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Figure1.1:Theresultsofaproton-antiprotoncollisionattheTevatron.Theproton
andantiprotonbeamstravelperpendiculartothepage,collidingattheoriginofthe
tracks.Eachofthecurvedtracksindicatesachargedparticleinthefinalstate.The
tracksarecurvedbecausethedetectorisplacedinamagneticfield;theradiusof
thecurvatureofthepathofaparticleprovidesameanstodetermineitsmass,and
thereforeidentifyit.

1Introduction

1.1RelativisticQuantumMechanics

Usually,additionalsymmetriessimplifyphysicalproblems.Forexample,innon-
relativisticquantummechanics(NRQM)rotationalinvariancegreatlysimplifies
scatteringproblems.WhydoestheadditionofLorentzinvariancecomplicatequan-
tummechanics?Theanswerisverysimple:inrelativisticsystems,thenumberof
particlesisnotconserved.Inaquantumsystem,thishasprofoundimplications.

Consider,forexample,scatteringaparticleinpotential.Atlowenergies,
E�mc

2
whererelativityisunimportant,NRQMprovidesaperfectlyadequate

description.Theincidentparticleisinsomeinitialstate,andonecanfairlysimply
calculatetheamplitudeforittoscatterintoanyfinalstate.Thereisonlyonepar-
ticle,beforeandafterthescatteringprocess.Athigherenergieswhererelativityis
importantthingsgetsmorecomplicated,becauseifE∼mc2thereisenoughen-
ergytopopadditionalparticlesoutofthevacuum(wewilldiscusshowthisworks
atlengthinthecourse).Forexample,inp-p(proton-proton)scatteringwithacen-
treofmassenergyE>mπc2(wheremπ∼140MeVisthemassoftheneutral
pion)theprocess

p+p→p+p+π
0
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ispossible.Athigherenergies,E>2mpc2,onecanproduceanadditionalproton-
antiprotonpair:

p+p→p+p+p+p

andsoon.Therefore,whatstartedoutasasimpletwo-bodyscatteringprocesshas
turnedintoamany-bodyproblem,anditisnecessarytocalculatetheamplitudeto
produceavarietyofmany-bodyfinalstates.Themostenergeticacceleratortodayis
theTevatronatFermilab,outsideChicago,whichcollidesprotonsandantiprotons
withenergiesgreaterthan1TeV,orabout103m

pc2,sotypicalcollisionsproduce
ahugeslewofparticles(seeFig.1.1).

Clearlywewillhavetoconstructamany-particlequantumtheorytodescribe
suchaprocess.However,theproblemswithNRQMrunmuchdeeper,asabrief
contemplationoftheuncertaintyprincipleindicates.Considerthefamiliarproblem
ofaparticleinabox.Inthenonrelativisticdescription,wecanlocalizetheparticle
inanarbitrarilysmallregion,aslongasweacceptanarbitrarilylargeuncertainty
initsmomentum.Butrelativitytellsusthatthisdescriptionmustbreakdownif
theboxgetstoosmall.Consideraparticleofmassµtrappedinacontainerwith
reflectingwallsofsideL.Theuncertaintyintheparticle’smomentumistherefore
oforderh̄/L.Intherelativisticregime,thistranslatestoanuncertaintyoforder
h̄c/Lintheparticle’senergy.ForLsmallenough,L<∼h̄/µc(whereh̄/µc≡
λc,theComptonwavelengthoftheparticle),theuncertaintyintheenergyofthe
systemislargeenoughforparticlecreationtooccur-particleanti-particlepairscan
popoutofthevacuum,makingthenumberofparticlesinthecontaineruncertain!
Thephysicalstateofthesystemisaquantum-mechanicalsuperpositionofstates
withdifferentparticlenumber.Eventhevacuumstate-whichinaninteracting
quantumtheoryisnotthezero-particlestate,butratherthestateoflowestenergy-
iscomplicated.Thesmallerthedistancescaleyoulookatit,themorecomplexits
structure.

Thereisthereforenosenseinwhichitispossibletolocalizeaparticleina
regionsmallerthanitsComptonwavelength.Inatomicphysics,whereNRQM
worksverywell,thisdoesnotintroduceanyproblems.TheComptonwavelength
ofanelectron(massµ=0.511MeV/c

2
),is1/0.511MeV×197MeVfm∼4×

10
−11

cm,orabout10
−3

Bohrradii.Sothereisnoproblemlocalizinganelectron
onatomicscales,andtherelativisticcorrectionsduetomulti-particlestatesare
small.Ontheotherhand,theupanddownquarkswhichmakeuptheprotonhave
massesoforder10MeV(λc'20fm)andareconfinedtoaregionthesizeofa
proton,orabout1fm.Clearlytheinternalstructureoftheprotonismuchmore
complexthanasimplethreequarksystem,andrelativisticeffectswillbehuge.

Thus,thereisnosuchthinginrelativisticquantummechanicsasthetwo,one,
orevenzerobodyproblem!Inprinciple,oneisalwaysdealingwiththeinfinite
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Figure1.2:Aparticleofmassµcannotbelocalizedinaregionsmallerthanits
Comptonwavelength,λc=h̄/µ.Atsmallerscales,theuncertaintyintheenergy
ofthesystemallowsparticleproductiontooccur;thenumberofparticlesinthe
boxisthereforeindeterminate.

bodyproblem.Thus,exceptinverysimpletoymodels(typicallyinonespatial
dimension),itisimpossibletosolveanyrelativisticquantumsystemexactly.Even
thenatureofthevacuumstateintherealworld,ahorriblycomplexseaofquark-
antiquarkpairs,gluons,electron-positronpairsaswellasmoreexoticbeastslike
Higgscondensatesandgravitons,istotallyintractableanalytically.Nevertheless,
asweshallseeinthiscourse,evenincomplete(usuallyperturbative)solutionswill
giveusagreatdealofunderstandingandpredictivepower.

Asageneralconclusion,youcannothaveaconsistent,relativistic,singleparti-
clequantumtheory.Sowewillhavetosetupaformalismtohandlemany-particle
systems.Furthermore,itshouldbeclearfromthisdiscussionthatouroldfriend
thepositionoperator~XfromNRQMdoesnotmakesenseinarelativistictheory:
the{|~x〉}basisofNRQMsimplydoesnotexist,sinceparticlescannotbelocal-
izedtoarbitrarilysmallregions.ThefirstcasualtyofrelativisticQMistheposition
operator,anditwillnotariseintheformalismwhichwewilldevelop.

Thereisasecond,intimatelyrelatedproblemwhicharisesinarelativistic
quantumtheory,whichisthatofcausality.Inbothrelativisticandnonrelativis-
ticquantummechanicsobservablescorrespondtoHermitianoperators.InNRQM,
however,observablesarenotattachedtospace-timepoints-onesimplytalksabout
thepositionoperator,themomentumoperator,andsoon.However,inarelativistic
theorywehavetobemorecareful,becausemakingameasurementforcesthesys-
temintoaneigenstateofthecorrespondingoperator.Unlesswearecarefulabout
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onlydefiningobservableslocally(i.e.havingdifferentobservablesateachspace-
timepoint)wewillrunintotroublewithcausality,becauseobservablesseparated
byspacelikeseparationswillbeabletointerferewithoneanother.

ConsiderapplyingtheNRQMapproachtoobservablestoasituationwithtwo
observers,OneandTwo,atspace-timepointsx1andx2,whichareseparatedby
aspacelikeinterval.ObserverOnecouldbehereandObserverTwointheAn-

O2

boost

tt

O1

O2

O1

´

Figure1.3:ObserversO1andO2areseparatedbyaspacelikeinterval.ALorentz
boostwillmovetheobserverO2alongthehyperboloid(∆t)2−|∆~x|2=constant,
sothetimeorderingisframedependent,andtheyarenotincausalcontact.There-
fore,measurementsmadeatthetwopointscannotinterfere,soobservablesatpoint
1mustcommutewithallobservablesatpoint2.

dromedagalaxy.Nowsupposethatthesetwoobserversbothdecidetomeasure
non-commutingobservables.Inthiscasetheirmeasurementscaninterferewith
oneanother.SoimaginethatObserverOnehasanelectronandmeasuresthe
x−componentofitsspin,forcingitintoaneigenstateofthespinoperatorσx.
IfObserverTwomeasuresanon-commutingobservablesuchasσy,thenexttime
ObserverOnemeasuresσxithasa50%chanceofbeingintheoppositespinstate,
andsoshecanimmediatelytellthatObserverTwohasmadeameasurement.They
havecommunicatedatfasterthanthespeedoflight.Thisofcourseviolatescausal-
ity,sincetherearereferenceframesinwhichObserverOne’ssecondmeasurement
precededObserverTwo’smeasurement(recallthatthetime-orderingofspacelike
separatedeventsdependsontheframeofreference),andleadstoallsortsofpara-
doxes(maybeObserverTwothenchangeshismindanddoesn’tmakethemeasure-
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ment...).
TheproblemwithNRQMinthiscontextisthatithasactionatadistancebuilt

in:observablesareuniversal,anddon’trefertoparticularspace-timepoints.Clas-
sicalphysicsgotawayfromactionatadistancebyintroducingelectromagnetic
andgravitationalfields.Thefieldsaredefinedatallspacetimepoints,andthedy-
namicsofthefieldsarepurelylocal-thedynamicsofthefieldatapointxµare
determinedentirelybythephysicalquantities(thevariousfieldsandtheirderiva-
tives,aswellasthechargedensity)atthatpoint.Inrelativisticquantummechanics,
therefore,wecangetawayfromactionatadistancebypromotingallofouropera-
torstoquantumfields:operator-valuedfunctionsofspace-timewhosedynamicsis
purelylocal.Hence,relativisticquantummechanicsisusuallyknownas“Quantum
FieldTheory.”Therequirementthatcausalityberespectedthensimplytranslates
intoarequirementthatspacelikeseparatedobservablescommute:asourexam-
pledemonstrates,ifO1(x1)andO2(x2)areobservableswhicharedefinedatthe
space-timepointsx1andx2,wemusthave

[O1(x1),O2(x2)]=0for(x1−x2)
2
<0.(1.1)

Spacelikeseparatedmeasurementscannotinterferewithoneanother.

1.2ConventionsandNotation

BeforedelvingintoQFT,wewillsetafewconventionsforthenotationwewillbe
usinginthiscourse.

1.2.1Units

Wewillchoosethe“natural”systemofunitstosimplifyformulasandcalculations,
inwhichh̄=c=1(wedothisbychoosingunitssuchthatoneunitofvelocityisc
andoneunitofactionish̄.)Thismakeslifemuchsimpler.Forexample,bysetting
h̄=1,wenolongerhavetodistinguishbetweenwavenumber~kandmomentum
~P=h̄~k,orbetweenfrequencyωandenergyE=h̄ω.Theonlyunitleftistheunit
ofmass,andsincetheunitofmassisthesameastheunitofenergy,wemaytake
theunitofmasstobeMeV.Fromthefactthatvelocity[L/T]andaction[ML2/T]
aredimensionlesswefindthatlengthandtimehaveunitsofMeV

−1
.

Considerthefinestructureconstantwhichisafundamentaldimensionless
numbercharacterizingthestrengthoftheelectromagneticinteractiontoasingle
chargedparticle.Intheoldunitsitis

α=
e
2

4πh̄c
=

1

137.04
.
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Inthenewunitsitis

α=
e2

4π
=

1

137.04
.

Thusthechargeehasunitsof(h̄c)1/2intheoldunits,butitisdimensionlessinthe
newunits.

Itiseasytoconvertaphysicalquantitybacktoconventionalunitsbyusingthe
following.

h̄=6.58×10
−22

MeVsec

h̄c=1.97×10
−11

MeVcm(1.2)

BymultiplyingordividingbythesefactorsyoucanconvertfactorsofMeVinto
secorcm.Ausefulconversionis

h̄c=197MeVfm(1.3)

where1fm(femtometer,or“fermi”)=10
−13

cmisatypicalnuclearscale.Some
particlemassesinnaturalunitsare:

particlemass
e
−

(electron)511keV
µ
−

(muon)105.7MeV
π

0
(pion)134MeV

p(proton)938.3MeV
n(neutron)939.6MeV
B(Bmeson)5.279GeV
W+(Wboson)80.2GeV
Z0(Zboson)91.17GeV

1.2.2RelativisticNotation

Whendealingwithnon-orthogonalcoordinates,itisofcrucialimportancetodistin-
guishbetweencontravariantcoordinatesxµandcovariantcoordinatesxµ.Justto
remindyouofthedistinction,considerthesetoftwo-dimensionalnon-orthogonal
coordinatesontheplaneshowninFig.(1.4).

Nowconsiderthecoordinatesofapointxinthe(1,2)basis.Intermsofthe
unitvectorsê1andê2(wherethe(1,2)subscriptsarelabels,notindices:ê1andê2
arevectors,notcoordinates),wecanwrite

x̂=x
1
ê1+x

2
ê2(1.4)
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Figure1.4:Non-orthogonalcoordinatesontheplane.

whichdefinesthecontravariantcoordinatesx
1

andx
2
;thesedistancesaremarked

onthediagram.
Thecovariantcoordinates(x1,x2)aredefinedby

x1,2≡~x·ê1,2(1.5)

whicharealsoshownonthefigure.Notethatfororthogonalaxesinflat(Eu-
clidean)spacethereisnodistinctionbetweencovariantandcontravariantcoordi-
nates,whichishowyoumadeitthisfarwithoutworryingaboutthedistinction.
However,awayfromEuclideanspace(inparticular,inMinkowskispace-time)the
distinctioniscrucial.

Giventhetwosetsofcoordinates,itissimpletotakethescalarproductoftwo
vectors.Fromthedefinitionsabove,wehave

~x·~y=~x·(y
1
ê1+y

2
ê2)

=y
1
~x·ê1+y

2
~x·ê2

=y
1
x1+y

2
x2=y1x

1
+y2x

2
(1.6)

soscalarproductsarealwaysobtainedbypairingupperwithlowerindices.The
relationbetweencontravariantandcovariantcoordinatesisstraightforwardtode-
rive:

xi=(x
1
ê1+x

2
ê2)·êi

=x
j
(êi·êj)

≡gijx
j

(1.7)
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wherewehavedefinedthemetrictensor

gij≡êi·êj.(1.8)

NotethatwearealsousingtheEinsteinsummationconvention:repeatedindices
(alwayspaired-upperandlower)areimplicitlysummedover.

Onecanalsodefinethemetrictensorwithraisedandmixedindicesviathe
relations

gij≡gikg
k
j≡gikgjlg

kl
(1.9)

(notethatg
j
i=δ

j
i,theKroneckerdelta).Themetrictensorgijraisesindicesinthe

naturalway,
x
i
=g

ij
xj.(1.10)

Minkowskianspaceisasimplesituationinwhichweusenon-orthogonalbasis
vectors,becausetimeandspacelookdifferent.Thecontravariantcomponentsof
thefour-vectorx

µ
are(t,r)=(t,x,y,z)whereµ=0,1,2,3.TheflatMinkowski

spacemetricis

gµν=g
µν

=











1000
0−100
00−10
000−1











.(1.11)

Thisisusedtoraiseandlowerindices:xµ=gµνx
ν

=(t,−r).Thescalarproduct
oftwofour-vectorsiswrittenas

aµb
µ

=a
µ
bµ=a

µ
gµνb

ν
=a

0
b
0
−a·b.(1.12)

IteasilyfollowsthatthisisLorentzinvariant,a′µb′µ=aµbµ.
Notethatasbefore,repeatedindicesaresummedover,andupperindicesare

alwayspairedwithlowerindices(seeFig.(1.5)).Thisensuresthattheresultof
thecontractionisaLorentzscalar.Ifyougetanexpressionlikeaµbµ(thisisn’t
ascalarbecausetheupperandlowerindicesaren’tpaired)or(worse)aµbµcµdµ
(whichindicesarepairedwithwhich?)you’veprobablymadeamistake.Ifin
doubt,it’ssometimeshelpfultoincludeexplicitsummationsuntilyougetthehang
ofit.Remember,thisnotationwasdesignedtomakeyourlifeeasier!

UnderaLorentztransformationafour-vectortransformsaccordingtomatrix
multiplication:

x
′µ

=Λ
µ
νx

ν
.(1.13)
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Figure1.5:Becarefulwithindices.

wherethe4×4matrixΛ
µ
νdefinestheLorentztransformation.Specialcasesof

Λ
µ
νincludespacerotationsand“boosts”,whichlookasfollows:

Λ
µ
ν(rotationaboutz−axis)=











1000
0cosθ−sinθ0
0sinθcosθ0
0001











Λ
µ
ν(boostinxdirection)=











γ−γv00
−γvγ00

0010
0001











(1.14)

withγ=(1−v
2
)
−1/2

.ThesetofallLorentztransformationsmaybedefinedas
thosetransformationswhichleavegµνinvariant:

gµν=gαβΛ
α
µΛ

β
ν.(1.15)

ToseehowderivativestransformunderLorentztransformations,wenotethat
thevariation

δφ=
∂φ

∂xµδx
µ

(1.16)

isascalarandwewouldthereforeliketowriteitasδφ=∂µφδxµ.Thuswedefine

∂µ≡
∂

∂xµ=

(

∂

∂t
,
∂

∂x
,
∂

∂y
,
∂

∂z

)

(1.17)

and

∂
µ
≡

∂

∂xµ
=

(

∂

∂t
,−

∂

∂x
,−

∂

∂y
,−

∂

∂z

)

.(1.18)
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Thus,∂/∂xµtransformsasacovariant(lowerindices)four-vector.Notethat

∂µA
µ

=∂0A
0
+∂jA

j
(1.19)

and

∂
µ
∂µ=

∂2

∂t2−∇
2

=2.(1.20)

Theenergyandmomentumofaparticletogetherformthecomponentsofits
4-momentumPµ=(E,~p).

Finally,wewillmakeuse(particularlyinthesectionofDiracfields)ofthe
completelyantisymmetrictensorεµναβ(oftenknownastheLevi-Civitatensor).It
isdefinedby

ε
µναβ

=











1if(µ,ν,α,β)isanevenpermutationof(0,1,2,3),
−1if(µ,ν,α,β)isanoddpermutationof(0,1,2,3),

0if(µ,ν,α,β)isnotapermutationof(0,1,2,3).
(1.21)

Notethatyoumustbecarefulwithraisedorloweredindices,sinceε0123=−ε0123=
1.Youshouldverifythat(likethemetrictensorgµν)εµναβisarelativisticallyin-
varianttensor;thatis,thatunderaLorentztransformationtheproperties(1.21)still
hold.

1.2.3FourierTransforms

Wewillfrequentlyneedtogobackandforthbetweentheposition(x)andmo-
mentum(orwavenumber)(pork)spacedescriptionsofafunction,viatheFourier
transform.Asyoushouldrecall,theFouriertransformf̃(k)allowsanyfunction
f(x)tobeexpandedonacontinuousbasisofplanewaves.Inquantummechanics,
planewavescorrespondtoeigenstatesofmomentum,soFouriertransforminga
fieldwillallowustowriteitasasumofmodeswithdefinitemomentum,whichis
frequentlyaveryusefulthingtodo.Inndimensionswethereforewrite

f(x)=

∫

d
n
k

(2π)nf̃(k)e
ik·x

.(1.22)

Itissimpletoshowthatf̃(k)isthereforegivenby

f̃(k)=

∫

d
n
xf(x)e

−ik·x
(1.23)

Wehaveintroducedtwoconventionsherewhichweshallsticktointherestofthe
course,thesignoftheexponentials(wecouldjustaseasilyhavereversedthesigns
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oftheexponentialsinEqs.(1.22)and(1.23))andtheplacementofthefactorsof
2π.Thelatterconventionwillprovetobeconvenientbecauseitallowsustoeasily
keeptrackofpowersof2π-everytimeyouseeadnkitcomeswithafactor
of(2π)−n,whilednx’shavenosuchfactors.AlsorememberthatinMinkowski
space,k·x=Et−~k·~x,whereE=k0andt=x0.

1.2.4TheDiracDelta“Function”

WewillfrequentlybemakinguseinthiscourseoftheDiracdeltafunctionδ(x),
whichsatisfies∫

∞

−∞
dxδ(x)=1(1.24)

and
δ(x)=0,x6=0.(1.25)

Similarly,inndimensionswemaydefinethendimensionaldeltafunction

δ
(n)

(x)≡δ(x0)δ(x1)...δ(xn)(1.26)

whichsatisfies∫

d
n
xδ

(n)
(x)=1.(1.27)

TheδfunctioncanbewrittenastheFouriertransformofaconstant,

δ
(n)

(x)=
1

(2π)n

∫

d
n
pe

ip·x
.(1.28)

Wewillalsomakeuseofthe(one-dimensional)stepfunction

θ(x)=

{

1,x>0
0,x<0

(1.29)

whichsatisfies
dθ(x)

dx
=δ(x).(1.30)

Notethatthesymbolxwillsometimesdenoteann-dimensionalvectorwithcom-
ponentsx

µ
,asinEq.(1.26),andsometimesasinglecoordinate,asinEq.(1.29)

-itshouldbeclearfromcontext.Forclarity,however,wewillusuallydistinguish
three-vectors(~x)fromfour-vectors(xorx

µ
).
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1.3ANaı̈veRelativisticTheory

Havingdispensedwiththeformalities,inthissectionwewillillustratewithasim-
pleexamplethesomewhatabstractworriesaboutcausalitywehadintheprevious
section.Wewillconstructarelativisticquantumtheoryasanobviousrelativistic
generalizationofNRQM,anddiscoverthatthetheoryviolatescausality:asingle
freeparticlewillhaveanonzeroamplitudetobefoundtohavetravelledfasterthan
thespeedoflight.

Considerafree,spinlessparticleofmassµ.Thestateoftheparticleiscom-
pletelydeterminedbyitsthree-momentum~k(thatis,thecomponentsofmomen-
tumformacompletesetofcommutingobservables).Wemaychooseasasetof
basisstatesthesetofmomentumeigenstates{|~k〉}:

~P|~k〉=~k|~k〉(1.31)

where~Pisthemomentumoperator.(Notethatinournotation,~Pisanoperatoron
theHilbertspace,whilethecomponentsof~karejustnumbers.)Thesestatesare
normalized

〈~k|~k′〉=δ
(3)

(~k−~k′)(1.32)

andsatisfythecompletenessrelation
∫

d
3
k|~k〉〈~k|=1.(1.33)

Anarbitrarystate|ψ〉isalinearcombinationofmomentumeigenstates

|ψ〉=

∫

d
3
kψ(~k)|~k〉(1.34)

ψ(~k)≡〈~k|ψ〉.(1.35)

ThetimeevolutionofthesystemisdeterminedbytheSchrödingerequation

i
∂

∂t|ψ(t)〉=H|ψ(t)〉.(1.36)

wheretheoperatorHistheHamiltonianofthesystem.ThesolutiontoEq.(1.36)
is

|ψ(t
′
)〉=e

−iH(t′−t)
|ψ(t)〉.(1.37)

InNRQM,forafreeparticleofmassµ,

H|~k〉=|~k|2
2µ|~k〉.(1.38)
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Ifwerashlyneglectthewarningsofthefirstsectionabouttheperilsofsingle-
particlerelativistictheories,itappearsthatwecanmakethistheoryrelativistic
simplybyreplacingtheHamiltonianinEq.(1.38)bytherelativisticHamiltonian

Hrel=
√

|~P|2+µ2.(1.39)

Thebasisstatesnowsatisfy

Hrel|~k〉=ωk|~k〉(1.40)

where

ωk≡
√

|~k|2+µ2.(1.41)

istheenergyoftheparticle.
Thistheorylooksinnocuousenough.Wehavealreadyarguedongeneral

groundsthatitcannotbeconsistentwithcausality.Nevertheless,itisinstructive
toshowthisexplicitly.Wewillfindthat,ifweprepareaparticlelocalizedatone
position,thereisanon-zeroprobabilityoffindingitoutsideofitsforwardlight
coneatsomelatertime.

Tomeasurethepositionofaparticle,weintroducethepositionoperator,~X,
satisfying

[Xi,Pj]=iδij(1.42)

(remember,wearesettingh̄=1ineverythingthatfollows).Inthe{|~k〉}basis,
matrixelementsof~Xaregivenby

〈~k|Xi|ψ〉=i
∂

∂ki
ψ(~k)(1.43)

andpositioneigenstatesby

〈~k|~x〉=
1

(2π)3/2e
−i~k·~x

.(1.44)

Nowletusimaginethatatt=0wehavelocalizedaparticleattheorigin:

|ψ(0)〉=|~x=0〉.(1.45)

Afteratimetwecancalculatetheamplitudetofindtheparticleattheposition~x.
Thisisjust

〈~x|ψ(t)〉=〈~x|e
−iHt

|~x=0〉.(1.46)
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InsertingthecompletenessrelationEq.(1.33)andusingEqs.(1.44)and(1.40)we
canexpressthisas

〈~x|ψ(t)〉=

∫

d
3
k〈~x|~k〉〈~k|e−iHt|~x=0〉

=

∫

d
3
k

1

(2π)3e
i~k·~x

e
−iωkt

=

∫

∞

0

k
2
dk

(2π)3

∫

π

0
dθsinθ

∫

2π

0
dφe

ikrcosθ
e
−iωkt

(1.47)

wherewehavedefinedk≡|~k|andr≡|~x|.Theangularintegralsarestraightfor-
ward,giving

〈~x|ψ(t)〉=−
i

(2π)2r

∫

∞

−∞
kdke

ikr
e
−iωkt

.(1.48)

Forr>t,i.e.forapointoutsidetheparticle’sforwardlightcone,wecanprove
usingcontourintegrationthatthisintegralisnon-zero.

ConsidertheintegralEq.(1.48)definedinthecomplexkplane.Theintegral
isalongtherealaxis,andtheintegrandisanalyticeverywhereintheplaneexcept
forbranchcutsatk=±iµ,arisingfromthesquarerootinωk.Thecontour
integralcanbedeformedasshowninFig.(1.6).Forr>t,theintegrandvanishes

iµ

-iµ

k

Im
2 2

k+µ > 0Im
2 2

k+µ < 0

Figure1.6:ContourintegralforevaluatingtheintegralinEq.(1.48).Theoriginal
pathofintegrationisalongtherealaxis;itisdeformedtothedashedpath(where
theradiusofthesemicircleisinfinite).Theonlycontributiontotheintegralcomes
fromintegratingalongthebranchcut.

exponentiallyonthecircleatinfinityintheupperhalfplane,sotheintegralmay

18



berewrittenasanintegralalongthebranchcut.Changingvariablestoz=−ik,

〈~x|ψ(t)〉=−
i

(2π)2r

∫

∞

µ
(iz)d(iz)e

−zr
(

e
√z2−µ2t

−e
−√z2−µ2t

)

=
i

2π2re
−µr

∫

∞

µ
dzze

−(z−µ)r
sinh

(

√

z2−µ2t

)

.(1.49)

Theintegrandispositivedefinite,sotheintegralisnon-zero.Theparticlehasa
smallbutnon-zeroprobabilitytobefoundoutsideofitsforwardlight-cone,sothe
theoryisacausal.Notetheexponentialenvelope,e

−µr
inEq.(1.49)meansthatfor

distancesr�1/µthereisanegligiblechancetofindtheparticleoutsidethelight-
cone,soatdistancesmuchgreaterthantheComptonwavelengthofaparticle,the
single-particletheorywillnotleadtomeasurableviolationsofcausality.Thisisin
accordancewithourearlierargumentsbasedontheuncertaintyprinciple:multi-
particleeffectsbecomeimportantwhenyouareworkingatdistancescalesoforder
theComptonwavelengthofaparticle.

Howdoesthemulti-particleelementofquantumfieldtheorysaveusfromthese
difficulties?Itturnsouttodothisinaquitemiraculousway.Wewillseeinafew
lecturesthatoneofthemoststrikingpredictionsofQFTistheexistenceofantipar-
ticleswiththesamemassas,butoppositequantumnumbersof,thecorresponding
particle.Now,sincethetimeorderingoftwospacelike-separatedeventsatpoints
xandyisframe-dependent,thereisnoLorentzinvariantdistinctionbetweenemit-
tingaparticleatxandabsorbingitaty,andemittinganantiparticleatyand
absorbingitatx:inFig.(1.3),whatappearstobeaparticletravellingfromO1to
O2intheframeontheleftlookslikeanantiparticletravellingfromO2toO1in
theframeontheright.InaLorentzinvarianttheory,bothprocessesmustoccur,
andtheyareindistinguishable.Therefore,ifwewishtodeterminewhetherornot
ameasurementatxcaninfluenceameasurementaty,wemustaddtheamplitudes
forthesetwoprocesses.Asitturnsout,theamplitudesexactlycancel,socausality
ispreserved.
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2ConstructingQuantumFieldTheory

2.1Multi-particleBasisStates

2.1.1FockSpace

Havingkilledtheideaofasingleparticle,relativistic,causalquantumtheory,we
nowproceedtosetuptheformalismforaconsistenttheory.Thefirstthingweneed
todoisdefinethestatesofthesystem.ThebasisforourHilbertspaceinrelativistic
quantummechanicsconsistsofanynumberofspinlessmesons(thespaceiscalled
“FockSpace”.)However,wesawinthelastsectionthataconsistentrelativistic
theoryhasnopositionoperator.InQFT,positionisnolongeranobservable,but
insteadissimplyaparameter,likethetimet.Inotherwords,theunphysicalques-
tion“whereistheparticleattimet”isreplacedbyphysicalquestionssuchas“what
istheexpectationvalueoftheobservableO(theelectricfield,theenergydensity,
etc.)atthespace-timepoint(t,~x).”Therefore,wecan’tusepositioneigenstates
asourbasisstates.Themomentumoperatorisfine;momentumisaconserved
quantityandcanbemeasuredinanarbitrarilysmallvolumeelement.Therefore,
wechooseasoursingleparticlebasisstatesthesamestatesasbefore,

{|~k〉},(2.1)

butnowthisisonlyapieceoftheHilbertspace.Thebasisoftwo-particlestatesis

{|~k1,~k2〉}.(2.2)

Becausetheparticlesarebosons,thesestatesareevenunderparticleinterchange1

|~k1,~k2〉=|~k2,~k1〉.(2.3)

Theyalsosatisfy

〈~k1,~k2|~k′1,~k′2〉=δ
(3)

(~k1−~k′
1)δ

(3)
(~k2−~k′

2)+δ
(3)

(~k1−~k′
2)δ

(3)
(~k2−~k′

1)

H|~k1,~k2〉=(ωk1+ωk2)|~k1,~k2〉
~P|~k1,~k2〉=(~k1+~k2)|~k1,~k2〉.(2.4)

Stateswith2,3,4,...particlesaredefinedanalogously.Thereisalsoazero-particle
state,thevacuum|0〉:

〈0|0〉=1

H|0〉=0,~P|0〉=0(2.5)

1
Wewillpostponethestudyoffermionsuntillateron,whenwediscussspinorfields.
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andthecompletenessrelationfortheHilbertspaceis

1=|0〉〈0|+
∫

d
3
k|~k〉〈~k|+1

2!

∫

d
3
k1d

3
k2|~k1,~k2〉〈~k1,~k2|+...(2.6)

(Thefactorof1/2!istheretoavoiddouble-countingthetwo-particlestates.)This
isstartingtolookunwieldy.Anarbitrarystatewillhaveawavefunctionover
thesingle-particlebasiswhichisafunctionof3variables(kx,ky,kz),awave
functionoverthetwo-particlebasiswhichisafunctionof6variables,andsoforth.
AninteractiontermintheHamiltonianwhichcreatesaparticlewillconnectthe
single-particlewave-functiontothetwo-particlewave-function,thetwo-particleto
thethree-particle,....Thiswillbeamess.Weneedabetterdescription,preferably
onewhichhasnoexplicitmulti-particlewave-functions.

Asapedagogicaldevice,itwilloftenbeconvenientinthiscoursetoconsider
systemsconfinedtoaperiodicboxofsideL.Thisisnicebecausethewavefunc-
tionsintheboxarenormalizable,andtheallowedvaluesof~karediscrete.Since
translationbyLmustleavethesystemunchanged,theallowedmomentamustbe
oftheform

~k=

(

2πnx
L

,
2πny
L

,
2πnz
L

)

(2.7)

fornx,ny,nzintegers.
Wecanthenwriteourstatesintheoccupationnumberrepresentation,

|...n(~k),n(~k′),...〉(2.8)

wherethen(~k)’sgivethenumberofparticlesofeachmomentuminthestate.
Sometimesthestate(2.8)iswritten

|n(·)〉
wherethe(·)indicatesthatthestatedependsonthefunctionnforall~k’s,notany
single~k.ThenumberoperatorN(~k)countstheoccupationnumberforagiven~k,

N(~k)|n(·)〉=n(~k)|n(·)〉.(2.9)

IntermsofN(~k)theHamiltonianandmomentumoperatorare

H=
∑

~k

ωkN(~k)~P=
∑

~k

~kN(~k).(2.10)

Thisisbearsastrikingresemblancetoasystemwehaveseenbefore,thesimple
harmonicoscillator.Forasingleoscillator,HSHO=ω(N+

1
2),whereNistheex-

citationleveloftheoscillator.Fockspaceisina1-1correspondencewiththespace
ofaninfinitesystemofindependentharmonicoscillators,anduptoan(irrelevant)
overallconstant,theHamiltoniansforthetwotheorieslookthesame.Wecan
makeuseofthatcorrespondencetodefineacompactnotationforourmultiparticle
theory.
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2.1.2ReviewoftheSimpleHarmonicOscillator

TheHamiltonianfortheonedimensionalS.H.O.is

HSHO=
P2

2µ
+

1

2
ω

2
µX

2
.(2.11)

Wecanwritethisinasimplerformbyperformingthecanonicaltransformation

P→p=
P

√µω,X→q=√µωX(2.12)

(thetransformationiscanonicalbecauseitpreservesthecommutationrelation
[P,X]=[p,q]=−i).IntermsofpandqtheHamiltonian(2.11)is

HSHO=
ω

2
(p

2
+q

2
).(2.13)

Theraisingandloweringoperatorsaanda†aredefinedas

a=
q+ip
√

2
,a

†
=
q−ip
√

2
(2.14)

andsatisfythecommutationrelations

[a,a
†
]=1,[H,a

†
]=ωa

†
,[H,a]=−ωa(2.15)

whereH=ω(a†a+1/2)≡ω(N+1/2).IfH|E〉=E|E〉,itfollowsfrom
(2.15)that

Ha
†
|E〉=(E+ω)a

†
|E〉

Ha|E〉=(E−ω)a
†
|E〉.(2.16)

sothereisaladderofstateswithenergies...,E−ω,E,E+ω,E+2ω,....Since
〈ψ|a†a|ψ〉=|a|ψ〉|

2
≥0,thereisalowestweightstate|0〉satisfyingN|0〉=0

anda|0〉=0.Thehigherstatesaremadebyrepeatedapplicationsofa†,

|n〉=cn(a
†
)
n
|0〉,N|n〉=n|n〉.(2.17)

Since〈n|aa
†
|n〉=n+1,itiseasytoshowthattheconstantofproportionality

cn=1/
√
n!.
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2.1.3AnOperatorFormalismforFockSpace

NowwecanapplythisformalismtoFockspace.Definecreationandannihilation
operatorsakanda

†
kforeachmomentum~k(remember,wearestillworkingina

boxsotheallowedmomentaarediscrete).Theseobeythecommutationrelations

[ak,a
†
k′]=δkk′,[ak,ak′]=[a

†
k,a

†
k′]=0.(2.18)

Thesingleparticlestatesare
|~k〉=a

†
k|0〉,(2.19)

thetwo-particlestatesare
|~k,~k′〉=a

†
ka

†
k′|0〉(2.20)

andsoon.Thevacuumstate,|0〉,satisfies

ak|0〉=0(2.21)

andtheHamiltonianis
H=

∑

~k

ωka
†
kak.(2.22)

Atthispointwecanremovetheboxand,withtheobvioussubstitutions,define
creationandannihilationoperatorsinthecontinuum.Taking

[ak,a
†
k′]=δ

(3)
(~k−~k′),[ak,ak′]=[a

†
k,a

†
k′]=0(2.23)

itiseasytocheckthatwerecoverthenormalizationcondition〈~k′|~k〉=δ
(3)

(~k−~k′)
andthatH|~k〉=ωk|~k〉,~P|~k〉=~k|~k〉.

Wehaveseenexplicitlythattheenergyandmomentumoperatorsmaybewrit-
tenintermsofcreationandannihilationoperators.Infact,anyobservablemaybe
writtenintermsofcreationandannihilationoperators,whichiswhatmakesthem
souseful.

2.1.4RelativisticallyNormalizedStates

Thestates{|0〉,|~k〉,|~k1,~k2〉,...}formaperfectlygoodbasisforFockSpace,but
willsometimesbeawkwardinarelativistictheorybecausetheydon’ttransform
simplyunderLorentztransformations.Thisisnotunexpected,sincethenormal-
izationandcompletenessrelationsclearlytreatspatialcomponentsofkµdiffer-
entlyfromthetimecomponent.Sincemulti-particlestatesarejusttensorproducts
ofsingle-particlestates,wecanseehowourbasisstatestransformunderLorentz
transformationsbyjustlookingatthesingle-particlestates.
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LetO(Λ)betheoperatoractingontheHilbertspacewhichcorrespondstothe
Lorentztransformationx′µ=Λµ

νxν.Thecomponentsofthefour-vectorkµ=
(ωk,~k)transformaccordingto

k
′µ

=Λ
µ
νk

ν
.(2.24)

Therefore,underaLorentztransformation,astatewiththreemomentum~kisob-
viouslytransformedintoonewiththreemomentum~k′.Butthistellsusnothing
aboutthenormalizationofthetransformedstate;itonlytellsusthat

O(Λ)|~k〉=λ(~k,~k′)|~k′〉(2.25)

where~k′isgivenbyEq.(2.24),andλisaproportionalityconstanttobedeter-
mined.Ofcourse,forstateswhichhaveanicerelativisticnormalization,λwould
beone.Unfortunately,ourstatesdon’thaveanicerelativisticnormalization.This
iseasytoseefromthecompletenessrelation,Eq.(1.33),becaused3kisnota
Lorentzinvariantmeasure.Aswewillshowinamoment,undertheLorentztrans-
formation(2.24)thevolumeelementd3ktransformsas

d
3
k→d

3
k
′
=
ωk′

ωk
d
3
k.(2.26)

Sincethecompletenessrelation,Eq.(1.33),holdsforbothprimedandunprimed
states,∫

d
3
k|~k〉〈~k|=

∫

d
3
k
′
|~k′〉〈~k′|=1(2.27)

wemusthave

O(Λ)|~k〉=

√

ωk′

ωk|~k′〉(2.28)

whichisnotasimpletransformationlaw.Thereforewewilloftenmakeuseofthe
relativisticallynormalizedstates

|k〉≡
√

(2π)3√
2ωk|~k〉(2.29)

(Thefactorof(2π)
3/2

istherebyconvention-itwillmakefactorsof2πcome
outrightintheFeynmanruleswederivelateron.)Thestates|k〉nowtransform
simplyunderLorentztransformations:

O(Λ)|k〉=|k
′
〉.(2.30)

TheconventionIwillattempttoadheretofromthispointonisstateswiththree-
vectors,suchas|~k〉,arenon-relativisticallynormalized,whereasstateswithfour-
vectors,suchas|k〉,arerelativisticallynormalized.
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TheeasiestwaytoderiveEq.(2.26)issimplytonotethatd3kisnotaLorentz
invariantmeasure,butthefour-volumeelementd4kis.Sincethefree-particlestates
satisfyk2=µ2,wecanrestrictkµtothehyperboloidk2=µ2bymultiplyingthe
measurebyaLorentzinvariantfunction:

d
4
kδ(k

2
−µ

2
)θ(k

0
)

=d
4
kδ((k

0
)
2
−|~k|2−µ

2
)θ(k

0
)

=
d4k

2k0δ(k
0
−ωk)θ(k

0
).(2.31)

(Notethattheθfunctionrestrictsustopositiveenergystates.Sinceaproper
Lorentztransformationdoesn’tchangethedirectionoftime,thistermisalsoin-
variantunderaproperL.T.)Performingthek0integralwiththeδfunctionyields
themeasure

d3k

2ωk
.(2.32)

UnderaLorentzboostourmeasureisnowinvariant:

d3k

ωk
=
d3k′

ωk′
(2.33)

whichimmediatelygivesEq.(2.26).
Finally,whereasthenonrelativisticallynormalizedstatesobeyedtheorthogo-

nalitycondition
〈~k′|~k〉=δ

(3)
(~k−~k′)(2.34)

therelativisticallynormalizedstatesobey

〈k
′
|k〉=(2π)

3
2ωkδ

(3)
(~k−~k′).(2.35)

Thefactorofωkcompensatesforthefactthattheδfunctionisnotrelativistically
invariant.

2.2CanonicalQuantization

Havingnowsetupaslickoperatorformalismforamultiparticletheorybasedon
theSHO,wenowhavetoconstructatheorywhichdeterminesthedynamicsof
observables.Aswearguedinthelastsection,weexpectthatcausalitywillrequire
ustodefineobservablesateachpointinspace-time,whichsuggeststhatthefun-
damentaldegreesoffreedominourtheoryshouldbefields,φ

a
(x).Inthequantum

theorytheywillbeoperatorvaluedfunctionsofspace-time.Forthetheorytobe
causal,wemusthave[φ(x),φ(y)]=0for(x−y)2<0(thatis,forxandy
spacelikeseparated).Toseehowtoachievethis,letusrecallhowwegotquantum
mechanicsfromclassicalmechanics.
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2.2.1ClassicalParticleMechanics

InCPM,thestateofasystemisdefinedbygeneralizedcoordinatesqa(t)(forex-
ample{x,y,z}or{r,θ,φ}),andthedynamicsaredeterminedbytheLagrangian,a
functionoftheqa’s,theirtimederivativesq̇aandthetimet:L(q1,q2,...qn,q̇1,...,q̇n,t)=
T−V,whereTisthekineticenergyandVthepotentialenergy.Wewillrestrict
ourselvestosystemswhereLhasnoexplicitdependenceont(wewillnotconsider
time-dependentexternalpotentials).Theaction,S,isdefinedby

S≡
∫

t2

t1
L(t)dt.(2.36)

Hamilton’sPrinciplethendeterminestheequationsofmotion:underthevariation
qa(t)→qa(t)+δqa(t),δqa(t1)=δqa(t2)=0theactionisstationary,δS=0.

Explicitly,thisgives

δS=

∫

t2

t1
dt
∑

a

[

∂L

∂qa
δqa+

∂L

∂q̇a
δq̇a

]

.(2.37)

Definethecanonicalmomentumconjugatetoqaby

pa≡
∂L

∂q̇a
.(2.38)

IntegratingthesecondterminEq.(2.37)byparts,weget

δS=

∫

t2

t1
dt
∑

a

[

∂L

∂qa−ṗa

]

δqa+paδqa
∣

∣

∣

t2

t1
.(2.39)

Sinceweareonlyconsideringvariationswhichvanishatt1andt2,thelastterm
vanishes.Sincetheδqa’sarearbitrary,Eq.(2.37)givestheEuler-Lagrangeequa-
tions

∂L

∂qa
=ṗa.(2.40)

AnequivalentformalismistheHamiltonianformulationofparticlemechanics.
DefinetheHamiltonian

H(q1,...,qn,p1,...,pn)=
∑

a

paq̇a−L.(2.41)

NotethatHisafunctionofthep’sandq’s,nottheq̇’s.Varyingthep’sandq’swe
find

dH=
∑

a

dpaq̇a+padq̇a−
∂L

∂qa
dqa−

∂L

∂q̇a
dq̇a

=
∑

a

dpaq̇a−ṗadqa(2.42)
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wherewehaveusedtheEuler-Lagrangeequationsandthedefinitionofthecanon-
icalmomentum.Varyingpandqseparately,Eq.(2.42)givesHamilton’sequations

∂H

∂pa
=q̇a,

∂H

∂qa
=−ṗa.(2.43)

NotethatwhenLdoesnotexplicitlydependontime(thatis,itstimedependence
arisessolelyfromitsdependenceontheqa(t)’sandq̇a(t)’s)wehave

dH

dt
=

∑

a

∂H

∂pa
ṗa+

∂H

∂qa
q̇a

=
∑

a

q̇aṗa−ṗaq̇a=0(2.44)

soHisconserved.Infact,Histheenergyofthesystem(weshallshowthislater
onwhenwediscusssymmetriesandconservationlaws.)

