclusions

• Violate 12-dimensional Bell Inequality

– (with 11 entangled dimensions)

• Demonstrated 11-dimensional entanglement


