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Experimental high-dimensional two-photon
entanglement and violations of generalized

Bell inequalities

Adetunmise C. Dada'*, Jonathan Leach?, Gerald S. Buller', Miles J. Padgett? and Erika Andersson’

Quantum entanglement"? plays a vital role in many
guantum-information and communication tasks®. Entangled
states of higher-dimensional systems are of great interest
owing to the extended possibilities they provide. For exam-
ple, they enable the realization of new types of quantum
information scheme that can offer higher-information-density
coding and greater resilience to errors than can be achieved
with entangled two-dimensional systems (see ref. 4 and
references therein). Closing the detection loophole in Bell
test experiments is also more experimentally feasible when
higher-dimensional entangled systems are used®. We have
measured previously untested correlations between two
photons to experimentally demonstrate high-dimensional
entangled states. We obtain violations of Bell-type inequalities
generalized to d-dimensional systems® up to d = 12, Further-
more, the violations are strong enough to indicate genuine
11-dimensional entanglement. Our experiments use photons
entangled in orbital angular momentum’, generated through
spontaneous parametric down-conversion®®, and manipulated
using computer-controlled holograms.

by local realist theories', the violation of Bell-type inequalities may
be used to demonstrate the presence of entanglement. Bell-type
experiments have been carried out using two-dimensional sub-
spaces of the OAM state space of photons®?! and experimentalists
have demonstrated two-dimensional entanglement using up to 20
different two-dimensional subspaces™. Careful studies have also
been carried out to describe how specific detector characteristics
bound the dimensionality of the measured OAM states in photons
generated by SPDC using Shannon dimensionality™.

Our experimental study of high-dimensional entanglement is
based on the theoretical work of Collins ef al.®, which was applied in
experiments for qutrits encoded in the OAM states of photons'®,
We encode qudits using the OAM states of photons, with eigenstates
defined by the azimuthal index £. These states arise from the
solution of the paraxial wave equation in its cylindrical co-ordinate
representation, and are the Laguerre—Gaussian modes LG, ., so
called because they are light beams with a Laguerre—Gaussian
amplitude distribution.

In our set-up (Fig. 1), OAM entangled photons are generated
through a frequency-degenerate type-1 SPDC process, and the
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Bell’s Inequality

* Alice and Bob each get one particle
— Alice measures Al or A2
— Bob measures B1 or B2
— Each measurement can have one of d outcomes

e ASSUME: there are 4 local hidden varibles

— j—result if Alice measures Al
— k —result if Alice measures A2
— | —result if Bob measures Bl

— m —result if Bob measures B2

— And for a given trial there exist fixed values of j,k,| & m



Bell’s Inequality

Construct the quantities
— r= B1-Al =1

— s= A2-B1 = k-l

— t= B2-A2 =m-k

— u= Al1-B2=j-m

— r+s+t+u=0

P(Aa=Bb+k) = prob. Aa and Bb differ by k
| = P(A1=B1)+P(A2=B2)+ P(B2=A1)+ P(B1=A2+1)

Our assumptions say: <3



QM Prediction d=2

* |f we do some experiment and | >3 then
nature can’t be described by a realist non-
local theory.

* Alice and Bob share: |00> + |11>
—Al=|0>%|1>
—A2=|0>%i|1>
— B1 = |0> texp(im/4)|1>
— B2 = | 0> texp(-int/4)| 1>

* | =34




Now Set Arbitrary d

d-dimensional entanglement: ¥ = f Zﬂ |24 © | j)s

More general inequality:
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Transverse Spatial Modes

Gaussian Beam:

A solution to Helmholtz equation in
the paraxial approx.

Higher Order Solutions:
0 1 2 3
- [ K EEE EEE
- [ K IS RS
g+]00]00c]000E



Laguerre-Gauss Vortex Modes

-ui}mr(-rg 0,z) =u,(r0,z) ef(2p+|5|J¢(z}ﬁﬂgl(r, z) e

Each photon in the beam carries hl
units of orbital angular momentum




Our d-dimensional Entangled System

Spontaneous Parametric Down-Conversion!!!!

Pump with =0 light

L

Conservation of angular momentum:
c0|0,0>+cl|+1,-1>+c2|+2,-2>+ c3|+3,-3> +.......

|+ Ele o R0 0 ENO OEN.




Transforming Transverse Modes

Use grating with variable
phase

Output field: Uout (S, 2) = 7 (8) uin (s, 2)

. . Ag oorp o ogroa L0\ o —ing
Consider: r(s) = elabfecoslkzz—o(s)] =} J, (30.) "™
fl—=—0
ky = ksina y = kyx — o(s)
Then: ow(s) = Z I, (%H_—:} i"e Sy, (s, 0)e T
Ti——O0

The nth diffraction order picks up a transverse phase, ®(S)



Measuring Transverse Spatial Modes

X i single-mode X I single-mode
¥ ! n fibre ¥ ! ﬂ fibre
ﬂ—leiﬂﬂ 7 bright {_Ie’l_n*l o dark
+1 ‘E*":" counts 0 ‘n_” counts
(a) holo ~ (b) holo ~

 Convert desired mode into TEMOO, then
couple to single mode fiber

* ‘Undo’ phase and amplitude changes of
desired mode



Experiment

Examples of hologram states ford = 11:

Desired
intensity fa32mm
Ultraviolet pump, - Ve > N
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Figure 1 | Schematic representation of experimental set-up for violations of Bell-type inequalities. C(A, =v.B, =w) or C(o,g.og) is the coincidence count
rate when SLM A is in state |v)/ or |63) and SLM B s in state Iw}f or |6¢) respectively.



Filtering the Output to Increase
Entanglement

|deal state has equal
amplitudes

Figure 4 | Experimental coincidence rates proportional to the probability
of measuring the state |{,) ® |{;) with {,.{ =-5,...,+5. The coloured
and greyed-out bars depict the measurement results with and without the
application of Procrustean filtering respectively. The measurement time
was 20s for each combination of £ and £;.



The measurements:

21
)4 = Zexp[r—}{l +a, 3] )
e You all remember: Vi ;

W) EEAP[:—J( w+ By ]|i

'-r j=0

e Clearly: mi=ln= = j:exp[faf;g{ﬂ]|£},and

Where 0O are angles of mode analyzers



Raw Data
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FIG. S1. Coincidence count rates (self normalised) as a functions of relative orientation angles between state
analysers (#4 — fp). The figures depict (a) experimental coincidence curves and (b) theoretical prediction
for maximally entangled states of two d-dimensional systems with mode analyser settings defined in Eq. S15
using d = 2,5, and 11, as examples. Only modes with p = 0 are used here. The observed fringes are typical

of genuine 2-, 5-, and 11-dimensional entanglement, respectively.



Results:
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Figure 3 | Experimental Bell-type parameter 5; versus number of
dimensions d. 54 > Z violates local realism for any d = 2. The plot compares
the theoretically predicted violations by a maximally entangled state and
the LHY limit with the experiments. Violations are observed for up to

d =12. Errors were estimated assuming Poisson statistics.



Does it Really Prove all 11 dimensions
are entangled?

* Yes....
e S11=2.67+£0.22

— They know the diagonal elements

— Assuming perfect coherence between first 10 and
no coherence between 11:

« §'11=2.14

* The 11t" dimension is at least partially
entangled



Conclusions

* Violate 12-dimensional Bell Inequality

— (with 11 entangled dimensions)

 Demonstrated 11-dimensional entanglement