2.2.2QuantumParticleMechanics

Givenaclassicalsystemwithgeneralizedcoordinatesqaandconjugatemomenta
pa,weobtainthequantumtheorybyreplacingthefunctionsqa(t)andpa(t)by
operatorvaluedfunctionsq̂a(t),p̂a(t),withthecommutationrelations

[q̂a(t),q̂b(t)]=[p̂a(t),p̂b(t)]=0

[p̂a(t),q̂b(t)]=−iδab(2.45)

(recallwehaveseth̄=1).Atthispointlet’sdropthe’̂sontheoperators-itshould
beobviousbycontextwhetherwearetalkingaboutquantumoperatorsorclassical
coordinatesandmomenta.Notethatwehaveincludedexplicittimedependence
intheoperatorsqa(t)andpa(t).Thisisbecausewearegoingtoworkinthe
Heisenbergpicture2,inwhichstatesaretime-independentandoperatorscarrythe
timedependence,ratherthanthemorefamiliarSchrödingerpicture,inwhichthe
statescarrythetimedependence.(Inbothcases,weareconsideringoperatorswith
noexplicittimedependenceintheirdefinition).(SeeMandl&Shaw,Appendixto
Chapter1).

Youareprobablyusedtodoingquantummechanicsinthe“Schrödingerpic-
ture”(SP).IntheSP,operatorswithnoexplicittimedependenceintheirdefinition
aretimeindependent.Thetimedependenceofthesystemiscarriedbythestates
throughtheSchrödingerequation

i
d

dt|ψ(t)〉S=H|ψ(t)〉S=⇒|ψ(t)〉S=e
−iH(t−t0)

|ψ(t0)〉S.(2.46)

2
Actually,wewilllaterbeworkinginthe“interactionpicture”,butforfreefieldsthisisequivalent

totheHeisenbergpicture.Wewilldiscussthisinafewlectures.
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However,therearemanyequivalentwaystodefinequantummechanicswhichgive
thesamephysics.Thisissimplybecausewenevermeasurestatesdirectly;allwe
measurearethematrixelementsofHermitianoperatorsbetweenvariousstates.
Therefore,anyformalismwhichdiffersfromtheSPbyatransformationonboth
thestatesandtheoperatorswhichleavesmatrixelementsinvariantwillleavethe
physicsunchanged.OnesuchformalismistheHeisenbergpicture(HP).IntheHP
statesaretimeindependent

|ψ(t)〉H=|ψ(t0)〉H.(2.47)

Thus,HeisenbergstatesarerelatedtotheSchrödingerstatesviatheunitarytrans-
formation

|ψ(t)〉H=e
iH(t−t0)

|ψ(t)〉S.(2.48)

Sincephysicalmatrixelementsmustbethesameinthetwopictures,

S〈ψ(t)|OS|ψ(t)〉S=S〈ψ(0)|e
iHt

OSe
−iHt

|ψ(0)〉S=H〈ψ(t)|OH(t)|ψ(t)〉H,
(2.49)

fromEq.(2.48)weseethatintheHPitistheoperators,notthestates,whichcarry
thetimedependence:

OH(t)=e
iHT

OSe
−iHt

=e
iHT

OH(0)e
−iHt

(2.50)

(sinceatt=0thetwodescriptionscoincide,OS=OH(0)).Thisisthesolution
oftheHeisenbergequationofmotion

i
d

dt
OH(t)=[OH(t),H].(2.51)

Sincewearesettingupanoperatorformalismforourquantumtheory(recallthat
weshowedinthefirstsectionthatitwasmuchmoreconvenienttotalkabout
creationandannihilationoperatorsratherthanwave-functionsinamulti-particle
theory),theHPwillturnouttobemuchmoreconvenientthantheSP.

NoticethatEq.(2.51)gives

dqa(t)

dt
=i[H,qa(t)].(2.52)

Ausefulpropertyofcommutatorsisthat[qa,F(q,p)]=i∂F/∂pawhereFisa
functionofthep’sandq’s.Therefore[qa,H]=i∂H/∂paandwerecoverthefirst
ofHamilton’sequations,

dqa
dt

=
∂H

∂pa
.(2.53)
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Similarly,itiseasytoshowthatṗa=−∂H/∂qa.Thus,theHeisenbergpicture
hasthenicepropertythattheequationsofmotionarethesameinthequantum
theoryandtheclassicaltheory.Ofcourse,thisdoesnotmeanthequantumand
classicalmechanicsarethesamething-observablesareconstructeddifferentlyin
classicalandquantummechanics.Butitdoesmeanthatthequantumtheoryhas
thecorrespondenceprinciplebuiltin.Thatis,forstateswhichlookclassical,so
thatexpectationvaluesofqaandpamaybeinterpretedastheactualcoordinates
andconjugatemomentaofthestate,theclassicalequationsofmotionwillbere-
producedbythequantumtheory.

2.2.3ClassicalFieldTheory

Inthisquantumtheory,observablesareconstructedoutoftheq’sandp’s.Ina
classicalfieldtheory,suchasclassicalelectrodynamics,observables(inthiscase
theelectricandmagneticfield,orequivalentlythevectorandscalarpotentials)are
definedateachpointinspace-time.Thegeneralizedcoordinatesofthesystem
arejustthecomponentsofthefieldateachpointx.Wecouldlabelthemjustas
before,qx,awheretheindexxiscontinuousandaisdiscrete,butinsteadwe’llcall
ourgeneralizedcoordinatesφa(x).Notethatxisnotageneralizedcoordinate,but
ratheralabelonthefield,describingitspositioninspacetime.Itisliketinparticle
mechanics.Thesubscriptalabelsthefield;forfieldswhicharen’tscalarsunder
Lorentztransformations(suchastheelectromagneticfield)itwillalsodenotethe
variousLorentzcomponentsofthefield.

Wewillberathercavalieraboutgoingtoacontinuousindexfromadiscrete
indexonourobservables.Everythingwesaidbeforeaboutclassicalparticleme-
chanicswillgothroughjustasbeforewiththeobviousreplacements

∑

a

→
∫

d
3
x
∑

a

δab→δabδ
(3)

(~x−~x
′
).(2.54)

SincetheLagrangianforparticlemechanicscancouplecoordinateswithdiffer-
entlabelsa,themostgeneralLagrangianwecouldwritedownforthefieldscould
couplefieldsatdifferentcoordinatesx.However,sincewearetryingtomakea
causaltheory,wedon’twanttointroduceactionatadistance-thedynamicsofthe
fieldshouldbelocalinspace(aswellastime).Furthermore,sinceweareattempt-
ingtoconstructaLorentzinvarianttheoryandtheLagrangianonlydependsonfirst
derivativeswithrespecttotime,wewillonlyincludetermswithfirstderivatives
withrespecttospatialindices.WecanwriteaLagrangianofthisformas

L(t)=
∑

a

∫

d
3
xL(φa(x),∂µφa(x))(2.55)
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wheretheactionisgivenby

S=

∫

t2

t1
dtL(t)=

∫

d
4
xL(t,~x).(2.56)

ThefunctionL(t,~x)iscalledthe“Lagrangedensity”;however,wewillusuallybe
sloppyandfollowtherestoftheworldincallingittheLagrangian.Notethatboth
LandSareLorentzinvariant,whileLisnot.

Onceagainwecanvarythefieldsφa→φa+δφatoobtaintheEuler-Lagrange
equations:

0=δS

=
∑

a

∫

d
4
x

(

∂L
∂φa

δφa+
∂L

∂(∂µφa)
δ∂µφa

)

=
∑

a

∫

d
4
x

([

∂L
∂φa−∂µΠ

µ
a

]

δφa+∂µ[Π
µ
aδφa]

)

=
∑

a

∫

d
4
x

(

∂L
∂φa−∂µΠ

µ
a

)

δφa(2.57)

wherewehavedefined

Π
µ
a≡

∂L
∂(∂µφa)

(2.58)

andtheintegralofthetotalderivativeinEq.(2.57)vanishessincetheδφa’svanish
ontheboundariesofintegration.Thuswederivetheequationsofmotionfora
classicalfield,

∂L
∂φa

=∂µΠ
µ
a.(2.59)

TheanalogueoftheconjugatemomentumpaisthetimecomponentofΠµ
a,Π0

a,
andwewilloftenabbreviateitasΠa.TheHamiltonianofthesystemis

H=
∑

a

∫

d
3
x
(

Π
0
a∂0φ

0
a−L

)

≡
∫

d
3
xH(x)(2.60)

whereH(x)istheHamiltoniandensity.
Nowlet’sconstructasimpleLorentzinvariantLagrangianwithasinglescalar

field.Thesimplestthingwecanwritedownthatisquadraticinφand∂µφis

L=
1
2a
[

∂µφ∂
µ
φ+bφ

2
]

.(2.61)

Theparameteraisreallyirrelevanthere;wecaneasilygetridofitbyrescaling
ourfieldsφ→φ/√a.Solet’stakeinstead

L=±
1
2

[

∂µφ∂
µ
φ+bφ

2
]

.(2.62)
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Whatdoesthisdescribe?Well,theconjugatemomentaare

Π
µ

=±∂
µ
φ(2.63)

sotheHamiltonianis

H=±
1
2

∫

d
3
x
[

Π
2
+(∇φ)

2
−bφ

2
]

.(2.64)

Forthetheorytobephysicallysensible,theremustbeastateoflowestenergy.H
mustbeboundedbelow.Sincetherearefieldconfigurationsforwhicheachofthe
termsinEq.(2.65)maybemadearbitrarilylarge,theoverallsignofHmustbe+,
andwemusthaveb<0.Definingb=−µ

2
,wehavetheHamiltonian

H=
1
2

∫

d
3
x
[

Π
2
+(∇φ)

2
+µ

2
φ

2
]

.(2.65)

EachterminHispositivedefinite:thefirstcorrespondstotheenergyrequired
forthefieldtochangeintime,thesecondtotheenergycorrespondingtospatial
variations,andthelasttotheenergyrequiredjusttohavethefieldaroundinthe
firstplace.Theequationofmotionforthistheoryis

(

∂µ∂
µ

+µ
2
)

φ(x)=0.(2.66)

Thislookspromising.Infact,thisequationiscalledtheKlein-Gordonequation.It
wasactuallyfirstwrittendownbySchrödinger,atthesametimehewrotedown

i
∂

∂t
ψ(x)=−

1

2µ∇
2
ψ(x).(2.67)

Inquantummechanicsforawaveei(~k·~x−ωt),weknowE=ω,~p=~k,sothis
equationisjustE=~p2/2µ.Ofcourse,Schrödingerknewaboutrelativity,sofrom
E2=~p2+µ2healsogot

[

−
∂2

∂t2+∇
2
−µ

2

]

ψ=0(2.68)

or,inournotation,(

∂µ∂
µ

+µ
2
)

ψ(x)=0.(2.69)

Unfortunately,thisisadisasterifwewanttointerpretψ(x)asawavefunctionas
intheSchrödingerEquation:thisequationhasbothpositiveandnegativeenergy
solutions,E=±

√

~p2+µ2.Theenergyisunboundedbelowandthetheoryhas
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nogroundstate.Thisshouldnotbesuchasurprise,sincewealreadyknowthat
singleparticlerelativisticquantummechanicsisinconsistent.

InEq.(2.66),though,φ(x)isnotawavefunction.Itisaclassicalfield,andwe
justshowedthattheHamiltonianispositivedefinite.Soonitwillbeaquantumfield
whichisalsonotawavefunction;itisaHermitianoperator.Itwillturnoutthat
thepositiveenergysolutionstoEq.(2.66)correspondtothecreationofaparticle
ofmassµbythefieldoperator,andthenegativeenergysolutionscorrespondtothe
annihilationofaparticleofthesamemassbythefieldoperator.(Ittookeightyears
afterthediscoveryofquantummechanicsbeforethenegativeenergysolutionsof
theKlein-GordonequationwerecorrectlyinterpretedbyPauliandWeisskopf.)
TheHamiltonianwillstillbepositivedefinite.Solet’squantizeourclassicalfield
theoryandconstructthequantumfield.Thenwe’lltryandfigureoutwhatwe’ve
created.

2.2.4QuantumFieldTheory

ToquantizeourclassicalfieldtheorywedoexactlywhatwedidtoquantizeCPM,
withlittlemorethanachangeofnotation.Replaceφ(x)andΠ

µ
(x)byoperator-

valuedfunctionssatisfyingthecommutationrelations

[φa(~x,t),φb(~y,t)]=[Π
0
(~x,t),Π

0
(~y,t)]=0

[φa(~x,t),Π
0
b(~y,t)]=iδabδ

(3)
(~x−~y).(2.70)

Asbefore,φ
a
(~x,t)andΠa(~y,t)areHeisenbergoperators,satisfying

dφa(x)

dt
=i[H,φa(x)],

dΠa(x)

dt
=i[H,Πa(x)].(2.71)

FortheKlein-GordonfielditiseasytoshowusingtheexplicitformoftheHamil-
tonianEq.(2.65)thattheoperatorssatisfy

φ̇a(x)=Π(x),Π̇(x)=∇
2
φ−µ

2
φ(2.72)

andsothequantumfieldsalsoobeytheKlein-Gordonequation.
Let’stryandgetsomefeelingforφ(x)byexpandingitinaplanewaveba-

sis.(SinceφisasolutiontotheKGequationthisiscompletelygeneral.)The
planewavesolutionstoEq.(2.66)areexponentialse

ik·x
wherek

2
=µ

2
.Wecan

thereforewriteφ(x)as

φ(x)=

∫

d
3
k
[

αke
−ik·x

+α
†
ke
ik·x
]

(2.73)
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wheretheαk’sandα
†
k’sareoperators.Sinceφ(x)isgoingtobeanobservable,it

mustbeHermitian,whichiswhywehavetohavetheα
†
kterm.Wecansolvefor

αkandα
†
k.Firstofall,

φ(~x,0)=

∫

d
3
k
[

αke
i~k·~x

+α
†
ke

−i~k·~x
]

∂0φ(~x,0)=

∫

d
3
k(−iωk)

[

αke
i~k·~x

−α
†
ke

−i~k·~x
]

.(2.74)

RecallingthattheFouriertransformofe−i~k·~xisadeltafunction:

∫

d3x

(2π)3e
−i(~k−~k′)·~x

=δ
(3)

(~k−~k′)(2.75)

weget

∫

d
3
x

(2π)3φ(~x,0)e
−i~k·~x

=αk+α
†
−k

∫

d
3
x

(2π)3φ̇(~x,0)e
−i~k·~x

=(−iωk)(αk−α
†
−k)(2.76)

andso

αk=
1
2

∫

d
3
x

(2π)3

[

φ(~x,0)+
i

ωk
∂0φ(~x,0)

]

e
−i~k·~x

α
†
k=

1
2

∫

d
3
x

(2π)3

[

φ(~x,0)−
i

ωk
∂0φ(~x,0)

]

e
i~k·~x

.(2.77)

UsingtheequaltimecommutationrelationsEq.(2.70),wecancalculate[αk,α
†
k′]:

[αk,α
†
k′]=−

1

4

∫

d
3
xd

3
y

(2π)6

[

i

ωk′
[φ(~x,0),φ̇(~y,0)]+

i

ωk
[φ(~y,0),φ̇(~x,0)]

]

e
−i~k·~x+i~k′·~y

=−
1

4

∫

d
3
xd

3
y

(2π)6

[

i

ωk′
[iδ

(3)
(~x−~y)]+

i

ωk
[iδ

(3)
(~x−~y)]

]

e
−i~k·~x+i~k′·~y

=
1

4

∫

d
3
x

(2π)6

[

1

ωk′
+

1

ωk

]

e
−i(~k−~k′)·~x

=
1

(2π)32ωkδ
(3)

(~k−~k′).(2.78)

Thisisstartingtolookfamiliar.Ifwedefineak≡αk/(2π)3/2√2ωk,then

[ak,a
†
k′]=δ

(3)
(~k−~k′).(2.79)
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Thesearejustthecommutationrelationsforcreationandannihilationoperators.
Sothequantumfieldφ(x)isasumoverallmomentaofcreationandannihilation
operators:

φ(x)=

∫

d
3
k

(2π)3/2√2ωk

[

ake
−ik·x

+a
†
ke
ik·x
]

.(2.80)

Actually,ifwearetointerpretakanda
†
kasouroldannihilationandcreationoper-

ators,theyhadbetterhavetherightcommutationrelationswiththeHamiltonian

[H,a
†
k]=ωka

†
k,[H,ak]=−ωkak(2.81)

sothattheyreallydocreateandannihilatemesons.Fromtheexplicitformofthe
Hamiltonian(Eq.(2.65)),wecansubstitutetheexpressionforthefieldsintermsof
a
†
kandakandthecommutationrelationEq.(2.79)toobtainanexpressionforthe

Hamiltonianintermsofthea
†
k’sandak’s.Aftersomealgebra(doit!),weobtain

H=
1
2

∫

d
3
k

2ωk

[

aka−ke
−2iωkt

(−ω
2
k+~k2

+µ
2
)

+a
†
kak(ω

2
k+~k2

+µ
2
)

+aka
†
k(ω

2
k+~k2

+µ
2
)

+a
†
ka

†
−ke

2iωkt
(−ω

2
k+~k2

+µ
2
)
]

.(2.82)

Sinceω2
k=~k2+µ2,thetime-dependenttermsdropoutandweget

H=
1
2

∫

d
3
kωk

[

aka
†
k+a

†
kak

]

.(2.83)

Thisisalmost,butnotquite,whatwehadbefore,

H=

∫

d
3
kωka

†
kak.(2.84)

Commutingtheakanda
†
kinEq.(2.83)weget

H=

∫

d
3
kωk

[

a
†
kak+

1
2δ

(3)
(0)
]

.(2.85)

δ
(3)

(0)?Thatdoesn’tlookright.Let’sgobacktoourboxnormalizationfora
moment.Then

H=
1
2

∑

~k

ωk
[

aka
†
k+a

†
kak

]

=
∑

~k

[

a
†
kak+

1
2

]

(2.86)
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sotheδ(3)(0)isjusttheinfinitesumofthezeropointenergiesofallthemodes.
Theenergyofeachmodestartsat

1
2ωk,notzero,andsincethereareaninfinite

numberofmodeswegotaninfiniteenergyinthegroundstate.
Thisisnobigdeal.It’sjustanoverallenergyshift,anditdoesn’tmatterwhere

wedefineourzeroofenergy.Onlyenergydifferenceshaveanyphysicalmeaning,
andthesearefinite.However,sincetheinfinitygetsintheway,let’susethis
opportunitytobanishitforever.Wecandothisbynoticingthatthezeropoint
energyoftheSHOisreallytheresultofanorderingambiguity.Forexample,
whenquantizingthesimpleharmonicoscillatorwecouldhavejustaswellwritten
downtheclassicalHamiltonian

HSHO=
ω

2
(q−ip)(q+ip).(2.87)

Whenpandqarenumbers,thisisthesameastheusualHamiltonian
ω
2(p

2
+q

2
).

Butwhenpandqareoperators,thisbecomes

HSHO=ωa
†
a(2.88)

insteadoftheusualω(a†a+1/2).Sobyajudiciouschoiceofordering,weshould
beabletoeliminatethe(unphysical)infinitezero-pointenergy.Forasetoffree
fieldsφ1(x1),φ2(x2),...,φn(xn),definethenormal-orderedproduct3

:φ1(x1)...φn(xn):(2.89)

astheusualproduct,butwithallthecreationoperatorsontheleftandalltheanni-
hilationoperatorsontheright.Sincecreationoperatorscommutewithoneanother,
asdoannihilationoperators,thisuniquelyspecifiestheordering.SoinsteadofH,
wecanuse:H:andtheinfiniteenergyofthegroundstategoesaway:

:H:=

∫

d
3
kωka

†
kak.(2.90)

Thatwaseasy.Butthereisalessontobelearnedhere,whichisthatifyouaska
sillyquestioninquantumfieldtheory,youwillgetasillyanswer.Askingabout
absoluteenergiesisasillyquestion4.Ingeneralinquantumfieldtheory,ifyouask
anunphysicalquestion(anditmaynotbeatallobviousthatit’sunphysical)you

3
Mandl&ShawusethenotationN[φ1(x1)...φn(xn)].

4
exceptifyouwanttoworryaboutgravity.Ingeneralrelativitythecurvaturecouplestothe

absoluteenergy,andsoitisaphysicalquantity.Infact,forreasonsnobodyunderstands,theob-
servedabsoluteenergyoftheuniverseappearstobealmostpreciselyzero(thefamouscosmological
constantproblem-theenergydensityisatleast56ordersofmagnitudesmallerthandimensional
analysiswouldsuggest).Wewon’tworryaboutgravityinthiscourse.
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willgetinfinityforyouranswer.Tamingtheseinfinitiesisamajorheadachein
QFT.

Atthispointit’sworthsteppingbackandthinkingaboutwhatwehavedone.
Theclassicaltheoryofascalarfieldthatwewrotedownhasnothingtodowith
particles;itsimplyhadassolutionstoitsequationsofmotiontravellingwaves
satisfyingtheenergy-momentumrelationofaparticleofmassµ.Thecanonical
commutationrelationsweimposedonthefieldsensuredthattheHeisenbergequa-
tionofmotionfortheoperatorsinthequantumtheoryreproducedtheclassical
equationsofmotion,thusbuildingthecorrespondenceprincipleintothetheory.
However,thesecommutationrelationsalsoensuredthattheHamiltonianhadadis-
creteparticlespectrum,andfromtheenergy-momentumrelationwesawthatthe
parameterµintheLagrangiancorrespondedtothemassoftheparticle.Hence,
quantizingtheclassicalfieldtheoryimmediatelyforceduponusaparticleinter-
pretationofthefield:thesearegenerallyreferredtoasthequantaofthefield.For
thescalarfield,thesearespinlessbosons(suchaspions,kaons,ortheHiggsboson
oftheStandardModel).Aswewillseelateron,thequantaoftheelectromagnetic
(vector)fieldarephotons,whilefermionsliketheelectronarethequantaofthe
correspondingfermifield.Inthislattercase,however,thereisnotsuchasimple
correspondencetoaclassicalfield:thePauliexclusionprinciplemeansthatyou
can’tmakeacoherentstateoffermions,sothereisnoclassicalequivalentofan
electronfield.

Atthisstage,thefieldoperatorφmaystillseemabitabstract-anoperator-
valuedfunctionofspace-timefromwhichobservablesarebuilt.Togetabetter
feelingforit,letusconsidertheinterpretationofthestateφ(~x,0)|0〉.Fromthe
fieldexpansionEq.(2.80),wehave

φ(~x,0)|0〉=

∫

d
3
k

(2π)3
1

2ωk
e
−i~k·~x

|k〉.(2.91)

Thus,whenthefieldoperatoractsonthevacuum,itpopsoutalinearcombination
ofmomentumeigenstates.(Thinkofthefieldoperatorasahammerwhichhitsthe
vacuumandshakesquantaoutofit.)Takingtheinnerproductofthisstatewitha
momentumeigenstate|p〉,wefind

〈p|φ(~x,0)|0〉=

∫

d
3
k

(2π)3
1

2ωk
e
−i~k·~x

〈p|k〉

=e
−i~p·~x

.(2.92)

Recallingthenonrelativisticrelationbetweenmomentumandpositioneigenstates,

〈~p|~x〉=e
−i~p·~x

(2.93)
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weseethatwecaninterpretφ(~x,0)asanoperatorwhich,actingonthevacuum,
createsaparticleatposition~x.Sinceitcontainsbothcreationandannihilation
operators,whenitactsonannparticlestateithasanamplitudetoproducebothan
n+1andann−1particlestate.

Freefieldtheoryisonlysointeresting,ofcourse,sincetherearenointeractions.
Particlesjustmovefreely.Thereisnoscattering,andinfact,nowaytomeasure
anything.AmoregeneraltheorywouldhaveapotentialintheHamiltonianaswell,
forexample

L=L0−λφ(x)
4

(2.94)

whereL0isthefreeHamiltonian.Thefieldnowhasself-interactions,sothedy-
namicsarenontrivial.Toseehowsuchapotentialaffectsthedynamicsofthefield
quanta,considerthepotentialasasmallperturbation(sothatwecanstillexpand
thefieldsintermsofsolutionstothefree-fieldHamiltonian).Writingφ(x)interms
ofa

†
k’sandak’s,weseethattheinteractiontermhaspieceswithncreationoper-

atorsand4−nannihilationoperators.Forexample,therewillbeapiecewhich
lookslikea

†
k1a

†
k2ak3ak4,containingtwoannihilationandtwocreationoperators.

Thiswillcontributeto2→2scatteringwhenactingonanincoming2mesonstate,
andtheamplitudeforthescatteringprocesswillbeproportionaltoλ.Atsecond
orderinperturbationtheorywecanget2→4scattering,orpairproduction,oc-
curringwithanamplitudeproportionaltoλ2.Athigherordermorecomplicated
processescanoccur.Thisiswhereweareaiming.Butbeforewesetupperturba-
tiontheoryandscatteringtheory,wearegoingtoderivesomemoreexactresults
fromfieldtheorywhichwillproveuseful.

2.2.5CovariantCommutators

Asafinal,slightlytechnical,aside,Ishouldpointoutthatitisnotobviousthatwe
haveconstructedaLorentzinvarianttheory.LiscertainlyL.I.,butthecanonical
commutationrelationsEq.(2.70)arenot-theysingleoutequaltimes.Ontheother
hand,sincetheyarelocalweshouldn’trunintotroublewithcausality,whichwas
ourmotivationinthefirstplace.Let’smakesurewecanwritethingsinaLorentz
invariantmanner.Define

φ
+
(x)=

∫

d
3
k

(2π)3/2√2ωk
ake

−ik·x
,

φ
−
(x)=

∫

d
3
k

(2π)3/2√2ωk
a
†
ke
ik·x

,

φ(x)=φ
+
(x)+φ

−
(x)(2.95)
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(the±conventionisoppositetowhatyoumightexpect,butsuchislife).Thenwe
have

[φ
+
(x),φ

−
(y)]=

∫

d3kd3k′

(2π)32√ω
kωk′

[ak,a
†
k′]e

−ik·x+ik′·y

=

∫

d
3
k

(2π)32ωke
−ik·(x−y)

≡i∆+(x−y).(2.96)

∆+(x−y)ismanifestlyLorentzinvariantbecaused3k/ω
kisaLorentzinvariant

measure.Clearly[φ+(x),φ+(y)]=[φ−(x),φ−(y)]=0,sowehave

[φ(x),φ(y)]=[φ
+
(x),φ

−
(y)]+[φ

−
(x),φ

+
(y)]

=i[∆+(x−y)−∆+(y−x)].(2.97)

Again,thisismanifestlyLorentzinvariant,andsocanonlydependon(x−y)2.But
wealreadyknowthat[φ(~x,t),φ(~y,t)]=0forany~xand~y,andhenceforanyvalue
of(x−y)2<0.Thereforeforall(x−y)2<0,wemusthave[φ(x),φ(y)]=0.
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3SymmetriesandConservationLaws

Thedynamicsofinteractingfieldtheories,suchasφ
4

theoryinEq.(2.94),are
extremelycomplex.Theresultingequationsofmotionarenotanalyticallysolu-
ble.Infact,freefieldtheory(withtheoptionaladditionofasourceterm,aswe
willdiscuss)istheonlyfieldtheoryinfourdimensionswhichhasananalyticso-
lution.Nevertheless,inmorecomplicatedinteractingtheoriesitisoftenpossible
todiscovermanyimportantfeaturesaboutthesolutionsimplybyexaminingthe
symmetriesofthetheory.Inthischapterwewilllookatthisquestionindetail
anddevelopsometechniqueswhichwillallowustoextractdynamicalinformation
fromthesymmetriesofatheory.

3.1ClassicalMechanics

Let’sreturntoclassicalmechanicsforamoment,wheretheLagrangianisL=
T−V.Asasimpleexample,considertwoparticlesinonedimensioninapotential

L=
1
2m1q̇

2
1+

1
2m2q̇

2
2−V(q1,q2).(3.1)

Themomentaconjugatetotheqi’sarepi=miq̇i,andfromtheEuler-Lagrange
equations

ṗi=−
∂V

∂qi
,Ṗ≡ṗ1+ṗ2=−

(

∂V

∂q1
+
∂V

∂q2

)

.(3.2)

IfVdependsonlyonq1−q2(thatis,theparticlesaren’tattachedtospringsor
anythingelsewhichdefinesafixedreferenceframe)thenthesystemisinvariant
undertheshiftqi→qi+α,and∂V/∂q1=−∂V/∂q2,soṖ=0.Thetotal
momentumofthesystemisconserved.Asymmetry(L(qi+α,q̇i)=L(qi,q̇i))
hasresultedinaconservationlaw.

Wealsosawearlierthatwhen∂L/∂t=0(thatis,Ldependsontonlythrough
thecoordinatesqiandtheirderivatives),thendH/dt=0.H(theenergy)isthere-
foreaconservedquantitywhenthesystemisinvariantundertimetranslation.

ThisisaverygeneralresultwhichgoesunderthenameofNoether’stheo-
rem:foreverysymmetry,thereisacorrespondingconservedquantity.Itisuseful
becauseitallowsyoutomakeexactstatementsaboutthesolutionsofatheory
withoutsolvingitexplicitly.Sinceinquantumfieldtheorywewon’tbeableto
solveanythingexactly,symmetryargumentswillbeextremelyimportant.

ToproveNoether’stheorem,wefirstneedtodefine“symmetry.”Givensome
generaltransformationqa(t)→qa(t,λ),whereqa(t,0)=qa(t),define

Dqa≡
∂qa
∂λ

∣

∣

∣

λ=0
(3.3)
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Forexample,forthetransformation~r→~r+λê(translationintheêdirection),
D~r=ê.Fortimetranslation,qa(t)→qa(t+λ)=qa(t)+λdqa/dt+O(λ2),
Dqa=dqa/dt.

Youmightimaginethatasymmetryisdefinedtobeatransformationwhich
leavestheLagrangianinvariant,DL=0.Actually,thisistoorestrictive.Time
translation,forexample,doesn’tsatisfythisrequirement:ifLhasnoexplicitt
dependence,

L(t,λ)=L(qa(t+λ),q̇a(t+λ))=L(0)+λ
dL

dt
+...(3.4)

soDL=dL/dt.Somoregenerally,atransformationisasymmetryiffDL=
dF/dtforsomefunctionF(qa,q̇a,t).Whyisthisagooddefinition?Considerthe
variationoftheactionS:

DS=

∫

t2

t1
dtDL=

∫

t2

t1
dt
dF

dt
=F(qa(t2),q̇a(t2),t2)−F(qa(t1),q̇a(t1),t1).

(3.5)
Recallthatwhenwederivedtheequationsofmotion,wedidn’tvarytheqa’sand
q̇a’sattheendpoints,δqa(t1)=δqa(t2)=0.Thereforetheadditionaltermdoesn’t
contributetoδSandthereforedoesn’taffecttheequationsofmotion.

ItisnoweasytoproveNoether’stheorembycalculatingDLintwoways.First
ofall,

DL=
∑

a

∂L

∂qa
Dqa+

∂L

∂q̇a
Dq̇a

=
∑

a

ṗaDqa+paDq̇a

=
d

dt

∑

a

paDqa(3.6)

wherewehaveusedtheequationsofmotionandtheequalityofmixedpartials
(Dq̇a=d(Dqa)/dt).Butbythedefinitionofasymmetry,DL=dF/dt.So

d

dt

(

∑

a

paDqa−F

)

=0.(3.7)

Sothequantity
∑

apaDqa−Fisconserved.
Let’sapplythistoourtwopreviousexamples.

1.Spacetranslation:qi→qi+α.ThenDL=0,pi=miq̇iandDqi=1,so
p1+p2=m1q̇1+m2q̇2isconserved.Wewillcallanyconservedquantity
associatedwithspatialtranslationinvariancemomentum,evenifthesystem
looksnothinglikeparticlemechanics.
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2.Timetranslation:t→t+λ.ThenDqa=dqa/dt,DL=dL/dt,F=L
andsotheconservedquantityis

∑

a(paq̇a)−L.ThisistheHamiltonian,
justifyingourpreviousassertionthattheHamiltonianistheenergyofthe
system.Again,wewillcalltheconservedquantityassociatedwithtime
translationinvariancetheenergyofthesystem.

Thisworksforclassicalparticlemechanics.Sincethecanonicalcommutationre-
lationsaresetuptoreproducetheE-Lequationsofmotionfortheoperators,itwill
workforquantumparticlemechanicsaswell.

3.2SymmetriesinFieldTheory

Sincefieldtheoryisjustthecontinuumlimitofclassicalparticlemechanics,the
sameargumentsmustgothroughaswell.Infact,strongerstatementsmaybe
madeinfieldtheory,becausenotonlyareconservedquantitiesgloballyconserved,
theymustbelocallyconservedaswell.Forexample,inatheorywhichconserves
electricchargewecan’thavetwoseparatedoppositechargessimultaneouslywink
outofexistence.Thisconserveschargeglobally,butnotlocally.Recallfrom
electromagnetismthatthechargedensitysatisfies

∂ρ

∂t
+∇·~=0.(3.8)

Thisjustexpressescurrentconservation.IntegratingoversomevolumeV,and
definingQV=

∫

Vd
3
xρ(x),wehave

dQV

dt
=−

∫

v
∇·~=−

∫

S
dS·~(3.9)

whereSisthesurfaceofV.Thismeansthattherateofchangeofchargeinside
someregionisgivenbythefluxthroughthesurface.Takingthesurfacetoinfinity,
wefindthatthetotalchargeQisconserved.However,wehavethestrongerstate-
mentofcurrentconservation,Eq.(3.8).Therefore,infieldtheoryconservation
lawswillbeoftheform∂µJ

µ
=0forsomefour-currentJ

µ
.

Asbefore,weconsiderthetransformationsφa(x)→φa(x,λ),φa(x,0)=
φa(x),anddefine

Dφa=
∂φa
∂λ

∣

∣

∣

λ=0
.(3.10)

AtransformationisasymmetryiffDL=∂µF
µ

forsomeF
µ
(φa,φ̇a,x).Iwill

leaveittoyoutoshowthat,justasinparticlemechanics,atransformationofthis
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formdoesn’taffecttheequationsofmotion.Wenowhave

DL=
∑

a

∂L

∂φa
Dφa+Π

µ
aD(∂µφa)

=
∑

a

∂µΠ
µ
aDφa+Π

µ
a∂µDφa

=∂µ
∑

a

(Π
µ
aDφa)=∂µF

µ
(3.11)

sothefourcomponentsof

J
µ

=
∑

a

Π
µ
aDφa−F

µ
(3.12)

satisfy∂µJ
µ

=0.Ifweintegrateoverallspace,sothatnochargecanflowout
throughtheboundaries,thisgivestheglobalconservationlaw

dQ

dt≡
d

dt

∫

d
3
xJ

0
(x)=0.(3.13)

3.2.1Space-TimeTranslationsandtheEnergy-MomentumTensor

Wecanusethetechniquesfromtheprevioussectiontocalculatetheconserved
currentandchargeinfieldtheorycorrespondingtoaspaceortimetranslation.
Underashiftx→x+λe,whereeissomefixedfour-vector,wehave

φa(x)→φa(x+λe)

=φa(x)+λeµ∂
µ
φa(x)+...(3.14)

so
Dφa(x)=eµ∂

µ
φa(x).(3.15)

Similarly,sinceLcontainsnoexplicitdependenceonxbutonlydependsonit
throughthefieldsφa,wehaveDL=∂µ(eµL),soF=eµL.Theconserved
currentistherefore

J
µ

=
∑

a

Π
µ
aDφ−F

=
∑

a

Π
µ
aeν∂

ν
φa−e

µ
L

=eν

[

∑

a

Π
µ
a∂

ν
φa−g

µν
L
]

≡eνT
µν

(3.16)
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whereTµν=
∑

aΠµ
a∂νφ

a−gµνLiscalledtheenergy-momentumtensor.Since
∂µJµ=0=∂µTµνe

νforarbitrarye,wealsohave

∂µT
µν

=0.(3.17)

Fortimetranslation,eν=(1,~0).Tµ0isthereforethe“energycurrent”,andthe
correspondingconservedquantityis

Q=

∫

d
3
xJ

0
=

∫

d
3
xT

00
=

∫

d
3
x
∑

a

(

Π
0
a∂0φa−L

)

=

∫

d
3
xH(3.18)

whereHistheHamiltoniandensitywehadbefore.SotheHamiltonian,aswehad
claimed,reallyistheenergyofthesystem(thatis,itcorrespondstotheconserved
quantityassociatedwithtimetranslationinvariance.)

Similarly,ifwechoosee
µ

=(0,x̂)thenwewillfindtheconservedchargeto
bethex-componentofmomentum.FortheKlein-Gordonfield,astraightforward
substitutionoftheexpansionofthefieldsintermsofcreationandannihilation
operatorsintotheexpressionfor

∫

d
3
xT

01
givestheexpressionweobtainedearlier

forthemomentumoperator,

:~P:=

∫

d
3
k~ka†

kak(3.19)

whereagainwehavenormal-orderedtheexpressiontoremovespuriousinfinities.
Notethatthephysicalmomentum~P,theconservedchargeassociatedwith

spacetranslation,hasnothingtodowiththeconjugatemomentumΠaofthefield
φa.Itisimportantnottoconfusethesetwousesoftheterm“momentum.”

3.2.2LorentzTransformations

UnderaLorentztransformation

x
µ
→Λ

µ
νx

ν
(3.20)

afour-vectortransformsas
a
µ
→Λ

µ
νa

ν
(3.21)

asdiscussedinthefirstsection.Sinceascalarfieldbydefinitiondoesnottransform
underLorentztransformations,ithasthesimpletransformationlaw

φ(x)→φ(Λ
−1
x).(3.22)

Thissimplystatesthatthefielditselfdoesnottransformatall;thevalueofthe
fieldatthecoordinatexinthenewframeisthesameasthefieldatthatsamepoint
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intheoldframe.Fieldswithspinhavemorecomplicatedtransformationlaws,
sincethevariouscomponentsofthefieldsrotateintooneanotherunderLorentz
transformations.Forexample,avectorfield(spin1)Aµtransformsas

A
µ
(x)→Λ

µ
νA

ν
(Λ

−1
x).(3.23)

Asusual,wewillrestrictourselvestoscalarfieldsatthisstageinthecourse.
Tousethemachineryoftheprevioussection,letusconsideraoneparameter

subgroupofLorentztransformationsparameterizedbyλ.Thiscouldberotations
aboutaspecifiedaxisbyanangleλ,orboostsinsomespecifieddirectionwith
γ=λ.ThiswilldefineafamilyofLorentztransformationsΛ(λ)

µ
ν,fromwhich

wewishtogetDφ=∂φ/∂λ|λ=0.Letusdefine

ε
µ
ν≡DΛ

µ
ν.(3.24)

ThenunderaLorentztransformationa
µ
→Λ

µ
νa

ν
,wehave

Da
µ

=ε
µ
νa

ν
.(3.25)

Itisstraightforwardtoshowthatεµνisantisymmetric.Fromthefactthataµbµis
Lorentzinvariant,wehave

0=D(a
µ
bµ)=(Da

µ
)bµ+a

µ
(Dbµ)

=ε
µ
νa

ν
bµ+a

µ
εµ
ν
bν

=εµνa
ν
b
µ

+ενµa
ν
b
µ

=(εµν+ενµ)a
ν
b
µ

(3.26)

whereinthethirdlinewehaverelabelledthedummyindices.Sincethisholdsfor
arbitraryfourvectorsa

µ
andb

ν
,wemusthave

εµν=−ενµ.(3.27)

Theindicesµandνrangefrom0to3,whichmeansthereare4(4−1)/2=
6independentcomponentsofε.Thisisgoodbecausetherearesixindependent
Lorentztransformations-threerotations(oneabouteachaxis)andthreeboosts
(oneineachdirection).

Let’stakeamomentanddoacoupleofexamplestodemystifythis.Take
ε12=−ε21andalltheothercomponentszero.Thenwehave

Da
1

=ε
1
2a

2
=−ε12a

2
=−a

2

Da
2

=ε
2
1a

1
=−ε21a

2
=+a

1
.(3.28)
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Thisjustcorrespondstothearotationaboutthezaxis,
(

a1

a
2

)

→
(

cosλ−sinλ

sinλcosλ

)(

a1

a
2

)

.(3.29)

Ontheotherhand,takingε01=−ε10=+1andallothercomponentszero,weget

Da
0

=ε
0
1a

1
=ε01a

1
=+a

1

Da
1

=ε
1
0a

1
=−ε10a

2
=+a

0
.(3.30)

Notethatthesignsaredifferentbecauseloweringa0indexdoesn’tbringinafactor
of−1.Thisisjusttheinfinitesimalversionof

(

a0

a1

)

→
(

coshλsinhλ
sinhλcoshλ

)(

a0

a1

)

.(3.31)

whichcorrespondstoaboostalongthexaxis.
Nowwe’resettoconstructthesixconservedcurrentscorrespondingtothesix

differentLorentztransformations.Usingthechainrule,wefind

Dφ(x)=
∂

∂λ
φ(Λ

−1
(λ)

µ
νx

ν
)
∣

∣

∣

λ=0

=∂αφ(x)
∂

∂λ
(Λ

−1
(λ)(x)

α
∣

∣

∣

λ=0

=∂αφ(x)D
(

Λ
−1

(λ)
α
βx

β
)

=∂αφ(x)
(

−ε
α
β

)

x
β

=−εαβx
β
∂
α
φ(x).(3.32)

SinceLisascalar,itdependsonxonlythroughitsdependenceonthefieldandits
derivatives.Thereforewehave

DL=εαβx
α
∂
β
L

=∂µ
(

εαβx
β
g
µα
)

L(3.33)

andsotheconservedcurrentJ
µ

is

J
µ

=
∑

a

(

Π
µ
εαβx

α
∂
β
φ−εαβx

α
g
µβ
L
)

=εαβ
(

Π
µ
x
α
∂
β
φ−x

α
g
µβ
L
)

.(3.34)

Sincethecurrentmustbeconservedforallsixantisymmetricmatricesεαβ,the
partofthequantityintheparenthesesthatisantisymmetricinαandβmustbe
conserved.Thatis,

∂µM
µαβ

=0(3.35)
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where

M
µαβ

=Π
µ
x
α
∂
β
φ−x

α
g
µβ
L−α↔β

=x
α
(

Π
µ
∂
β
φ−g

µβ
L
)

−α↔β

=x
α
T
µβ

−x
β
T
µα

(3.36)

whereT
µν

istheenergy-momentumtensordefinedinEq.(3.16).Thesixcon-
servedchargesaregivenbythesixindependentcomponentsof

J
αβ

=

∫

d
3
xM

0αβ
=

∫

d
3
x
(

x
α
T

0β
−x

β
T

0α
)

.(3.37)

Justaswecalledtheconservedquantitycorrespondingtospacetranslationthemo-
mentum,wewillcalltheconservedquantitycorrespondingtorotationstheangular
momentum.SoforexampleJ12,theconservedquantitycomingfrominvariance
underrotationsaboutthe3axis,is

J
12

=

∫

d
3
x
(

x
1
T

02
−x

2
T

01
)

.(3.38)

Thisisthefieldtheoreticanalogueofangularmomentum.Wecanseethatthis
definitionmatchesourpreviousdefinitionofangularmomentuminthecaseofa
pointparticlewithposition~r(t).Inthiscase,theenergymomentumtensoris

T
0i

(~x,t)=p
i
δ
(3)

(~x−~r(t))(3.39)

whichgives
J

12
=x

1
p
2
−x

2
p
1

=(~r×~p)3(3.40)

whichisthefamiliarexpressionforthethirdcomponentoftheangularmomentum.
Notethatthisisonlyforscalarparticles.Particleswithspincarryintrinsicangular
momentumwhichisnotincludedinthisexpression-thisisonlytheorbitalangular
momentum.Particleswithspinaredescribedbyfieldswithtensorialcharacter,
whichisreflectedbyadditionaltermsintheJij.

ThattakescareofthreeoftheinvariantscorrespondingtoLorentztransforma-
tions.Togetherwithenergyandlinearmomentum,theymakeuptheconserved
quantitiesyoulearnedaboutinfirstyearphysics.Whataboutboosts?Theremust
bethreemoreconservedquantities.Whatarethey?Consider

J
0i

=

∫

d
3
x
(

x
0
T

0i
−x

i
T

00
)

.(3.41)
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Thishasanexplicitreferencetox0,thetime,whichissomethingwehaven’tseen
beforeinaconservationlaw.Butthere’snothinginprinciplewrongwiththis.The
x0maybepulledoutofthespatialintegral,andtheconservationlawgives

0=
d

dt
J

0i
=

d

dt

[

t

∫

d
3
xT

0i
−
∫

d
3
xx

i
T

00
]

=t
d

dt

∫

d
3
xT

0i
+

∫

d
3
xT

0i
−
d

dt

∫

d
3
xx

i
T

00

=t
d

dt
p
i
+p

i
−

d

dt

∫

d
3
xx

i
T

00
.(3.42)

Thefirsttermiszerobymomentumconservation,andthesecondterm,pi,isa
constant.Thereforeweget

p
i
=

d

dt

∫

d
3
xx

i
T

00
=constant.(3.43)

Thisisjustthefieldtheoreticandrelativisticgeneralizationofthestatementthat
thecentreofmassmoveswithaconstantvelocity.Thecentreofmassisreplaced
bythe“centreofenergy.”Althoughyouarenotusedtoseeingthispresentedas
aseparateconservationlawfromconservationofmomentum,weseethatinfield
theorytherelationbetweentheT0i’sandthefirstmomentofT00istheresultof
Lorentzinvariance.Thethreeconservedquantities

∫

d3xxiT00(x)aretheLorentz
partnersoftheangularmomentum.

3.3InternalSymmetries

Energy,momentumandangularmomentumconservationareclearlypropertiesof
anyLorentzinvariantfieldtheory.Wecouldwritedownanexpressionforthe
energy-momentumtensorTµνwithoutknowingtheexplicitformofL.However,
thereareanumberofotherquantitieswhichareexperimentallyknowntobecon-
served,suchaselectriccharge,baryonnumberandleptonnumberwhicharenot
automaticallyconservedinanyfieldtheory.ByNoether’stheorem,thesemustalso
berelatedtocontinuoussymmetries.Experimentalobservationoftheseconserva-
tionlawsinnatureiscrucialinhelpingustofigureouttheLagrangianofthereal
world,sincetheyrequireLtohavetheappropriatesymmetryandsotendtogreatly
restricttheformofL.Wewillcallthesetransformationswhichdon’tcorrespond
tospace-timetransformationsinternalsymmetries.
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3.3.1U(1)InvarianceandAntiparticles

Hereisatheorywithaninternalsymmetry:

L=
1
2

2∑

a=1

∂µφa∂
µ
φa−µ

2
φaφa−g

(

∑

a

(φa)
2

)

2

.(3.44)

Itisatheoryoftwoscalarfields,φ1andφ2,withacommonmassµandapoten-
tialg

(
∑

a(φa)2
)

2
=g

(

(φ1)2+(φ2)2
)

2
.ThisLagrangianisinvariantunderthe

transformation

φ1→φ1cosλ+φ2sinλ

φ2→−φ1sinλ+φ2cosλ.(3.45)

Thisisjustarotationofφ1intoφ2infieldspace.ItleavesLinvariant(tryit)
becauseLdependsonlyonφ2

1+φ2
2and(∂µφ1)2+(∂µφ2)2,andjustasr2=x2+y2

isinvariantunderrealrotations,theseareinvariantunderthetransformation(3.45).
Wecanwritethisinmatrixform:

(

φ′
1

φ′
2

)

=

(

cosλsinλ
−sinλcosλ

)(

φ1

φ2

)

.(3.46)

Inthelanguageofgrouptheory,thisisknownasanSO(2)transformation.TheS
standsfor“special”,meaningthatthetransformationmatrixhasunitdeterminant,
theOfor“orthogonal”andthe2becauseit’sa2×2matrix.WesaythatLhasan
SO(2)symmetry.

Onceagainwecancalculatetheconservedcharge:

Dφ1=φ2

Dφ2=−φ1

DL=0→F
µ

=constant.(3.47)

SinceFµisaconstant,wecanjustforgetaboutit(ifJµisaconservedcurrent,so
isJµplusanyconstant).Sotheconservedcurrentis

J
µ

=Π
µ
1Dφ1+Π

µ
2Dφ2=(∂

µ
φ1)φ2−(∂

µ
φ2)φ1(3.48)

andtheconservedchargeis

Q=

∫

d
3
xJ

0
=

∫

d
3
x(φ̇1φ2−φ̇2φ1).(3.49)

Thisisn’tveryilluminatingatthisstage.Atthelevelofclassicalfieldtheory,this
symmetryisn’tterriblyinteresting.Butinthequantizedtheoryithasaverynice
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interpretationintermsofparticlesandantiparticles.Solet’sconsiderquantizing
thetheorybyimposingtheusualequaltimecommutationrelations.Atthisstage,
let’salsoforgetaboutthepotentialterminEq.(3.44).Thenwehaveatheoryof
twofreefieldsandwecanexpandthefieldsintermsofcreationandannihilation
operators.Wewilldenotethecorrespondingcreationandannihilationoperatorsby
a
†
kiandaki,wherei=1,2.Theycreateanddestroytwodifferenttypesofmeson,

whichwedenoteby

a
†
k1|0〉=|k,1〉,a

†
k2|0〉=|k,2〉.(3.50)

Substitutingtheexpansion

φi=

∫

d
3
k

(2π)3/2√2ωk

[

akie
−ik·x

+a
†
kie

ik·x
]

(3.51)

intoEq.(3.49)gives,aftersomealgebra,

Q=i

∫

d
3
k(a

†
k1ak2−a

†
k2ak1).(3.52)

Wearealmostthere.Thislooksliketheexpressionforthenumberoperator,except
forthefactthatthetermsareoff-diagonal.Let’sfixthatbydefiningnewcreation
andannihilationoperatorswhicharealinearcombinationoftheoldones:

bk≡
ak1+iak2

√
2

,b
†
k≡

a
†
k1−ia

†
k2 √

2

ck≡
ak1−iak2

√
2

,c
†
k≡

a
†
k1+ia

†
k2 √

2
.(3.53)

Itiseasytoverifythatthebk’sandck’salsohavetherightcommutationrelations
tobecreationandannihilationoperators.Theycreatelinearcombinationsofstates
withtype1andtype2mesons,

b
†
k|0〉=

1
√

2
(|k,1〉−i|k,2〉).(3.54)

Linearcombinationsofstatesareperfectlygoodstates,solet’sworkwiththeseas
ourbasisstates.Wecancallthemparticlesoftypebandtypec

b
†
k|0〉=|k,b〉,c

†
k|0〉=|k,c〉.(3.55)

Intermsofournewoperators,itiseasytoshowthat

Q=i

∫

d
3
k(a

†
k1ak2−a

†
k2ak1)

=

∫

d
3
k(b

†
kbk−c

†
kck)

=Nb−Nc(3.56)
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whereNi=
∫

dka†
kiakiisthenumberoperatorforafieldoftypei.Thetotalcharge

isthereforethenumberofb’sminusthenumberofc’s,soweclearlyhaveb-type
particleswithcharge+1andc-typeparticleswithcharge−1.Wesaythatcand
bareoneanother’santiparticle:theyarethesameinallrespectsexceptthatthey
carrytheoppositeconservedcharge.Notethatwecouldn’thaveatheorywithb
particlesandnotcparticles:theybothcameoutoftheLagrangianEq.(3.44).The
existenceofantiparticlesforallparticlescarryingaconservedchargeisageneric
predictionofQFT.

Now,thatwasallabitinvolvedsincewehadtorotatebasesinmidstreamto
interprettheconservedcharge.Withthebenefitofhindsightwecangobacktoour
originalLagrangianandwriteitintermsofthecomplexfields

ψ≡
1
√

2
(φ1+iφ2)

ψ
†
≡

1
√

2
(φ1−iφ2).(3.57)

Intermsofψandψ
†
,Lis

L=∂µψ
†
∂
µ
ψ−µ

2
ψ
†
ψ(3.58)

(notethatthereisnofactorof
1
2infront).Intermsofcreationandannihilation

operators,ψandψ
†

havetheexpansions

ψ=

∫

d3k

(2π)3/2√2ωk

(

bke
−ik·x

+c
†
ke
ik·x
)

ψ
†

=

∫

d
3
k

(2π)3/2√2ωk

(

cke
−ik·x

+b
†
ke
ik·x
)

(3.59)

soψcreatesc-typeparticlesandannihilatestheirantiparticleb,whereasψ
†

creates
b-typeparticlesandannihilatesc’s.ThusψalwayschangestheQofastateby
−1(bycreatingacorannihilatingabinthestate)whereasψ†actingonastate
increasesthechargebyone.Wecanalsoseethisfromthecommutator[Q,ψ]:
fromtheexpressionfortheconservedchargeEq.(3.56)itiseasytoshowthat

[Q,ψ]=−ψ,[Q,ψ
†
]=ψ

†
.(3.60)

Ifwehaveastate|q〉withchargeq(thatis,|q〉isaneigenstateofthecharge
operatorQwitheigenvalueq),then

Q(ψ|q〉)=[Q,ψ]|q〉+ψQ|q〉=(−1+q)ψ|q〉(3.61)
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soψ|q〉haschargeq−1,asweasserted.
ThetransformationEq.(3.45)maybewrittenas

ψ
′
=e

−iλ
ψ.(3.62)

ThisiscalledaU(1)transformationoraphasetransformation(the“U”stands
for“unitary”.)ClearlyaU(1)transformationoncomplexfieldsisequivalenttoan
SO(2)transformationonrealfields,andissomewhatsimplertoworkwith.Infact,
wecannowworkfromourψfieldsrightfromthestart.Intermsoftheclassical
fields,startwiththeLagrangian

L=∂µψ
∗
∂
µ
ψ−µ

2
ψ
∗
ψ(3.63)

(theseareclassicalfields,notoperators,sothecomplexconjugateofψisψ
∗
,not

ψ
†
.)Wecanquantizethetheorycorrectlyandobtaintheequationsofmotionifwe

followthesamerulesasbefore,buttreatψandψ
∗

asindependentfields.Thatis,
wevarythemindependentlyandassignaconjugatemomentumtoeach:

Π
µ
ψ=

∂L
∂(∂µψ)

,Π
µ
ψ∗=

∂L
∂(∂µψ∗).(3.64)

Thereforewehave
Π
µ
ψ=∂

µ
ψ
∗
,Π

µ
ψ∗=∂

µ
ψ(3.65)

whichleadstotheEuler-Lagrangeequations

∂µΠ
µ
ψ=

∂L
∂ψ→(2+µ

2
)ψ

∗
=0.(3.66)

Similarly,wefind(2+µ
2
)ψ=0.Addingandsubtractingtheseequations,we

clearlyrecovertheequationsofmotionforφ1andφ2.
Wecansimilarlycanonicallyquantizethetheorybyimposingtheappropriate

commutationrelations

[ψ(~x,t),Π
0
ψ(~y,t)]=iδ

(3)
(~x−~y),[ψ

†
(~x,t),Π

0
ψ†(~y,t)]=iδ

(3)
(~x−~y),....(3.67)

Wewillleaveitasanexercisetoshowthatthisreproducesthecorrectcommutation
relationsfortheφfieldsandtheirconjugatemomenta.

Clearlyψandψ∗arenotindependent.Still,thisruleofthumbworksbecause
therearetworealdegreesoffreedominφ1andφ2,andtworealdegreesoffreedom
inψ,whichmaybeindependentlyvaried.Wecanseehowthisworkstogiveusthe
correctequationsofmotion.ConsidertheEuler-Lagrangeequationsforageneral

51

theoryofacomplexfieldψ.Foravariationinthefieldsδψandδψ∗,wefindan
expressionforthevariationintheactionoftheform

δS=

∫

d
4
x(Aδψ+A

∗
δψ

∗
)=0(3.68)

whereAissomefunctionofthefields.Thecorrectwaytoobtaintheequations
ofmotionistofirstperformavariationδψwhichispurelyreal,δψ=δψ

∗
.This

givestheEuler-Lagrangeequation

A+A
∗

=0.(3.69)

Thenperformingavariationδψwhichispurelyimaginary,δψ=−δψ∗,gives
A−A∗=0.Combiningthetwo,wegetA=A∗=0.

Ifweinsteadapplyourruleofthumb,weimaginethatψandψ∗areunrelated,
sowecanvarythemindependently.Wefirsttakeδψ∗=0andfromEq.(3.68)get
A=0.Thentakingδψ=0wegetA

∗
=0.Sowegetthesameequationsof

motion,A=A
∗

=0.
Wewillrefertocomplexfieldsas“charged”fieldsfromnowon.Notethat

sincewehaven’tyetintroducedelectromagnetismintothetheorythefieldsaren’t
chargedintheusualelectromagneticsense;“charged”onlyindicatesthattheycarry
aconservedU(1)quantumnumber.Abetteranalogueofthe“charge”inthistheory
isbaryonorleptonnumber.Lateronwewillshowthattheonlyconsistentwayto
coupleamatterfieldtotheelectromagneticfieldisfortheinteractiontocouple
aconservedU(1)chargetothephotonfield,atwhichpointtheU(1)chargewill
correspondtoelectriccharge.

3.3.2Non-AbelianInternalSymmetries

Atheorywithamorecomplicatedgroupofinternalsymmetriesis

L=
1
2

n∑

a=1

(

∂µφa∂
µ
φa−µ

2
φaφa

)

−g

(

n∑

a=1

(φa)
2

)

2

.(3.70)

Thisisthesameasthepreviousexampleexceptthatwehavenfieldsinsteadofjust
two.JustasinthefirstexampletheLagrangianwasinvariantunderrotationsmix-
ingupφ1andφ2,thisLagrangianisinvariantunderrotationsmixingupφ1...φn,
sinceitonlydependsonthe“length”of(φ1,φ2,...,φn).Thereforetheinternal
symmetrygroupisthegroupofrotationsinndimensions,

φa→
∑

b

Rabφb(3.71)
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whereRabisann×nrotationmatrix.Therearen(n−1)/2independentplanesin
ndimensions,andwecanrotateineachofthem,sotherearen(n−1)/2conserved
currentsandassociatedcharges.Thisexampleisquitedifferentfromthefirstone
becausethevariousrotationsdon’tingeneralcommute-thegroupofrotationsin
n>2dimensionsisnonabelian.Thegroupofrotationmatricesinndimensionsis
calledSO(n)(Special,Orthogonal,ndimensions),andthistheoryhasanSO(n)
symmetry.Anewfeatureofnonabeliansymmetriesisthat,justastherotations
don’tingeneralcommute,neitherdothecurrentsorchargesinthequantumtheory.
Forexample,foratheorywithSO(3)invariance,thecurrentsare

J
µ
[1,2]=(∂

µ
φ1φ2)−(∂

µ
φ2φ1)

J
µ
[1,3]=(∂

µ
φ1φ3)−(∂

µ
φ3φ1)

J
µ
[2,3]=(∂

µ
φ2φ3)−(∂

µ
φ3φ2)(3.72)

andinthequantumtheorythe(appropriatelynormalized)chargesobeythecom-
mutationrelations

[Q[2,3],Q[1,3]]=iQ[1,2]

[Q[1,3],Q[1,2]]=iQ[2,3]

[Q[2,3],Q[1,2]]=iQ[1,3](3.73)

Thismeansthatitnotpossibletosimultaneouslymeasuremorethanoneofthe
SO(3)chargesofastate:thechargesarenon-commutingobservables.

Forncomplexfieldswithacommonmass,

L=
n∑

a=1

(

∂µψ
∗
a∂

µ
ψa−µ

2
ψ
∗
aψa

)

−g

(

n∑

a=1

|ψa|
2

)

2

(3.74)

thetheoryisinvariantunderthegroupoftransformations

ψa→
∑

b

Uabψb(3.75)

whereUabisanyunitaryn×nmatrix.WecanwritethisasaproductofaU(1)
symmetry,whichisjustmultiplicationofeachofthefieldsbyacommonphase,
andann×nunitarymatrixwithunitdeterminant,aso-calledSU(n)matrix.The
symmetrygroupofthetheoryisthedirectproductofthesetransformations,or
SU(n)×U(1).

Wewon’tbediscussingnon-Abeliansymmetriesmuchinthecourse,butwe
justnoteherethatthereareanumberofnon-Abeliansymmetriesofimportance
inparticlephysics.Thefamiliarisospinsymmetryofthestronginteractionsis
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anSU(2)symmetry,andthechargesofthestronginteractionscorrespondto
anSU(3)symmetryofthequarks(ascomparedtotheU(1)chargeofelectro-
magnetism).Thechargesoftheelectroweaktheorycorrespondtothoseofan
SU(2)×U(1)symmetrygroup.“GrandUnifiedTheories”attempttoembedthe
observedstrong,electromagneticandweakchargesintoasinglesymmetrygroup
suchasSU(5)orSO(10).Wecouldproceedmuchfurtherhereintogrouptheory
andrepresentations,butthenwe’dnevergettocalculateacrosssection.Sowe
won’tdelvedeeperintonon-Abeliansymmetriesatthisstage.
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3.4Example:Non-RelativisticQuantumMechanics(“SecondQuan-
tization”)

Toputsomefleshontheformalismwehavedevelopedsofar,let’spauseandwork
throughanexample.Thefollowingproblemwasusedasamidtermtestthefirst
timeItaughtthiscourse(withratherbleakresults...).InthefollowingyearsIgave
itasaproblemset.Isuggestyouworkthroughitbeforelookingatthesolution.

TheProblem

Consideratheoryofacomplexscalarfieldψ

L0=iψ
∗
∂0ψ+b~∇ψ∗

·~∇ψ,

wherebissomerealnumber(thisLagrangedensityisnotreal,butthat’sallright:
theactionintegralisreal).Astheinvestigationproceeds,youshouldrecognize
thistheoryasgoodoldnon-relativisticquantummechanics.Treatingthetheoryin
thismanneriscalledsecondquantization,andisausefulformalismforstudying
multi-particlequantummechanics.

1.ConsiderL0asdefiningaclassicalfieldtheory.FindtheEuler-Lagrange
equations.Findtheplane-wavesolutions,thoseforwhichψ=e

i(~k·~x−ωt)
,

andfindωasafunctionofk.AlthoughthistheoryisnotLorentz-invariant,
itisinvariantunderspace-timetranslationsandaninternalU(1)symmetry
transformation.Thusitpossessesaconservedenergy,aconservedlinear
momentumandaconservedchargeassociatedwiththeinternalsymmetry.
Findthesequantitiesasintegralsofthefieldsandtheirderivatives.Fixthe
signofbbydemandingtheenergybeboundedbelow.(Asexplainedinclass,
indealingwithcomplexfields,youjustturnthecrank,ignoringthefactthat
ψandψ∗arecomplexconjugates.Everythingshouldturnoutallrightinthe
end:theequationofmotionforψwillbethecomplexconjugateofthatfor
ψ∗,andtheconservedquantitieswillallbereal.)(WARNING:Eventhough
thisisanon-relativisticproblem,ourformalismissetupwithrelativistic
conventions;don’tmissminussignsassociatedwithraisingandlowering
spatialindices.)

2.Canonicallyquantizethetheory.(HINT:Youmaybebotheredbythefact
thatthemomentumconjugatetoψ

∗
vanishes.Don’tbe.Becausetheequa-

tionsofmotionarefirst-orderintime,acompleteandindependentsetof
initial-valuedataconsistsofψanditsconjugatemomentumalone.Itis
onlyonthesethatyouneedtoimposethecanonicalquantizationcondi-
tions.)Identifyappropriatelynormalizedcoefficientsintheexpansionof
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thefieldsintermsofplanewavesolutionswithannihilationand/orcreation
operators,andwritetheenergy,linearmomentumandinternal-symmetry
chargeintermsoftheseoperators.(Normal-orderfreely.)Findtheequation
ofmotionforthesingleparticlestate|~k〉andthetwoparticlestate|~k1,~k2〉
intheSchrödingerPicture.Whatphysicalquantitiesdobandtheinternal
symmetrychargecorrespondto?

Solution

1.TheEulerLagrangeequationsare

∂µΠ
µ
a=

∂L
∂φa

(3.76)

sowefirstneedthemomentaconjugatetothefields.Treatingψandψ∗as
independentfields,wefind

Π
0
ψ=

∂L
∂(∂0ψ)

=iψ
∗
,Π

i
ψ=

∂L
∂(∂iψ)

=−b∂
i
ψ
∗

Π
0
ψ∗=

∂L
∂(∂iψ∗)=0,Π

i
ψ∗=

∂L
∂(∂iψ∗)=b∂

i
ψ.(3.77)

Thus,theequationsofmotionforthetwofieldsare

i∂0ψ=b∇
2
ψ

i∂0ψ
∗

=−b∇
2
ψ
∗

(3.78)

(notethat,asrequired,theequationsofmotionareconjugatesofeachother.
Thisisactuallyensuredbythefactthattheactionisreal.)Thisisawave
equationsforψ;expandinginnormalmodes

ψ=e
i(~k·~x−ωkt)

,(3.79)

theequationsofmotiongivesthedispersionrelation

ωk=−b|~k|2.(3.80)

TheinternalU(1)symmetryis(ofcourse)

ψ→e
−iλ

ψ,ψ
∗
→e

iλ
ψ
∗
.(3.81)

Recallthattheconservedcurrentisgiveningeneralby

J
µ

=
∑

a

Π
µ
aDψa−F

µ
.(3.82)
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Inourcase,Fµ=0(orequivalentlyaconstant),sinceDL=0.Wealso
haveDψ=−iψ.Hence,theconservedchargedensityisthetimecompo-
nentofJµ

J
0

=ψ
∗
ψ(3.83)

andtheconservedchargeQistheintegralofthisquantityoverallspace,

Q=

∫

d
3
xJ

0
=

∫

d
3
xψ

∗
ψ.(3.84)

Fortheinvarianceunderspace–timetranslationsψ(x)→ψ(x+λµa
µ
),

wherea
µ

isandarbitraryfourvector(unitvector),wefind

Dψ=a
µ
∂µψ,F

µ
=a

µ
L.(3.85)

Therefore

J
0

=Π
0
Dψ−a

0
L

=iψ
∗
a
µ
∂µψ−a

0
iψ

∗
∂0ψ−a

0
b~∇ψ∗

·~∇ψ
=−iψ

∗
(~a·~∇)ψ−a

0
b~∇ψ∗

·~∇ψ.

Foratimetranslation:a0=1,ai=0,

H=E=

∫

d
3
x[−b~∇ψ∗

·~∇ψ]=−b
∫

d
3
x|∇ψ|

2
.

Forthisenergytobeboundedfrombelow,weneedb<0.

Foraspacetranslation:a0=0,ai=~x,

P
i
=

∫

d
3
x[iψ

∗
∂
i
ψ]

It’seasytoseethatboththeenergyandmomentumareHermitian.

2.Sincethemomentumconjugatetoψ
∗

vanishes,theonlysurvivingequaltime
commutationrelationtoimposeisonψanditsconjugate,iψ∗.Cancelling
thei’s,weget

[ψ(~x,t),ψ
∗
(~x,t)]=δ(~x−~y),

and
[ψ(~x,t),ψ(~y,t)]=[ψ

∗
(~x,t),ψ

∗
(~y,t)]=0.

Nowexpandthefieldsintheplanewavesolutionsgiveninpart(1)toget

ψ(~x,t)=

∫

d
3
kAke

i(~k·~x−ωt)

ψ
∗
(~y,t)=

∫

d
3
kBke

−i(~k·~y−ωt)
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AssumethatAk=αakandBk=αa
†
k,then

[ψ(~x,t),ψ
∗
(~y,t)]=

∫

d
3
k

∫

d
3
k
′
e
i(~k·~x−ωt)

e
−i(~k′·~y−ωt)

[Ak,Bk]

=

∫

d
3
k

∫

d
3
k
′
e
i(~k·~x−ωt)

e
−i(~k′·~y−ωt)

α
2
δ(~k−~k′)

=α
2
∫

d
3
ke

i~k·(~x−~y)

=(2π)
3
α

2
δ(~x−~y)

Thismeansthatα=
1

(2π)3/2andAk=
1

(2π)3/2akisanannihilationoperator,

whereasBk=
1

(2π)3/2a
†
kisacreationoperator.Thefieldψthereforeonly

annihilatesaparticleandψ
∗

onlycreatesparticles.

Nowwecangoaheadandwritetheenergy,themomentumandtheinternal
symmetrychargeintermsofthesecreationandannihilationoperators.We
find

E=

∫

d
3
x[−b~∇ψ∗

·~∇ψ]

=−b
1

(2π3)

∫

d
3
x

∫

d
3
kd

3
k
′
a
†
ke

−i(~k~x−ωt)
ak′e

i(~k′·~x−ω′t)
~k·~k′

=−b
1

(2π3)

∫

d
3
kd

3
k
′
a
†
kak′e

−iωt
e
iω

′
t~k·~k′(2π)

3
δ(~k−~k′)

=−b
∫

d
3
ka

†
kak|~k|2

Similarlywefind

Q=

∫

d
3
ka

†
kak

P
i

=

∫

d
3
kk

i
a
†
kak

Thisformforthemomentumoperatoristobeexpected,sincea
†
kakisthe

usualnumberoperator.TheHamiltonianactingonaone-particlestateis
therefore

:H:|~k〉=−b|~k|2|~k〉
andonthetwo-particlestateis

:H:|~k1,~k2〉=−b
(

|~k1|
2
+|~k2|

2
)

|~k1,~k2〉
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(thisisstraightforwardtoshowusingthecommutationrelationsofthecre-
ationandannihilationoperatorsintheusualway).Thisclearlycorresponds
totheusualenergyofone-andtwo-particlestatesifb=−1/2m.Theequa-
tionsofmotionforthesestatesintheSchrödingerpicturearetherefore

i
∂

∂t|~k〉=|~k|2
2m|~k〉

and

i
∂

∂t|~k1,~k2〉=
1

2m

(

|~k1|
2
+|~k2|

2
)

|~k1,~k2〉.

ThisisjusttheusualEOMforone-andtwo-particlestatesinNRQCD.

Theconservedcharge

Q=

∫

d
3
ka

†
kak

isjustthenumberoperator.Thisisaconservedquantityinanonrelativistic
theory,sinceparticlecreationisarelativisticeffect.
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4InteractingFields

Inthissectionwewillputtheformalismwehavespendthepastfewlecturesderiv-
ingtowork.Althoughwehavebeentalkingaboutsymmetriesofgeneral(possibly
verycomplicated)Lagrangians,theonlyequationofmotionwehavesolvedisthe
Klein-Gordonequation,whichisjustatheoryoffreefields.Forarealfield,φ,we
had

Lφ=
1
2(∂µφ∂

µ
φ−µ

2
φ

2
)(4.1)

andforacomplexfieldψwehad

Lψ=∂µψ
†
∂
µ
ψ−m

2
ψ
†
ψ.(4.2)

BecausewecouldsolvetheKlein-Gordonequation,wecouldexpandthefieldsas
sumsofplanewavesmultipliedbycreationandannihilationoperators,

φ(x)=

∫

d
3
k

(2π)3/2√2ωk

[

ake
−ik·x

+a
†
ke
ik·x
]

ψ(x)=

∫

d
3
k

(2π)3/2√2ωk

[

bke
−ik·x

+c
†
ke
ik·x
]

ψ
†
(x)=

∫

d
3
k

(2π)3/2√2ωk

[

cke
−ik·x

+b
†
ke
ik·x
]

.(4.3)

Wehaveexpressionsfortheenergy,momentumandU(1)chargeinourtheory,
butitisincrediblydullbecausenothinghappens.Wejusthaveplanewavesprop-
agating.Inthequantumtheory,aswehaveseen,thiscorrespondstoatheoryof
noninteracting,spinlessbosons.L=Lφ+Lψisatheoryofφparticlesandψ
particles,buttheyneverinteractbecausethetwoLagrangiansaredecoupled.We
canmakethingsmoreinterestingbyaddinginteractiontermstotheLagrangian.

4.1ParticleCreationbyaClassicalSource5

Thesimplesttypeofinteractionwecanintroduceintothetheoryistocoupletheφ
fieldtoaclassicalsource:

L=Lφ−ρ(x)φ(x)(4.4)

whereρ(x)issomefixed,knownfunctionofspaceandtimewhichisonlynonzero
forafinitetimeinterval.Thisleadstotheequationofmotion

∂µ∂
µ
φ+µ

2
φ=−ρ(x).(4.5)

5
SeePeskin&Schroeder,pp.32–33.
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Torealizewhyρ(x)isasourceterm,recallfromclassicalelectromagnetismthat
inthepresenceofachargedistribution%(~x,t)andacurrent~(~x,t)thepotentials
obeytheinhomogeneouswaveequations

∇
2
ϕ−

1

c2
∂

2
ϕ

∂t2=−4π%

∇
2~A−

1

c2
∂

2~A

∂t2=−
4π

c
~.(4.6)

ϕand~Aformthecomponentsofthefour-vectorAµ=(ϕ,~A),soinfour-vector
notationwemaywritethisas

∂µ∂
µ
A
ν

=4πJ
ν

(4.7)

whereJµ=(%,~)isthe4-current.Exceptforthefactthatφismassive,hasno
vectorindexandisaquantumfield,thesetwotheorieslookquitesimilar,sowe
mayinterpretρ(x)asasourcefortheφfield,justasachargedistributionisa
sourceforelectricfield.

Thistheoryisactuallysimpleenoughthatwecansolveitexactly.Ifwestartin
thevacuumstate,whatwillwefindatsometimeinthefarfuture,afterthesource
ρ(x)hasbeenturnedonandoffagain?Wecananswerthisbysolvingthefield
equationsdirectly.

Beforeρ(x)isturnedon,thetheoryisfree,andφ0(x)maybeexpandedin
termsofcreationandannihilationoperators,asinEq.(4.3).Afterthesourcehas
turnedon,wecanconstructthesolutiontotheequationofmotionasfollows:

φ(x)=φ0(x)+i

∫

d
4
yDR(x−y)ρ(y)(4.8)

whereDR(x−y)istheretardedGreenfunction,satisfying

(∂µ∂
µ

+µ
2
)DR(x−y)=−iδ

(4)
(x−y)

DR(x−y)=0,x
0
<y

0
.(4.9)

Thesecondrequirement,thatDRbetheretardedGreenfunction,isrequiredso
thattheboundaryconditionφ(x)→φ0(x)asx0→−∞issatisfied.

ThesimplestwaytofindtheGreenfunctionistorewriteEq.(4.9)inmomen-
tumspace.Writing

DR(x−y)=

∫

d
4
k

(2π)4e
−ik·(x−y)

D̃R(k)(4.10)
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wefindthealgebraicequationforD̃R(k),

(−k
2

+µ
2
)D̃R(k)=−i(4.11)

whichimmediatelygivesus

DR(x−y)=

∫

d
4
k

(2π)4
i

k2−µ2e
−ik·(x−y)

.(4.12)

Thisdoesn’tquitedefineDR:thek0integrandinEq.(4.12)haspolesatk0=±ωk.
Inordertodefinetheintegral,wemustchooseapathofintegrationaroundthe
poles.Letuschooseapathofintegrationwhichpassesabovebothpoles.Then

−ωkωk

k0

Figure4.1:ThecontourdefiningDR(x−y).

fory0>x0wecanclosethecontourintheupperhalfplane,givingzerofor
theintegralsincethepathofintegrationdoesn’tencloseanysingularities.Thus,
theGreenfunctionvanishesfory0>x0,makingthistheappropriatecontourfor
DR(x−y).Forx0>y0,wecanclosethecontourinthebottomhalfplane,
obtainingfortheintegral

DR(x−y)
x0>y0

=

∫

d
3
k

(2π)3

[

1

2ωk
e
−ik·(x−y)

∣

∣

∣

∣

k0=ωk

+

1

−2ωk
e
−ik·(x−y)

∣

∣

∣

∣

k0=−ωk

]

=

∫

d
3
k

(2π)3
1

2ωk

(

e
−ik·(x−y)

−e
ik·(x−y)

)

=i[∆+(x−y)−∆+(y−x)]

=[φ(x),φ(y)](4.13)

wherethefunctions∆+(x)and∆−(x)wereintroducedinSection2.Theretarded
GreenfunctionDR(x−y)isthereforerelatedtothecommutatoroftwofields,
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orequivalently(sincethecommutatorisac-number,notanoperator),thevacuum
expecationvalueofthecommutator:

DR(x−y)=θ(x0−y0)[φ(x),φ(y)]

=θ(x0−y0)〈0|[φ(x),φ(y)]|0〉.(4.14)

Forourpresentpurposes,weonlyneedthesecondlineinEq.(4.13).Inserting
thisexpressionintoEq.(4.8)gives

φ(x)=φ0(x)+i

∫

d
4
y

∫

d
3
k

(2π)32ωkθ(x0−y0)
(

e
−ik·(x−y)

−e
−ik·(x−y)

)

ρ(y)

x0→∞
=φ0(x)+i

∫

d
3
k

(2π)32ωk

∫

d
4
y
(

e
−ik·(x−y)

−e
ik·(x−y)

)

ρ(y)

=φ0(x)+i

∫

d
3
k

(2π)32ωk

(

e
−ik·x

ρ̃(k)−e
−ik·x

ρ̃(−k)
)

(4.15)

whereinthesecondlinewehaveusedthefactthatifwewaituntilallofρ(x)is
inthepast,thethetafunctionequalsoneoverthewholedomainofintegrationand
maybedropped.WehavealsodefinedtheFouriertransform

ρ̃(k)=

∫

d
4
ye

ik·y
ρ(y).(4.16)

Thuswefind,afterthesourcehasbeenturnedoff,

φ(x)=

∫

d3k

(2π)3/2√2ωk

{(

ak+
i

(2π)3/2√2ωk
ρ̃(k)

)

e
−ik·x

+h.c.
}

.(4.17)

Sinceallobservablesarebuiltoutofthefields,wehavesolvedthetheory.The
Hamiltonianinthefarfutureisnow

H=

∫

d
3
kωk

(

a
†
k−

i

(2π)3/2√2ωk
ρ̃
∗
(k)

)(

ak+
i

(2π)3/2√2ωk
ρ̃(k)

)

(4.18)

(thisisobviousifyougobacktotheoriginalderivationofHintermsofφ(x))and
sotheexpectationvalueoftheenergyofthesysteminthefarfutureis

〈0|H|0〉=

∫

d3k

(2π)3
1

2|ρ̃(k)|
2
.(4.19)

NotethatbecauseweareintheHeisenbergrepresentation,wearestillintheground
stateofthefreetheory–thestatehasn’tevolved.Thetimeevolutionofthesystem
isallcontainedintheevolutionofthefields.Now,sinceinthefarfuturewe
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havefreefieldtheoryagain,thespectrumoftheHamiltonianisjustfreeparticles,
whichmeansthattheexpectationvalueofthetotalnumberofparticlescreatedwith
momentumkis

dN(~k)=|ρ̃(k)|2
(2π)32ωk(4.20)

andsoeachFouriercomponentofρproducesparticleswiththecorresponding
four-momentumwithaprobabilityproportionalto|ρ̃(k)|

2
.Theexpectationvalue

ofthetotalnumberofparticlesproducedis
∫

dN=

∫

d3k

(2π)32ωk|ρ̃(k)|
2
.(4.21)

4.2MoreonGreenFunctions

SinceGreenfunctionsareofcentralimportancetoscatteringtheory,let’spausefor
amomentandstudytheexpression(4.12)abitmore.TheretardedGreenfunction
DR(x−y)wasobtainbychoosingthepathofintegrationshowninFig.(4.1).Other
pathsofintegrationgiveGreenfunctionswhichareusefulforsolvingproblems
withdifferentboundaryconditions.Choosingapathofintegrationwhichpasses
belowbothpoleswouldgivetheadvancedGreenfunction,obeyingGA(x−y)=0
forx0>y0.Thiswouldbeusefulifweknewthevalueofthefieldinthefar
futureandwereinterestedinitsvaluebeforethesourcewasturnedon.Another
possibilityisapathwhichgoesbelowthepoleat−ωkandabovethepoleatωk.In
thiscase,whenx0>y0weperformthek0integralbyclosingthecontourbelow,
obtainingtheresulti∆+(x−y)fortheintegral.Whenx0<y0weclosethe

−ωk

ωk

k0

Figure4.2:ThecontourdefiningDF(x−y).

contourabove,obtainingthesameexpressionbutwithxandyinterchanged.This
definestheGreenfunction

DF(x−y)=

{

i∆+(x−y),x0>y0;
i∆+(y−x),x0<y0.
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=θ(x
0
−y

0
)〈0|φ(x)φ(y)|0〉+θ(y0−x0)〈0|φ(y)φ(x)|0〉

≡〈0|Tφ(x)φ(y)|0〉(4.22)

wherethelastlinedefinesthetimeorderingsymbolT,whichinstructsustoplace
theoperatorsthatfollowinorderwiththelatestontheleft.ThisGreenfunction,
calledtheFeynmanpropagator,willbeofcentralimportancetoscatteringtheory,
andweshallreturntoitshortly.ItisconvenienttowritetheFeynmanpropagator
as

DF(x−y)=

∫

d
4
k

(2π)4
i

k2−µ2+iε
e
−ik·(x−y)

(4.23)

wherethelimitε→0
+

isunderstoodandthepathofintegrationinthek
0

plane
isnowalongtherealaxis,sincethepolesarethenatk

0
=±(ωk−iε)andare

displacedproperlyaboveandbelowtherealaxis.Notethatthesignoftheiεterm
iscrucial:ifεwerenegative,thecontourswouldenclosetheoppositepoles,and
thetimeorderingwouldcomeoutreversed.

4.3MesonsCoupledtoaDynamicalSource

TheLagrangianEq.(4.4)isanalogoustoelectromagnetismcoupledtoacurrent
whichisunaffectedbythedynamicsofthefield.Whilethisisinmanycasesagood
approximation,intherealworldthecurrentitselfinteractswiththeelectromagnetic
field,andtheresultingdynamicsarequitecomplicated.Forscalarfieldtheory,the
analogoussituationisdescribedbyapotentialwhichcouplesthetwofieldsψand
φ:

L=Lφ+Lψ−gψ
†
ψφ.(4.24)

Notethatthepotentialonlydependsonψandψ†inthecombinationψ†ψ,sothe
interactiontermdoesn’tbreaktheU(1)symmetry.Wearethereforeguaranteed
thattheinteractingtheorywillalsoconservecharge.Furthermore,theinteraction
dependsonlyonthefields,nottheirderivatives,sotheconjugatemomentaarethe
sameastheywereinthefreetheory.Thisequationsofmotionare

∂µ∂
µ
φ+µ

2
φ=−gψ

†
ψ,

∂µ∂
µ
ψ+m

2
ψ=−gψφ.(4.25)

Thefieldequationsarenowcoupled,sothefieldsinteract.Infact,comparingthis
withEq.(4.4),weseethatψ

†
ψisacurrentdensity,asourcefortheφfield,just

likeρ(x).Thismodelismuchmorecomplicatedthatthepreviousone,however,
becausethereisaback-reaction:thecurrentψ†ψinturndependsonthefield
φ.Thesourceisnownotaprescribedfunctionofspace-time,asitwasinthe
previouscase,butafulldynamicalvariable,sosolvingthistheoryisgoingtobe
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muchharder.Ingeneralwecannotsolvethissystemofcouplednonlinearpartial
differentialequationsexactly.Instead,wewillhavetosolvethemperturbatively:
thatis,ifgissmallwecantreattheinteractiontermasasmallperturbationof
freefieldtheory.Wewillbeabletosolvetheequationsofmotionasapower
seriesing.6Infact,mostoftherestofthiscoursewillbeconcernedwithapplying
perturbationtheorytoanassortmentofdifferenttheories.Muchofwhatisknown
aboutquantumfieldtheorycomesfromperturbationtheory.

ThetheorydefinedinEq.(4.24)describestheinteractionsoftwotypesofme-
son,oneofwhichcarriesaconservedcharge.Thisdoesn’tlookanythinglikethe
particlesweseeintherealworld,butwewilluseitinthissectionasatoymodel
toillustrateourperturbativeapproachtoscatteringtheory.However,wehaveseen
thattheequationsofmotionlookquitesimilartotheequationsofmotionofan
electricfieldcoupledtoacurrent.Iftheψfieldswerespin1/2fermionsinstead
ofspin0bosonswewouldhaveatheoryofthestronginteractionsbetweennucle-
ons,wheretheforceistransmittedthroughtheexchangeofφmesons.We’lltake
advantageofthisanalogyandrefertotheψparticlesas“nucleons”(inquotation
marks)andtheφ’sasmesons.We’llcallthisour“nucleon”-mesontheory.

4.4TheInteractionPicture

Howdowesetthisproblemup?Firstofall,wewouldliketomakeuseofsomeof
ourpreviousresultsforfreefieldtheories.Inparticular,wewouldliketobeable
towriteourfieldsintermsofcreationandannihilationoperators,becauseinthis
formweknowexactlyhowthefieldsactonthestatesofthetheory.Unfortunately,
thesolutiontotheHeisenbergequationsofmotionarenolongerplanewavesbut
insteadsomethingawful.Wecanfixthiswithaclevertrickcalledtheinteraction
picture.

WehavealreadydiscussedtheSchrödingerandHeisenbergpictures.Thein-
teractionpicturecombineselementsofeach.Allthreepictureswillcoincideat
t=0:

|ψ(0)〉S=|ψ(0)〉H=|ψ(0)〉I
OS(0)=OH(0)=OI(0)(4.26)

wherethesubscriptIreferstotheinteractionpicture,andOrepresentsageneric
operatorwithnoexplicittdependence.

RecallthatintheSchrödingerpicture,theoperatorsdon’tevolvewithtime,

6
Sinceghasdimensionsofmass,thepowerserieswillactuallybeaseriesing/M,whereMis

sometypicalmassorenergyintheproblem.
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andthetdependenceiscarriedentirelybythestates

OS(t)=OS(0)

i
d

dt|ψ(t)〉S=H|ψ(t)〉S,(4.27)

whileintheHeisenbergpicturethestatesareindependentoftimeandtheoperators
(andinparticular,thefields)carrythetimedependence

|ψ(t)〉H=|ψ(0)〉H
i
d

dt|OH(t)〉=[OH(t),H].(4.28)

Weshowedearlierthatmatrixelementsarethesameinthetwopictures.
Intheinteractionpicture(IP)wesplittheHamiltonianupintotwopieces,

H=H0+HI(4.29)

whereH0isthefreeHamiltonian(thatis,theHamiltoniancorrespondingtothe
free-fieldLagrangian),andHIcontainstheinteractionterm.Since

H=

∫

d
3
x
∑

a

Π
0
aφ̇a−L=

∫

d
3
x
∑

a

Π
0
aφ̇a−L0−LI,(4.30)

ifLIcontainsnoderivativesofthefields(soitdoesn’tchangetheconjugatemo-
mentafromthefreetheory),weseeimmediatelythat

HI=−LI.(4.31)

Inourexample,HI=−LI=gψ
†
ψφ.StatesintheI.P.aredefinedby

|ψ(t)〉I≡e
iH0t

|ψ(t)〉S.(4.32)

Ifweweredealingwithafreefieldtheory,HI=0,thiswouldimmediatelygive
|ψ(t)〉I=|ψ(t)〉H=|ψ(0)〉Handthestateswouldbeindependentoftime,just
asintheHeisenbergpicture.

Demandingthatmatrixelementsbeidenticalinallthreepictures,wefind

S〈ψ(t)|OS|ψ(t)〉S=I〈ψ(t)|OI(t)|ψ(t)〉I=S〈ψ(t)|e
−iH0t

OI(t)e
iH0t

|ψ(t)〉S
(4.33)

andsointheI.P.theoperatorsevolveaccordingtothefreeHamiltonian:

OI(t)=e
iH0t

OI(0)e
−iH0t

(4.34)
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(wherewehaveusedEq.(4.26)).Thisisthesolutionoftheequationofmotion

i
d

dt
OI(t)=[OI(t),H0].(4.35)

ThisisusefulbecausefieldsinaninteractingtheoryintheI.P.willevolvejustlike
freefieldsintheHeisenbergpicture,sowecancontinuetouseallofourresultsfor
freefields.Allofthecomplicationshavebeenrelegatedtotheequationofmotion
forthestates.FromtheequationsofmotionoftheSchrödingerfield,Eq.(4.27),
wehave

i
d

dt
e
−iH0t

|ψ(t)〉I=HSe
−iH0t

|ψ(t)〉I

⇒H0e
−iH0t

|ψ(t)〉I+e
−iH0t

i
d

dt|ψ(t)〉I=(H0(0)+HI(0))e
−iH0t

|ψ(t)〉I

⇒i
d

dt|ψ(t)〉I=e
iH0t

HI(0)e
−iH0t

|ψ(t)〉I=HI(t)|ψ(t)〉I(4.36)

whereHI(t)=eiH0tH
I(0)e−iH0t,asexpectedfromEq.(4.34).Againwesee

explicitlythatwhenHI=0thefieldsintheI.P.areindependentoftime.

4.5Dyson’sFormula

Wecanalreadygetanideaofhowperturbationtheoryisgoingtoworkinthe
interactionpicture.Thetimedependenceoftheoperatorsistrivial,simplygiven
bythefreefieldequations.Ontheotherhand,thetimedependenceofthestates
isgoingtobetakenintoaccountperturbatively,orderbyorderintheinteraction
Hamiltonian.SincetheHamiltoniangeneratestimeevolution,atfirstorderinper-
turbationtheorytheHamiltoniancanactonceonthestates.Theinteractionterm
ψ
†
ψφcontainsacollectionofcreationandannihilationoperators,suchas

c
†
b
†
a,c

†
ca,bb

†
a
†
,bca

†
,....(4.37)

Theseinteractionsdon’tconserveparticlenumber,andcancontributetoanumber
ofprocesses.Inthefirstterm,theHamiltonianactsontheinitialstate,annihilates
aφparticleandcreatesaψparticleandantiparticle:thiscorrespondstothedecay
processφ→ψψ.Thesecondcorrespondstotheabsorptionψ+φ→ψ,andso
on.AtsecondorderinperturbationtheorytheHamiltoniancanactstwiceonthe
state,producingmorecomplicatedprocesseslikeψ+ψ→φ→ψ+ψ(ψanti-ψ
scatteringthroughthecreationofanintermediateφ).Inthissectionwewillsetup
aformalismtoapplyperturbationtheorytoscatteringprocesses.

Scatteringprocessesareparticularlyconvenienttostudybecauseinmanycases
theinitialandfinalstateslooklikesystemsofnoninteractingparticles.Whatdo

68



wemeanbythis?Inascatteringprocess,westartoutwithsomeinitialstate|i〉
consistingofanumberofisolatedparticles.Sincetheparticlesarewidelysepa-
rated,wedon’texpectthemtofeeltheeffectsofthepotentialinEq.(4.24),and
sotheywilllooklikefreeplanewavestates(thatis,eigenstatesofthefreeHamil-
tonianH0.)Inparticular,weexpectthemtobeeigenstatesofparticlenumber,
eventhoughNwillnotingeneralcommutewiththeinteractionHamiltonianHI.
Wesaywearecollidingtwoelectrons,ortwoprotons,orwhatever,withsome
particularmomentum.Theinitialstatelookssimple.

Astheparticlesapproachoneanother,theybegintofeelthepotential,and
thestatesstarttoevolveaccordingtoEq.(4.36)inacomplicatedandnon-linear
way.Atthisintermediatestage,thesystemwilllookextremelycomplicatedwhen
expressedintermsofourbasisoffreeparticles.Particleswillbecreatedand
destroyed,sinceHIingeneraldoesn’tcommutewithN.Wenolongerhave,for
example,justtwocollidingprotons,butacomplicatedmessofprotons,pions,
photons,andsoforth.

Wecanimagineseveralresultsofthescatteringprocess.Severalinitialparti-
clescouldcollideandformaboundstate,suchasp+p→2D(twoprotonsfusing
toformadeuteriumnucleus).Inthiscase,nomatterhowlongwewaitafterthe
scatteringprocesshasoccurredthefinalstatewillneverlooklikeaneigenstateof
thefreeHamiltonian,becausetheinteractionisresponsiblefortheboundstate.If
weturntheinteractionoff,theboundstatewillflyapart.Theformalismweare
goingtodevelopforscatteringtheorywillnotbeveryusefulinthissituation.

Instead,wecouldhaveaprocessinwhichnoboundstatesareformed.Then
somelongtimeaftertheinteractionthesystemwillconsistofabunchofwidely
separatedparticles,perhapsthreeprotons,anantiprotonandfourteenpions.The
systemwillagainlooklikeacollectionofnoninteractingparticles.Againitwill
looksimple.Thisisthetypeofprocesswewillbeconsidering.

Beforewegoanyfurther,Ishouldtellyouthatthisisabitofafake.Infact,no
matterhowfaryougointothepastorfuturefromascatteringprocessyounever
endupwithacollectionoffreeparticles.Wealreadyknowthisfromelectromag-
netism:longafterthecollisionprocess,anelectronstillcarriesitselectromagnetic
fieldalongwithit.Whenwequantizeelectromagnetism,wewillseethatthiscor-
respondstoacloudofphotonsaroundtheelectron.Similarly,the“nucleons”in
ourtoymodelwillalwayshaveacloudofmesonsaroundthem.Ifweturnoffthe
interaction,thestateswillchange,sooursimplepictureisnotquiteright.Despite
this,ourquickanddirtyscatteringtheorywillstillwork.Youcanseethatthis
mightbethecasebyimaginingthatinsteadofEq.(4.24),ourtheoryisdefinedby
theLagrangian

L=Lφ+Lψ−gf(t)ψ
†
ψφ(4.38)
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wheref(t)=0forlarge|t|andf(t)=1fortnear0,asshowninFigure4.3.
Forprocesseswhereboundstatesoccur,f(t)clearlydrasticallychangesthestates

f(t)

t

∆

1

T ∆

Figure4.3:The“turningonandoff”functionf(t)inEq.(4.38).Inthelimit
∆→∞,T→∞,∆/T→0weexpecttorecovertheresultsoftheoriginal
theoryEq.(4.24).Thescatteringprocessoccursneart=0.

inthefarfuture,sincewhenf(t)→0theinteractionturnsoffandthestates
willflyapart.Butincaseswheretherearenoboundstatesformed,youmight
imaginethataddingf(t)totheinteractionwon’tchangethescatteringamplitude
atall.Inparticular,ifweimaginethatalongtimeT/2afterthescatteringprocess
occurs,weturntheinteractionoffveryslowly(adiabatically)overatimeperiod
∆,weexpectthatthesimplestatesintherealtheorywillslowlyturnintothe
eigenstatesofthefreeHamiltonianwithunitprobability.Inotherwords,there
mustbea1−1correspondencebetweentheasymptotic(simple)eigenstatesofthe
fullHamiltonianandtheeigenstatesofthefreeHamiltonian.Thismeansthatwe
can’tconsiderboundstates,whicharenoteigenstatesofthefreeHamiltonian.In
thelimitT→∞,∆→∞and∆/T→0(thelastrequirementensuresthatedge
effectsvanish)weshouldrecoverthefulltheory.

Thisdescriptionisreallymeantasahand-wavingwayofjustifyingourap-
proachinwhichtheinitialandfinalstatesaretakentobeeigenstatesofthefree
Hamiltonian.Itispossibletojustifythisapproach(more)rigorously,butthiswould
takeusintotechnicaldetailswhichwedon’thavetimeforinthiscourse.Thehand-
wavingapproachwillhavetosufficeatthisstage.7

Sowewanttosolve

i
d

dt|ψ(t)〉=HI(t)|ψ(t)〉(4.39)

(wewilldropthesubscriptIonthestates,sincewewillalwaysbeworkinginthe

7
SeePeskinandSchroeder,Section7.2,forthepropertreatmentofthisproblem.
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I.P.fromnowon)withtheboundarycondition

|ψ(−∞)〉=|i〉.(4.40)

Wewanttoconnectthesimpledescriptioninthefarpastwiththesimpledescrip-
tioninthefarfuture,longafterthecollisionhastakenplace.Ifwedefinethe
scatteringoperatorS

|ψ(∞)〉=S|ψ(−∞)〉=S|i〉(4.41)

thentheamplitudetofindthesysteminsomegivenstate|f〉inthefarfutureis

〈f|S|i〉≡Sfi.(4.42)

Thisisconventionallyknownasthe“S-matrixelement”.WecansolveforSiter-
atively:integratingbothsidesofEq.(4.39)fromt1=−∞tot,wefind

|ψ(t)〉=|i〉+(−i)
∫

t

−∞
dt1HI(t1)|ψ(t1)〉.(4.43)

Iteratingthisgives

|ψ(t)〉=|i〉+(−i)
∫

t

−∞
dt1HI(t1)|i〉

+(−i)
2
∫

t

−∞
dt1

∫

t1

−∞
dt2HI(t1)HI(t2)|ψ(t2)〉.(4.44)

Repeatingthisprocedureindefinitelyandtakingt→∞,weobtainthefollowing
expansionforS:

S=
∞∑

n=0

(−i)
n
∫

∞

−∞
dt1

∫

t1

−∞
dt2...

∫

tn−1

−∞
dtnHI(t1)...HI(tn).(4.45)

Thereisamoresymmetricwaytowritethis.Lookatthen=2term,forexample:
∫

∞

−∞
dt1

∫

t1

−∞
dt2HI(t1)HI(t2).(4.46)

Thiscorrespondstointegratingovertheregion−∞<t2<t1<∞showninpart
(a)ofthefigure.Wecanreversetheorderofintegration,andnotingthatthisisthe
sameregionofintegrationasinpart(b)ofthefigure,wecanwritethetermas

∫

∞

−∞
dt2

∫

∞

t2
dt1HI(t1)HI(t2)

=

∫

∞

−∞
dt1

∫

∞

t1

dt2HI(t2)HI(t1),(4.47)
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sowecanwritethesecondtermoftheexpansionas

1

2!

[
∫

∞

−∞
dt1

∫

∞

t1

dt2HI(t2)HI(t1)+

∫

∞

−∞
dt1

∫

t1

−∞
dt2HI(t1)HI(t2)

]

.(4.48)

Noticethatinthefirsttermt2<t1,whileinthesecondt1<t2.SotheHI’s

t2

t1

(a)

t1

t2

(b)

Figure4.4:Theshadedregionscorrespondtotheregionofintegrationin(a)
Eq.(4.46)and(b)Eq.(4.47).

arealwaysorderedwiththeearlieroneontheright.Asbefore,wedefinethe
time-orderedproductT(O1O2)oftwooperatorsO1(x2)andO2(x2)by

T(O1(x1)O2(x2))=

{

O1(x1)O2(x2),t1>t2;
O2(x2)O1(x1),t1<t2.

(4.49)

Intermsofthetime-orderedproduct,wecanwritethesecondtermintheexpansion
ofSas

1

2!

∫

∞

−∞
dt1

∫

∞

−∞
dt2T(HI(t1)HI(t2)).(4.50)

Similarly,fornoperatorswedefinethetimeorderedproduct(orT-product)such
thattheoperatorsareorderedchronologically,theearliestontherightandthelatest
ontheleft.HIcommuteswithitselfatequaltimes,sothereisnoambiguityinthis
definition.Then’thtermintheexpansionofSmaythenbewrittenas

1

n!

∫

∞

−∞
dt1...

∫

∞

−∞
dtnT(HI(t1)...HI(tn))(4.51)

andtheexpansionforSisthen

S=
∞∑

n=0

(−i)
n

n!

∫

∞

−∞
dt1...

∫

∞

−∞
dtnT(HI(t1)...HI(tn))

=
∞∑

n=0

(−i)n
n!

∫

d
4
x1...

∫

d
4
xnT(HI(x1)...HI(xn)).(4.52)
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Wecanevenbeslickandwritethisseriesasatime-orderedexponential,

S=Te
−i
∫

d
4
xHI(x)

,(4.53)

wherethetime-orderingactsoneachtermintheseriesexpansion.ThisisDyson’s
formula.

4.6Wick’sTheorem

ToevaluatetheindividualtermsinDyson’sformulawewillhavetocalculatema-
trixelementsoftimeorderedproductsoffieldsbetweentheinitialandfinalscat-
teringstates.Forexample,inourmeson-“nucleon”theoryatsecondorderingwe
havetoevaluatematrixelementsoftheform

〈f|T(HI(x1)HI(x2))|i〉=〈f|T(ψ
†
(x1)ψ(x1)φ(x1)ψ

†
(x2)ψ(x2)φ(x2))|i〉.

(4.54)
ForthescatteringprocessN+N→N+N(elasticscatteringoftwo“nucleons”),
wehave|i〉=|~k1(N);~k2(N)〉,|f〉=|~k3(N);~k4(N)〉,where~k4=~k1+~k2−~k3

sinceourtheoryconservesmomentum.Sinceweknowhowthefieldsactonthe
statesintheI.P.,thismatrixelementisstraightforwardtocalculate.However,in
thisformit’sstillrathermessy,becausetheT-productcontains16arrangements
of“nucleon”creationandannihilationoperators.Itwouldbemuchsimplerifwe
couldnormal-orderthisexpression,becausethentheonlyorderingwhichwould
contributetothisprocesswouldbeoneswithtwo“nucleon”annihilationoperators
ontherightandtwo“nucleon”creationoperatorsontheleft.Infact,thereisa
relationbetweentime-orderedandnormal-orderedproducts,whichgoesbythe
nameofWick’stheorem.TostateWick’stheorem,wedefinethecontractionof
twofields,

−−−−
A(x)B(y)≡T(A(x)B(y))−:A(x)B(y):(4.55)

Itiseasytoseethat
−−−−
A(x)B(y)isanumber,notanoperator.Considerfirstthecase

x0>y0.Then

T(A(x)B(y))=(A
(+)

+A
(−)

)(B
(+)

+B
(−)

)=:AB:+[A
(+)
,B

(−)
](4.56)

so
−−−−
A(x)B(y)isanumber(givenbythecanonicalcommutationrelations).Simi-

larly,itisanumberwhenx
0
<y

0
,sowecansandwichbothsidesofEq.(4.55)

betweenvacuumstatestofindthat
−−−−
A(x)B(y)=〈0|

−−−−
A(x)B(y)|0〉

=〈0|T(A(x)B(y))|0〉−〈0|:A(x)B(y):|0〉
=〈0|T(A(x)B(y))|0〉(4.57)
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sincethevacuumexpectationvalueofanormalorderedproductoffieldsvanishes
(theannihilationoperatorsontherightannihilatethevacuum).Sowehavefound
thatthecontractionoftwofieldsisjustthevacuumexpectationvalueofthetime
orderedproductofthefields.Wehavealreadyseenthisobjectbefore-itisthe
Feynmanpropagatorforthefield,

−−−
φ(x)φ(y)=DF(x−y)=〈0|T(φ(x)φ(y))|0〉=

∫

d
4
k

(2π)4e
ik·(x−y)i

k2−µ2+iε
.

(4.58)
wherethelimε→0+isimplicitinthisexpression.

Forthechargedfields,itisstraightforwardtoshowthatthepropagatoris

−−−−−
ψ(x)ψ

†
(y)=

−−−−−
ψ
†
(x)ψ(y)=

∫

d
4
k

(2π)4e
ik·(x−y)i

k2−m2+iε
(4.59)

whileothercontractionsvanish:

−−−−
ψ(x)ψ(y)=

−−−−−−
ψ
†
(x)ψ

†
(y)=0.(4.60)

(Thelastequationistruebecauseψonlycreatesc-typeparticlesandannihilates
b-typeparticles,therefore〈0|T(ψ(x)ψ(y))|0〉=0.)

Havingdefinedthepropagatorofafield,wecannowstateWick’stheorem.
Foranycollectionoffieldsφ1≡φa1(x1),φ2≡φa2(x2),...theT-productofthe
fieldshasthefollowingexpansion

T(φ1...φn)=:φ1...φn:

+:φ1φ2φ3...φn:+:
−−−

φ1φ2φ3...φn:+...+:φ1φ2...
−−−−
φn−1φn:

+:φ1φ2φ3φ4φ5...φn:+...+φ1φ2...:
−−−−
φn−3φn−2

−−−−
φn−1φn:

+...(4.61)

Ontheright-handsideoftheequationwehaveallpossibletermswithallpossible
contractionsoftwofields.Wearealsousingthenotation

:A(x)
−−−−
B(y)C(z)D(w):≡:A(x)C(z):

−−−−
B(y)D(w)(4.62)

Wick’stheoremistruebydefinitionforn=2.Theproofthatthisistrueforalln
isbyinduction,andsonotterriblyilluminating,sowewon’trepeatithere.

Wick’stheoremhasunravelledthemessycombinatoricsoftheT-product,leav-
inguswithanexpressionintermsofpropagatorsandnormal-orderedproducts,
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whosematrixelementsareeasytotakewithoutworryingaboutcommutationrela-
tions.Initsgeneralform,Eq.(4.61),itlooksratherdaunting,solet’sgetafeeling
foritbyapplyingittotheexpressionforSatO(g2)inourmodel:

(−ig)2
2!

∫

d
4
x1

∫

d
4
x2T(ψ

†
(x1)ψ(x1)φ(x1)ψ

†
(x2)ψ(x2)φ(x2)).(4.63)

Wick’stheoremrelatesthistoanumberofnormal-orderedproducts.Oneofthese
termsis

(−ig)
2

2!

∫

d
4
x1

∫

d
4
x2:ψ

†
(x1)ψ(x1)

−−−−−−−−−−−−−−−−−−−−
φ(x1)ψ

†
(x2)ψ(x2)φ(x2):(4.64)

Thistermcancontributetoavarietyofphysicalprocesses.Theψfieldcontains
operatorswhichannihilatea“nucleon”andcreatean“anti-nucleon.”Theψ

†
field

containsoperatorswhichannihilatean“anti-nucleon”andcreatea“nucleon.”So
theoperator

:ψ
†
(x1)ψ(x1)

−−−−−−−−−−−−−−−−−−−−
φ(x1)ψ

†
(x2)ψ(x2)φ(x2):≡:ψ

†
(x1)ψ(x1)ψ

†
(x2)ψ(x2):

−−−−
φ(x1)φ(x2)

(4.65)
cancontributetoelasticNNscattering,N+N→N+N.Thatistosay,the
matrixelement

〈~k3(N);~k4(N)|:ψ
†
(x1)ψ(x1)ψ

†
(x2)ψ(x2):|~k1(N);~k2(N)〉(4.66)

isnonzero,becausetherearetermsinthetwoψfieldsthatcanannihilatethetwo
nucleonsintheinitialstateandtermsinthetwoψ†fieldsthatcancreatetwo
nucleons,togiveanonzeromatrixelement.Othercombinationsofannihilation
andcreationoperatorsinthistermcanalsocontributetoN+N→N+Nand
N+N→N+N.Youcanalsoseethatthereisnocombinationofcreation
andannihilationoperatorsthatwillcontributetoN+N→N+N.Theψfields
wouldhavetoannihilatethenucleons,andtheψ

†
fieldscan’tcreateanti-nucelons.

Wealreadyknewthishadtobethecase,becausethetheoryhasaconservedU(1)
chargewhichwouldn’tbeconservedinthisprocess.Itisreassuringtoseethatthis
actuallyworksinpractice.

AnothertermintheexpansionoftheT-productis

(−ig)2
2!

∫

d
4
x1

∫

d
4
x2:ψ

†
(x1)

−−−−−−−−−−−−−
ψ(x1)φ(x1)ψ

†
(x2)ψ(x2)φ(x2):(4.67)

Thistermcancontributetothefollowing2→2scatteringprocesses(youshould
verifythis):

N+φ→N+φ,N+φ→N+φ,N+N→φ+φ,φ+φ→N+N.

Asingletermisabletocontributetoavarietyofprocesseslikethisbecauseeach
fieldcaneitherdestroyorcreateparticles.
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this line is for the
φ in ψ†ψφ(x1); it creates
or destroys mesons

this line is for the ψ† in 
ψ†ψφ(x2); it creates
a nucleon or annihilates an 
anti-nucleon

this line is for the
ψ in ψ†ψφ(x2); it creates
an anti-nucleon or annihilates 
a nucleon

Figure4.5:VerticesatsecondorderintheWickexpansion.

4.7DiagrammaticPerturbationTheory

Inpractice,nobodyeverbothersthinkingaboutDyson’sformulaorWick’stheo-
remwhencalculatingscatteringamplitudes.Thisisbecausethereisaverysimple
diagrammaticshorthandwhichhasallofthisformalismbuiltintoit.Atn’thorder
inperturbationtheory,youstartbywritingdownninteractionvertices.Represent
eachfieldatthevertexbyaline.Todistinguishψ’sfromψ†’s,wecandrawan
arrowonthecorrespondinglineasshowninFigure4.5.Contractionsarerepre-
sentedbyconnectingthelines.Anytimethereisacontraction,jointhelinesof
thecontractedfields.Thearrowswillalwayslineup,becausethecontractionsfor

whichtheydon’t,
−−−−
ψ(x)ψ(y)and

−−−−−−
ψ
†
(x)ψ

†
(y),arezero.Anunarrowedlinewill

neverbeconnectedtoanarrowedlinebecause
−−−
ψ(x)φ(y)isclearlyzeroaswell.

SotheterminEq.(4.64)correspondstothediagraminFig.4.6,whilethetermin

Figure4.6:WickdiagramcorrespondingtoEq.(4.64).

Eq.(4.67)correspondstothediagraminFig.4.7.(Sincethearrowsalwayslineup,
wehaveonlydrawnonearrowonthecontractednucleonlines).Thesediagrams
areinonetoonecorrespondencewiththetermsintheWickexpansion.

Atthemoment,ourdiagramscorrespondtooperators,individualtermsinthe
Wickexpansion.However,foragivenprocessweareinterestednotinhavingan
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Figure4.7:WickdiagramcorrespondingtoEq.(4.67).

expressionfortheoperatorS,butinsteadforthematrixelement

〈f|(S−1)|i〉.(4.68)

WereallywantS−1,notS,becausewearen’tinterestedinprocessesinwhichno
scatteringatalloccurs,whichcorrespondstotheleadingordertermoftheWick
expansion.ForNN→NNscatteringwewantthematrixelement

〈p
′
1(N),p

′
2(N)|(S−1)|p1(N),p2(N)〉.(4.69)

Notethattherearenoarrowsoverthemomentainthestates.Wearenowdoing
relativisticfieldtheoryinearnestandsowearegoingtouseourrelativistically
normalizedstatesfromthefirstlecture,

|k〉=(2π)
3/2√

2ωk|~k〉.(4.70)

Wecanwritethesestatesas
|k〉=a

†
(k)|0〉(4.71)

wheretherelativisticallynormalizedcreationoperatora†(k)isdefinedas

a
†
(k)≡(2π)

3/2√
2ωka

†
k(4.72)

andthescalarfieldφhastheexpansion

φ(x)=

∫

d
3
k

(2π)32ωk

[

a(k)e
−ik·x

+a
†
(k)e

ik·x
]

.(4.73)

FromEqs.(4.70)and(4.71),wealsofind

a(k
′
)|k〉=a(k

′
)a

†
(k)|0〉

=[a(k
′
),a

†
(k)]|0〉

=(2π)
3
2ωkδ

(3)
(~k−~k′)|0〉(4.74)
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andso∫

d3k′

(2π)32ωka(k
′
)|k〉=|0〉.(4.75)

Similarrelationsholdsfortherelativisticallynormalized“nucleon”and“anti-nucleon”
creationandannihilationoperators,soarelativisticallynormalizedincomingtwo
nucleonstateis

|p1(N);p2(N)〉=b
†
(p1)b

†
(p2)|0〉.(4.76)

Now,toevaluateEq.(4.69)atsecondorderintheWickexpansionweneedthe
matrixelement

〈p
′
1;p

′
2|:ψ

†
(x1)ψ(x1)ψ

†
(x2)ψ(x2):|p1;p2〉(4.77)

(sinceweonlyhavenucleonsintheinitialandfinalstates,I’mgoingtosuppress
the“N”labelonthestates).Theonlywaytogetanonzeromatrixelementis
byusingthenucleonannihilationtermsinψ(x1)andψ(x2)toannihilatethetwo
incomingnucleons,andusingthenucleoncreationtermsinψ†(x

1)andψ†(x
2)to

createthetwonucleonsinthefinalstate.Anyothercombinationofcreationand
annihilationoperatorswillgivezeroinnerproduct.Soinequations,

〈p
′
1;p

′
2|:ψ

†
(x1)ψ(x1)ψ

†
(x2)ψ(x2):|p1;p2〉=

〈p
′
1;p

′
2|ψ

†
(x1)ψ

†
(x2)|0〉〈0|ψ(x1)ψ(x2)|p1;p2〉.(4.78)

Fromtheexplicitexpansionofψintermsofb
†
(k)andc(k)andEq.(4.75),you

caneasilyshowthat

〈0|ψ(x1)ψ(x2)|p1;p2〉=e
−ip1·x1−ip2·x2

+e
−ip1·x2−ip2·x1

.(4.79)

Usingthisanditscomplexconjugate,wefindfourtermscontributingtothematrix
element

〈p
′
1;p

′
2|:ψ

†
(x1)ψ(x1)ψ

†
(x2)ψ(x2):|p1;p2〉=

(e
ip

′
1·x1+ip

′
2·x2

+e
ip

′
1·x2+ip

′
2·x1

)(e
−ip1·x1−ip2·x2

+e
−ip1·x2−ip2·x1

)

=e
ip

′
1·x1+ip

′
2·x2−ip1·x1−ip2·x2

+e
ip

′
1·x2+ip

′
2·x1−ip1·x2−ip2·x1

+e
ip′

1·x2+ip′
2·x1−ip1·x1−ip2·x2

+e
ip′

1·x1+ip′
2·x2−ip1·x2−ip2·x1

(4.80)

Noticethatthefirsttwotermsonthefirstlineofthefinalanswerdiffersbythe
interchangex1↔x2.Thesameistrueforthelasttwoterms.Sincewearein-

tegratingoverx1andx2symmetrically,andsince
−−−−
φ(x1)φ(x2)issymmetricunder

x1↔x2,thesetermsmustgiveidenticalcontributionstothematrixelement.This
factorof2cancelsthe1/2!inDyson’sformula.Usingourexpressionfortheφ
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propagator,Eq.(4.58),weobtainthefollowingexpressionforthesecondorder
contributiontoNNscattering

(−ig)
2
∫

d
4
x1d

4
x2

−−−−
φ(x1)φ(x2)

×
(

e
ip′

1·x1+ip′
2·x2−ip1·x1−ip2·x2

+e
ip′

1·x2+ip′
2·x1−ip1·x2−ip2·x1

)

=(−ig)
2
∫

d
4
x1d

4
x2

∫

d
4
k

(2π)4
i

k2−µ2+iε
(4.81)

×
(

e
i(p′

1−p1+k)·x1+i(p′
2−p2−k)·x2

+e
i(p′

2−p1+k)·x1+i(p′
1−p2−k)·x2

)

.

Thex1andx2integrationsareeasytodo–theyjustgiveusδfunctions,sothis
becomes

(−ig)
2
∫

d4k

(2π)4
i

k2−µ2+iε

[

(2π)
4
δ
(4)

(p
′
1−p1+k)(2π)

4
δ
(4)

(p
′
2−p2−k)

+(2π)
4
δ
(4)

(p
′
2−p1+k)(2π)

4
δ
(4)

(p
′
1−p2−k)

]

.(4.82)

Finally,wecandothekintegrationusingtheδfunctions,andweget

(−ig)
2
(2π)

4
δ
(4)

(p
′
1+p

′
2−p1−p2)

(

i

(p′
1−p1)2−µ2+iε

+
i

(p′
2−p1)2−µ2+iε

)

.

(4.83)
WecannowincorporatethisintoourdiagramforNNscatteringsothateach

terminthematrixelementEq.(4.82)correspondstoadiagrambyimplementing
thefollowingrules:

(a)Identifyeachuncontractedlineinthediagramwithanexternalparticle,and
labelitwiththecorrespondingmomentum.Drawaseparatediagramfor
eachdistinctlabellingofexternallegs.(Notethattherearedifferentcon-
ventionsaboutthedirectioninwhichthesediagramsareread.Ipreferto
readthemrighttoleft,withtheexternallinesontherightcorrespondingto
incomingparticles,andthoseontheleftcorrespondingtooutgoingparticles.
ThisisconvenientbecausethisisthesameorderasintheDiracnotationfor
thematrixelement〈f|(S−1)|i〉.)
Fornucleons,thedirectionofthearrowindicatesthedirectionofflowof
theU(1)charge.Anincomingarrowintheinitialstatecorrespondstoa
nucleonbeingannihilated;anincomingarrowinthefinalstatecorresponds
toananti-nucleonbeingcreated.Similarly,anoutgoingarrowintheinitial
statecorrespondstoananti-nucleonandanoutgoingarrowinthefinalstate
correspondstoanoutgoingnucleon.
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(b)Ateachvertex,writedownafactorof

(−ig)(2π)
4
δ
(4)

(

∑

i

ki

)

where
∑

kiisthesumofallmomentaflowinginto(oroutof,ifyoulike,as
longasyou’reconsistent)thevertex.

(c)Foreachinternallinewithmomentumkflowingthroughit,writedowna
factor∫

d4k

(2π)4D(k
2
)

whereD(k
2
)isthepropagatorfortheappropriatefield:

D(k
2
)=

i

k2−µ2+iε

forameson,and

D(k
2
)=

i

k2−m2+iε

fora“nucleon”.

That’sit.Notethatthereisnoexcusefornotgettingthefactorsof(2π)4right.
Everyfactorofd

4
kalwayscomesalongwithafactorof(2π)

−4
,andeveryδ

(4)

functionalwayscomeswithafactorof(2π)
4
.

ForNNscattering,therearetwodistinctlabellingsoftheexternalmomenta,
sowecanwritedowntwodiagrams:Followingtherules(a)–(c),wecanimme-

p1 p'2

p'1

p2

p1

p'2

p'1p2

k=p1-p'1k=p2-p'1

Figure4.8:FeynmandiagramscontributingtoNNscatteringatorderg
2
.

diatelyreadofftherelevantmatrixelement,Eq.(4.82).Thesegraphsarecalled
Feynmandiagrams,andthesetofrules(a)–(c)aretheFeynmanrulesforourtoy
model.Notethatyoucanshortcutthetrivialintegrationsoverδfunctionsjustby
assigninginternalmomentaflowingthroughpropagatorssoastoconserveenergy
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andmomentumwheneveraninternalmomentumisdeterminedbytheothermo-
mentaatavertex.

Thesediagramshaveaverysimplephysicalinterpretation.Forthefirstdia-
gramforNNscattering,youcansaythatanucleonwithmomentump1comes
inandinteracts,scatteringintoanucleonwithmomentump′

1andamesonwith
momentumk=p1−p′1.Energyandmomentumareconservedinthisprocess,but
thevirtualmesondoesn’tsatisfyk2=µ2.Intermsoftheuncertaintyprinciple,
themesonmustnotlivelongenoughforitsenergytobemeasuredtogreatenough
accuracytomeasurethisdiscrepancy.Itthereforecan’texistasarealparticle,but
mustbereabsorbedafterashorttime.Todistinguishitfromaphysicalparticle,it
isreferredtoasa“virtual”meson,anditisreabsorbedbyanucleonwithmomen-
tump2,scatteringitintoanucleonwithmomentump

′
2.(Notethatalthoughweare

writingthisasthoughthereisadefiniteorderingtotheseevents,thegraphhasno
time-orderinginit.Wecouldjustaswellsaythatthemesonisemittedfromthe
secondnucleonandthenabsorbedbythefirst.)

TheseconddiagrammustbetherebecauseofBosestatistics.Sincethetwo
incomingnucleiareidentical,itisinprincipleimpossibletosaywhichofthe
incidentnucleicarriesp1andwhichcarriesp2.Theprocessesoccuringinthetwo
graphsareindistinguishable,andsotheamplitudemustsumoverbothofthem.
NotethatBosestatisticsareautomaticallybuiltintoourcreationandannihilation
operatorformalism.

Noticethatperformingthefinalintegraloverδfunctionsleavesuswithafactor
of

(2π)
4
δ
(4)

(pf−pi)

wherepfisthesumofallfinalmomenta,andpiisthesumofinitialmomenta.
Thisjustenforcesenergy-momentumconservationonthegraphasawhole.Since
itisalwaysthereinanydiagram,itistraditionaltodefinetheinvariantFeynman
amplitudeAfi(Mandl&ShawcallthisM)by

〈f|(S−1)|i〉=iAfi(2π)
4
δ
(4)

(pf−pi).(4.84)

Thefactorofiistherebyconvention;itreproducesthephaseconventionsof
NRQM.

4.8MoreonFeynmanDiagrams

IntheprevioussectionweintroducedFeynmandiagramsasaconvenientwayto
calculatematrixelementsoftheindividualtermsinDyson’sformula.Eachvertex
andlineinthediagramwasassociatedwithafactorgivenbythecorresponding
Feynmanrule.Wealsonotedthattherewasalwaysanoverallenergy-momentum
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conservingδfunction,whichwefactoredoutofthematrixelementtodefinethe
invariantFeynmanamplitudeA:

〈f|(S−1)|i〉=iAfi(2π)
4
δ
(4)

(pF−pI)(4.85)

wherepIandpFarethesumsofthetotalinitialandfinalmomenta,respectively.
Wealsonotedthatwecouldshortcutsomeofthetrivialdeltafunctionsandinte-
grationsbysimplyimposingenergy-momentumconservationoneachvertex.We
canincorporatethesesimplificationsintoourFeynmanrulesforiAfi:

(a)Drawallpossiblediagramsateachorderwhichcancontributetotheprocess.
Assignamomentumtoeachline(internalandexternal)andenforceenergy-
momentumconservationateachvertex.Drawaseparatediagramforeach
distinctlabellingofthemomentaoftheexternallegs.

(b)Ateachvertex,writedownafactorof(−ig).

(c)Foreachcontractedline,writedownafactorofthepropagatorforthatfield.

Thisisfineforgraphsliketheoneswehavebeenconsidering.However,there
arealsodiagramswithclosedloopsforwhichenergy-momentumconservation
attheverticesisnotsufficienttofixalltheinternalmomenta.Forexample,the
diagraminFig.4.9correspondstomatrixelementsobtainedfromthecontraction

〈p|:
−−−−−−
ψ
†
(x1)ψ(x2)ψ(x1)ψ

†
(x2)

−−−−
φ(x1)φ(x2):|p〉.(4.86)

Enforcingenergy-momentumconservationateachvertexisstillnotsufficientto

p

k

p+k p

Figure4.9:Feynmandiagramcorrespondingtomatrixelement(4.86).

fixthemomentumkflowingthroughtheloop,andsowemustkeepthefactorof
∫

d4k

(2π)4(4.87)

Similarly,thefullycontractedterm

〈0|:
−−−−−−
ψ
†
(x1)ψ(x2)

−−−−−−
ψ(x1)ψ

†
(x2)

−−−−
φ(x1)φ(x2):|0〉(4.88)
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p

p+k

k

Figure4.10:Feynmandiagramcorrespondingtomatrixelement(4.88).

correspondstothetwo-loopgraphinFig.(4.10).Inthisdiagram,neitherpnork
isconstrained,sowemustintegrateoverbothmomenta.Thusweaddanadditional
FeynmanruleforiA:

(d)Foreachinternalloopwithmomentumkunconstrainedbyenergy-momentum
conservation,writedownafactorof

d4k

(2π)4.

Now,forournucleon-nucleonscatteringprocess,wefoundthefollowingex-
pressionforiA:

iA=(−ig)
2
[

i

(p1−p′
1)2−µ2+iε

+
i

(p1−p′
2)2−µ2+iε

]

.(4.89)

Inthecentreofmassframe,wecanwritethemomentaas

p1=(
√

p2+m2,pê)

p2=(
√

p2+m2,−pê)

p
′
1=(

√

p2+m2,pê′)

p
′
2=(

√

p2+m2,−pê′)(4.90)

whereê·ê
′
=cosθ,andθisthescatteringangle.Thisimmediatelygives

(p1−p
′
1)

2
=−2p

2
(1−cosθ),(p1−p

′
2)

2
=−2p

2
(1+cosθ)(4.91)

andso

iA=ig
2
[

1

2p2(1−cosθ)+µ2+
1

2p2(1+cosθ)+µ2

]

.(4.92)
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Herewe’vedroppedtheiεbecausethedenominatornevervanishes.Infact,the
iεcanalwaysbedroppedforcalculationswithnoclosedloops.However,for
diagramswithclosedloopsitisrequiredtomaketheintegrationovertheloop
momentum,Eq.(4.87),well-defined.

NoticethatwecanseeagainthatthetwotermsinEq.(4.92)arerequiredbe-
causeofBosestatistics.Scatteringintotwoidenticalparticlesatanangleθis
indistinguishablefromscatteringatanangleπ−θ,andsotheprobabilitymust
besymmetricalundertheinterchangeofthetwoprocesses.Sincetheseparticles
arebosons,theamplitudemustalsobesymmetric.Wecannowwritedownsome
moreFeynmandiagramswhichcontributetoscatteringatO(g

2
):

•N(p1)+N(p2)→N(p
′
1)+N(p

′
2):TherearetwoFeynmangraphscon-

tributingtothisprocess,showninFig.(4.11).ApplyingourFeynmanrules

a)b)

p1

p2

p1'

p2'

p1

p2

p1'

p2'

Figure4.11:FeynmanDiagramscontributingtoNN→NN

tothesediagramsgives

iA=(−ig)
2
[

i

(p1−p′
1)2−µ2+

i

(p1+p2)2−µ2

]

.(4.93)

Itisimportanttobeabletorecognizewhichdiagramsareandaren’tdistinct.
Sincethediagramsaresimplyashorthandformatrixelementsofoperators
intheWickexpansion,theorientationofthelinesinsidethegraphshave
absolutelynosignificance.Wecouldjustaswellhavedrawndiagrams(a)
and(b)asshowninFig.(4.12).Bothfigures(a)arereallythesamediagram,

a)b)
p1

p2 p1'

p2'

p1

p2

p1'

p2'

Figure4.12:AlternatedrawingoftheFeynmandiagramsinFig.(4.11).

becausetheyhavethesamearrangementoflinesandvertices:thevertices
areN(p1)−N(p′

1)−φandN(p2)−N(p′
2)−φinbothdiagrams,withthe
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twoφ’scontracted.Similarly,bothdiagramslabelled(b)areidentical.We
couldevenbeperverseanddrawdiagram(b)asshowninFig.(4.13).

p1

p2

p1'

p2'

b)

Figure4.13:Alternatedrawingofdiagram(b).

•N(p1)+N(p2)→φ(p′
1)φ(p′

2),ornucleon-nucleonannihilationintotwo
mesons.ThesearegivenbythediagramsinFig.(4.14),whichgives

a)b)

p1

p2

p1'

p2'

p1

p2 p1'

p2'

Figure4.14:DiagramscontributingtoNN→φφ.

iA=(−ig)
2
[

i

(p1−p′
1)2−m2+

i

(p1−p′
2)2−m2

]

.(4.94)

Inthiscasewehavevirtualnucleonsintheintermediatestate,insteadof
virtualmesons.Onceagain,Bosestatisticsaretakenintoaccountbythetwo
diagrams,whichdifferonlybytheexchangeoftheidenticalparticlesinthe
finalstate.

•N(p1)+φ(p2)→N(p′
1)+φ(p′

2),ornucleon-mesonscattering.Fromthe
twodiagramsinFig.(4.15)weobtain

a)b)

p1

p2 p1'

p2'p1

p2

p1'

p2'

Figure4.15:DiagramscontributingtoNφ→Nφ.

iA=(−ig)
2
[

i

(p1−p′
2)2−m2+

i

(p1+p2)2−m2

]

.(4.95)

Onceagain,wecouldhavedrawnthediagram(a)asshowninFig.(4.16)
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p1

p2

p1'

p2'

Figure4.16:Alternatedrawingofdiagram(a).

ThiscompletesthelistofinterestingscatteringprocessesatO(g2).Notethatthere
areprocessessuchasNN→NNandNφ→Nφwhichwedidn’twritedown;
clearlythesearesimplyrelatedtotheanalogousprocesswithparticlesinsteadof
antiparticles.Thattheamplitudesareidenticalisrelatedtoanadditionalinvariance
ofthetheorywhichwehavenotyetdiscussed,C(charge-conjugation)invariance.
Wewilldiscussthisinmoredetaillateroninthesenotes.

Insomecasesthereareadditionalcombinatoricfactorswhichmustbeincor-
poratedintotheFeynmanrules.ConsidertheLagrangianofaself-coupledscalar
field

L=L0−
λ

4!
φ

4
.(4.96)

Thereasonforthefactorof4!inthedefinitionofthecouplingismadeimmediately
clearbyexaminingtheperturbativeexpansionofthetheory.Thistheoryhasasin-
gleinteractionvertex,showninFig.(4.17)..AtO(λ)inperturbationtheory,the

-iλ

Figure4.17:Interactionvertexforφ
4

interaction.

onlytermwhichcontributestoφφ→φφscatteringisthecompletelyuncontracted
term

−
λ

4!〈k
′
1,k

′
2|:φ(x)φ(x)φ(x)φ(x):|k1,k2〉.(4.97)

Now,anyoneoftheφfieldscanannihilatethefirstmeson;anyoneoftheremaining
threecanannihilatethesecond,leavingeitheroftheremainingfieldstocreate
eitherofthefinalmesons,givingatotalof4!differentcombinations.Forthe
Feynmanruleforthisvertex,thefactorsof4!cancelandweareleftsimplywith
−iλ.Athigherordersinperturbationtheory,therearemorecomplicateddiagrams
contributingtothesescatteringprocesses.Forexample,forNN→NNscattering
inourmeson-“nucleon”theory,atO(g

4
)wehavediagramslikethetwoshownin

Fig.(4.18).Diagram(a)arisesfromWickcontractionsoftheform
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p1

p2

p1'

p2'

p1

p2

p1'

p2'

Figure4.18:TworepresentativegraphswhichcontributetoNN→NNscattering
atO(g4).

:ψ
†
(x1)ψ(x2)ψ(x3)ψ

†
(x4)

−−−−−−
ψ(x1)ψ

†
(x3)

−−−−−−
ψ
†
(x2)ψ(x4)

−−−−
φ(x1)φ(x2)

−−−−
φ(x3)φ(x4):

(4.98)
whereasdiagram(b)arisesfromWickcontractionsoftheform

:ψ
†
(x1)ψ(x2)ψ(x4)ψ

†
(x4)

−−−−−−
ψ(x1)ψ

†
(x3)

−−−−−−
ψ
†
(x2)ψ(x3)

−−−−
φ(x1)φ(x2)

−−−−
φ(x3)φ(x4):

(4.99)
AtO(g4)wealsogetanewprocess,φφ→φφscattering,fromthegraphinFig.
(4.19).Themomentaflowingthroughtheinternallinesinthisfigurehavebeen

p1

p2

p1'

p2'

k

k+p1

k+p1-p1'

k-p2

Figure4.19:Diagramcontributingtoφφ→φφscattering.

explicitlyshown.Becauseoftheoverallenergy-momentumconservingδfunction,
itdoesnotmatterwhetherwelabel,forexample,thebottomlinebyk−p2or
k+p1−p

′
1−p

′
2.Wecanalsoseeexplicitlythatenergy-momentumconservation

attheverticesleavesoneunconstrainedmomentumkwhichmustbeintegrated
over.AccordingtoourFeynmanrules,thislastgraphis

iA=(−ig)
4
∫

d4k

(2π)4
i4

(k2−m2+iε)((k+p1)2−m2+iε)

×
1

((k+p1−p′
1)2−m2+iε)((k−p2)2−m2+iε)

.(4.100)
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Theevaluationofintegralsofthistypeisadelicateprocedure,andwewon’tdis-
cussitinthiscourse.Note,however,thatforlargekµtheintegralbehavesas

∫

d4k

k8

andsoisconvergent.Thisisnotgenerallythecase:inmanysituationsloopinte-
gralsdiverge,givinginfinitecoefficientsateachorderinperturbationtheory.This
wasaseriousproblemintheearlyyearsofquantumfieldtheory.However,itturns
outthattheseinfinitiesaresimilarinspirittotheinfinitywefacedwhenwefounda
divergentvacuumenergy.Byasufficientlyshrewdredefinitionoftheparametersin
theLagrangian,allinfinitiesinobservablequantitiesmaybeeliminated.Thereis
awell-definedprocedureknownasrenormalizationwhichaccomplishesthisfeat.

4.9TheYukawaPotential

Peoplewerescatteringnucleonsoffnucleonslongbeforequantumfieldtheorywas
around,andatlowenergiestheycoulddescribescatteringprocessesadequately
withnon-relativisticquantummechanics.Let’slookatthenonrelativisticlimitof
the“nucleon-nucleon”scatteringamplitudeandtrytounderstanditintermsof
NRQM.

Firstofall,recall8theBornapproximationfromNRQM:atfirstorderinper-
turbationtheory,theamplitudeforanincomingstatewithmomentum~ktoscatter
offapotentialU(~r)intoanoutgoingstatewithmomentum~k′isproportionaltothe
Fouriertransformofthepotential,

iANR(~k→~k′)∝
∫

d
3
re

−i(~k′−~k)·~r
U(~r)

≡Ũ(~k′−~k).(4.101)

Inthecentreofmassframe,two-bodyscatteringissimplifiedtotheproblemof
scatteringoffapotential,bothclassiciallyandquantummechanically.Now,inthe
nonrelativisticlimit,themesonpropagatorfromthefirstdiagraminFig.(4.8)is

i

(p1−p2)2−µ2'−i
|~p1−~p2|2+µ2(4.102)

wherewehavetakenthenonrelativisticlimit,p0
1=p0

2=µ.Therefore,toexplain
thefirstterminthescatteringamplitude,Eq.(4.83),wemusthave

Ũ(~q)∝
g2

|~q|2+µ2.(4.103)

8
See,forexample,Cohen-Tannoudji,DiuandLaloë,QuantumMechanics,Vol.II,ChapterVIII,

especiallysectionB.4

88



ItisasimplemattertoinverttheFouriertransformtofindU(~r):

U(~r)∝
∫

d3q

(2π)3
−g2

|~q|2+µ2e
i~q·r

=−
g
2

4π2

∫

∞

0
dqq

2e
iqr

−e
−iqr

iqr

1

q2+µ2

=−
g
2

4πr

∫

∞

−∞
dq

qe
iqr

q2+µ2.(4.104)

Closingthecontouroftheintegralintheupperhalfcomplexplane,wepickupthe
residueofthesinglepoleatq=+iµ.Thuswefind

U(~r)∝
g2

r
e
−µ|~r|

.(4.105)

Ifwehadbeencarefulaboutthesigns,wewouldhavefoundthatthesignofthe
potentialisnegative;thus,thefirstdiagramcorrespondstoanucleonscatteringoff
anattractive“Yukawapotential.”Therangeofthepotentialis1/µ,theCompton
wavelengthoftheφmeson.ThiswasthepotentialwrittendownbyYukawato
describethenuclearforce.Heworkedbackwardfromtherangeoftheforce(about
1fm)topredictthemass(about200MeV)oftherequiredboson,thepion.

Whataboutthesecondterm?ThiscorrespondstosomethinginNRQMcalled
the“exchangepotential.”Itarisesduetotheindistinguishabilityofthescattering
pions,andaswehaveseen,itspresenceisrequiredbyBosestatistics.

NotethatthesignoftheYukawatermintheamplitudeisthesameinantinucleon-
antinucleonscattering,nucleon-nucleonscattering,andnucleon-antinucleonscat-
tering.Thusweconcludethatthepotentialduetoscalarbosonexchangeisuniver-
sallyattractive,incontrasttotheelectrostaticpotential.
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5DecayWidths,CrossSectionsandPhaseSpace

Atthisstagewearenowabletocalculateamplitudesforavarietyofprocessesby
evaluatingFeynmandiagrams,

〈f|(S−1)|i〉=iA(2π)
4
δ
(4)

(pF−pI)

butwehaveyettomakecontactwithanythingmeasurable.Inordertocalculate
probabilities,wemustsquaretheamplitudesandsumoverallobservedfinalstates.
Butitlooksliketheprobabilityisgoingtobeproportionalto

|Sfi|
2
∼|δ

(4)
(pF−pI)|

2
.

|δ(4)(p
F−pI)|2??Squaringadeltafunctionmakesnosense.Whathappened?

Theproblemisthatwearenotworkingwith“square-integrable”states.In-
stead,ourstatesarenormalizedtoδ(3)functions.Theyarenotnormalizablebe-
causetheyareplanewaves,existingateverypointinspace-time.Thusthescatter-
ingprocessisinfactoccurringateverypointinspace,foralltime.Nowonderwe
gotdivergentnonsense.Thisisclearlynotwhatwewanted.

Theproperwaytosolvethisproblemistotakeourplanewavestatesandbuild
uplocalizedwavepackets,whicharenormalizableandforwhichthescattering
processreallyisrestrictedtosomefiniteregionofspace-time.Anotherapproach,
whichissimplerandwillgivetherightanswer,istoreturntoouroldcrutchand
putthesysteminaboxofvolumeV,andturntheinteractiononforonlyafinite
timeT.Thiswillsolvethenormalizationproblembecauseplanewavestatesinthe
boxaresquare-integrable,thestatesbeingnormalizedto

〈~k|~k′〉=δ~k~k′(5.1)

insteadofδ
(3)

(~k−~k′).Furthermore,ifwedivideouranswerbyT,wewillgetthe
transitionprobability/unittime,whichisreallywhatweareinterestedin.Finally,
wecantakethelimitT,V→∞andhopeitmakessense(itwill).

Aswediscussedearlierinthecourse,inaboxmeasuringLoneachsidewith
periodicboundaryconditions,theallowedvaluesofmomentamustbeoftheform

kx=
2πnx
L

,ky=
2πny
L

,kz=
2πnz
L

(5.2)

wherenx,nyandnzareintegers,asshowninthekx−kyplaneinFig.(5.1).The
integralsovermomentumfortheexpansionofthefieldsthereforebecomesasum
overdiscretemomenta,andthescalarfieldφhastheexpansion

φ(x)=
∑

~k

[

ake
−ik·x

√2ωk
√
V

+
a
†
keik·x

√2ωk
√
V

]

(5.3)
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kx

ky

}2π/L

2π/L

}
Figure5.1:AllowedvaluesofkxandkyinaboxofmeasuringLoneachside.

(youcancheckthatthisistherightexpansionbyseeingthatthecommutation
relationsfora

†
kandakreproducethecorrectcanonicalcommutationrelationsfor

thefields).Switchingbacktoournon-relativisticnormalizationforourstates,we
seethateachtimeafieldcreatesorannihilatesastateitwillbringinanadditional
factorof

e±ik·x
√2ωk

√
V

(5.4)

(incontrasttothefactorofe±ik·xwehadinthelastsetoflecturenotes,whenwe
wereworkingwithrelativisticallynormalizedstatesininfinitevolume).Thus,we
haveforfiniteV=L

3
andT,

〈f|(S−1)|i〉VT=iA
VT
fi(2π)

4
δ
(4)
VT(pF−pI)×

∏

f

1
√2ωk

√
V

∏

i

1
√2ωk

√
V

(5.5)
wheretheproductsareoverfinal(f)andinitial(i)particles,andthenotationVT
indicatesfinitevolumeandtime.Thefunction

δ
(4)
VT(p)≡

1

(2π)4

∫

T/2

−T/2
dt

∫

V
d
3
~xe

ip·x
(5.6)

approachesaδfunctionintheV,T→∞limit.
EachquantityinEq.(5.5)isfinite,sosquaringitisnowsensible.However,

sincewewanttomakecontactwiththerealworld,wenotethatnoexperimentalist
canmeasurethecrosssectionforthescatteringprocessN(p1)+N(p2)→N(p′

1)+
N(p′

2)foranyparticularvaluesofthemomentasinceitisimpossibletoresolvea
singlestate.Itisonlypossibletomeasureallstatesaboutsomesmallregion∆kin
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momentumspace.Fromthefigure,itisclearthatinaregionofsize∆kx∆ky∆kz,
thereare

L

2π
∆kx

L

2π
∆ky

L

2π
∆kz=

V

(2π)3∆kx∆ky∆kz(5.7)

states.IfthereareNparticlesinthefinalstate,intheinfinitesimalregionofsize
d3p

1d3p
2...d3p

Ntherewillbe

N∏

f=1

V

(2π)3d
3
pf(5.8)

states,whichmustbesummedover.Squaringourexpressionfortheamplitude,
summingoverallfinalstatesanddividingbythetotaltimeT,wefindthefollowing
expressionforthedifferentialtransitionprobabilityperunittimewVT/T:

wVT
T

=
1

T|A
VT
fi|

2
(2π)

8
∣

∣

∣δ
(4)
VT(pF−pI)

∣

∣

∣

2
×
∏

f

d3p
f

(2π)32ωp

∏

i

1

2ωiV
.(5.9)

NotethatthefactorsofVcancelintheproductoverfinalparticles.Wewillfind
thatfordecayratesandcrosssectionstheVintheproductoverinitialparticles
alsocancel.TheonlytrickypartoftakingthelimitV,T→∞isthe|δ

(4)
VT(p)|2

function.Thiswillapproachafunctionwhichisinfinitelypeakedattheorigin,so
wemightanticipateitwillbeproportionaltoadeltafunction.Solet’slookat
∫

d
4
p
∣

∣

∣δ
(4)
VT(p)

∣

∣

∣

2
=

1

(2π)8

∫

d
4
p

∫

T/2

−T/2
dt

∫

T/2

−T/2
dt

′
∫

V
d
3
~x

∫

V
d
3
~x
′
e
ip·x−ip·x′

.

(5.10)
Performingtheintegral

∫

d4p,theexponentialfactorsjustgiveus(2π)4δ(4)(x−x′),
sowecantriviallydotheintegralsovert′andx′,andwefind

∫

d
4
p
∣

∣

∣δ
(4)
VT(p)

∣

∣

∣

2
=

1

(2π)4

∫

T/2

−T/2
dx

∫

V
d
3
~x=

VT

(2π)4.(5.11)

Soindeed
∣

∣

∣δ(4)(p)
∣

∣

∣

2
isproportionaltoaδfunction,withacoefficientwhichdi-

vergesinthelimitT,V→∞:

lim
V,T→∞

∣

∣

∣(2π)
4
δ
(4)
VT(p)

∣

∣

∣

2
=VT(2π)

4
δ
(4)

(p).(5.12)

SubstitutingthisintoEq.(5.9)andtakingthelimitV,T→∞,wefind

w

T
=|Afi|

2
V(2π)

4
δ
(4)
VT(pF−pI)×

∏

finalparticlesf

d
3
pf

(2π)32Ef

∏

initialparticlesi

1

2EiV

≡|Afi|
2
VD

∏

initialparticlesi

1

2EiV
,(5.13)
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whereweareusingEandωinterchangeablyfortheenergiesoftheparticles,and
wehavedefinedthefactorDby

D≡(2π)
4
δ
(4)

(pF−pI)
∏

finalparticlesf

d
3
pf

(2π)32Ef.(5.14)

NotethatDismanifestlyLorentzinvariant,sincethemeasured3p
f/(2π)32E

f

istheinvariantmeasurewederivedearlieron.Alsonotethatjustasinthecase
ofourFeynmanrules,eachδ(n)functioncomeswithafactorof(2π)n,andeach
integrationdnkcomeswithafactorof(2π)−n,sothereisnoexcuseforgettingthe
factorsof2πwrong.

Now,infactweareonlyreallyinterestedinprocesseswithoneortwoparticles
intheinitialstate(butstillanarbitrarynumberofparticlesinthefinalstate),corre-
spondingtodecaysand2→Nparticlescattering.Therelevantphysicalquantities
wewishtocalculatearelifetimesandcrosssections.Solet’sexamineeachofthese
inturn.

5.1Decays

Foradecayprocessthereisasingleparticleintheinitialstate,so

w

T
=

1

2E|Afi|
2
D.(5.15)

NotethatthefactorsofVhavecancelled,astheymustinordertohaveasensible
V→∞limit.Intheparticle’srestframe,wewilldefinethequantitydΓasthe
differentialdecayprobability/unittime:

dΓ≡
1

2M|Afi|
2
D.(5.16)

Thenthetotaldecayprobability/unittime,Γ,is

Γ=
1

2M

∫

allfinalstates
|Afi|

2
D.(5.17)

Sincetheprobabilityoftheparticledecaying/unittimeisΓ,afteratimetthe
probabilitythattheparticlehasnotdecayedisjuste

−Γt
.Therefore,Γ=1/τ,

whereτistheparticle’slifetime(innaturalunits).Γiscalledthe“decaywidth.”
Ifweconsidertheuncertaintyprinciple,weseethatitdoesinfactcorrespondto
awidth.Sincetheparticleexistsforatimeτ,anymeasurementofitsenergy
(ormass,initsrestframe)mustbeuncertainby∼1/τ=Γ.Thus,aseriesof
measurementsoftheparticle’smasswillhaveacharacteristicspreadoforderΓ,as
indicatedinFig.(5.2).
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# of measurements

M
~Γ

Figure5.2:Theresultofaseriesofmeasurementsofthemassofaparticlewith
lifetimeτ=1/Γ.ThewidthofthedistributionisproportionaltoΓ.

5.2CrossSections

Inaphysicalscatteringexperiment,abeamofparticlesiscollidedwithatarget(or
anotherbeamofparticlescomingintheoppositedirection),andameasurement
ismadeofthenumberofparticlesincidentonadetector.Soforanincidentflux
F=#ofparticles/unittime/unitarea,aninfinitesimaldetectorelementwillrecord
somenumberdNscatterings/unittime

dN=Fdσ(5.18)

wheredσiscalledthedifferentialcrosssection.Thetotalnumberofscatteringsper
unittimeisthenN=Fσ,whereσisthetotalcrosssection.Withthisdefinition,
wehave

dσ=
differentialprobability

unittime×unitflux

=
A

2
fi

4E1E2V
D×

1

flux

=
A

2
fi

4E1E2

1

|~v1−~v2|
D(5.19)

where~v1and~v2arethe3-velocitiesofthecollidingparticles,intermsofwhichthe
fluxis|~v1−~v2|/V.Thisiseasytosee.Considerfirstabeamofparticlesmoving
perpendiculartoaplaneofareaAandmovingwith3-velocity~v.Ifthedensityof
particlesisd,thenafteratimet,thetotalnumberofparticlespassingthroughthe
planeis

N=|~v|Atd.(5.20)

ThereforethefluxisN/At=|~v|d.Withournormalization,thereisoneparticlein
theboxofvolumeV,sod=1/V,andthefluxis|~v|/V.Inthecaseoftwobeams
colliding,theprobabilityoffindingeitherparticleinaunitvolumeis1/V,butsince
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thecollisioncanoccuranywhereintheboxthetotalfluxis|~v1−~v2|/V2×V=
|~v1−~v2|/V.

FromEq.(5.19),thetotalcrosssectionis

σ=
1

4E1E2

1

|~v1−~v2|

∫

allfinalstates
|Afi|

2
D.(5.21)

Onceagain,thefactorsofVcancelandtheresultiswell-behavedinthelimit
T,V→∞.

5.3DforTwoBodyFinalStates

Theseformulasforthedecaywidthsandthecrosssectionsaretrueforarbitrary
numbersofparticlesinthefinalstates.Fortwoparticles,therearesixintegralsto
do(d

3
~p1d

3
~p2),butfourofthevariablesareconstrainedbytheenergy-momentum

conservingδfunctionδ
(4)

(p1+p2−pI),leavingonlytwoindependentvariables
tointegrateover.Thus,wecanwriteDinasimplerform.Foratwo-bodyfinal
state,

D=

∫

d
3
~p1

(2π)32E1

d
3
~p2

(2π)32E2
(2π)

4
δ
(4)

(p1+p2−pI).(5.22)

Inthecentreofmassframe,~pI=0,andEi≡ET,thetotalenergyavailableinthe
process.Therefore

D=
d
3
~p1

(2π)32E1

d
3
~p2

(2π)32E2
(2π)

3
δ
(3)

(~p1+~p2)(2π)δ(E1+E2−ET)

⇒
d
3
~p1

(2π)34E1E2
(2π)δ(E1+E2−ET)

=
1

(2π)34E1E2
p
2
1dp1dΩ1(2π)δ(E1+E2−ET)(5.23)

wherewehaveperformedtheintegralover~p2,and~p2=−~p1isnowimplicit.We
havealsowrittend

3
~p1=p

2
1dp1dcosθ1dφ1≡p

2
1dp1dΩ1,whereθandφarethe

polaranglesof~p1.
Toeliminatethelastdependentvariable,theδfunctionofenergymustbecon-

vertedtoaδfunctionofp1.Usingthegeneralformula

δ[f(x)]=
∑

x0∈zeroesoff

1

|f′(x0)|
δ(x−x0)(5.24)

tochangevariablesfromE1top1,wemustincludeafactorof
∣

∣

∣

∣

∂(E1+E2)

∂p1

∣

∣

∣

∣

−1

.
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SinceE2
1=p2

1+m2,andE2
2=p2

2+m2=p2
1+m2(from~p2=−~p1),

∂E1

∂p1
=
p1

E1
,
∂E2

∂p2
=

p1

E2
(5.25)

andso∣

∣

∣

∣

∂(E1+E2)

∂p1

∣

∣

∣

∣=
p1(E1+E2)

E1E2
=
p1ET
E1E2

.(5.26)

Thedesiredresultforatwobodyfinalstateinthecentreofmassframeistherefore

D=
1

16π2

p1dΩ1

ET
.(5.27)

Inthisderivation,wehaveassumedthattheparticlesAandBinthefinalstateare
distinguishable,becausewetreatedthefinalstates|A(~p1),B(~p2)〉and|A(~p2),B(~p1)〉
asdistinct.Infact,iftheparticlesareidenticalthenthesestatesareinfactidentical,
andsowe’vedouble-countedbyafactorof2!.Ingeneral,fornidenticalparticles
inthefinalstate,wemustmultiplyDbyafactorof1/n!.

Nowlet’sapplythistoacoupleofexamples.GoingbacktoourQMDtheory,
supposeµ

2
>4m

2
,sothatthedecayφ→NNiskinematicallyallowed.Thereis

onlyonediagramcontributingtothisdecayatleadingorderinperturbationtheory,
showninFig.(5.3),soiA=−ig(simple!)andthedecaywidthoftheφis

Γ=
g2

2µ

p1

16π2µ

∫

dΩ1

=
g
2
p1

8πµ2(5.28)

since
∫

dΩ=4π.p1isstraightforwardtocomputefromenergy-momentumcon-

-ig

Figure5.3:Leadingcontributiontoµ→NN.

servation.Theinitialfour-momentumis(µ,~0)andthefinalmomentaofthenucle-

onsareP1=(
√

p2
1+m2,~p1),P2=(

√

p2
1+m2,−~p1),sop1=

√

µ2−4m2/2.

Asasecondexample,weconsider2→2particlescatteringinthecentre
ofmassframe.Sincetheresultswhichfollowarejustkinematicsanddon’tde-
pendontheamplitudeA,theyarevalidinanytheory.The3-velocitiesare~v1=
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~p1/(γm1)=~p1/E1,and~v2=~p2/E2=−~p1/E2,so

|~v1−~v2|=p1

(

1

E1
+

1

E2

)

=p1
E2+E1

E1E2
=
p1ET
E1E2

.(5.29)

Thisleadsto

dσ=
1

4piET

1

16π2

pfdΩ1

ET|Afi|
2

(5.30)

andso
dσ

dΩ
=

1

64π2E2
T

pf
pi|Afi|

2
(5.31)

wherepiandpfarethemagnitudesofthethree-momentaoftheincomingand
outgoingparticles,respectively.

5.4Dfor3BodyFinalStates

Forthreebodyfinalstates,therearenineintegralstodoandfourconstraintsfrom
theδfunction,leavingfiveindependentvariables.Thederivationisstraightforward
butmorelengthythanforthe2bodyfinalstate,sowewilljustquotetheresult
here.IftheoutgoingparticleshaveenergiesE1,E2andE3,thenwewillchoose
theindependentvariablestobeE1,E2,θ1,φ1andφ12,whereφ12istheangle
betweenparticles1and2.Intermsofthesevariables,

D=
1

256π5dE1dE2dΩ1dφ12(5.32)

inthecentreofmassframe.Insomecases(suchasthedecayofaspinlessmeson),
theamplitudeisindependentofΩ1andφ12;inthiscase,wecanintegrateover
thosethreevariables(

∫

dΩ1dφ12=8π2)toobtain

D=
1

32π3dE1dE2.(5.33)
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6DiscreteSymmetries:C,PandT

6.1ChargeConjugation,C

Inour“nucleon”-mesontheory,wenoticedthattheamplitudeforN(p1)+φ(p2)→
N(p′

1)+φ(p′
2)wasthesameasforN(p1)+φ(p2)→N(p′

1)+φ(p′
2).Thesameis

trueforotherprocessesinthistheorywhichdifferonlybytheexchangeofparticles
forantiparticles,suchasNN→NNandNN→NN.Itisalsotruetoallorders
inperturbationtheory,notonlyatO(g

2
),andarisesbecausethetheoryhasan

additionalsymmetrywhichwehaveneglecteduntilnow,calledchargeconjugation
anddenotedC.Thisisasymmetrytransformationwhichinterchangesparticles
withtheirantiparticles.Unliketheprevioussymmetrieswehaveseen,itisnota
continuoussymmetryparameterizedbysomecontinuouslyvaryingparameter,and
itdoesnotcorrespondtoaconservedcurrent.Instead,itisadiscretesymmetry.

Givenanarbitrarystate|N(~k1),N(~k2),...,N(~kn)〉composedofnucleonsand
anti-nucleonswecandefineaunitaryoperatorUcwhicheffectsthisdiscretetrans-
formation.Clearly,

Uc|N(~k1),N(~k2),...,N(~kn)〉=|N(~k1),N(~k2),...,N(~kn)〉.(6.1)

WealsoseethatwiththisdefinitionU2
c=1,soU−1

c=U†
c=Uc.Wecannowsee

howthefieldstransformunderC.Considersomegeneralstate|ψ〉anditscharge
conjugate|ψ〉.Thenb

†
k|ψ〉≡|N(k),ψ〉,and

Ucb
†
k|ψ〉=Uc|N(k),ψ〉=|N(k),ψ〉=c

†
k|ψ〉=c

†
kUc|ψ〉.(6.2)

Sincethisistrueforarbitrarystates|ψ〉,wemusthaveUcb
†
k=c

†
kUc,or

b
†
k→b

′†
k=Ucb

†
kU

†
c=c

†
k,c

†
k→c

′†
k=Ucc

†
kU

†
c=b

†
k.(6.3)

Asimilarequationistrueforannihilationoperators,whichiseasilyseenbytak-
ingthecomplexconjugateofbothequations.Asexpected,thetransformation
exchangesparticlecreationoperatorsforanti-particlecreationoperators,andvice-
versa.Expandingthefieldsintermsofcreationandannihilationoperators,we
immediatelyseethat

ψ→ψ
′
=UcψU

†
c=ψ

†
,ψ

†
→ψ

′†
=Ucψ

†
U

†
c=ψ.(6.4)

Itisclearlyasymmetryofthetheory,UcLU†
c=L,sinceψandψ†alwaysoccur

togetherineachtermoftheLagrangian.Itisstraightforwardtoshowthatscatter-
ingmatrixelementsarethereforeunchangedbychargeconjugation.Denotingthe
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initialandfinalstatesby|i〉and〈f|andtheirchargeconjugatesby|ı〉and〈f|,

〈f|S|i〉=〈f|U
†
cUcSU

†
cUc|i〉

=〈f|UcSU
†
c|ı〉

=〈f|S|ı〉(6.5)

sinceS=Texp(i
∫

d
4
xHI),andsoUcHIU

†
c=HI⇒UcSU

†
c=S.

Whilewe’reatit,therearetwootherdiscretesymmetriesofLIwhichwillbe
usefulinothercontexts(itisperhapsworthpointingoutherethatnoneofthese
threesymmetriesisparticularlyinterestinginthissimpletheorywearestudying.
However,theywillbemuchmoreinterestinglateron,whenwestudytheorieswith
spin1/2andspin1fields).Theseareparity(P)andtimereversal(T).Wewill
lookattheseinturn.

6.2Parity,P

Aparitytransformationcorrespondstoareflectionoftheaxesthroughtheorigin,
~x→−~x.Similarly,momentaarereflected,so

Up|~k〉=|−~k〉(6.6)

whereUpistheunitaryoperatoreffectingtheparitytransformation.Clearlywe
willalsohave

Up

{

a~k
a
†
~k

}

U
†
p=

{

a−~k
a
†

−~k

}

(6.7)

andsounderaparitytransformationthefieldshavethetransformation

φ(~x,t)→Upφ(~x,t)U
†
p

=Up

∫

d
3
k

√2ωk(2π)3/2

[

ake
i~k·~x−iωkt

+a
†
ke

−i~k·~x+iωkt
]

U
†
p

=

∫

d3k
√

2ωk(2π)3/2

[

a−~ke
i~k·~x−iωkt

+a
†

−~ke
−i~k·~x+iωkt

]

=

∫

d3k
√

2ωk(2π)3/2

[

ake
−i~k·~x−iωkt

+a
†
ke
i~k·~x+iωkt

]

=φ(−~x,t)(6.8)

wherewehavechangedvariables~k→−~kintheintegration.Justasbefore,
UpLU†

p=L,soourtheoryconservesparity.
Actually,thistransformationφ(~x,t)→φ(−~x,t)isnotunique.Supposewe

hadatheorywithanadditionaldiscretesymmetryφ→−φ.Thisisnottrue
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forournucleon-mesontheory,sincetheinteractiontermchangessignunderthis
transformation,butitisasymmetryoftheLagrangianL=L0−λφ4/4!which
welookedatbrieflyinthelastsection.Inthiscase,wecouldequallywellhave
definedthefieldstotransformunderparityas

φ(~x,t)→−φ(−~x,t),(6.9)

sincethatisalsoasymmetryofL.Infact,tobecompletelygeneral,ifwehada
theoryofnidenticalfieldsφ1...φn,wecoulddefineaparitytransformationtobe
oftheform

φa(~x,t)→φ
′
a(~x,t)=Rabφb(−~x,t)(6.10)

forsomen×nmatrixRab.SolongasthistransformationisasymmetryofLitisa
perfectlydecentdefinitionofparity.Thepointis,ifyouhaveanumberofdiscrete
symmetriesofatheorythereisalwayssomeambiguityinhowyoudefineP(or
C,orT,forthatmatter).Butthisisjustaquestionofterminology.Theimportant
thingistorecognizethesymmetriesofthetheory.

Inourmeson-nucleontheory,φ→−φisnotasymmetry,sotheonlysensible
definitionofparityisEq.(6.8).Whenφdoesnotchangesignunderaparitytrans-
formation,wecallitascalar.Inothersituations,Eq.(6.8)isnotasymmetryofthe
theory,butEq.(6.9)is.Inthiscase,wecallφapseudoscalar.Whenthereareonly
spin-0particlesinthetheory,theorieswithpseudoscalarslookalittlecontrived.
ThesimplestexampleI’veseenis

L=
1
2

4∑

a=1

(

∂
µ
φa∂µφa−m

2
aφ

2
a

)

−iε
µναβ

∂µφ1∂µφ2∂µφ3∂µφ4(6.11)

whereε
µναβ

isacompletelyantisymmetricfour-indextensor,andε
0123

=1.Un-
derparity,ifφa(~x,t)→±φa(−~x,t),then

∂0φa(~x,t)→±∂0φa(−~x,t)
∂iφa(~x,t)→∓∂iφa(−~x,t)(6.12)

wherei=1,2,3,sinceparityreversesthesignof~xbutleavestunchanged.Now,
theinteractionterminEq.(6.11)alwayscontainsthreespatialderivativesandone
timederivativebecauseε

µναβ
=0unlessallfourindicesaredifferent.Thereforein

orderforparitytobeasymmetryofthisLagrangian,anoddnumberofthefieldsφa
(itdoesn’tmatterwhichones)mustalsochangesignunderaparitytransformation.
Thus,threeofthefieldswillbescalars,andonepseudoscalar,orelsethreemust
bepseudoscalarsandonescalar.Itdoesn’tmatterwhich.
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6.3TimeReversal,T

Thelastdiscretesymmetrywewilllookatistimereversal,T,inwhicht→−t.
AmoresymmetrictransformationisPTinwhichallfourcomponentsofxµflip
sign:xµ→−xµ.However,timereversalisalittlemorecomplicatedthanPand
Tbecauseitcannotberepresentedbyaunitary,lineartransformation.

Wecanseewhythisisthecasebygoingbacktoparticlemechanicsandquan-
tizingtheLagrangian

L=
1

2
q̇
2
.(6.13)

SupposetheunitaryoperatorUTcorrespondstoT.Then

UTq(t)U
†
T=q(−t)

UTp(t)U
†
T=UT

dq(t)

dt
U

†
T=−q̇(−t)=−p(−t)(6.14)

andso
UT[q(t),p(t)]U

†
T=UTiU

†
T=i=−[q(−t),p(−t)](6.15)

andsowecannotconsistentlyapplythecanonicalcommutationrelationsforall
time!ClearlyUTcan’tbeaunitaryoperator.Weneedsomethingelse.

Whatweneed,infact,isanoperatorwhichisanti-linear.Underanantilinear
operatorΩ,

a|ψ〉→Ω[a|ψ〉]=a
∗
Ω|ψ〉.(6.16)

Thatis,numbersarecomplexconjugatedunderanantilineartransformation.Since
Diracnotationissetuptodealwithlinearoperators,itissomewhatawkwardto
expressantilinearoperatorsinthisnotation.

Thesimplestanti-linearoperatorisjustcomplexconjugation,

a|ψ〉→Ω[a|ψ〉]=a
∗
|ψ〉(6.17)

andinfactthisispreciselywhatweneed.Firstofall,itdoesn’tscrewupthe
commutationrelationsbecauseΩiΩ

−1
=−i,sothereisanextraminussignin

Eq.(6.15)andthereisnocontradiction:

ΩT[aq(t)]Ω
−1
T=a

∗
q(−t)(6.18)

so
Ωt[q(t),p(t)]Ω

−1
T=i

∗
=−i=−[q(−t),p(−t)](6.19)

asrequired.Infieldtheory,complexconjugationcorrespondstotheoperatorPT.
Ithasnoeffectonthecreationandannihilationoperators,

ΩPT

{

ak
a
†
k

}

Ω
−1
PT=

{

ak
a
†
k

}

(6.20)
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oronthestates
ΩPT|~k1,...~kn〉=|~k1,...~kn〉(6.21)

(thisistobeexpected,sincetimereversalflipsthedirectionofallthemomenta,
andaparitytransformationflipsthemback).Theonlythingitactsonistheiin
theexponentsoccurringintheexpansionofthefields

φ(~x,t)→ΩPTφ(~x,t)Ω
†
PT

=ΩPT

∫

d3k
√

2ωk(2π)3/2

[

ake
i~k·~x−iωkt

+a
†
ke

−i~k·~x+iωkt
]

Ω
−1
PT

=

∫

d3k
√

2ωk(2π)3/2

[

ake
−i~k·~x+iωkt

+a
†
ke
i~k·~x−iωkt

]

=φ(−~x,−t).(6.22)

HencethisisexactlywhatisrequiredforaPTtransformation.
Now,ourmeson-nucleonLagrangianwasverydullinthatitwasinvariantun-

dereachofthesethreesymmetriesseparately.Forexample,theamplitudefor

N(p1)+N(p2)→N(p
′
1)+N(p

′
2)(6.23)

wasrelatedbyCto

N(p1)+N(p2)→N(p
′
1)+N(p

′
2).(6.24)

UnderP,thisbecomes

N(ω1,−~p1)+N(ω2,−~p2)→N(ω
′
1,−~p

′
1)+N(ω

′
2,−~p

′
2).(6.25)

UnderT,theincomingandoutgoingstatesarereversed,andthesignsofthe3-
momentachangesign,sounderaTtransformationthisbecomes

N(p
′
1)+N(p

′
2)→N(p1)+N(p2).(6.26)

Inourtheory,theamplitudesforalltheseprocessesareidenticalbythesymmetries.
Inamoregeneraltheory,anyofC,PorTmaybebroken.However,itisageneral
propertyofanylocal,relativisticfieldtheorythattheamplitudemustbeinvariant
underthecombinedactionofCPT(thisiscalledtheCPTtheorem).Hence,
whiletheamplitudesEq.(6.24)andEq.(6.25)neednotbeequaltoEq.(6.23)
insomemorecomplicatedtheory,theamplitudesforEq.(6.23)andtheCPT
transformedprocessEq.(6.26)willalwaysbethesame.Diagrammatically,wecan
seethatthisoughttobethecase.ConsideranarbitraryFeynmandiagramwithfour
externalnucleonlines,indicatedinFig.(6.1),anddefinethemomentap1–p4tobe
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p1

p2 p3

p4

Figure6.1:AFeynmandiagramcontributingtotheprocessesEq.(6.23)–
Eq.(6.26).Theblobrepresentsanarbitrarilycomplicateddiagram.

directedinward.TheblobwillbesomefunctionF(p1,p2,p3,p4)oftheexternal
momenta.Theamplitudefortheprocess(6.23)isthenF(p1,p2,−p

′
1,−p

′
2)while

theamplitudefortheCPTtransformedprocess,Eq.(6.26)isF(−p1,−p2,p
′
1,p

′
2)

(thediagramdoesn’tchangeifweinvertitonthepage).CPTinvariancethen
simplymeansthatforanydiagram,

F(p1,p2,p3,p4)=F(−p1,−p2,−p3,−p4).(6.27)

Inascalartheory,thisclearlymustbethecase.SinceFisaLorentzscalar,it
canonlydependonthescalarquantitiespi·pjor(inamorecomplicatedtheory)
theεµναβtensorcontractedwiththeexternalmomenta,εµναβpµpνpαpβ.Allsuch
combinationsareinvariantunderthetransformationpi→−pi.

TheCPTtheoremisalsotrueinmoregeneraltheorieswithspin,whichwewill
nowdiscuss.
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7Spin1/2Fields

7.1TransformationProperties

Sofarwehaveonlylookedatthetheoryofaninteractingscalarfieldφ(x).Recall
thatsinceφisascalar,underaLorentztransformationxµ→x′µ=Λµ

νxν,φ
transformsaccordingto

φ(x)→φ
′
(x)=φ(Λ

−1
x).(7.1)

Thissimplystatesthatthefielditselfdoesnottransformatall;thevalueofthefield
atthecoordinatexinthenewframeisthesameasthefieldatthatsamepointinthe
oldframe.Ingeneral,φcouldhaveamorecomplicatedtransformationlaw.For
example,wecouldhavefourfieldsφ

µ
,µ=1..4,whichmakeupthecomponents

ofa4-vector.Inthiscase,φ
µ

willtransformunderaLorentztransformationas

φ
µ
(x)→φ

′µ
(x)=Λ

µ
νφ

ν
(Λ

−1
x).(7.2)

Ingeneral,afieldwilltransforminsomewell-definedwayundertheLorentz
group,

φa(x)→Dab(Λ)φb(Λ
−1
x).(7.3)

Ifφahasncomponents,Dab(Λ)isann×nmatrix.ThematricesD(Λ)form
ann-dimensionalrepresentationoftheLorentzgroup:ifΛ1andΛ2definetwo
Lorentztransformations,

∑

b

Dab(Λ1)Dbc(Λ2)=Dac(Λ1Λ2).(7.4)

Inaddition,D(Λ−1)=D(Λ)−1,andD(1)=I,theidentitymatrix.
Weareinterestedindescribingparticlesofspin1/2.Fromourpreviousexpe-

rienceinquantummechanics,wealreadyknowhowsuchobjectstransformunder
rotations,asubgroupoftheLorentzgroup.Aspin1/2state|ψ〉hastwocompo-
nents:

|ψ〉=

(

|ψ↑〉
|ψ↓〉

)

.(7.5)

ThespinoperatorsSx,SyandSzaregivenby

Sx=
1
2σx,Sy=

1
2σy,Sz=

1
2σz(7.6)

whereσx,σyandσzarethePaulimatrices

σx=

(

01
10

)

,σy=

(

0−i
i0

)

,σz=

(

10
0−1

)

.(7.7)
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Foraparticlewithnoorbitalangularmomentum,thetotalangularmomentumJis
justgivenbythespinoperators.Ingeneral,rotationsaregeneratedbytheangular
momentumoperatorJ:9ageneralstate|ψ〉transformsunderarotationaboutthe
êaxisbyanangleθas

|ψ〉→UR(ê,θ)|ψ〉(7.8)

wheretherotationoperator

UR(ê,θ)=e
−iJ·êθ

(7.9)

isunitary.Therefore,astatewithtotalangularmomentum1/2transformsunder
thisrotationas10

|ψ〉→e
−i~σ·êθ/2

|ψ〉(7.10)

sothematrices
e
−i~σ·êθ/2

formthespinorrepresentationoftherotationgroup.Hence,aquantumfieldu
whichcreatesandannihilatesspin1/2particleswilltransformunderrotationsac-
cordingto

u
′
(x)=U

†
Ru(x)UR=e

−i~σ·êθ/2
u(R

−1
x)(7.11)

whereRistherotationmatrixforvectors,andwearesuppressingspinorindices.
Inarelativistictheory,wemustdeterminethetransformationpropertiesof

spinorsunderthefullLorentzgroup,notjusttherotationgroup.Themostsat-
isfyingwaytodothiswouldbetopauseforamomentfromfieldtheoryandde-
velopthetheoryofrepresentationsoftheLorentzgroup.Wecouldfindallpossible
representationsofthegroup,andthenfinallyrestrictourselvestothespinorrepre-
sentation.Butsincewehaveonlyasmallamountoftime,andsincewearereally
notinterestedinanyrepresentationsoftheLorentzgroupbesidethescalar,vector
(bothofwhichwealreadyunderstand)andspinorrepresentations,corresponding
toparticlesofspin0,1and1/2respectively,wewillsimplyintroduceanicetrick
forobtainingthespinorrepresentationfromthevectorrepresentation.Thisisnot
generalizabletootherrepresentations,butitwillserveourpurposes.

LetusreturntotherotationsubgroupoftheLorentzgroup.Therotationsare
thegroupoftransformations(x,y,z)→(x

′
,y

′
,z

′
)whichleaver

2
=x

2
+y

2
+z

2

invariant(andwhichretainthehandednessofthecoordinates,sowedonotinclude

9
See,forexample,Cohen-Tannoudji,DiuandLaloë,QuantumMechanics,Volume1,ChapterVI

(especiallyComplementBVI).
10

RecallthattheexponentialofamatrixMisdefinedbythepowerseriese
M

=1+M+M
2
/2!+

M
3
/3!+....ThisisonlyequaltotheexponentialoftheentriesinthematrixifMisdiagonal.
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reflections).Wecanassemblethecomponentsofa3-vectorintoatwobytwo
tracelessHermitianmatrix

X=

(

zx−iy
x+iy−z

)

=xiσi.(7.12)

Atwobytwocomplexmatrix
(

ab
cd

)

haseightindependentcomponents(two

foreachcomplexentry).HermiticityrequiresRea=Red,Ima=Imd=0,
Reb=RecandImb=−Imc,reducingthenumberofindependentcomponents
tofour,andtracelessnessreducesthistothree,soEq.(7.12)isthemostgeneral
formforatwobytwotracelessHermitianmatrix.Considerthetransformation
X′=UXU†,whereUisatwobytwounitarymatrixwithunitdeterminant.Then
X′isalsoatraceless,Hermitianmatrix

TrX
′
=TrUXU

†
=TrU

†
UX=TrX

X
′†

=
(

UXU
†
)

†
=X

′
(7.13)

soingeneralwecanwriteitas

X
′
=

(

z
′

x
′
−iy

′

x
′
+iy

′
−z

′

)

.(7.14)

Since
detX

′
=detUdetXdetU

†
=detX(7.15)

wehave
x
′2

+y
′2

+z
′2

=x
2
+y

2
+z

2
(7.16)

sothisisanotherwayofwritingthetransformationlawofavectorunderrotations.
Itiseasytoshowbydirectmatrixmultiplicationthat

U=e
−i~σ·êθ/2

(7.17)

istheappropriatetransformationmatrixforarotationabouttheêaxis.
TheU’sbythemselvesformatwo-dimensionalrepresenationoftherotation

group,andaspinorisdefinedtobeatwo-componentcolumnvectorwhichtrans-
formsunderrotationsthroughmultiplicationbyU:

u
′
=Uu.(7.18)

Thisagreeswithourpreviousassertion,Eq.(7.10).
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WecanextendthisconstructiontothewholeconnectedLorentzgroup.Re-
movingthetracelessnessconditiononXincreasesthenumberoffreeparameters
byone,soitnowtakesthegeneralform

X=

(

t+zx−iy
x+iyt−z

)

.(7.19)

Nowconsiderthetransformation

X
′
=QXQ

†
(7.20)

whereQisnolongerrequiredtobeunitary,butstilldetQ=1.Thenunderthe
transformationEq.(7.20),detX=detX

′
,so

t
′2
−x

′2
−y

′2
−z

′2
=t

2
−x

2
−y

2
−z

2
(7.21)

andsothetransformationcorrespondstoa(proper11)Lorentztransformation.We
notethatthematrixQhassixindependentparameters,whichisthesameasa
properLorentztransformation(threeindependentrotationsandthreeindependent
boosts).

Considerthetransformationofthe4-vector(1,~0)underaboostintheẑdirec-
tion,

(1,~0)→(γ,−
√

γ2−1ẑ).(7.22)

Itisconvenienttointroducetheparameterφ,definedby

coshφ=γ,sinhφ=−
√

γ2−1(7.23)

whereγ=
√
v2−1parameterizestheboost.Thenthevectortransformsas

(1,~0)→(coshφ,sinhφ).(7.24)

Itisstraightforwardtoverifythatinourmatrixrepresentation,thisboostcorre-
spondstothetransformationmatrixQz=exp(σzφ/2)(notethatthereisnoiin
theexponential;QzisHermitian,notunitary,soQ†

z=Qz):

X
′

=e
φσz/2

Xe
φσz/2

=

(

eφ/20

0e
−φ/2

)(

10

01

)(

eφ/20

0e
−φ/2

)

=

(

e
φ

0
0e

−φ

)

=

(

coshφ+sinhφ0
0coshφ−sinhφ

)

(7.25)

11
TheproperorconnectedLorentztransformationsdonotincludereflectionsortimereversal.

AnyproperLorentztransformationmaybewrittenasaproductofarotationandaboost.
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andsot′=coshφandz′=sinhφ,asrequired.Ingeneral,youcanverifythata
boostintheêdirectionisgivenby

Q=e
~σ·êφ/2

.(7.26)

TheQ’s,thegroupofunitarytwobytwomatriceswithunitdeterminant(including
therotationmatricesU)formarepresentationoftheconnectedLorentzgroup.
Underaboost,aspinortransformsasu→Qu.

Thisconstructionisnotunique.IfwehaveasetofmatricesQ(Λ)which
formarepresentationofagroup,sodothematricesQ

∗
(Λ),asdothematrices

SQ
∗
(Λ)S

†
forsomeunitarymatrixS.Thisiseasytoverify;forexample,thenew

representationpreservesthegroupmultiplicationrule:

SQ
∗
(Λ1)S

†
SQ

∗
(Λ2)S

†
=S[Q(Λ1)Q(Λ2)]

∗
S
†

=SQ
∗
(Λ1Λ2)S

†
(7.27)

wherewehaveusedthefactthattheQ’sformarepresentation.Howeverthere
mayormaynotbeanyphysicaldifferencebetweenthetworepresentations.Two
representationsQandQ̃aresaidtobeequivalentifthereissomeunitarymatrixS
suchthat

Q(Λ)=SQ̃(Λ)S
†

(7.28)

foralltransformationsΛ.Thisisphysicallysensiblebecauseiftworepresenta-
tionsareequivalent,Icanalwaystransformanobjectutransformingunderone
representationtoonetransformingundertheotherrepresentationbyperforming
thechangeofbasis

u→Su.(7.29)

Thereisnophysicsinachangeofbasis,soasetoffieldstransformingunderQare
physicallyequivalenttoasetoffieldstransformingunderQ̃.Ontheotherhand,if
nosuchmatrixSexists,thenthetworepresentationsareinequivalent,andthereisa
physicaldifferencebetweenfieldstransformingaccordingthetworepresentations.
Wewillseeapracticalillustrationofthisshortly.

FortheLorentzgroup,thetworepresentationsQandQ∗are,infact,inequiv-
alent.Thereforetherearetwodifferenttypesofspinorfieldswecandefine;those
whichtransformaccordingtoQandthosewhichtransformaccordingtoQ∗.How-
ever,fortherotationsubgroup,UandU∗canbeshowntobeequivalentrepresen-
tations,withS=iσ2:

U(R)=iσ2U
∗
(R)(iσ2)

†
=

(

01
−10

)

U
∗
(R)

(

0−1
10

)

(7.30)

forallrotationmatricesU(R)=exp(−i~σ·êθ/2).Thisiswhyweneverencoun-
teredtwodifferenttypesofspinorswhendealingonlywithrotations.However,for
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boosts,itcanbeshownthat

iσ2

(

e
−~σ·êφ/2

)

∗
(iσ2)

†
=e

~σ·êφ/2
6=e

−~σ·êφ/2
(7.31)

andsothetworepresentationsQandSQ∗S†oftheLorentzgrouparenotequiva-
lent.

Thuswecandefinetwotypesofspinorswhichweshalldenotebyu+andu−.
Theytransforminthesamewayunderrotations,

u±→e
−i~σ·êθ/2

u±(7.32)

butdifferentlyunderboosts

u±→e
±~σ·êφ/2

u±.(7.33)

Ingrouptheoryjargon,u+issaidtotransformaccordingtotheD(0,1/2)represen-
tationoftheLorentzgroupandu−transformsaccordingtotheD(1/2,0)represen-
tation.

InordertoconstructLorentzinvariantLagrangianswhicharebilinearinthe
fields,weshallneedtoknowhowtermsbilinearintheu’stransform.Notsurpris-
ingly,sinceinsomesensethespinorswerethe“squareroots”ofthevectors,we
canconstructfour-vectorsfrompairsofspinors.Firstconsiderthebilinearu

†
+u+.

UnderaLorentztransformation,

u
†
+u+→u

†
+Q

†
Qu+.(7.34)

IfQispurelyarotation,Q†=Q−1(Qisunitary)sou
†
+u+→u

†
+u+.Therefore

itisascalarunderrotations(butnotunderLorentzboosts).Thethreecomponents
of

u
†
+~σu+≡(u

†
+σxu+,u

†
+σyu+,u

†
+σzu+)(7.35)

formathree-vectorunderrotations;forexample,underarotationaboutthezaxis

u
†
+σxu+→u

†
+e

iσzθ/2
σxe

−iσzθ/2
u+=u

†
+(σxcosθ−σysinθ)u+.(7.36)

Thisisthecorrecttransformationofathreevector.Puttingthesetogether,thefour
componentsof

V
µ

=(u
†
+u+,u

†
+~σu+)(7.37)

formafour-vector.Again,wecancheckthisexplictlyforaboostinthezdirection:

V
0

=u
†
+u+→u

†
+e

σzφ
u+=u

†
+(coshφ+σzsinhφ)u+

=coshφu
†
+u++sinhφu

†
+σzu+=coshφV

0
+sinhφV

3

V
3

=u
†
+σzu+→u

†
+e

σzφ/2
σze

σzφ/2
u+=u

†
+(σzcoshφ+sinhφ)u+

=coshφu
†
+σzu++sinhφu

†
+u+

=coshφV
3
+sinhφV

0
(7.38)
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asexpectedforthecomponentsofafourvector.Similarly,VxandVymaybe
showntohavethecorrecttransformationpropertiesunderaLorentztransforma-
tion.

Asimilarconstructionshowsthatthecomponentsof

W
µ

=(u
†
−u−,−u

†
−~σu−)(7.39)

transformasafourvectorunderaproperLorentztransformation.

7.2TheWeylLagrangian

Wewillnowpromoteourspinorstofields,thatisspinorfunctionsofspaceand
time,transformingunderLorentztransformationsaccordingto

u+(x)→UΛ(Λ)
†
u+(x)UΛ(Λ)=D(Λ)u+(Λ

−1
x)(7.40)

andsimilarlyforu−,whereUΛ(Λ)istheunitaryoperatorcorrespondingtoLorentz
transformations,

UΛ(Λ)|k〉=|Λk〉.(7.41)

Notethattheu’sarecomplexfields.WecannowconstructaLagrangianforu+,
keepinginmindthefollowingrestrictions:

1.TheactionSshouldbereal.Thisisbecausewewantjustasmanyfield
equationsastherearefields.Bybreakingupanycomplexfieldsintotheir
realandimaginaryparts,wecanalwaysthinkofSasbeingafunctiononlyof
anumberofrealfields,sayNofthem.IfSwerecomplex,withindependent
realandimaginaryparts,thentherealandimaginarypartsoftheresulting
Euler-Lagrangeequationswouldyield2NfieldequationsforNfields,too
manytobesatisfiedexceptinspecialcases(seeWeinberg,TheQuantum
TheoryofFields,Vol.I,pg.300).

2.Lshouldbebilinearinthefields,toproducealinearequationofmotion.In
theabsenceofinteractions,wewantu+tobeafreefieldwithplanewave
solutions,whichrequireslinearequationsofmotion.

3.Lshouldbeinvariantundertheinternalsymmetrytransformationu+→
e
−iλ

u+,u
†
+→e

iλ
u
†
+.Thisisbecausewewanttohavesomecontactwith

therealworld,andallobservedfermionscarrysomeconservedcharge(like
baryonnumberorleptonnumber).

We’vealreadyseenthatbilinearsinu+andu
†
+formthecomponentsofafour-

vector;tomakethisascalarwehavetocontractwithanothervector.Theonly
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othervectorwehaveatourdisposalisthederivative∂µ.Hence,thesimplest
Lagrangianwecanwritedownsatisfyingtheaboverequirementsis

L=i
(

u
†
+∂0u++u

†
+~σ·~∇u+

)

.(7.42)

Theiinfrontisrequiredfortheactiontobereal,whichyoucanverifybyinte-
gratingbyparts.ThesignofLisnotfixed;wewilltakeitatthispointtobe+.
Wewillseelateronthatthistheoryhasproblemswithpositivityoftheenergyno
matterwhatsignwechoose,sowewilldeferthediscussiontoalatersection.

TheLagrangianEq.(7.42)iscalledtheWeylLagrangian.Wecangettheequa-
tionofmotionbyvaryingwithrespecttou

†
+:

Π
µ

u
†
+

=
∂L

∂(∂µu
†
+)

=0(7.43)

sotheequationofmotionis

∂L
∂u

†
+

=0⇒(∂0+~σ·~∇)u+=0.(7.44)

Multiplyingthisequationby∂0−~σ·~∇andusingtherelation

σiσj=i
∑

k

εijkσk+δij(7.45)

givesus(~σ·~∇)
2

=~∇2
andso
(

∂
2
0−~∇2

)

u+=2u+=0.(7.46)

Rememberthatu+isacolumnvector,sobothcomponentsofu+obeytheKlein-
Gordonequationforamasslessfield.

Definingtheenergytobepositive,

k0=
√

|~k|2(7.47)

therearetwosolutionsforu+(x):

u+(x)=u+e
−ik·x

,u+(x)=v+e
ik·x

(7.48)

whereu+andv+areconstant2componentspinors.Basedonourpreviousexpe-
riencewithcomplexfields,weexpectthatwhenwequantizethetheory,u+will
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multiplyanannihilationoperatorforaparticleandv+willmultiplyacreationop-
eratorforanantiparticle.SubstitutingthepositiveenergysolutionintotheWeyl
equationgives

(∂0+~σ·~∇)u+(x)=(−ik0+i~σ·~k)u+(x)=0(7.49)

andso
(k0−~σ·~k)u+=0.(7.50)

Consider~ktobeintheẑdirection,~k=k0ẑ.Thenwehave(1−σz)u+=0,or

u+∝
(

1
0

)

.(7.51)

Whatdoesthistellusaboutthestatesofthequantumtheory?Well,inthequantum
theoryweexpectthatu+willmultiplyanannihilationoperator.Considerastate
|k〉movinginthepositivezdirection,~k=(0,0,kz),k0>0.Thenweexpectthat

〈0|u+(x)|k〉∝e
−ik·x

(

1
0

)

(7.52)

or

〈0|u+(0)|k〉∝
(

1
0

)

.(7.53)

Itwillturnoutthatthisstateisinaneigenstateofthezcomponentofangular
momentum,Jz:

Jz|k〉=λ|k〉.(7.54)

Itisstraightforwardtofindλ.Sinceuisaspinorfield,weknowhowittransforms
underrotationsaboutthezaxisbyanangleθ,

U
†
R(ẑ,θ)u+(0)UR(ẑ,θ)=e

−iσzθ/2
u+(0)(7.55)

andtherefore

〈0|U
†
Ru+(0)UR|k〉=〈0|e

−iσzθ/2
u+(0)|k〉

∝e
−iσzθ/2

(

1
0

)

=e
−iθ/2

(

1
0

)

.(7.56)

Butsince

UR|k〉=e
−iλθ

|k〉
UR|0〉=|0〉(7.57)
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wealsohave

〈0|U
†
R(ẑ,θ)u+(0)UR(ẑ,θ)|k〉=e

−iλθ
〈0|u+(0)|k〉∝e

−iλθ
(

1
0

)

(7.58)

andso
λ=1/2.(7.59)

Thereforeinthequantumtheorytheannihilationoperatormultiplyingu+willan-
nihilatestateswithangularmomentum1/2alongthedirectionofmotion.Similarly,
wecanshowthat

v+∝
(

1

0

)

,

andthatv+willmultiplyacreationoperatorthatcreatesstateswithangularmo-
mentum-1/2alongthedirectionofmotion.

Therefore,thequantaofthistheoryconsistofparticlescarryingspin+1/2
inthedirectionofmotionandantiparticlescarryingspin−1/2inthedirection
ofmotion,whiletherearenocorrespondingstateswithparticles(antiparticles)
carryingspinantiparallel(parallel)tothedirectionofmotion(sincethereisno
correspondingsolutiontotheequationsofmotionforthefields).Thesestatesdon’t
lookmuchlikeelectrons,sinceelectrons(oranyothermassivespin1/2particle)
canhavespineitherparallelorantiparalleltothedirectionofmotion.Infact,itis
notconsistentforamassiveparticletohaveonlyonespinstate,sinceforamassive
particleitisalwayspossibletoboosttoaframegoingfasterthantheparticle.In
thisframe,theparticle’s3-momentumisintheoppositedirectionbutitsspinis
unchanged.Thus,ifthespinwasparalleltothedirectionofmotioninoneframe,
itisantiparallelintheother.

Thus,spinalongthedirectionofmotionisonlyagoodquantumnumberfor
masslessparticles,andisusuallycalledthehelicityoftheparticle.Spinisusu-
allyreservedformassiveparticlestodescribetheirangularmomentumintherest
frame.Aparticlewithpositivehelicity(alongthedirectionofmotion)isreferred
toas“right-handed,”whileifthehelicityisnegative(antiparalleltothedirectionof
motion)itis“left-handed.”Thus,inthequantumtheoryweexpectthatu+(x)will
annihilateright-handedparticles.Sincethefieldoperatorthereforechangesthe
helicityofthestateitactsonby−1/2,itshouldalsocreateleft-handedantipar-
ticles.Fortheu−(x)field,wewouldfindthatitannihilatesleft-handedparticles
andcreatesright-handedparticles.

Infact,whiletheWeylLagrangiandoesnotdescribethefamiliarmassive
fermionslikeelectronsornucleons,thereisaparticleinnaturewhichexistsonlyas
left-handedparticlesandright-handedantiparticles:theneutrino.Asfarasanyone
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hasbeenabletomeasure,neutrinosaremasslessfermions.Right-handedneutri-
nosandleft-handedantineutrinoshaveneverbeenobserved,andsoneutrinosare
describedbytheu−field.

ClearlytheWeylLagrangian,indistinguishingrightandleft-handedparticles,
violatesparity.Underaparitytransformationthethreemomentumofaparticle
flipssign,whileitsspinisunchanged.Thusparityinterchangesleftandright-
handedparticles.Similarly,theWeylLagrangianviolateschargeconjugationin-
variance,sincechargeconjugationwillturnaleft-handedneutrinointoaleft-
handedantineutrino,whichdoesnotexist.However,thecombinedoperationof
CPwillturnaleft-handedneutrinointoaright-handedantineutrino,bothofwhich
existinthetheory.Thus,althoughwehaven’tquantizedthetheorytoshowthis
explicitly,weexpectthattheWeylLagrangianviolatesCandPseparately,but
conservestheproductCP.

7.3TheDiracEquation

Thisisallverywell,butit’snotwhatwesetouttofind.Wewerereallylooking
foratheoryofelectrons,whicharecertainlynotmassless.Furthermore,thestrong
andelectromagneticinteractionsofelectronsareobservedtoconserveparity(the
weakinteractions,whichweshallstudylater,violateparity).Thereforewewould
liketowritedownafreefieldtheoryofmassivespin1/2particleswhichhasa
paritysymmetry.

Wehavealreadyarguedthatparityinterchangesleftandright-handedfields.
Thuswecandefinetheactionofparityontheu±fieldstobe

P:u±(~x,t)→u∓(−~x,t).(7.60)

Aparityinvarianttheorymustthereforehavebothtypesofspinors.Thesimplest
Lagrangianisjust

L0=iu
†
+(∂0+~σ·~∇)u++iu

†
−(∂0−~σ·~∇)u−(7.61)

butthisisnothingmorethantwodecoupledmasslessspinors.However,itiseasy
tocheckexplicitlythatu

†
+u−andu

†
−u+transformasscalarsunderLorentztrans-

formations.Thereforewecanincludetheparityconservingterm

L=L0−m
(

u
†
+u−+u

†
−u+

)

=iu
†
+(∂0+~σ·~∇)u++iu

†
−(∂0−~σ·~∇)u−−m

(

u
†
+u−+u

†
−u+

)

(7.62)

Thecouplingmultiplyingtheu
†
+u−termhasdimensionsofmass,sowehavesug-

gestiblycalleditm.ThisistheDiracLagrangian,andasweshallseeitdescribes
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massivespin1/2fields.Initscurrentformitdoesn’tlookthewayDiracwrote
itdown,butwewillbeintroducingsomeslicknewnotationshortlytoputitina
moreelegantform.

Wecanagainvarythefieldsandderivetheequationsofmotion.Wefindthe
coupledequations

i(∂0+~σ·~∇)u+=mu−

i(∂0−~σ·~∇)u−=mu+.(7.63)

Multiplyingthefirstequationby∂0−~σ·~∇,wefind

(∂
2
0−~∇2

)u+=−im(∂0−~σ·~∇)u−=−m
2
u+(7.64)

andsoeachofthecomponentsofu+andu−obeysthemassiveKlein-Gordon
equation

(∂µ∂
µ

+m
2
)u±(x)=0.(7.65)

Atthispointwewillintroducesomenotationtomakelifeeasier.Wecangroup
thetwofieldsu+andu−intoasinglefourcomponent“bispinor”fieldψ:

ψ≡
(

u+

u−

)

.(7.66)

Intermsofψ,theDiracLagrangianis

L=iψ
†
∂0ψ+iψ

†
~α·~∇ψ−mψ

†
βψ(7.67)

where

~α=

(

~σ0
0−~σ

)

,β=

(

01
10

)

(7.68)

andeachentryrepresentsatwo-by-twomatrix.Theequationofmotionis

i(∂0+~α·~∇)ψ=βmψ.(7.69)

ThisistheDiracequation.NotethatwecangettheDiracequationdirectlyfrom
Eq.(7.67)fromtheEuler-Lagrangeequationsforψ:

Π
µ
ψ†=

∂L
∂(∂µψ†)=0

∂L
∂ψ†=0⇒i∂0ψ+~α·~∇ψ−mβψ=0.(7.70)

Youjusthavetorememberthatψisnowafourcomponentcolumnvector,and
sothesearenowmatrixequations.Ifyouprefer,youcanleavethespinorindices
explicitinthisderivation.

115

Intermsofψ,aparitytransformationisnow

P:ψ(~x,t)→βψ(−~x,t)(7.71)

andunderaLorentzboost
ψ→e

~α·êφ/2
ψ.(7.72)

Sinceu+andu−transformthesamewayunderrotations,ψtransformsunder
rotationsas

R:ψ→e
~L·êθ

ψ(7.73)

where~L=
1
2

(

~σ0
0~σ

)

.

Theα’sandβobeytherelations

{β,αi}=0,{αi,αj}=0(i6=j),β
2

=α
2
1=α

2
2=α

2
3=1(7.74)

where{A,B}istheanticommutatorofAandB:

{A,B}=AB+BA.(7.75)

Finally,wenotethatthecomponentsof(ψ†ψ,ψ†~αψ)forma4-vector.
Thisrepresentationisnotunique.Wecould,forexample,havedefinedψby

ψ=
1
√

2

(

u++u−
u+−u−

)

(7.76)

andalloftheseresultswouldstillhold,excepttheα’sandβwouldbedifferent.
However,theywouldstillobeytheanticommutationsrelationsEq.(7.74).Inthis
basis(the“Dirac”basis),wefind

~α=

(

0σ
σ0

)

,β=

(

10
01

)

.(7.77)

Wecoulddefineotherbasesaswell.TheWeylbasisturnsouttobeconvenient
forhighlyrelativisticparticlesm�EwhiletheDiracbasisisconvenientinthe
nonrelativisticlimitm�E.However,asweshallsee,inmostsituationswewill
neverhavetospecifythebasis.TheanticommutationrelationsEq.(7.74),which
holdinanybasis,willbesufficient.

Veryshortlywewillintroducesomeevenmoreslicknotationwhichwillal-
lowustowriteallofourresultsinaLorentzcovariantform.However,before
proceedingtothatletusfinishourdiscussionoftheplanewavesolutionstothe
Diracequation.Wewillneedthesesolutionstocanonicallyquantizethetheory,
sincetheplanewavesolutionsmultiplythecreationandannihilationoperatorsin
thequantumtheory.
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7.3.1PlaneWaveSolutionstotheDiracEquation

AsintheWeylequation,taketheenergyp0tobepositive,p0=
√

|~p|2+m2.Then
wehavebothpositiveandnegativefrequencysolutions

ψ(x)=u~pe
−ip·x

,ψ(x)=v~pe
ip·x

(7.78)

whereu~pandv~pareconstantfourcomponentbispinors.Substitutingthefirstsolu-
tionintotheDiracequation,wefind

(p0−~α·~p)u~p=βmu~p.(7.79)

Fordefiniteness,wewillworkintheDiracbasis,soβ=

(

10
0−1

)

.Intherest

frame,~p=0andp0=m,sowefind

u~p=βu~p⇒u~p=









a
b
0

0







(7.80)

andsotwolinearlyindependentsolutionsare

u
(1)
~0=

√
2m









1
0
0
0







,u
(2)
~0=

√
2m









0
1
0
0







.(7.81)

(Thefactorof
√

2minthenormalizationisaconvention.NotethatMandl&Shaw
donotincludethisfactorintheirdefinitionoftheplanewavestates.)Now,inboth
theDiracandWeylbasesthespinoperatoris

Sz=
1

2

(

σz0
0σz

)

(7.82)

soSzu
(1)
~p=+

1
2u

(1)
~pandSzu

(2)
~p=−

1
2u

(2)
~p.Thetwosolutionscorrespondtothe

twospinstates.Asweexpected,bothsolutionsarepresentforamassivefield.
Nowweuseourknowledgeofthetransformationpropertiesofψtofindthe

theplanewavesolutionswhen~p6=0.InsteadofsolvingtheDiracequationfor
~p6=0,wecanjustboostthecoordinatesystemintheoppositedirection

u
(r)
~p=e

~α·êφ/2
u

(r)
~0(7.83)
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whereê=~p/|~p|,coshφ=γ=E/mandsinhφ=|~p|/m.Usingα2
i=1and

αiαj=−αjαi,weget

u
(r)
~p=

[

cosh
φ

2
+~α·êsinh

φ

2

]

u
(r)
~0.(7.84)

Now,coshφ/2=
√

(1+coshφ)/2andsinhφ/2=
√

(1+sinhφ)/2,so

u
(r)
~p=





√

E+m

2m
+

√

E−m

2m
~α·ê





u
(r)
~0(7.85)

sointheDiracbasiswefind,for~pintheẑdirection,

u
(1)
~p=









√
E+m

0 √
E−m

0







,u
(2)
~p=









0 √
E+m

0
−
√
E−m







.(7.86)

Thecasewhere~pisnotparalleltoẑisstraightforwardtocomputefromEq.(7.85).
Similarargumentsalsoallowustofindthesolutionsforthev’s,whichinthe

quantumtheoryweexpecttomultiplycreationoperatorsforantiparticles.Wefind

v
(1)
~0=

√
2m









0
0

1
0







,v
(2)
~0=

√
2m









0
0

0
1









v
(1)
~p=









√
E−m

0 √
E+m

0







,v
(2)
~p=









0
−
√
E−m
0 √

E+m







.(7.87)

Noticethatwehavechosenoursolutionstobeorthonormal:

u
(r)†
~0u

(s)
~0=2mδ

rs
,v

(r)†
~0v

(s)
~0=2mδ

rs
(7.88)

or
u

(r)†
~0βu

(s)
~0=2mδ

rs
,v

(r)†
~0βv

(s)
~0=−2mδ

rs
(7.89)

Thissecondformisusefulbecausewe’vealreadynotedthatψ
†
βψisaLorentz

scalar.Thereforewecanimmediatelywrite

u
(r)†
~0βu

(s)
~0=u

(r)†
~pβu

(s)
~p=2mδ

rs

v
(r)†
~0βv

(s)
~0=v

(r)†
~pβv

(s)
~p=−2mδ

rs
(7.90)

sincethescalarisunaffectedbyLorentzboosts.
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7.4γMatrices

Withalloftheseα’sandβ’s,thetheorydoesn’tlookLorentzcovariant.Timeand
spaceappeartobeonadifferentfooting,althoughweknowthey’renotbecause
Lisascalar.Wecancleanthingsupabitbyintroducingevenmorenotation
whichmakeseverythingmanifestlyLorentzcovariant.Itwillalsoallowustowrite
downcombinationsofbispinorswhichtransforminsimplewaysunderLorentz
transformations.

We’vealreadyseenthatfortwobispinorsψ1andψ2,ψ
†
1βψ2isaLorentzscalar.

It’sconvenienttomakeuseofthisfactanddefinetheDiracAdjointofabispinor
ψ

ψ≡ψ
†
β.(7.91)

Thereforeψ1ψ2isascalar:underaLorentztransformation

ψ1ψ2→ψ1ψ2(7.92)

(notethatsinceβ2=1,ψ†=ψβ).Furthermore,weknowthatthecomponents
of(ψ

†
1ψ2,ψ

†
1~αψ2)=(ψ1βψ2,ψ1β~αψ2)transformlikethecomponentsofafour-

vector.It’sconvenientthentodefinethefourmatricesγµ,µ=1..4,by

γ
0
≡β,γ

i
≡βαi.(7.93)

(Notethatthelabeliontheα’sisnotaLorentzindexandsothereisnodistinction
betweenupperandlowerindicesonα.TheindexionγisaLorentzindex,andso
thisequationdefinesγµwithraisedindices.)Thecomponentsofthefourvector
arenowsimplywrittenasψ1γ

µ
ψ2.Theγ

µ
’sarecalledtheDiracγmatrices.You

willlearntoknowandlovethem.
UnderaLorentztransformationψ→D(Λ)ψ,andsoψ=ψ

†
β→ψ

†
D

†
(Λ)β=

ψ
†
ββD

†
(Λ)β≡ψD(Λ),wherewehavedefinedtheDiracadjointoftheoperator

D(Λ)
D(Λ)=γ

0
D

†
(Λ)γ

0
.(7.94)

SinceunderaLorentztransformation,

ψγ
µ
ψ→ψD(Λ)γ

µ
D(Λ)ψ=Λ

µ
νψγ

ν
ψ(7.95)

wefindthattheγmatricessatisfy

D(Λ)γ
µ
D(Λ)=Λ

µ
νγ

ν
.(7.96)

Wecannowusethistechnologytoconstructobjectsfromthebispinorswhich
transforminmorecomplicatedwaysundertheLorentzgroup.Forexample,ψγµγνψ
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transformslikeatwoindextensor:

ψγ
µ
γ
ν
ψ→ψD(Λ)γ

µ
D(Λ)D(Λ)γ

ν
D(Λ)ψ

=Λ
µ
αΛ

ν
βψγ

α
γ
β
ψ(7.97)

(wherewehaveusedD(Λ)D(Λ)=1,whichfollowsfromthefactthatψψisa
scalar).

Thecommutationrelationsfortheα’sandβmaynowbewrittenintermsof
theγ’sas

{γ
µ
,γ

ν
}=2g

µν
.(7.98)

Thus,theγmatricesallanticommutewithoneanother,and(γ0)2=−(γ1)2=
−(γ2)2=−(γ3)2=1.Foranyfour-vectoraµ,wedefinea/(“a-slash”)by

a/=aµγ
µ
.(7.99)

Fromtheγalgebraitfollowsthat

a/b/+b/a/=2a·b(7.100)

anda/a/=a
2
.TheDiracLagrangianmaybewritteninamanifestlyLorentzinvari-

antform
ψ(i∂/−m)ψ(7.101)

andtheDiracequationis
(i∂/−m)ψ=0.(7.102)

Notethattheseareallfourbyfourmatrixequations,wherewehavesuppressed
matrixindices.Also,everythingisstillclassical,andtheγmatrixalgebraissimply
astatementaboutmatrixmultiplication,notaboutquantumoperatorsanticommut-
ing.

AnotherpropertyoftheγmatricesisthattheyarenotallHermitian,

γ
µ†

=γµ=gµνγ
ν

=γ
0
γ
µ
γ

0
(7.103)

buttheyareself-Diracadjoint(“self-bar”)

γ
µ

=γ
µ
.(7.104)

Theorthonormalityconditionsontheplanewavesolutionsarenow

u
(r)
~pu

(s)
~p=2mδ

rs
=−v

(r)
~pv

(s)
~p,u

(r)
~pv

(s)
~p=0(7.105)
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andsincei∂/u~p(x)=i(−ip/)u~p(x)=p/u~p(x)andi∂/v~p(x)=i(ip/)v~p(x)=
−p/v~p(x),theDiracequationimpliesthattheplanewavesolutionssatisfy

(p/−m)u
(r)
~p=0=(p/+m)v

(r)
~p.(7.106)

TakingtheDiracadjointofEq.(7.106)gives

u
(r)
~p(p/−m)=0=v

(r)
~p(p/+m).(7.107)

Theplanewavebispinorsalsoobeythecompletenessrelations

2∑

r=1

u
(r)
~pu

(r)
~p=p/+m,

2∑

r=1

v
(r)
~pv

(r)
~p=p/−m.(7.108)

Thesewillbeveryusefullateronwhenwecalculatecrosssections.

7.4.1BilinearForms

Wehavealreadyseenthatψψtransformslikeascalarandthatthecomponents
ofψγ

µ
ψforma4-vector.Wecouldgoonindefinitelyandconstructncomponent

tensorsψγ
µ
γ
ν
...γ

α
ψ,butsinceanycollectionofγmatricesissimplyafourbyfour

matrixthereareonlybesixteenindependentbilinearswhichcanbeconstructed
outofψandψ.Wealreadyhavefive-theonecomponentscalarandthefour-
vector.WecanchoosetheremainingeleventotransformsimplyunderLorentz
transformations.

Considerfirstψγµγνψ.Thisisasixteencomponentobject.However,wemay
splititupintosymmetricandantisymmetricpieces:ψ{γµ,γν}ψandψ[γµ,γν]ψ.
Since{γµ,γν}=2gµν,thesymmetriccombinationissimply2gµνψψandsois
notanindependentbilinearform.Theantisymmetriccombinationisnew.We
define

σ
µν

=
i

2
[γ
µ
,γ

ν
](7.109)

andthenthesixindependentcomponentsofψσµνψtransformlikeatwoindex
antisymmetrictensor(notethatsomebooksdefineσµνwithanoppositesignto
this).Thisbringthenumberofbilinearstoeleven,soweneedtofindfivemore.

Skippingtofourcomponentobjects,wenextconsiderψγµγνγαγβψ.Butif
anytwoindicesarethesame,thisdoesn’tgiveusanythingnew.Forexample,

γ
0
γ

1
γ

0
γ

2
=−γ

0
γ

0
γ

1
γ

2
=−γ

1
γ

2
=iσ

12
.(7.110)

Soonlythematrixγ0γ1γ2γ3anditsvariouspermutationsarenew.Thuswedefine
anewmatrixγ5:

γ5=iγ
0
γ

1
γ

2
γ

3
=

i

4!
εµναβγ

µ
γ
ν
γ
α
γ
β
≡γ

5
.(7.111)
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Here,εµναβisatotallyantisymmetricfourindextensor,and

ε0123=1=−ε1023=ε1032=....(7.112)

γ5isinmanywaysthe“fifthγmatrix.”Itobeys

(γ5)
2

=1,γ5=γ
†
5=−γ5,{γ5,γ

µ
}=0.(7.113)

Sinceεµναβγµγνγαγβhasnofreeindices,ittransformslikeascalarunderboosts
androtations,ψγ5ψ→ψγ5ψ.However,itstransformationdiffersfromthatofψψ
whenweconsiderparitytransformations.Underparity,

ψ(~x,t)→βψ(−~x,t)=γ
0
ψ(−~x,t)

ψ(~x,t)→ψ(−~x,t)β=ψ(−~x,t)γ
0

(7.114)

andsounderaparitytransformation

ψψ(~x,t)→ψψ(−~x,t)(7.115)

exactlyasascalarshouldtransform.However,

ψγ5ψ→ψγ
0
γ5γ

0
ψ(−~x,t)=−ψγ5γ

0
γ

0
ψ(−~x,t)=−ψγ5ψ(−~x,t).(7.116)

Thusψγ5ψchangessignunderaparitytransformation,andsotransformslikea
pseudoscalar.

Thefinalfourindependentbilinearformsarethecomponentsof

ψγµγ5ψ(7.117)

whichmakeupanaxialvector.Again,weseethatunderaparitytransformation
ψγµψ(~x,t)→ψγ0γµγ0ψ(−~x,t),andso

ψγ
0
ψ(~x,t)→ψγ

0
ψ(−~x,t)

ψγ
i
ψ(~x,t)→−ψγ

i
ψ(−~x,t),i=1..3.(7.118)

Thespatialcomponentsofψγµψflipsignunderareflectionwhereasthetimecom-
ponentisunchanged,whichishowavectortransformsunderparity.Ontheother
hand,theadditionoftheγ5meansthattheaxialvectortransformslike

ψγ
0
γ5ψ(~x,t)→−ψγ

0
γ5ψ(−~x,t)

ψγ
i
ψ(~x,t)→ψγ

i
γ5ψ(−~x,t),i=1..3(7.119)

whichisthecorrecttransformationlawforanaxialvector.
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Thus,wehavechosenthesixteenbilinearswhichcanbeformedfromaDirac
fieldanditsadjointtotransformsimplyunderLorentztransformations.Tosum-
marize,wehave

S=ψψ(scalar)

V
µ

=ψγ
µ
ψ(vector)

T
µν

=ψσ
µν
ψ(tensor)

P=ψγ5ψ(pseudoscalar)

A
µ

=ψγ
µ
γ5ψ(axialvector).(7.120)

GiventhesetransformationlawsitwillbeeasytoconstructLorentzinvariantin-
teractiontermsintheLagrangian.Forexample,ifwehaveavectorfieldAµ(such
asaphoton),aLorentzinvariantinteractionisA

µ
ψγµψ.AnaxialvectorfieldB

µ

couldcoupleinaparityconservingmannerasB
µ
ψγµγ5ψ.Ascalarfieldφ(such

asameson)couldcouplelikeφψψ,whereasthecouplingφψγ5ψconservesparity
ifφtransformslikeapseudoscalar.Finally,inaparityviolatingtheory(suchas
theweakinteractions)avectorfieldW

µ
couldcoupletosomelinearcombination

ofvectorandaxialvectorcurrents:W
µ
ψγµ(a+bγ5)ψ.Thisinteractionisparity

violatingbecausethereisnowaytodefinethetransformationofW
µ

underparity
suchthatthistermisparityinvariant.

7.4.2Chiralityandγ5

IntheWeylbasis,γ5=

(

10
0−1

)

.Wecandefinetheprojectionoperators(inany

basis)
PR=

1
2(1+γ5),PL=

1
2(1−γ5).(7.121)

Thesesatisfytherequirementsforprojectionsoperators:P
2
R=PR,P

2
L=PL,

PRPL=0,PR+PL=1,andtheyprojectouttheWeylspinorsu+andu−from
theDiracbispinor:

(

u+

0

)

=
1
2(1+γ5)ψ=PRψ≡ψR

(

0
u−

)

=
1
2(1−γ5)ψ=PLψ≡ψL.(7.122)

WealsofindthatψR≡ψPR=ψγ0P
Rγ0=ψPLandψL=ψPR.ψLandψRare

justtheleftandright-handedpiecesoftheDiracbispinorinfourcomponent,rather
thantwocomponent(u−andu+),notation.TheWeylLagrangianforright-handed
particlesmaythereforebewritten

L=ψi∂/PRψ=ψi∂/P
2
Rψ=ψPLi∂/PRψ=ψRi∂/ψR.(7.123)
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Similarly,forleft-handedparticleswehaveL=ψLi∂/ψL.TheDiracLagrangian
is

L=ψLi∂/ψL+ψRi∂/ψR−m(ψLψR+ψRψL).(7.124)

Aswenoticedbefore,weseethatwithoutthemasstermtheDiracLagrangian
justdescribestwoindependenthelicityeigenstates.Themasstermcouplesthe
rightandleft-handedfields,sothehelicityofthemassivefieldisnolongeragood
quantumnumber.Aswearguedfromphysicalgroundsearlier,thisisexactlywhat
musthappenforamassiveparticle,sinceitshelicityisnolongeraLorentzinvariant
quantity.

WealsonotethatwemaywritetheparityviolatingWeylLagrangiandescribing
left-handedneutrinosinthefour-componentform

L=ψLi∂/ψL(7.125)

.
Whenm6=0,theDiracLagrangianisinvariantundertheU(1)symmetry

ψL,R→e
−iλ

ψL,R.Becauseofthemassterm,theleftandrighthandedfieldsmust
transformthesamewayundertheinternalsymmetry.However,whenm=0this
isnolongerrequired,andthetheoryhastwoindependentU(1)symmetries,

ψL→e
−iλ

ψL,ψR→ψR(7.126)

and
ψR→e

−iλ
ψR,ψL→ψL.(7.127)

Theindependentsymmetriesarecalledchiralsymmetries,wherethetermchiral
denotesthefactthatthesymmetrieshasa“handedness”,thatis,itdistinguishes
leftandrighthandedparticles.Chiralsymmetriesplayanimportantroleinthe
studyofboththestrongandweakinteractions.Forexample,theweakinteractions
involvethecouplingofvectorfields(theW

±
andZbosons)toonlytheleft-handed

componentsofspin1/2fields.TheZboson,forexample,isthequantumofthe
Z
µ

vectorfield,whichhasacouplingoftheform

Z
µ
ψLγµψL=Z

µ
ψ

1
2γµ(1−γ5)ψ.(7.128)

Suchatheoryclearlyviolatesparity.
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7.5SummaryofResultsfortheDiracEquation

ThesepagessummarizetheresultswehavederivedfortheDiracequation,without
proofs.YouwillfindmanyoftheseresultsinAppendixAofMandl&Shaw;
however,theyuseadifferentnormalizationfortheplanewavestates.

7.5.1DiracLagrangian,DiracEquation,DiracMatrices

ThetheoryisdefinedbytheLagrangeDensity

L=ψ
†
[

i∂0+i~α·~∇−βm
]

ψ.(7.129)

whereψisasetoffourcomplexfields,arrangedinacolumnvector(aDirac
bispinor)andtheα’sandβareasetof4×4Hermitianmatrices(theDiracMatri-
ces).Thecorrespondingequationofmotionis

(i∂0+i~α·~∇−βm)ψ=0.(7.130)

TheDiracmatricesobeythefollowingalgebra,

{αi,αj}=2δij,{αi,β}=0,β
2

=1.(7.131)

TworepresentationsoftheDiracalgebrathatwillbeusefultousaretheWeyl
representation

~α=

(

~σ0
0−~σ

)

,β=

(

01
10

)

(7.132)

andthestandard(orDirac)representation

~α=

(

0~σ
~σ0

)

,β=

(

10
0−1

)

(7.133)

(whereeachcomponentrepresentsa2×2matrix).

7.5.2Space-TimeSymmetries

TheDiracequationisinvariantunderbothLorentztransformationsandparity.Un-
deraLorentztransformationcharacterizedbya4×4LorentzmatrixΛ,

Λ:ψ(x)→D(Λ)ψ(Λ
−1
x).(7.134)

Foraboostcharacterizedbyrapidityφintheêdirection,

D(A(êφ))=e
~α·êφ/2

(7.135)
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whileforarotationofangleθabouttheêaxis,

D(R(êθ))=e
−i~L·êθ

(7.136)

where
~L=

1

2

(

~σ0
0~σ

)

(7.137)

inboththeWeylandstandardrepresentations.
Underparity,

P:ψ(~x,t)→βψ(−~x,t).(7.138)

7.5.3DiracAdjoint,γMatrices

TheDiracadjointofaDiracbispinorisdefinedby

ψ=ψ
†
β(7.139)

andtheDiracadjointofa4×4matrixis

A=βA
†
β.(7.140)

Theseobeytheusualrulesforadjoints,e.g.

(

ψAφ
)

∗
=φAψ.(7.141)

Theγmatricesaredefinedby

γ
0

=β,γ
i
=βαi.(7.142)

Fromthesewecandefinetheγmatriceswithloweredindicesby

γµ≡gµνγ
ν
.(7.143)

TheγmatricesarenotallHermitian,

γ
µ†

=γµ=gµνγ
ν

=γ
0
γ
µ
γ

0
(7.144)

buttheyareself-Diracadjoint(“self-bar”)

γ
µ

=γ
µ
.(7.145)

Theyobeytheγalgebra
{γ

µ
,γ

ν
}=2g

µν
(7.146)
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andalsoobey
D(Λ)γ

µ
D(Λ)=Λ

µ
νγ

ν
.(7.147)

Forany4-vectora,wedefine
a/=aµγ

µ
(7.148)

andfromtheγalgebraitfollowsthat

a/b/+b/a/=2a·b.(7.149)

Inthisnotation,theDiracLagrangedensityis

ψ(i∂/−m)ψ(7.150)

andtheDiracequationis
(i∂/−m)ψ=0.(7.151)

7.5.4BilinearForms

TherearesixteenlinearlyindependentbilinearformswecanmakefromaDirac
bispinoranditsadjoint.Wecanchoosethesesixteentoformthecomponentsof
objectsthattransforminsimplewaysundertheLorentzgroupandparity.These
are

S=ψψ(scalar)

V
µ

=ψγ
µ
ψ(vector)

T
µν

=ψσ
µν
ψ(tensor)

P=ψγ5ψ(pseudoscalar)

A
µ

=ψγ
µ
γ5ψ(axialvector)(7.152)

wherewehavedefined

σ
µν

=
i

2
[γ
µ
,γ

ν
](7.153)

and

γ5=iγ
0
γ

1
γ

2
γ

3
=

i

4!
εµναβγ

µ
γ
ν
γ
α
γ
β
≡γ

5
.(7.154)

Here,εµναβisatotallyantisymmetricfourindextensor,and

ε0123=1.(7.155)

γ5isinmanywaysthe“fifthγmatrix.”Itobeys

(γ5)
2

=1,γ5=γ
†
5=−γ5,{γ5,γ

µ
}=0.(7.156)
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7.5.5PlaneWaveSolutions

Thepositive-frequencysolutionsoftheDiracequationareoftheform

ψ=ue
−ip·x

(7.157)

wherep2=m2andp0=
√

~p2+m2.Thenegative-frequencysolutionsareofthe
form

ψ=ve
ip·x

.(7.158)

Therearetwopositive-frequencyandtwonegative-frequencysolutionsforeachp.
TheDiracequationimpliesthat

(p/−m)u=0=(p/+m)v.(7.159)

Foraparticleatrest,p=(m,~0),wecanchoosetheindependentu’sandv’sinthe
standardrepresentationtobe

u
(1)
~0=









√
2m
0
0
0







,u
(2)
~0=









0 √
2m
0
0







,v
(1)
~0=









0
0 √
2m
0







,v
(2)
~0=









0
0
0 √
2m







.

(7.160)
(NotethatthesearenormalizeddifferentlythaninMandl&Shaw.Theyomit
the

√
2mfromthenormalizationandinsteadincludeitinthedefinitionofD,the

invariantphasespacefactor.)Wecanconstructthesolutionsforamovingparticle,
u

(r)
~pandv

(r)
~p,byapplyingaLorentzboost.

Thesesolutionsarenormalizedsuchthat

u
(r)
~pu

(s)
~p=2mδ

rs
=−v

(r)
~pv

(s)
~p,u

(r)
~pv

(s)
~p=0.(7.161)

Theyobeythecompletenessrelations

2∑

r=1

u
(r)
~pu

(r)
~p=p/+m,

2∑

r=1

v
(r)
~pv

(r)
~p=p/−m.(7.162)

Anotherwayofexpressingthenormalizationconditionis

u
(r)
~pγ

µ
u

(s)
~p=2δ

rs
p
µ

=v
(r)
~pγ

µ
v

(s)
~p.(7.163)

Thisformhasasmoothlimitasm→0.
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8QuantizingtheDiracLagrangian

8.1CanonicalCommutationRelations

or,HowNottoQuantizetheDiracLagrangian

WenowwishtoconstructthequantumtheorycorrespondingtotheDiracLa-
grangian,andsoweexpecttobeabletosetupcanonicalcommutationrelations
muchinthesamewayasforthescalarfield.Themomentumconjugatetoψis

Π
0
ψ=

∂L
∂(∂0ψ)

=iψ
†

(8.1)

whilethemomentumconjugatetoψ
†

vanishes.Althoughthisseemsodd,itisnot
aproblem.TheequationsofmotionfromtheDiracequationarefirstorderintime,
andsoψandψ

†
formacompletesetofinitialvaluedata.Thatis,ifweknowψand

ψ
†

atsomeinitialtime,wecanfindthestateofthesystematanyfollowingtime(if
theequationsweresecondorderintime,wewouldalsoneedthetimederivatives
ofthefieldsattheinitialtime).Itisonlyonthesefields,whichcompletelydefine
thestateofthesystem,thatweneedtoimposecanonicalcommutationrelations.
Thereforewetake

[ψa(~x,t),(Π
0
ψ)b(~y,t)]=iδabδ

(3)
(~x−~y).(8.2)

Herewehaveexplicitlydisplayedthespinorindicesaandb.Suppressingthe
indices,wehave

[ψ(~x,t),ψ
†
(~y,t)]=δ

(3)
(~x−~y),[ψ(~x,t),ψ(~y,t)]=[ψ

†
(~x,t),ψ

†
(~y,t)]=0.

(8.3)
Justasinthecaseofthescalarfield,anysolutiontothefreefieldtheorymaybe
writtenasasumofplanewavesolutions

ψ(~x,t)=
2∑

r=1

∫

d
3
~p

(2π)3/2
√

2Ep

[

b
(r)
~pu

(r)
~pe

−ip·x
+c

(r)†
~pv

(r)
~pe

ip·x
]

ψ
†
(~x,t)=

2∑

r=1

∫

d
3
~p

(2π)3/2
√

2Ep

[

b
(r)†
~pu

(r)†
~pe

ip·x
+c

(r)
~pv

(r)†
~pe

−ip·x
]

.(8.4)

Intheclassicaltheory,theb’sandc’sarenumbers,theFouriercomponentsofthe
solution,justasinthecaseofthescalarfield.Theu’sandv’sarethefourcompo-
nentbispinorswefoundexplicitlyintheprevioussection.Sincetherearetwospin
statesforthefields,ageneralsolutiontotheDiracEquationhascomponentswith
bothspinstates,andsotheb’sandc’scarryaspinindex.
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Inthequantumtheory,theb’sandc’sarereplacedbyoperators.Weexpectthat
thecanonicalcommutationrelationsEq.(8.2)willrequirethattheb’s,c’sandtheir
conjugatesbecreationandannihilationoperators,sotomakethingssimplerletus
maketheansatz

[b
(r)
~p,b

(s)†
~p′]=Bδ

rs
δ
(3)

(~p−~p
′
)

[c
(r)
~p,c

(s)†
~p′]=Cδ

rs
δ
(3)

(~p−~p
′
)(8.5)

whereBandCareconstantwhichweshallsolvefor.SubstitutingEq.(8.5)into
thecommutationrelationsgives

[ψ(~x,t),ψ
†
(~y,t)]=

∑

r,s

∫

d3~pd3~p′

(2π)3
√

2Ep
√

2Ep′

{

[b
(r)
~p,b

(s)†
~p′]u

(r)
~pu

(s)
~p′γ

0
e
ip·x−ip′·y

+[c
(r)†
~p,c

(s)
~p′]v

(r)
~pv

(s)
~p′γ

0
e
−ip·x+ip

′
·y
}

=
1

(2π)3

∫

d3p

2Ep

{

B(p/+m)γ
0
e
−i~p·(~x−~y)

−C(p/−m)γ
0
e
i~p·(~x−~y)

}

=
1

(2π)3

∫

d3p

2Ep
e
−i~p·(~x−~y)

{

B(p0γ
0
+piγ

i
+m)γ

0

−C(p0γ
0
−piγ

i
−m)γ

0
}

.(8.6)

Herewehaveusedthecompletenessrelations
∑

ru
(r)
~pu

(r)
~p=p/+mand

∑

rv
(r)
~pv

(r)
~p=

p/−m.ClearlyifB=−C,thepiγiandmtermscancel,andthep0=Epinthe
numeratorcancelsthedenominator.SochoosingB=−C=1,weobtain

[ψ(~x,t),ψ
†
(~y,t)]=

1

(2π)3

∫

d
3
pe

−i~p·(~x−~y)
=δ

(3)
(~x−~y)(8.7)

asrequired.Note,however,thatthesigninthecommutatorforthec’sisopposite
towhatwemighthaveexpected,andsuggeststhatsomethingmaynotbequite
righthere.

Toseeifthisisasensiblequantumtheory,weshouldlookattheHamiltonian
andseeiftheenergyisboundedbelow:

H=Π
0
ψ∂0ψ−L=iψγ

0
∂0ψ−iψγ

µ
∂µψ+mψψ=−iψγ

i
∂iψ+mψψ.(8.8)

SinceψsatisfiestheDiracequation,wecanwritethisas

H=iψγ
0
∂0ψ=iψ

†
∂0ψ.(8.9)
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Intermsofthecreationandannihilationoperators,

i∂0ψ=
∑

r

∫

d3p

(2π)3/2

√

Ep
2

[

b
(r)
~pu

(r)
~pe

−ip·x
−c

(r)†
~pv

(r)
~pe

ip·x
]

(8.10)

andsotheHamiltonianis

H=

∫

d
3
xH

=

∫

d
3
xψ

†
i∂0ψ

=
∑

r,s

∫

d
3
x
d3pd3p′

(2π)3

√

Ep
Ep′

[

b
(r)†
~p′u

(r)†
~p′e

ip′·x
+c

(r)
~p′v

(r)†
~p′e

−ip′·x
]

×
[

b
(s)
~pu

(s)
~pe

−ip·x
−c

(r)†
~pv

(r)
~pe

ip
′
·x
]

.(8.11)

Asusual,thed3xintegraltimestheexponentialbecomesadeltafunction,and
usingu

(r)†
~pu

(s)
~p=u

(r)
~pγ0u(s)

~p=2δrsE
p=v

(r)†
~pv

(s)
~p,wearriveat

H=
∑

r

∫

d
3
pEp

[

b
(r)†
~pb

(r)
~p−c

(r)
~pc

(r)†
~p

]

=
∑

r

∫

d
3
pEp

[

b
(r)†
~pb

(r)
~p−c

(r)†
~pc

(r)
~p+δ

(3)
(0)
]

.(8.12)

Theδ(3)(0)willvanishwhenwenormalorder,sowejustfind

H=
∑

r

∫

d
3
pEp[Nb(p,r)−Nc(p,r)](8.13)

whereNb(p,r)andNc(p,r)arethenumberoperatorsforbandctypeparticles.
Thereisindeedsomethingseriouslywrongwiththistheory-theHamiltonianis

unboundedfrombelow!Thec-typeparticles(antiparticles)carrynegativeenergy.
Thetheorythereforehasnogroundstate,sinceyoucanalwayslowertheenergyof
astatebyaddingantiparticles.

Unlikepreviousproblemswithpositivityoftheenergy,wecan’tfixthisprob-
lemsimplybychangingthesignoftheLagrangian.Thiswillsimplyforcetheb
particlestocarrynegativeenergy.Thereisthereforenowaytoobtainasensible
quantumtheoryfromtheDiracLagrangianusingcanonicalcommutationrelations.

8.2CanonicalAnticommutationRelations

Wedidn’tspendtwolecturesonspinorsandγmatricesjusttothrowitallinat
thefirstsignoftrouble.Thetheorycanberescued,butthecanonicalcommuta-
tionrelationsmustbeabandonedandreplacedwithsomethingelse.Recallthat
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forthescalarfieldtheorywecouldinterpreta
†
kandakascreationandannihila-

tionoperatorsbecauseoftheircommutationrelationswiththenumberoperator
N=

∫

d3ka†
kak(orequivalently,withtheHamiltonianH=

∫

d3kω
ka

†
kak.).

Letmeremindyouthatthisworkedbecauseofthefollowingusefulidentityfor
commutators:

[AB,C]=A[B,C]+[A,C]B.(8.14)

Thisimmediatelygives

[N,a
†
k]=

∫

d
3
k
′
[a

†
~k′a~k′,a

†
k]=a

†
k(8.15)

andalso
[N,ak]=−ak.(8.16)

Thereforea
†
kactingonastateraisestheeigenvalueofNbyoneandtheenergyby

ωk,whileakactingonthestateslowersbotheigenvalues,exactlyasexpectedfor
creationandannihilationoperators.However,thereisanotherusefulidentityfor
commutators

[AB,C]=A{B,C}−{A,C}B(8.17)

where{A,B}≡AB+BAistheanticommutatorofAandB.Thisisextremely
useful,becauseitmeansthatifweweretoimposeanticommutationrelationsonthe
a
†
k’sandak’s,theycouldstillbeinterpretedascreationandannihilationoperators.

Thatis,letusimposetherelations

{ak,a
†
k′}=δ

(3)
(~k−~k′)

{ak,ak′}={a
†
k,a

†
k′}=0.(8.18)

Wethenfind,usingEq.(8.17)

[N,a
†
k]=

∫

d
3
k
′
[a

†
~k′a~k′,a

†
k]=

∫

d
3
k
′
a
†
k′{ak′,a

†
k}=a

†
k

[N,ak]=

∫

d
3
k
′
[a

†
~k′a~k′,ak]=−

∫

d
3
k
′
{a

†
k′,ak}ak′=−ak(8.19)

exactlyasrequired.Thissuggestswetrythefollowinganticommutationrelations
fortheb’sandc’s:

{b
(r)
~p,b

(s)†
~p′}=δ

rs
δ
(3)

(~p−~p
′
)

{c
(r)
~p,c

(s)†
~p′}=δ

rs
δ
(3)

(~p−~p
′
)

{b
(r)
~p,b

(s)
~p′}={b

(r)†
~p,b

(s)†
~p′}=0

{c
(r)
~p,c

(s)
~p′}={c

(r)
~p,c

(s)
~p′}={b

(r)
~p,c

(s)†
~p′}=...=0.(8.20)
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Notsurprisingly,substitutingtheseanticommutationrelationsintothefieldexpan-
sionswefindthattheequal-timecommutationrelationsarereplacedbynowobey
equaltimeanticommutationrelations

{ψ(~x,t),ψ
†
(~y,t)}=δ

(3)
(~x−~y)

{ψ(~x,t),ψ(~y,t)}={ψ
†
(~x,t),ψ

†
(~y,t)}=0.(8.21)

Notethatyouhavetobecarefulwhendealingwithanticommutingfields,sincethe
orderisalwaysimportant.Forexample,ψ(~x,t)ψ(~y,t)=−ψ(~y,t)ψ(~x,t).

Thecrucialstepisnowtoseeifthismodificationgivesusanenergybounded
frombelow.Itiseasytoseethatitdoes,sincethepreviousderivationofthe
Hamiltoniangoesthroughcompletelyunchangedupuntilthelastline:

H=
∑

r

∫

d
3
pEp

[

b
(r)†
~pb

(r)
~p−c

(r)
~pc

(r)†
~p

]

=
∑

r

∫

d
3
pEp

[

b
(r)†
~pb

(r)
~p+c

(r)†
~pc

(r)
~p+δ

(3)
(0)
]

.(8.22)

Theanticommutationrelationshavegivenusacrucialsignchangeinthesecond
term.Throwingawaytheδ

(3)
(0)asusual,wenowhave

H=
∑

r

∫

d
3
pEp[Nb(p,r)+Nc(p,r)](8.23)

whichisboundedfrombelow.Bothbandcparticlescarrypositiveenergy.

8.3Fermi-DiracStatistics

Wehavesavedthetheory,butatthepriceofimposinganticommutationrelations
onthecreationandannihilationoperators,andwemustnowexaminetheconse-
quencesofthis.Firstconsiderthesingleparticlestatesinthetheory.Welabelthese
bythespinr(wherer=1or2labelsspinupanddown,aswedidwheninthelast
chapterwhenwritingdowntheexplicitformoftheplanewavesolutions)aswellas
themomentum~p.Asusual,theyareproducedbytheactionofacreationoperator
onthevacuum(fordefiniteness,weconsiderparticlestates,notantiparticlestates,
althoughtheargumentswillclearlyapplyinbothcases):

|~p,r〉=b
(r)†
~p|0〉

〈~p
′
,s|~p,r〉=〈0|b

(s)
~p′b

(r)†
~p|0〉

=〈0|{b
(s)
~p′,b

(r)†
~p}|0〉

=δ
rs
δ
(3)

(~p−~p
′
)(8.24)
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andsothestateshavethecorrectnormalization,justastheydidinthescalarcase.
However,themultiparticlestatesaredifferentfromthespin0case.Wefind

|~p1,r;~p2,s〉=b
(r)†
~p1b

(s)†
~p2|0〉=−b

(s)†
~p2b

(r)†
~p1|0〉=−|~p2,s;~p1,r〉(8.25)

andsothestatesofthetheorychangesignundertheexchangeofidenticalparticles.
Thus,theparticleobeyFermi-Diracstatistics,insteadofBose-Einsteinstatistics.
Consistencyofthetheoryhasdemandedthatwequantizetheparticlesasfermions
insteadofbosons.Inparticular,thePauliexclusionprinciplefollowsimmediately
from(

b
(r)
~p1

)

2
=−

(

b
(r)
~p1

)

2
=0(8.26)

whichmeansthatthereisnotwo-particlestatemadeupoftwoidenticalparticles
inthesamestate

|~p1,r;~p1,r〉=0.(8.27)

Thus,itisimpossibletoputtwoidenticalfermionsinthesamestate.
Itisn’timmediatelyobviousthatatheorywithFermi-Diracstatisticswillbe

causal.Forbosons,wesaidthat[φ(x),φ(y)]=0for(x−y)2<0guaranteedthat
spacelikeseparatedobservables,whichareconstructedoutofthefields,couldn’t
interferewithoneanother:

[O(x),O(y)]=0,(x−y)
2
<0.(8.28)

However,forfermifieldswenowhavetherelation{ψ(x),ψ(y)}=0aswellas
{ψ(x),ψ

†
(y)}=0for(x−y)

2
<0(thisfollowsfromtheanalogouscalculation

tothatfromwhichwederived∆+(x−y)=0for(x−y)
2
<0.)Howdowesee

thatthisrequirementguaranteescausalityinthequantumtheory?
Thereasonitdoesitthatobservablesarealwaysbilinearinthefields.For

example,theenergy,momentumandconservedchargearegivenby

H=i

∫

d
3
xψ

†
(~x,t)∂0ψ(~x,t)

Pi=−i
∫

d
3
xψ

†
(~x,t)∂iψ(~x,t)

Q=

∫

d
3
xψ

†
(~x,t)ψ(~x,t).(8.29)

Thisisnotsurprising.Weknowthatspinorsformadouble-valuedrepresentation
oftheLorentzgroupsincetheychangesignunderrotationby2π.Observables,
ontheotherhand,areunaffectedbyarotationby2πandsomustbecomposed
ofanevennumberofspinorfields.Usingtheanticommutationrelations(8.21),
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wecaneasilyverifythatobservablesbilinearinthefieldscommuteforspacelike
separation,asrequired.

Thefactthatparticleswithintegerspinmustbequantizedasbosonswhile
particleswithhalf-integralspinmustbequantizedasfermionsisageneralresult
infieldtheory,andisknownasthespin-statisticstheorem.Wehave,atleastfor
spin1/2fields,demonstratedthesecondpartofthetheorem.Thefirstpartofthe
theorem,thefactthatparticleswithintegralspinmustbequantizedasbosons,
followsfromthatobservationthatifweweretoattempttoimposecanonicalan-
ticommutationrelationsonthecreationandannihilationoperatorsforascalar
fieldwewouldfindthatthefieldsobeyedneither[φ(x),φ(y)](x−y)2<0=0nor
{φ(x),φ(y)}(x−y)2<0=0.Thetheorywouldthereforenotbecausal.Thisisthe
gistofthespin-statisticstheorem:quantizingintegralspinfieldsasfermionsleads
toanacausaltheory,whilequantizinghalf-integralspinfieldsasbosonsleadstoa
theorywithenergyunboundedbelow(andsowithnogroundstate).

8.4PerturbationTheoryforSpinors

Nowthatweunderstandfreefieldtheoryforspin1/2fields,wecanintroduceinter-
actiontermsintotheLagrangianandbuilduptheFeynmanrulesforperturbation
theory.Letusconsiderasimplenucleon-mesontheory(nowthatthenucleonsare
fermions,wenolongerneedtoenclosethewordinquotations)

L=ψ(i∂/−m)ψ+
1

2
(∂µφ)

2
−
µ2

2
φ

2
−gψΓψφ(8.30)

whereweeithertakeΓ=1,inwhichcaseφisascalar,orΓ=iγ5,inwhich
caseφisapseudoscalar(weincludetheisothattheLagrangianisHermitian,
L=L†.).ThetheorywithΓ=1isknownasYukawatheory;itwasoriginally
inventedbyYukawatodescribetheinteractionbetweenrealpionsandnucleons.
ItturnsoutthatYukawatheorydoesnot,infact,providethecorrectdescription
ofnucleon-mesoninteractionsevenatlowenergies(wheretheinternalstructure
ofthenucleonsandpionsisirrelevant,sotheymaybetreatedasfundamentalpar-
ticles).However,inmodernparticletheorytheStandardModelcontainsYukawa
interactiontermscouplingthescalarHiggsfieldtothequarksandleptons.

Dyson’sformulaandWick’stheoremgothroughforfermifieldsinalmostthe
samewayasforscalars.However,theanticommutationrelationsintroduceacru-
cialdifference.Recallthatwhen(x−y)

2
<0,timeorderingisnotaLorentz

invariantconcept.Inoneframex0>y0whileinanothery0>x0.Nevertheless,
theT-productoftwoscalarfieldsisLorentzinvariantbecausethefieldscommute
when(x−y)2<0,soφ(x)φ(y)=φ(y)φ(x)andtheorderisunimportant.How-
ever,forfermionsthisnolongerholds.If(x−y)2<0,fermifieldsanticommute.
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Soforspacelikeseparation,

T(ψ(x)ψ(y))=ψ(x)ψ(y)(8.31)

intheframewherex0>y0,but

T(ψ(x)ψ(y))=ψ(y)ψ(x)=−ψ(x)ψ(y)(8.32)

intheframewherey0>x0.Thereforewemustmodifyourdefinitionofthe
T-produceoffermifieldstomakeitLorentzinvariant.Thesolutionissimple:
justdefinetheT-producttoincludeafactorof(−1)N,whereNisthenumberof
exchangesoffermifieldsrequiredtotimeorderthefields.Thus,fortwofields

T(ψ(x)ψ(y))=

{

ψ(x)ψ(y),x0>y0;
−ψ(y)ψ(x),y0>x0.

(8.33)

sincefory0>x0wemustperformoneexchangeoffermifieldstotimeorder
them.When(x−y)2<0thefieldsanticommuteandtheT-productisthesamein
anyframe.Also,fromEq.(8.33)andtheanticommutationrelations,wehave

T(ψ1(x1)ψ2(x2))=−T(ψ2(x2)ψ1(x1)).(8.34)

Thereforewetreatfermifieldsasanticommutinginsidethetimeorderingsymbol.
(NotethatinthisdiscussionofT-productsIamusingψtorepresentanygeneric
fermifield,includingψ

†
).

Thenormal-orderedproductisdefinedasbefore.Writingψ=ψ(+)+ψ(−),
whereψ(+)multipliesanannihilationoperatorandψ(−)multipliesacreationop-
erator,thenormal-orderedproduct:ψ1ψ2:is

:ψ1ψ2:=:
[

ψ
(+)
1ψ

(+)
2+ψ

(+)
1ψ

(−)
2+ψ

(−)
1ψ

(−)
2+ψ

(−)
1ψ

(+)
2

]

:

=
[

ψ
(+)
1ψ

(+)
2−ψ

(−)
2ψ

(+)
1+ψ

(−)
1ψ

(−)
2+ψ

(−)
1ψ

(+)
2

]

(8.35)

wherethesecondtermhaspickedupafactorof(−1)becauseoftheinterchange
oftwofermifields.JustasfortheT-product,fermifieldscanbetreatedasanti-
commutinginsideanormalorderedproduct,

:ψ1ψ2:=−:ψ2ψ1:.(8.36)

(RecallthatbosefieldscommutedinsideT-productsandN-products;thatis,their
orderwasunimportant).

Withthismodifieddefinitionofthetime-orderedproduct,Dyson’sformulaand
Wick’stheoremgothroughasbefore.Note,however,thatwemustbecarefulwith
contractionsinWick’stheorem,forexampleforfermionfieldsA1−A4wehave

:
−−−−−
A1A2A3A4:=−:

−
A1A3A2A4:=−

−
A1A3:A2A4:(8.37)
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andsopullingthisparticularcontractionoutofthenormal-orderedproductin-
troducesaminussign.Ingeneral,pullingacontractionoutofanormal-ordered
productintroducesafactorof(−1)N,whereNisthenumberofinterchangesof
fermifieldsrequired.

8.4.1TheFermionPropagator

Thefermionpropagatorisobtainedfromthecontraction
−−−−
ψ(x)ψ(y)(notethatthis

isafourbyfourmatrix:Sab=
−−−−−
ψ(x)aψ(y)b.Aswithscalarfields,thisisnumber

(orratheramatrixofnumbers)insteadofanoperator,so

−−−−
ψ(x)ψ(y)=〈0|

−−−−
ψ(x)ψ(y)|0〉

=〈0|T(ψ(x)ψ(y))−:ψ(x)ψ(y):|0〉
=〈0|T(ψ(x)ψ(y))|0〉.(8.38)

Firstconsiderthecasex0>y0.ThenT(ψ(x)ψ(y))=ψ(x)ψ(y).Puttinginthe
explicitexpressionsforthefieldsandusingthecompletenessrelationsfortheplane
wavestates

∑

ru
(r)
~pu

(r)
~p=p/+mwefind

−−−−
ψ(x)ψ(y)=

∫

d
3
p

(2π)32Epe
−ip·(x−y)

(p/+m)

=(i∂/x+m)i∆+(x−y)(x0>y0)(8.39)

wherewerecallthat

i∆+(x−y)=

∫

d
3
p

(2π)32Epe
−ip·(x−y)

(8.40)

and∆+(x−y)=0whenx0=y0.Performingasimilarcalculationforx0<y0,
wefind12

−−−−
ψ(x)ψ(y)=θ(x0−y0)(i∂/x+m)i∆+(x−y)+θ(y0−x0)(i∂/x+m)i∆+(y−x)

=(i∂/x+m)(θ(x0−y0)i∆+(x−y)+θ(y0−x0)i∆+(y−x))

=(i∂/x+m)
−−−
φ(x)φ(y)(8.41)

12
Notethatitislegitimatetopullthederivativeoutsideoftheθfunctionbecausetheadditional

termwhichariseswhenatimederivativeactsontheθfunctionvanishes:∂θ(x0−y0)/∂x0∆+(x−
y)=δ(x0−y0)∆+(x−y)=0.
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where
−−−
φ(x)φ(y)=

∫

d4p

(2π)4e
−ip·(x−y)i

p2−m2+iε
.(8.42)

Wehavenowrelatedthefermionpropagatortothescalarpropagator.Moving
thederivativebackinsidetheintegralwehave

−−−−−
ψ(x)aψ(y)b=

∫

d4p

(2π)4
i(p/ab+mIab)

p2−m2+iε
e
−ip·(x−y)

.(8.43)

(wherewehaveexplicitlyincludedthematrixindices,andIisthefourbyfour
identitymatrix).WeimmediatelyseethatthisgivestheFeynmanruleforthe
fermionpropagatorshowninFig.(8.1).Notethatthepropagatorisoddinp,soit

p

p2-m2+iε
i(p+m) /

Figure8.1:Thefermionpropagator.

mattersthatpandtheconservedcharge(thearrowonthepropagator)arepoitingin
thesamedirection.Whentheypointinoppositedirectionsthesignofpisreversed
(Fig.(8.2)).Notethatp2−m2+iε=(p/+m−iε)(p/−m+iε),sothepropagator

p

p2-m2+iε
i(-p+m) /

Figure8.2:Thefermionpropagatorisoddinp.

isoftenwrittenas

i(p/+m)

(p/+m−iε)(p/−m+iε)
=

i

p/−m+iε
(8.44)

(theiεinthep/+mterminthedenominatordoesnotaffectthelocationofthepole,
sointhelimitε→0wemaycancelthisagainstthenumerator).

Ofcourse,justasinthescalartheory,contractionsoffieldswhichdon’tcreate
andthenannihilatethesameparticlevanish,

−−−
φ(x)ψ(y)a=0
−−−−−
ψ(x)aψ(y)b=0
−−−−−
ψ(x)aψ(y)b=0.(8.45)

138



8.4.2FeynmanRules

WecandeducetheFeynmanrulesforthistheorybyexplicitlycalculatingtheam-
plitudesforseveralscatteringprocesses.TheO(g2)terminDyson’sformulais

(−ig)
2

2!

∫

d
4
x1d

4
x2T

[

ψa(x1)Γab(x1)ψb(x1)φ(x1)ψc(x2)Γcdψd(x2)φ(x2)
]

(8.46)
wherewehaveincludedthespinorindices,andweareusingtheconventionthat
repeatedspinorindicesaresummedover(sothisisjustmatrixmultiplication).
Thistermcontributestoavarietyofprocesses.Firstweconsidernucleon-meson
scattering,N+φ→N+φ.Therearetwocontractionswhichcontribute:

:ψa(x1)Γab
−−−−−−−−−−−−−
ψb(x1)φ(x1)ψc(x2)Γcdψd(x2)φ(x2):

:
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
ψa(x1)Γabψb(x1)φ(x1)ψc(x2)Γcdψd(x2)φ(x2):.(8.47)

Anticommutingthefieldsinsidethenormal-orderedproduct,wecanrewritethe
secondtermas

:ψc(x2)Γcd
−−−−−−−−−−−−−
ψd(x2)φ(x2)ψa(x1)Γabψb(x1)φ(x1):(−1)

4
(8.48)

sincetherearefourpermutationsoffermionfieldsrequired(notethatfermifields
commutewithbosefields).Thisonlydiffersfromthefirsttimebytheinterchange
ofx1andx2,andsincewearesymmetricallyintegratingoverx1andx2,thetwo
termsgiveidenticalcontributions.Justasbefore,thiscancelsthe1/2!inDyson’s
formula.

Wecanpullthepropagatoroutofthefirstterm,andsincethisinvolvesaneven
numberofexchangesoffermifields(two),weget

:ψa(x1)Γab
−−−−−−−−−−−−−
ψb(x1)φ(x1)ψc(x2)Γcdψd(x2)φ(x2):=

−−−−−−
ψb(x1)ψc(x2):ψa(x1)Γabφ(x1)Γcdψd(x2)φ(x2):.(8.49)

Theψfieldinsidethenormalproductmustnowannihilatethenucleon.Forthe
relativisticallynormalizednucleonstate|N(p,r)〉(momentump,spinr)wehave

〈0|ψ(x2)|N(p,r)〉=e
−ip·x2

×u
(r)
~p(8.50)

andsimilarly

〈N(p
′
,r

′
)|ψ(x1)|0〉=e

ip′·x1
×u

(r
′
)

~p′(8.51)

ThisimmediatelygivesustwoadditionalFeynmanrules:
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•Foreachincomingfermionwithmomentumpandspinr,includeafactorof
u

(r)
~p

•Foreachoutgoingfermionwithmomentumpandspinr,includeafactorof
u

(r)
~p

(seeFig.(8.3).)Finally,eachinteractionvertexcorrespondstoafactorof−igΓ

p,r

p,r

up
(r)

up
(r) _

Figure8.3:Feynmanrulesforexternalfermionlegs.

(seeFig.(8.4).)Theverticesandfermionpropagatorsarefourbyfourmatrices

-igΓ

Figure8.4:Fermion-scalarinteractionvertex.

whilethebispinorsarefourcomponentcolumnvectors.Theamplitudeisgivenby
multiplyingallofthesefactorstogether.FromEq.(8.49)weseethatthematrices
aremultipliedtogetherintheorderu

(r
′
)

~p′ΓSΓu
(r)
~p,whereSabisthefermionpropa-

gator.Diagrammatrically,thisjustcorrespondstostartingattheheadofthearrow
andworkingbacktothestart,includingeachmatrixasitisencounteredalongthe
fermionline.

Thatlastpointisimportant,soI’mgoingtosayitagain.Whencalculating
Feynmandiagramsforspinors,theorderofmatrixmultiplicationisgivenbystart-
ingattheheadofanarrowandworkingbacktothestart,includingeachmatrix
asitisencounteredalongthefermionline.

Theφfieldsactastheyalwaysdidonthemesonstates,andasbeforeweget
twoFeynmandiagramscorrespondingtothetwochoicesofwhichφfieldcreates
orannihilateswhichmeson,asshowninFig.(8.5).ApplyingtheFeynmanrules,
wefindtheinvariantamplitudeforthisprocesstobe

iA=(−ig)
2
u

(r′)
~p′Γ

[

i(p/+q/+m)

(p+q)2−m2+iε
+

i(p/−q/
′
+m)

(p−q′)2−m2+iε

]

Γu
(r)
~p.(8.52)
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a)b)

q p',r'

q'p,r

q p',r'

q'p,r

Figure8.5:Feynmandiagramscontributingtonucleon-mesonscattering.

Wenextconsiderantinucleon-mesonscattering,N+φ→N+φ.Thisisalmost
identicaltothepreviousprocess,butnowtheψfieldannihilatestheincoming
antinucleonandtheψfieldcreatestheoutgoingantinucleon.Sointhenormal-
orderedproduct:ψ(x1)Γφ(x1)Γψ(x2)φ(x2):theψfieldhastobemovedtothe
rightoftheψfieldinordertoannihilatetheincomingstate,introducingafactor
of−1becauseoftheinterchangeofthetwofermionfields.Whenactingonthe
externalstates,thefieldsnowincludefactorsofvandv:

〈0|ψ(x1)|N(p,r)〉=e
−ip·x1

×v
(r)
~p

〈N(p
′
,r

′
)|ψ(x2)|0〉=e

ip′·x2
×v

(r
′
)

~p′(8.53)

ThisleadstothreemoreFeynmanrules:

•Foreachincomingantifermionwithmomentumpandspinr,includeafactor
ofv

(r)
~p.

•Foreachoutgoingantifermionwithmomentumpandspinr,includeafactor
ofv

(r)
~p.

p,r

p,r

vp
(r)

vp
(r)

_

Figure8.6:Feynmanrulesforexternalfermionlegs.

•IncludetheappropriateminussignsfromFermistatistics.

Thistimethematricesaremultipliedbystartingattheincomingantinucleon
andworkingbacktotheoutgoingnucleon.Diagrammatically,it’sthesameas
before:startattheendofthearrow(withafactorofv

(r)
~pthistime,insteadofu

(r)
~p)
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a)b)

q p',r'

q'p,r

q p',r'

q'p,r

Figure8.7:Feynmandiagramscontributingtoantinucleon-mesonscattering.

andworkalongthelinetothestartofthearrow.Thetwodiagramscontributingto
theprocessareshowninFig.(8.7).Theamplitudeis

iA=−(−ig)
2
v

(r)
~pΓ

[

i(−p/−q/+m)

(p+q)2−m2+iε
+

i(−p/+q/
′
+m)

(p−q′)2−m2+iε

]

Γv
(r

′
)

~p′.

(8.54)
Theoverall−1isclearlyirrelevant,sinceitvanisheswhentheamplitudeissquared.
However,thefermiminussignswillbesignificantinthenextexample,because
theywilldifferbetweenthetwodiagrams.

Finally,weconsidernucleon-nucleonscattering,N+N→N+N.Inthis
casetheφfieldsarecontracted,leavinguswiththematrixelement

〈N(p
′
,r

′
);N(q

′
,s

′
)|:ψΓψ(x1)ψΓψ(x2):|N(p,r);N(q,s)〉.(8.55)

Nowwehavetobecareful.The(relativisticallynormalized)state|N(p,r);N(q,s)〉
canbedefinedeitheras

(2π)
3
(2ωq)

1/2
(2ωp)

1/2
b
(s)†
~qb

(r)†
~p|0〉(8.56)

or
(2π)

3
(2ωq)

1/2
(2ωp)

1/2
b
(r)†
~pb

(s)†
~q|0〉.(8.57)

BecauseofFermistatistics,thetwodefinitionsdifferbyarelativeminussign.So
fordefiniteness,letuschoosethefirstdefinition.Thissetstheconvention,andso
wehavenowchoicebuttodefinethecorrespondingbraas

〈N(p
′
,r

′
);N(q

′
,s

′
)|=(2π)

3
(2ωq′)

1/2
(2ωp′)

1/2
〈0|b

(r
′
)

~p′b
(s

′
)

~q′(8.58)

andsothematrixelementinEq.(8.55)becomes

4(2π)
6
(ωq′ωp′ωqωp)

1/2
〈0|b

(r
′
)

~p′b
(s

′
)

~q′:ψΓψ(x1)ψΓψ(x2):b
(s)†
~qb

(r)†
~p|0〉.(8.59)

Therearenowtwopossibilities:eitherψ(x1)orψ(x2)canannihilatethenucleon
withmomentumq.Firstwechoosethecasewhereψ(x2)annihilatesthenucleon.
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Usingthefieldexpansionforψ,wethenobtain

〈0|b
(r′)
~p′b

(s′)
~q′:ψΓψ(x1)ψ(x2)Γu

(s)
~qb

(r)†
~p|0〉e

−iq·x2

=−〈0|b
(r

′
)

~p′b
(s

′
)

~q′:ψ(x1)Γψ(x2)Γu
(s)
~qψ(x1)b

(r)†
~p|0〉e

−iq·x2

=−〈0|b
(r′)
~p′b

(s′)
~q′:ψ(x1)Γu

(r)
~pψ(x2)Γu

(s)
~q|0〉e

−iq·x2−ip·x1

(8.60)

whereinthelastlinewehaveputthefactorofu
(r)
~p(whichisnotanoperator,so

itcommuteswiththefields)inthecorrectpositionasfarasmatrixmultiplication
goes.

Nowtherearetwochoicesforwhichψfieldcreateswhichnucleon.Thecrucial
observationisthatthetwochoicesdifferbyarelativeminussign.Ifψ(x1)creates
thenucleonwithq

′
,thenthereisnorelativeminussign.However,ifψ(x2)creates

thenucleon,thefieldsmustbeanticommuted,andthereisanadditionalminus
sign.Thus,wefindtwoterms

−u
(s′)
~q′Γu

(s)
~qu

(r′)
~p′Γu

(r)
~pe

−i((q−q
′
)·x2+(p−p

′
)·x1)

(8.61)

and
u

(s′)
~q′Γu

(r)
~pu

(r′)
~p′Γu

(s)
~qe

−i((q−p
′
)·x2+(p−q

′
)·x1)

.(8.62)

Wecouldnowfollowthroughthesamelineorreasoning,exceptchoosingψ(x1)to
annihilatethenucleonwithmomentumq,andwewouldfindthesameresultwith
theinterchangex1↔x2.Sinceweareintegratingoverx1andx2symmetrically,
onceagainthiscancelsthe1/2!inDyson’sformula.

ThetwotermsclearlycorrespondtothediagramsinFig.(8.8),andthetwo
graphshavearelativeminussign.Thereforetheamplitudefortheprocessis

−ig
2





u
(s′)
~q′Γu

(s)
~qu

(r′)
~p′Γu

(r)
~p

(q−q′)2−µ2+iε−
u

(s′)
~q′Γu

(r)
~pu

(r′)
~p′Γu

(s)
~q

(q−p′)2−µ2+iε





(8.63)

Notethatsincetheoverallsignofthegraphsisunimportant.Itisonlytherelative
minussignwhichissignificant.Alsonotethatinthiscasetherearetwosetsof
arrowedlines,correspondingtotwoindependentmatrixmultiplications.Again,
theruleistofolloweacharrowedlinefromfinishtostart,multiplyingmatricesas
youcometothem.Inthesediagramyousimplyhavetodothistwice.

Thetwographsdifferonlybytheinterchangeofidenticalfermionsinthefinal
state.Asexpected,ourtheoryautomaticallyincorporatesfermistatistics.Thetwo
amplitudesinterferewitharelativeminussign.
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Figure8.8:Feynmandiagramscontributingtonucleon-nucleonscattering.

Asimilarsituationarisesinnucleon-antinucleonscattering.Itisstraightfor-
wardtoshow,usingthetechniquesofthissection,thattwodiagramswhichdiffer
bytheexchangeofafermioninthefinalstateandanantifermionintheinitialstate
(orviceversa)alsointerferewitharelativeminussign.

8.5SpinSumsandCrossSections

OurFeynmanrulesallowustocalculateamplitudesintermsofplane-wavesolu-
tionsuandv.Tocalculatetherateforaprocesswithgiveninitialandfinalspins,
wecouldsimplyusetheexplicitformsoftheu’sandv’sthatwefoundearlier.
However,inmanycasesthisisnotnecessary.Inalargenumberofexperimental
situationsthespinsoftheinitialparticlesareunknown,andsoagivenparticlehas
a50%chancetobeineitherspinstate.Similarly,thefinalspinsareoftennot
measured,soweareinterestedincrosssectionsordecayratesinwhichwesum
overallpossiblespinsofthefinalparticles.Insuchsituationswecanusethecom-
pletenessrelationsforthespinorstoperformtheaveragingandsummingwithout
everwritingdowntheexplicitformoftheplanewavestates.Wewilldemonstrate
thisinaworkedexample,nucleon-mesonscatteringinthe“pseudoscalar”theory,
Γ=iγ5.Thisexamplealsoshowsyouseveralothertrickswhichareusefulfor
evaluatingamplitudeswithFermifields.

FromEq.(8.52)theinvariantFeynmanamplitudefornucleon-mesonscattering
is

iA=ig
2
u

(r′)
~p′γ5

[

(p/+q/+m)

(p+q)2−m2+iε
+

(p/−q/
′
+m)

(p−q′)2−m2+iε

]

γ5u
(r)
~p.(8.64)

Usingγ2
5=1and{γ5,γµ}=0,wecananticommutethesecondγ5through

thepropagators,whereithitsthefirstγ5andthetwosquaretoone.Also,by
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conservationofmomentum,p−q′=p′−q,sowemayrewritetheamplitudeas

iA=ig
2
u

(r′)
~p′

[

(−p/−q/+m)

(p+q)2−m2+iε
+

(−p/
′
+q/+m)

(p′−q)2−m2+iε

]

u
(r)
~p.(8.65)

Nextweusethefactthatthespinorsobey(p/−m)u
(r)
~p=u

(r)
~p(p/−m)=0aswell

asthemass-shellconditionsp
2

=p
′2

=m
2
,q

2
=q

′2
=µ

2
towritethisas

iA=ig
2
u

(r′)
~p′q/u

(r)
~p

[

1

2p·q+µ2+iε
+

1

2p′·q−µ2+iε

]

.(8.66)

LetuscalltheexpressioninthesquarebracketF(p,p
′
,q).Squaringtheamplitude

weget

|A|
2

=g
4
F(p,p

′
,q)

2
|u

(r
′
)

~p′q/u
(r)
~p|

2

=g
4
F(p,p

′
,q)

2
qµqνu

(r′)
~p′γ

µ
u

(r)
~pu

(r)†
~pγ

0
γ

0
γ
ν†
γ

0
u

(r′)
~p′

=g
4
F(p,p

′
,q)

2
qµqνu

(r
′
)

~p′γ
µ
u

(r)
~pu

(r)
~pγ

ν
u

(r
′
)

~p′(8.67)

wherewehaveusetherelationsγ2
0=1andγ0γµγ

0=γµ†.Thecollectionof
spinorsandgammamatricesissimplyanumber(aonebyonematrix)andsois
equaltoitstrace.Thereasonforwritingitinthiswayisthatatraceofaproduct
ofmatricesisinvariantundercyclicpermutationsofthefactors.Therefore

|A
2
|=g

4
F(p,p

′
,q)

2
qµqνTr

[

u
(r′)
~p′γ

µ
u

(r)
~pu

(r)
~pγ

ν
u

(r′)
~p′

]

=g
4
F(p,p

′
,q)

2
qµqνTr

[

u
(r

′
)

~p′u
(r

′
)

~p′γ
µ
u

(r)
~pu

(r)
~pγ

ν
]

.(8.68)

Nowthecompletenessrelationscomesin.Averagingoverinitialspins(corre-
spondingto

1
2

∑

r|A|2)andsummingoverfinalspins(correspondingto
∑

r′|A|2)
weobtain

1

2

∑

r,r′

|A|
2

=
1

2

∑

r,r′

g
4
F(p,p

′
,q)

2
qµqνTr

[

u
(r

′
)

~p′u
(r

′
)

~p′γ
µ
u

(r)
~pu

(r)
~pγ

ν
]

=
1

2
g
4
F(p,p

′
,q)

2
qµqνTr

[

(p/
′
+m)γ

µ
(p/+m)γ

ν
]

.(8.69)

Thetracesofproductsofγmatriceshavesimpleexpressions,whicharestraight-
forwardtoprove(youcanfindadiscussionoftracesinAppendixAofMandl&
Shaw).Someusefulformulasare:

Tr[γ
µ
γ
ν
]=4g

µν
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Tr
[

γ
µ
γ
ν
γ
α
γ
β
]

=4(g
µν
g
αβ

+g
µβ
g
να

−g
µα
g
νβ

)

Tr[oddnumberofγmatrices]=0

Tr[γ
µ
γ5]=Tr[γ

µ
γ
ν
γ5]=Tr[γ

µ
γ
ν
γ
α
γ5]=0

Tr
[

γ
µ
γ
ν
γ
α
γ
β
γ5

]

=4iε
µναβ

.(8.70)

Applyingthesetracetheoremstoourexpressiongives

1

2

∑

r,r′

|A|
2

=2g
4
F(p,p

′
,q)

2
qµqν

[

p
′µ
p
ν

+p
′ν
p
µ
−g

µν
p·p

′
+m

2
g
µν
]

=2g
4
F(p,p

′
,q)

2
[

2(p
′
·q)(p·q)−p·p

′
µ

2
+m

2
µ

2
]

.(8.71)

Atthispointitisstraightforward,ifsomewhattedious,togotothecentreofmass
frame,substituteexplicitexpressionsfortheexternalmomentaandperformthe
phasespaceintegralstoobtainthetotalcrosssectionformesonnucleonscattering.
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9VectorFieldsandQuantumElectrodynamics

Quantizingascalarfieldtheoryledtoatheoryofmesons,whilethequantized
spinorfieldallowedustodescribetheinteractionsofspin1/2fermions.Inthis
sectionwewillseethataclassicalfreefieldtheoryofamasslessvectorfieldis
simplyMaxwell’sequationsinfreespace.Quantizingthetheorywillgiveusthe
theoryofthequantizedelectromagneticfield,QuantumElectrodynamics.Thepar-
ticlesassociatedwiththequantizedvectorfieldwillbephotons.However,quan-
tizingamasslessvectorfieldisadelicateprocedure,duetocomplicationsarising
fromgaugeinvarianceoftheclassicaltheory.Inthissectionwewillfinessethese
problemsbyquantizingthetheoryofamassivevectorfieldandthentakingthe
masslesslimitandtacklinganyproblemsthatariseatthatstage.

9.1TheClassicalTheory

Avectorfieldisafourcomponentfieldwhosecomponentstransforminthefamil-
iarwayunderLorentztransformations,

A
′µ

(x)=Λ
µ
νA

ν
(Λ

−1
x).(9.1)

Sincewealreadyknowhowproductsoffour-vectorstransform,wecangostraight
towritingdownLagrangians.Asbefore,wewanttoconstructthesimplestLwhich
isquadraticinthefields(sothattheresultingequationsofmotionarelinear),has
nomorethantwoderivatives(asimplifyingassumption)andisLorentzinvariant.
Thisgivesthefollowingterms:

•0derivatives:thereisonlyonepossibility,

A
µ
Aµ.

•1derivative:therearenopossibleLorentzinvarianttermsinfourdimen-
sions.

•2derivatives:therearetwoindependentterms,

∂µA
ν
∂
µ
Aν,∂µA

µ
∂
ν
Aν.

Anyothertermmaybewrittenasasumofthesetermsandatotalderivative,
andsogivesthesamecontributiontotheaction.Forexample,uptototal
derivatives,∂µA

ν
∂νA

µ
∼A

ν
∂µ∂νA

µ
∼∂νA

ν
∂µA

µ
.
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ThemostgeneralLagrangiansatisfyingtheserequirementsisthen

L=±
1

2
[∂µA

ν
∂νA

ν
+a∂µA

µ
∂νA

ν
+bAµA

µ
](9.2)

forsomeconstantsaandb.Thisleadstotheequationsofmotion

−2Aν−a∂ν∂µA
µ

+bAν=0.(9.3)

Asbefore,welookforplanewavesolutionsoftheform

Aν(x)=ενe
−ik·x

(9.4)

forsomeconstant4-vectorεν.Thisleadsto

k
2
εν+akνk·ε+bεν=0.(9.5)

ThesolutionstoEq.(9.5)maybeclassifiedinaLorentzinvariantmannerintotwo
classes,

1.ε∝k(4-Dlongitudinal)

2.ε·k=0(4-Dtransverse).

Intherestframeofthefield,thesetwotypesofsolutioncorrespondtoε=(ε0,~0)
andε=(0,~ε),respectively.Theleadtotheequationsofmotion

1.(4-Dlongitudinal)

k
2
kν+ak

2
kν+bkν=0⇒(k

2
(1+a)+b)kν=0

⇒k
2

=−b
1+a≡µ

2
L(9.6)

Thissolutionhastherightdispersionrelationforaparticleofmassµ2
L.

2.(4-Dtransverse)

k
2
εν+bεν=0⇒k

2
=−b≡µ

2
T.(9.7)

Thissolutiondescribesafieldofmassµ2
T.

The4-Dtransversesolutionappearstobewhatwearelookingfor,sincetheε’s
clearlycorrespondtothethreepolarizationstateofamassivespinoneparticle.
The4-Dlongitudinalsolution,however,isn’tveryinteresting.Thistypeofsolution
looksexactlylikeascalarfield.Sincewealreadyknowhowtoquantizescalarfield
theory,thisdoesn’tleadtoanythingnew.Itwouldbenicetogetridofthissolution
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altogether.Thisissimpleenoughtodo:ifb6=0(thatis,ifthe4-Dtransversefield
ismassive),settinga=−1takesµLto∞,removingitfromthespectrum.Or,
ifyouprefer,whena=−1andb6=0,theequationofmotionEq.(9.6)hasno
solutions13.ThereforethelongitudinalsolutionsareabsentfromtheLagrangian

L=±
1

2

[

(∂µAν)
2
−(∂µA

µ
)
2
−µ

2
A

2
]

(9.8)

whereµ
2
≡µ

2
T.Thisleadstotheequationsofmotion

2Aν−∂ν∂µA
µ

+µ
2
Aν=0.(9.9)

Thiscanbewritteninamorecompactformbyintroducingsomemorenotation.
Definethefieldstrengthtensor

F
µν

≡∂
µ
A
ν
−∂

ν
A
µ
.(9.10)

IntermsofFµν,theLagrangianis

L=±
[

1

4
FµνF

µν
−

1

2
µ

2
AµA

µ
]

(9.11)

andtheequationsofmotionare

∂µF
µν

+µ
2
A
ν

=0.(9.12)

Equation(9.12)isknownastheProcaEquation.UsingthefactthatFµνisanti-
symmetric,Fµν=−Fνµ,wederivetherequirementthatthefieldistransverse

∂µ∂νF
µν

=0⇒∂µA
µ

=0.(9.13)

SubstitutingthisconditionintotheProcaequation,eachcomponentofA
µ

isfound
tosatisfythemassiveKlein-Gordonequation,

(2+µ
2
)Aν=0.(9.14)

Equations(9.13)and(9.14)areequivalenttotheProcaequation,althoughinthis
formitisnotclearhowtoderivethemfromaLagrangian.Theylookpromising,
however.Atthelevelofthesetwoequationstheµ2→0limitissmooth,

2A
µ

=0,∂µA
µ

=0.(9.15)

13
Whena=−1andb=0,anykisasolutiontoEq.(9.6).Itisthisarbitrarinessinthesolution

totheclassicaltheorywhichmakesthemasslesstheorydifficulttoquantize.
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ThesearejustMaxwell’sequationsinfreespace.Recallthatinclassicalelectro-
magnetismthescalarandvectorpotentialsφand~Amakeupthecomponentsofthe
four-vectorAµ=(φ,~A).Inthegaugewhere∂µAµ=0,eachcomponentofAµ

satisfiesthemasslesswaveequation.ThevectorfieldAµisthusthefamiliarvector
potentialofclassicalelectrodynamics,whilethecomponentsofthefieldstrength
tensoraretheelectricandmagneticfields

~E=−~∇φ−
∂~A

∂t
~B=~∇×~A.(9.16)

Bydirectsubstitution,weeasilyfind

F
µν

=









0−Ex−Ey−Ez
Ex0−BzBy
EyBz0−Bx
Ez−ByBx0







.(9.17)

WemayalsoverifydirectlythatthemasslessProcaequation,∂µF
µν

=0,corre-
spondstothefree-spaceMaxwellEquations

~∇×~B=
∂~E

∂t
,~∇·~E=0(9.18)

whiletheremainingtwoequations,

~∇×~E=−
∂~B

∂t
,~∇·~B=0(9.19)

immediatelyfollowfromthedefinitionsEq.(9.16).However,thingsaren’tquiteso
simple.Thecondition∂µAµ=0couldonlybederivedwhenµ26=0.Therefore
wewillstickwithfiniteµ2forawhilelonger.

ReturningtotheplanewavesolutionstotheProcaequation,Aµ=εµe
−ik·x

,

therearethreelinearlyindependentpolarizationvectorsε
(r)
µ,r=1..3.Intherest

frame,wecouldchoosethebasis

ε
(1)

=(0,1,0,0),ε
(2)

=(0,0,1,0),ε
(3)

=(0,0,0,1)(9.20)

butinfactitisusuallymoreconvenienttochoosethebasisvectorstobeeigenstates
ofJz:

ε
(1)

=
1
√

2
(0,1,i,0),ε

(2)
=

1
√

2
(0,1,−i,0),ε

(3)
=(0,0,0,1)(9.21)
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whichhaveJz=+1,−1and0respectively.Inanybasis,thebasisstatesare
chosentoobeyorthonormality

ε
(r)
µε

µ(s)∗
=−δ

rs
(9.22)

andcompleteness
3∑

r=1

ε
(r)
µε

(r)
ν

∗
=−gµν+

kµkν
µ2(9.23)

relations.TheminussigninEq.(9.22)arisesbecausethepolarizationvectorsare
spacelike.TheorthonormalityandcompletenessrelationsareLorentzcovariant,
soaretrueinanyframe,notjusttherestframe.

ThesignoftheLagrangianmaybefixedbydemandingthattheenergybe
boundedbelow,asusual.DenotingspatialindicesbyRomancharacters,theLa-
grangianmaybewrittenas

L=±
[

1

2
F0iF

0i
+

1

4
FijF

ij
−
µ2

2
AiA

i
−
µ2

2
A0A

0

]

(9.24)

andsothetimecomponentsofthecanonicalmomentaare

∂L
∂(∂0Ai)

=±F
0i

∂L
∂(∂0A0)

=0.(9.25)

ThefactthatthemomentumconjugatetoA0vanishesdoesnotconstituteaprob-
lem.Because∂µA

µ
=0,therearefewerdegreesoffreedomthanonewould

naı̈velyexpect,andthespatialAi’sandtheircanonicalmomentaaresufficientto
definethestateofthesystem.

TheHamiltonianis

H=±F0i∂
0
A
i
−L

=±F0iF
0i
±F0i∂

i
A

0
−L

=±F0iF
0i
∓∂

i
F0iA

0
−L

=±F0iF
0i
∓µ

2
A0A

0
−L

=±
[

1

2
F0iF

0i
−

1

4
FijF

ij
+
µ2

2
AiA

i
−
µ2

2
A0A

0

]

(9.26)

wherewehaveintegratedbypartsandusedtheequationofmotion∂µFµ0=
∂iFi0=−µ2A0.Themetrictensorobscuresit,buteachterminthesquarebrack-
etsisasumofsquareswithanegativecoefficientandsoisnegative(forexample,
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−AiAi=AiAi>0),andsotheLagrangianhasanoverallminussign,

L=−
1

4
FµνF

µν
+
µ

2

2
AµA

µ
.(9.27)

9.2TheQuantumTheory

Canonicallyquantizingthetheoryisastraightforwardgeneralizationofthescalar
fieldtheorycase,sowewillskipsomeofthesteps.Sincethespatialcomponents
Aiandtheirconjugatemomentaformacompletesetofinitialconditions,itisonly
onthesefieldsthatweimposethecanonicalcommutationrelations

[Ai(~x,t),F
j0

(~y,t)]=iδ
j
iδ

(3)
(~x−~y)

[Ai(~x,t),Aj(~y,t)]=[F
i0

(~x,t),F
j0

(~y,t)]=0.(9.28)

Expandingthefieldintermsofplanewavesolutionstimesoperator-valuedcoeffi-

cientsak(r)anda
†
k

(r)

Aµ(x)=
3∑

r=1

∫

d3k

(2π)3/2√2ωk

[

ak
(r)
ε
(r)
µ(k)e

−ik·x
+a

†
k

(r)
ε
(r)
µ

∗
(k)e

ik·x
]

(9.29)

andsubstitutingthisintothecanonicalcommutationrelationsgives,notunexpect-
edly,thecommutationrelations

[ak
(r)
,a

†
k′

(s)
]=δ

rs
δ
(3)

(~k−~k′)

[ak
(r)
,a

(s)
k′]=[a

†
k

(r)
,a

†
k′

(s)
]=0.(9.30)

TheHamiltonianalsohastheexpectedform

:H:=
∑

r

∫

d
3
kωka

†
k

(r)
ak

(r)
(9.31)

andsowecaninterpreta
†
k

(r)
andak

(r)
ascreationandannihilationoperatorsfor

spinoneparticleswithpolarizationr.

Thepropagator
−−−−−

Aµ(x)Aν(y)maybecalculatedinasimilarmannerasthe
spinorcase.Proceedingasbefore,wewrite

−−−−−
Aµ(x)Aν(y)=〈0|T(Aµ(x)Aν(y))|0〉(9.32)
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Ifx0>y0,

−−−−−
Aµ(x)Aν(y)=〈0|A

(+)
µ(x)A

(−)
ν(y)|0〉

=〈0|[A
(+)
µ(x),A

(−)
ν(y)]|0〉

=[A
(+)
µ(x),A

(−)
ν(y)](9.33)

wherewehavesplitAµintothepiececontainingthecreationoperator,A
(−)
µanda

pieceA
(+)
µcontainingtheannihilationoperator.FromtheexpansionofAµ(x),it

isstraightforwardtoshowthat

[A
(+)
µ(x),A

(−)
ν(y)]=

∫

d3k

(2π)32ωke
−ik·(x−y)

∑

r

ε
(r)
µ(k)ε

(r)
ν

∗
(k)

=

∫

d
3
k

(2π)32ωke
−ik·(x−y)

(

−gµν+
kµkν
µ2

)

=

(

−gµν−
∂y
µ∂y

ν

µ2

)

i∆+(x−y)(9.34)

where

i∆+(x−y)=

∫

d3k

(2π)32ωke
−ik·(x−y)

(9.35)

and∂y
µ≡∂/∂yµ.Afterincludingthey0>x0termweobtain

−−−−−
Aµ(x)Aν(y)=θ(x0−y0)

(

−gµν−
∂y
µ∂y

ν

µ2

)

i∆+(x−y)

+θ(y0−x0)

(

−gµν−
∂y
µ∂y

ν

µ2

)

i∆+(y−x).(9.36)

Now,thescalarpropagatoris

−−−
φ(x)φ(y)=θ(x0−y0)i∆+(x−y)+θ(y0−x0)i∆+(y−x)

=

∫

d
4
k

(2π)4e
−ik·(x−y)i

k2−µ2+iε
(9.37)

andsowewouldliketocommutetheθfunctionsandderivativesinEq.(9.36)to
obtain

−−−−−
Aµ(x)Aν(y)=

(

−gµν−
∂
y
µ∂

y
ν

µ2

)

(θ(x0−y0)i∆+(x−y)+θ(y0−x0)i∆+(y−x))

=

∫

d4k

(2π)4

(

−gµν+
kµkν
µ2

)

e
−ik·(x−y)i

k2−µ2+iε
.(9.38)
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Thisleadstothepropagatorforamassivevectorfield,whichisrepresentedbya
wavyline:

−i
(

g
µν

−
kµkν

µ2

)

k2−µ2+iε
.(9.39)

NotethatthevectorpropagatorcarriesLorentzindices:oneendofthelinecorre-

µ ν
-i(gµυ-kµkν/µ2)

k2-µ2+iε

Figure9.1:Thepropagatorforamassivevectorfield.

spondstoafieldcreatedbyAµwhiletheothercorrespondstothefieldcreatedby
Aν.

Whilethisiscorrect,thederivationwasnotquiterightwhenµ=ν=0.In
thiscase,thetimederivativesdon’tcommutewiththeθfunctionsandthereisthe
additionaltermwhenoneofthederivativesactsontheθfunction,givingafactor
ofδ(x0−y0),andtheotheractsonthe∆+function.Thiswasn’taprobleminthe
spinorcasebecausetherewasonlyasingletimederivative,andthetermvanished
because∆(x−y)=0whenx0=y0.Inthiscase,however,thetimederivativeof
∆(x−y)doesnotvanishwhenx0=y0andsothereisanadditionalterm.The
factthatthistermdoesnotcontributeisnotobviousinthecanonicalquantization
procedure.Thepathintegralformulationofquantumfieldtheory,whichwewill
notdiscussinthiscourse,putsthisderivationonsounderfooting.Ifyoulike,you
canusethederivationabovefor(µ,ν)6=(0,0),andthenarguethatbyLorentz
invariancetheresultmusthavethisformfor(µ,ν)=(0,0)aswell.14

Nowconsideraddingafermionsuchasanelectrontothetheory.Asimple
interactiontermbetweenthefermifieldψandAµis

LI=−gψγ
µ
ΓψAµ=−gψA/Γψ(9.40)

whereΓhasthegeneralformΓ=a+bγ5byLorentzInvariance.Aswediscussed
before,whenbothaandbarenonzerothistheoryviolatesparity,sincethereis
nochoiceoftransformationforA

µ
underwhichtheinteractiontermEq.(9.40)is

invariant.AparityconservingtheorymayhaveeitherΓ=1(vectorcoupling)or
Γ=γ5(axialvectorcoupling),inwhichcasethecomponentsofA

µ
transform

underparityasavectororanaxialvector,respectively.

14
Thissortofdifficultyarisesinthecanonicalquantizationprocedurebecauseitbreaksmanifest

Lorentzinvariance,bytreatingtemporalindicesdifferentfromspatialindices.Thepathintegral
formulationtreatsspaceandtimeinasymmetricfashion.
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Fromourpreviousexperiencewithinteractingtheories,theinteractionterm
Eq.(9.40)leadstotheinteractionvertexshowninFig.(9.2).Wenoteatthisstage

µ

-igγµΓ

Figure9.2:Fermion-vectorinteractionvertex

thatthereisasimpleruleforwritingdowntheFeynmanruleassociatedwithan
interactionterminL.Whenallthefieldsintheinteractiontermaredifferent,the
resultingFeynmanruleisjust−itimestheinteractionHamiltonian,oritimesthe
interactionLagrangian.Atermwithnidenticalfieldshasacombinatoricfactorof
n!intheFeynmanrule,correspondingtothen!differentwayofchoosingwhich
fieldcorrespondstowhichlineinthevertex.

Finally,evaluatingDyson’sformularequiresmatrixelementsoftheAµfield
betweenincomingandoutgoingvectormesonstatesandthevacuum.Fromthe
fieldexpansion,

〈0|Aµ(x)|V(k,r)〉=
3∑

r′=1

∫

d3k′

(2π)3/2√2ωk′
ε
(r

′
)

µ(k
′
)e

−ik
′
·x
〈0|a

(r′)
k′

√
2ωk(2π)

3/2
a
†
k

(r)
|0〉

=
3∑

r′=1

∫

d
3
k
′
√

ωk
ωk′

ε
(r

′
)

µ(k
′
)e

−ik
′
·x
〈0|a

(r′)
k′a

†
k

(r)
|0〉

=
3∑

r′=1

∫

d
3
k
′
√

ωk
ωk′

ε
(r

′
)

µ(k
′
)e

−ik
′
·x
〈0|[a

(r)
k′,a

†
k

(r)
]|0〉

=ε
(r)
µ(k)e

−ik·x
(9.41)

where|V(k,r)〉isarelativisticallynormalizedsingleparticlestatecontaininga
vectormesonwithmomentumkandpolarizationr.Therefore,eachincoming
vectormesoncontributesafactorofε

(r)
µtotheamplitudeinadditiontotheusual

exponentialfactor.Equation(9.41)anditscomplexconjugateleadtotheFeynman
rule

•Forevery
{

incoming
outgoing

}

vectormesonwithmomentumkandpolarizationr,
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includeafactorof

{

ε
(r)
µ(k)

ε
(r)
µ

∗
(k)

}

.

µ

µεµ
(r)(k)

εµ
(r)*(k)

k

k

Figure9.3:Feynmanrulesforexternalvectorparticles.

9.3TheMasslessTheory

Toobtainaquantumtheoryofelectromagnetism,thelimitµ→0mustbetaken
oftheresultsintheprevioussection.Thislimitlooksbadforseveralreasons.In
thequantumtheory,thereisafactorofkµkν/µ2inthevectorpropagator.This
willturnouttobecloselyrelatedtoaproblemwhicharisesattheclassicallevel.
ConsiderLcoupledtoasourceJµ(x)

L=L0−AµJ
µ
(x).(9.42)

Theequationsofmotioninthistheoryare

∂µF
µν

+µ
2
A
ν

=J
ν

(9.43)

whichleadsto

∂µA
µ

=
1

µ2∂µJ
µ
.(9.44)

Again,thislooksbadinthelimitµ→0.However,itgivesacluetohowtoobtain
atheorywithasensibleµ→0limit:thelimitexistsonlyifAµcouplestoa
conservedcurrent.Inthiscase,∂µJµ=0andtheµ→0limitofEq.(9.44)is
welldefined.

Fortunately,we’reoldhandsatfindingconservedcurrents.RecallthatNoether’s
theoremensuresthatanyinternalsymmetryhasanassociatedconservedcurrent
andcharge,thesimplestexamplebeingaU(1)symmetryassociatedwiththetrans-
formation

φa(x)→e
−iλqa

φa(x)(9.45)
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forsomesetoffields(notnecessarilyscalarfields){φa}.Thereisnoimpliedsum
overainEq.(9.45),andtheqa’sarenumbers(thechargeofeachfield),notop-
erators.Notethattheqa’sarearbitraryuptoamultiplicativeconstant;thatis,if
φa→exp(−iqaλ)φaisasymmetry,sois(forexample)φa→exp(−2iqaλ)φa.
Thereisnophysicsinthisambiguity-ifjµisaconservedcurrent,soisanymul-
tipleofjµ.

IfEq.(9.45)isasymmetry,DL=0andthecurrent

j
µ

=
∑

a

Π
µ
aDφa=−i

∑

a

Π
µ
aqaφa(9.46)

isconserved.Forexample,theDiracLagrangianisinvariantunderthetransforma-
tion

ψ→e
−iλ

ψ,ψ→e
iλ
ψ.(9.47)

Thereforethecorrespondingqa’sare

qψ=1,qψ=−1(9.48)

andDψ=−iψ,Dψ=iψ.Theconjugatemomentaare

Π
µ
ψ=iψγ

µ
,Π

µ

ψ=0(9.49)

andsotheconservedcurrentis

j
µ

=ψγ
µ
ψ.(9.50)

Forachargedscalarfield15ϕwehave

Π
µ
ϕ=∂

µ
ϕ
∗
,Π

µ
ϕ∗=∂

µ
ϕ(9.51)

andsotheconservedcurrentis

j
µ

=−i(∂
µ
ϕ
∗
)ϕ+i(∂

µ
ϕ)ϕ

∗
.(9.52)

Therefore,wemighthopethatifwecoupleavectorfieldAµonlytothesecon-
servedcurrentswewillobtainatheorywithawell-definedµ→0limit.Sowe
mighttrythefollowinginteractionterms:

15
Toavoidconfusionwithfermifieldsψ,weswitchournotationforchargedscalarsatthispoint

fromψtoϕ.
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•Fermions:
LI=−gψγ

µ
Aµψ=−gψA/ψ(9.53)

Thisistheinteractionwehadwrittendownearlier,butwithΓ=1.For
massivefermions,onlythevectorcurrentψγ

µ
ψisconserved;theaxialvec-

torcurrentψγ
µ
γ5ψisn’tassociatedwithaninternalsymmetryandisnot

conserved.16Thereforeweexpectthatonlythetheorywherethevectorfield
couplestothevectorcurrentwillhaveasmoothµ→0limit.

•Chargedscalars:

LI=−ig[(∂
µ
ϕ
∗
)ϕ−(∂

µ
ϕ)ϕ

∗
]Aµ(9.54)

Thesituationhereisnotasniceasitwasforfermions.Theinteractionterm
containsderivativesofthefields,soitchangesthecanonicalmomentaofthe
theory,therebychangingtheexpressionforj

µ
.Soalthoughthistheorystill

hasaU(1)symmetryandaconservedcurrent,theconservedcurrentisno
longergivenbyEq.(9.51),andthereforethistheoryisnotexpectedtohave
asmoothµ→0limit.

Weseefromthescalarcasethatit’snotalwayssoeasytoensurethatAµalways
couplestoaconservedcurrent,becausethecouplingitselfwillingeneralchange
theexpressionforthecurrent.Fortunately,thereisamagicprescriptionwhich
guaranteesthatAµalwayscouplestoaconservedcurrent.Itiscalledminimal
coupling.

9.3.1MinimalCoupling

Theminimalcouplingprescriptionisverysimple.GivenaLagrangianasafunc-
tionofthefieldsandtheirderivatives,LM(φa,∂µφa),whichisinvariantunderthe
U(1)transformationφa→e

−iλqa
φa,replaceitbyLM(φa,Dµφa),where

D
µ
φa≡∂

µ
φa+ieA

µ
qaφa(9.55)

(nosumona).D
µ

iscalledthegaugecovariantderivative.(Notethatagain
thereisanambiguityintheqa’s;thisjustcorrespondstothefreedomtochoosethe
overallcouplingconstantfortheinteractionterm.Forquantumelectrodynamics,

16
Formasslessfermions,wesawinthechapterontheDiracLagrangianthatthetheoryhastwo

U(1)symmetriesandthereforetwoconservedcurrents,j
µ
L,R=ψL,Rγ

µ
ψL,R=

1

2ψγ
µ
(1∓γ5)ψ.

Sinceanylinearcombinationsofthesecurrentsareconserved,bothψγ
µ
ψandψγ

µ
γ5ψarecon-

served.Thus,itispossibletocoupleamasslessvectorfieldtotheaxialvectorcurrentinthespecial
caseofmasslessfermions.ThemasstermbreakstheaxialU(1)symmetryassociatedwithψγ

µ
γ5ψ

butnotthevectorU(1).
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ifwechoosethedimensionlesscouplingconstantetobethefundamentalelectric
charge,thenqwillbetheelectricchargeofthefieldmeasuredinunitsofe.)The
resultingLagrangianhasthefollowingtwoproperties:

1.LMisstillinvariantundertheU(1)transformation,and

2.Aµiscoupledtoaconservedcurrent.Thatis

∂LI
∂Aµ

=−ej
µ

(9.56)

and
∂µj

µ
=0.(9.57)

Thisisstraightforwardtoshow.UnderaU(1)transformation,

Dµφa→Dµ

(

e
−iλqa

φa
)

=∂µ
(

e
−iλqa

φa
)

+ieAµqa
(

e
−iλqa

φa
)

=e
−iλqa

Dµφa(9.58)

andsoDµφatransformsinthesamewayas∂µφa.ThereforeifL(φa,∂µφa)is
invariantundertheU(1)symmetry,soisL(φa,Dµφa).Thisprovesthefirstasser-
tion.

Intermsofthecanonicalmomenta,theconservedcurrentis

j
µ

=
∑

a

Π
µ
aDφa=

∑

a

Π
µ
a(−iqaφa).(9.59)

Fromthedefinitionofthegaugecovariantderivative,wealsohave

∂(Dνφa)

∂Aµ
=ieqaφaδ

µ
ν(9.60)

andsowefind

∂LI
∂Aµ

=
∂LM
∂Aµ

=
∑

a

∂LM
∂(Dνφa)

∂(Dνφa)

∂Aµ

=
∑

a

∂LM
∂(∂νφa)

ieqaφa

=
∑

a

Π
µ
aieqaφa

=−ej
µ

(9.61)
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asrequired,provingthesecondassertion.
Goingbacktoourexamples,theminimallycoupledDiracLagrangianfora

fermionwithchargeq(inunitsoftheelementarychargee)is

L=ψ(iD/−m)ψ=ψ(i∂/−eqA/−m)ψ(9.62)

whichisjustwhatwehadbefore.However,theminimallycoupledscalarLa-
grangianforascalarwithchargeqis

L=Dµϕ
∗
D
µ
ϕ−m

2
A
µ
Aµ

=(∂µ−ieqAµ)ϕ
∗
(∂
µ

+ieqA
µ
)ϕ−m

2
A
µ
Aµ

=∂µϕ
∗
∂
µ
ϕ−ieqAµ(ϕ

∗
∂
µ
ϕ−ϕ∂

µ
ϕ
∗
)+e

2
q
2
AµA

µ
ϕ
∗
ϕ.(9.63)

ThetermlinearinAµiswhatwehadbefore,butthereisanewtermquadraticin
Aµ.Thiswillleadtoanewkindofvertex,withtheFeynmanruleinFig.(9.4),the
so-called“seagullgraph”(toavoidconfusionwithfermionlines,wewilldenote
chargedscalarsbydashedlinesinthischapter).Onlythetheorydefinedby

2ie2q2gµν

µ ν

Figure9.4:The“seagullgraph”forchargedscalar-photoninteractions.

LagrangianEq.(9.63)withalltheinteractiontermsgivenbyminimalcouplinghas
awell-definedlimitasµ→0.

TheFeynmanrulefortheterminEq.(9.63)linearinAµisslightlysubtle,but
itturnsoutthatthenaı̈veapproachgivesthecorrectanswer.Naı̈vely,wenotice
thataderivative∂µactingonthepieceofthefieldwhichannihilatesanincoming
state(andsohasafactorofexp(−ip·x))bringsdownafactorof−ipµ.Similarly,
whenactingonthepieceofthefieldwhichcreatesanoutgoingstate,itbrings
downafactorofipµ.Therefore,weexpecttheFeynmanruleshowninFig.(9.5).
Therearetwoproblemswiththisderivation.Firstofall,thederivativeinteraction
changesthecanonicalmomentainthetheory,andsochangesthecanonicalcom-
mutationrelations.Second,inDyson’sformulathederivativecannotbepulledout
ofthetimeorderedproduct.However,itturnsout(wewon’tprovethishere)that
thesetwoproblemscanceloneanother,andthatthenaı̈veFeynmanruleisactually
correct.
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µ

iqe(p+p')µ
p

p'

Figure9.5:Feynmanruleforthederivatelycoupledchargedscalar.

Wenowjustifytheassertionthatthecouplingconstantearisinginthecovariant
derivativeisjusttheelementarycharge.WewillshowthisfortheDiracfield.
RecallthatinthescalarcasetheU(1)chargewasjustproportionaltothenumberof
particlesminusthenumberofantiparticles,indicatingthatparticleandantiparticle
carriedoppositecharges.ThesameistrueforDiracfields:theconservedchargeis

Q=

∫

d
3
xψγ

0
ψ

=

∫

d
3
xψ

†
ψ.(9.64)

Substitutingthefieldexpansionintermsofcreationandannihilationoperators,it
isstraightforwardtoshowthatthisis

Q=
∑

r

∫

d
3
k
(

b
(r)†
~kb

(r)
~k−c

(r)†
~kc

(r)
~k

)

=Nb−Nc.(9.65)

Iftheparticlesannihilatedbyψhaveelectricchargeqinunitsoftheelementary
chargee,thetotalelectricchargeofthesystemisthereforeQe.m.=qeQ,and
theelectromagneticfour-currentisthereforejµ

e.m.=qeψγµψ.Thus,forelectrons
(q=−1),theelectricchargeandelectromagneticcurrentare

Qe.m.=−e
∫

d
3
xψ

†
(x)ψ(x)

j
µ
e.m.=−eψγ

µ
ψ.(9.66)

TheEuler-LagrangeequationforamasslessvectorfieldA
µ

istherefore

∂µF
µν

=−eψγ
ν
ψ

=j
ν
e.m(9.67)
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whichisjustMaxwell’sequationsinthepresenceofanelectromagneticcurrent
jν
e.m..

Theelementarychargeisoftenexpressedintermsofthe“fine-structurecon-
stant”α,where

α=
e
2

4πh̄c
=

1

137.035
(9.68)

andsoinnaturalunits
e=

√
4πα.(9.69)

9.3.2GaugeTransformations

TheminimallycoupledLagrangianLM(φa,Dµφa)isinvariantunderamuchlarger
groupofsymmetriesthanLM(φa,∂µφa).Itisinvariantunderthestrange-looking
transformation

λ(x):φa(x)→e
−iqaλ(x)

φa(x)

Aµ(x)→Aµ(x)+
1

e
∂µλ(x)(9.70)

foranyspace-timedependentfunctionλ(x).Notethatwhenλ(x)isaconstantand
notafunctionofspace-timethisisjusttheusualU(1)transformationontheφa’s
(notethattheAµfieldisinvariantifλisconstant).Thiskindofsymmetryiscalled
aglobalU(1)symmetry,sinceλisthesameatallpoints.

ThetransformationEq.(9.70)iscalledalocalorgaugetransformation,and
LMissaidtohaveaU(1)gaugesymmetry.Sinceλ(x)isnowafunctionofspace-
time,thetheoryisinvariantunderdifferentU(1)transformationsateachpointin
space-time.TheoddtransformationlawoftheA

µ
fieldsiscrucialhere:theDirac

Lagrangianisnotinvariantundergaugetransformations,sinceψ∂/ψpicksupa
termproportionalto(∂µλ)ψγ

µ
ψ.ThetransformationpropertyofA

µ
ischosen

preciselytocancelthisterm:

Dµφa=(∂µ+ieAµqa)φa

→(∂µ+ieAµqa+iqa∂µλ(x))
(

e
−iqaλ(x)

φa
)

=e
−iqaλ(x))

(∂µ−iqa∂µλ(x)+ieAµqa+iqa∂µλ(x))φa

=e
−iqaλ(x)

Dµφa.(9.71)

Thereforeunliketheusualderivative∂µφa,thegaugecovariantderivativeDµφa
transformsinthesamewayunderagaugetransformationasitdoesunderaglobal
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transformation.Thus,ifLM(φa,∂µφa)isinvariantunderaglobalU(1)transfor-
mation,LM(φa,Dµφa)isinvariantunderagaugedU(1)transformation.There-
fore,everytimeweusetheminimalcouplingprescriptionweendupwithatheory
inwhichLMisinvariantunderagaugesymmetry.

SofarwehavejustlookedatLM,the“matter”(fermionsandscalars)La-
grangian,andignoredthefreepartofthevectorLagrangian,−

1
4FµνF

µν
+
µ

2

2AµA
µ

.
SinceFµνisantisymmetricinitsindices,itisalsogaugeinvariant,

λ(x):Fµν→Fµν+
1

e
(∂µ∂νλ(x)−∂ν∂µλ(x))=Fµν.(9.72)

However,thevectormesonmassterm
µ

2

2AµA
µ

isnotgaugeinvariant:

λ(x):AµA
µ
→AµA

µ
+

2

e
∂µλ(x)A

µ
+

1

e
∂µλ(x)∂

µ
λ(x).(9.73)

ThecompleteLagrangianisonlygaugeinvariantwhenµ=0.
Inquantumelectrodynamics,whichisthevectortheorywearereallyinterested

in,thephotonismasslessandsothetheoryhasexactgaugeinvariance.Rather
thanbeingahelpinsolvingthetheory,thisgaugeinvariancecomplicatesthings
tremendously,makingitdifficulttoquantizethemasslesstheorydirectly.The
problemarisesattheclassicallevel:if{Aµ(x),φa(x)}isasetoffieldswhich
formasolutiontotheequationsofmotionthensoistheset

{

Aµ(x)+
1

e
∂µλ(x),e

−iλ(x)qa
φa(x)

}

(9.74)

forsomearbitraryfunctionλ(x).Thereforetheproblemoffindingthetime-
evolutionofthefieldsfromsomeinitialvaluesisill-defined.Nomatterhowmuch
initialvaluedataIhaveatt=0(thefields,theirfirst,second,third...derivatives),
Icanneveruniquelypredictthefieldconfigurationatsomelatertime,sincetheir
existaninfinitenumberofgaugetransformedsolutionsoftheequationsofmotion
whichalsohavethesameinitialvaluedata.Thesefieldconfigurationsjustdiffer
byagaugetransformationwhichvanishesatt=0.

Furthermore,inthemasslesstheorythecondition∂µAµ=0impliedbythe
Procaequationisnolongerimpliedbytheequationsofmotion.IfAµ(x)isa
solutiontotheequationsofmotionsatisfying∂µAµ=0,thenanothersolutionto
theequationsofmotionisA′

µ(x)=Aµ(x)+∂µλ(x)/e,whichsatifies

∂µA
µ′

(x)=
1

e
2λ(x)6=0.(9.75)

Thefourdimensionallylongitudinalmodewhichwehadbanishedhascomeback
tohauntus.∂µAµisnolongerzero,butarbitrary.
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Thingsarenotactuallysobadlydefined.Fµνisgaugeinvariant,andthere-
foresoaretheelectricandmagneticfields~Eand~B.Infact,anyobservableis
gaugeinvariant.Twosystemsdifferentbyagaugetransformationcontainidentical
physics;theyjustdifferinthechoiceofdescription.Sowecanfixthedescription
byfixingthegaugeonceandforall.Somepopulargaugechoicesare

~∇·~A=0(Coulombgauge)

∂µAµ=0(Lorentzgauge)

A0=0(temporalgauge)

A3=0(axialgauge)

Thetrickisthentocanonicallyquantizethetheoryinthegivengauge,thatis,sub-
jecttothecorrespondingconstraint17.Inperturbationtheory,differentchoicesof
gaugeresultinextratermsinthephotonpropagatorproportionaltokµkν.How-
ever,aswewillseeinthenextsection,thesetermsinthepropagatordonotcon-
tributeinaminimallycoupledtheoryandso,asexpected,physicalamplitudesare
independentofgauge.

9.4TheLimitµ→0

Sinceweareavoidingquantizingthegaugeinvariantmasslesstheorydirectly,we
willinsteadderivetheFeynmanrulesforQuantumElectrodynamicsbyexamining
attheµ→0ofthetheoryofaminimallycoupledmassivevectorfield.With
anylucktheminimalcouplingprescriptionwillhavesolvedtheproblemswepre-
viouslynotedintakingthislimit.Indeed,inthissectionwewillseebydirect
calculationthatthefactorsof1/µ

2
inthequantumtheorydonotcontributetoam-

plitudeswhenthetheoryisminimallycoupled,andthatthemasslesstheorydoes
infacthavesensibleFeynmanrules.

Firstconsidertheprocesse+e−→µ+µ−,whereeandµaretwodifferent
fermionfields(electronsandmuons),minimallycoupledtoamassivegaugeboson.
Inthelimitµ→0thisisjustthepairproductionprocesse+e−→µ+µ−inQED.
ThereisonlyonegraphatO(g2)whichcontributestothisprocess,showninFig.
(9.6).The1/µ2termintheamplitudeis

i
e2

µ2v
(r)
~p+γ

µ
u

(s)
~p−

kµkν
k2−µ2+iε

u
(r

′
)

~p′
−
γ
ν
v

(s
′
)

~p′
+

=i
e2

µ2(k2−µ2+iε)
v

(r)
~p+k/u

(s)
~p−u

(r′)
~p′
−
k/v

(s′)
~p′
+

.(9.76)

17
SeeChapter5ofMandl&ShawforadiscussionoftheGupta-Bleurermethodofcanonically

quantizingthemasslesstheory.
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p-, s

p+', r'

p-', s'

p+, r

Figure9.6:Feynmandiagramcontributingtoe
+
e
−
→µ

+
µ
−

.

ButbytheDiracequation,

v
(r)
~p+k/u

(s)
~p−=v

(r)
~p+(p/−+p/+)u

(s)
~p−=v

(r)
~p+(me−me)u

(s)
~p−=0.(9.77)

Sothistermvanishesbeforetakingµtozero.Ofcourse,thisisnoaccident(there
arenoaccidentsinfieldtheory).Itjustfollowsfromcurrentconservation:

∂µj
µ

=0⇒〈0|∂µj
µ
|e

+
e
−
〉=〈0|∂µeγ

µ
e|e

+
e
−
〉

=∂µ(v
(r)
~p+γ

µ
u

(s)
~p−e

−i(p++p−)·x
)

=−i(p++p−)v
(r)
~p+γ

µ
u

(s)
~p−e

−i(p++p−)·x

=−iv
(r)
~p+k/u

(s)
~p−e

−i(p++p−)·x
(9.78)

andsovk/u=0.Althoughwehavejustdemonstrateditinoneprocess,thisisa
verygeneralfeatureofminimalcoupling,anditmeansthatinsuchtheorieswecan
completelyignorethepieceofthepropagatorproportionaltok

µ
k
ν
.Therefore,in

theµ→0limitthevectorbosonisthephotonofquantumelectrodynamics,with
thepropagatorshowninFig.(9.7).

µ ν-i gµυ

   k2+iε

Figure9.7:Thephotonpropagator.

Inasimilarvein,youmightworryaboutthefactorof1/µ
2

inthepolarization
sum,Eq.(9.23),butasimilarthinghappenshere.Wecandemonstratethisby
lookingatComptonscatteringofamassivevectorbosonoffanelectron,Ve

−
→

Ve
−

.Twodiagramscontributetothisprocess,giving

iA=−ie
2
u

(s′)
~p′

[

γ
µ
(p/

′
+k/

′
+m)γ

ν

(p′+k′)2−m2+
γ
ν
(p/

′
−k/+m)γ

µ

(p′−k)2−m2

]

u
(s)
~pε

(r
′
)

µ

∗
(k

′
)ε

(r)
ν(k)

≡M
µν
ε
(r

′
)

µ

∗
(k

′
)ε

(r)
ν(k).(9.79)
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Squaringandsummingoverfinalspinsofthevectorparticlesandaveragingover
initialspinswillgivearesultproportionalto

M
µν
M

αβ

[

−gµα+
k
′
µk

′
α

µ2

]

[

−gνβ+
kνkβ
µ2

]

(9.80)

andsothetermsproportionaltok′
µMµνandkνMµνlookbadasµ→0.However,

justasbefore,thecontributionsfromthesetermsvanish:

k
′
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~p=0.(9.81)

Similarly,kνMµν=0,andsothekµkνtermdoesn’tcontributetothepolarization
sum.

9.4.1DecouplingoftheHelicity0Mode

Theresultthatk′
µMµν=0hasanotherconsequenceintheµ→0limit.A

massivespin1particlehasthreespinstates,Jz=±1,0,whereasamasslessgauge
bosonlikethephotononlyhastwohelicitystates,±1(onceagain,thisisonly
possiblebecausethephotonismassless.Foramassiveparticleyoucanalways
boosttoitsrestframeandperformarotationtochangeaJz=1statetoaJz=0
state.)Thiscorrespondstothefactthatclassicalelectromagneticwavesarealways
transverse.Theabsenceofalongitudinalmodecorrespondstotheabsenceofa(3-
dimensionally)longitudinalphoton,~ε∝~k.(Wecallmodesatisfying~ε∝~k“3D
longitudinal”todistinguishitfromthe4Dlongitudinalmodediscussedearlier,
ε∝k.)Howisthisapparentlydiscontinuousbehaviourpossibleiftheµ→0limit
ofthetheoryissmooth?

Amassivevectorparticletravellinginthezdirectionhasfour-momentum
kµ=(

√

k2+µ2,0,0,k)andthreepossiblepolarizationstatesε
(r)
µ,where

ε
(1)

=(0,1,i,0)

ε
(2)

=(0,1,−i,0)

ε
(3)

=
1

µ
(k,0,0,

√

k2+µ2)(9.82)
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ε(3)isthe3Dlongitudinalpolarizationstate,satisfyingε(3)·ε(3)=−1,ε(3)·k=
0,~ε(3)∝~k.Theamplitudeforalongitudinalvectorbosontobeproducedin
anyprocess(liketheComptonscatteringprocessfromtheprevioussection)is
proportionalto

ε
(3)
µ

∗
M

µ
(9.83)

wherethetensorMµsatisfies

k
µ
Mµ=0⇒M0=−M3

k
√

k2+µ2
=−M3

(

1+O
(

µ2

k2

))

.(9.84)

Theamplitudetoproducethehelicity0stateisthereforeproportionalto

ε
(e)
µ

∗
M

µ
=

1

µ
M3

[
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2
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(

1+O
(
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2

k2

))]

=−
k

µO
(

µ
2

k2

)

→0as
µ

k→0.(9.85)

Therefore,asaresultofcurrentconservation,theamplitudetoproducea3Dlon-
gitudinallypolarizedvectormesonvanishesasµ→0.Thehelicityzeromode
smoothlydecouplesinthislimit,andforµ=0isabsentasaphysicalstate.(Noth-
ingspecialhappenstothetransversemodesinthislimit).Therefore,inthemass-
lesstheory,thereareonlytwophysicalpolarizationstatesofthevectorboson,both
ofwhichare3Dtransverse.Theappropriateformofthepolarizationsumis

2∑

r=1

ε
(r)
µε

(r)
ν

∗
=−gµν.(9.86)

9.5QED

Atthispointitisworthsummarizingourresults.Wesetouttofindaquantum
theoryofamasslessvectorfield,thephoton.Wediscoveredthatthemasslesslimit
isingeneralill-defined,unlessthevectorfieldcouplestoaconservedcurrent.This
requirementgaveustheinteractionbetweenthephotonandchargedscalarsand
Diracfields(uptotheoverallcouplingconstant).Theresultingtheoryisquantum
electrodynamics,thequantumtheoryofelectromagnetism.TheQEDLagrangian
foratheorywithasinglechargedscalarϕandasinglechargedfermionψwith
chargesqϕandqψrespectively,is

L=Dµϕ
∗
D
µ
ϕ−µ

2
ϕ
∗
ϕ+ψ(iD/−m)ψ−

1

4
F
µν
Fµν

=∂µϕ
∗
∂
µ
ϕ−ieqϕAµ(ϕ

∗
∂
µ
ϕ−ϕ∂

µ
ϕ
∗
)+e

2
q
2
ϕAµA

µ
ϕ
∗
ϕ

+ψ(i∂/−m)ψ−eqψψA/ψ−
1

4
F
µν
Fµν(9.87)
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TheFeynmanrulesfortheFeynmanamplitudeiAinQEDareillustratedinFig.
(9.8).
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Figure9.8:FeynmanrulesforQED

1.Foreachinteractionvertex(fermion-fermion-photon,scalar-scalar-photon,
orscalar-scalar-photon-photon)writedowntheappropriatefactor.

2.Foreachinternalline,includeafactorofthecorrespondingpropagator.

3.Foreachexternalfermionorphoton,includetheappropriatefactorofthe
four-spinororpolarizationvector.
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4.Thespinorfactors(γmatrices,four-spinors)foreachfermionlineareor-
deredsothat,readingfromlefttoright,theyfollowthefermionlinefrom
theendofanarrowtothestart.

5.Thefour-momentaassociatedwiththelinesmeetingateachvertexsatisfy
energy-momentumconservation.

6.Multiplytheexpressionbyaphasefactorδwhichisequalto+1(−1)if
aneven(odd)numberofinterchangesofneighbourhingfermionoperatorsis
requiredtowritethefermionoperatorsinthecorrectnormalorder.

Thereareadditionalrulesfordiagramswithloops,whichwehavenotconsidered
becausewearejustworkingattree-levelinthistheory.

Insomefutureversionofthesenotes,Iwillincludeafewworkedexamples
forQEDprocesses.Inthemeantime,youshouldreadChapter8ofMandl&Shaw
andworkthroughSections8.4(leptonpairproduction),8.5(Bhabhascattering)
and8.6(Comptonscattering).NotethanM&Susedifferentlynormalizedfermion
fieldsthanwedo;however,thefinalanswersareindependentofnormalization.

9.6RenormalizabilityofGaugeTheories

Inthischapterwestartedwiththetheoryofamassivevectorbosonandshowed
that,despiteappearances,itwaspossibletotaketheµ→0limit,inwhichcasethe
theoryhadalargersymmetry,thatofgaugeinvariance.Nowwewillgoonestep
furtherandassertthatgauge-invarianceisrequiredinorderforatheoryofvector
bosonstomakesenseasafundamentaltheory(IwillexplainwhatImeanby
“fundamental”inamoment).Toseewhythisisso,let’sgobacktothediscussion
oftheprevioussection.

Ifavectorbosoniscoupledtoanon-conservedcurrent,thecancellationin
Eq.(9.85)doesnotoccur,andinsteadofbeingsuppressed,theamplitudetopro-
duceahelicity0modegrowslikek/µ.Thus,theprobabilityofproducingthis
modegrowswithincreasingenergywithoutbound.ThisisinfactaBadThing,
becauseatsomeenergytheprobabilitywillbecomegreaterthan1!(Thisisknown
as“unitarityviolation”).Atthisenergythetheoryhasclearlystoppedmaking
sense(atleastperturbatively).

Thereisnothingaprioriwrongwiththis;wejusthavetointerpretourtheory
abitdifferently-notasafundamentaltheory(validuptoarbitraryenergyscales),
butasaneffectivefieldtheory.Thiskindofthingisveryfamiliarinphysics.Ifwe
areinterestedinfluiddynamics,forexample,wedon’thavetoconsiderthesingle
atomswhichmakeupthefluid.Itmakesmuchmoresensetoconsiderthefluid
asacontinuousmedium.Similarly,ifweareinterestedinthehydrogenatomwe
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cantreattheprotonasapointobject,despitethefactthatweknowitismadeup
ofquarksandgluons.Manyaspectsofnuclearphysicscanbedescribedbyafield
theoryofnucleonsandpions,despitethefactthatweknowthattheseparticles
aren’t“fundamental.”Italldependsonthescaleofphysicswe’reinterestedin.

Inourcase,whatthetheoryistellingusisthatatheoryofmassivevector
mesonscoupledtoanonconservedcurrentisaperfectlyfinetheoryatlowener-
gies,butthatitcan’tbevaliduptoarbitrarilyhighenergyscales(thatis,downto
arbitrarilyshortdistances).Atsomescale(typicallysetbythemassoftheparti-
cle,sincethat’stheonlydimensionfulparameterinthetheory),thistheoryhasto
breakdowninsomeway-forexample,thevectorbosoncouldberevealednotto
befundamental,buttobeacompositeparticle,andsoitsdynamicswouldchange
atthescaleoforderthesizeoftheparticle.Whatisfascinatingisthatthetheory
carrieswithinitselftheseedsofitsowndestruction.

Thispropertyofatheory,thatitbevaliduptoarbitrarilyhighenergiesandso
notpredictitsowndemise,isrelatedtoapropertyknownas“renormalizability.”
Roughlyspeaking,renormalizabilityistheextensionoftheabovediscussionto
radiativecorrections.YourecallthatinternalloopsinaFeynmandiagramcome
withafactorof∫

d4k

(2π)4

sincethemomentumrunningthroughtheloopisunconstrained.Asaresult,arbi-
trarilyhighmomentarunthroughloopgraphs,eveniftheprocessbeingconsidered
isalow-energyprocess.Itisperhapsnotsurprising,then,thatifthetheorybreaks
downatacertainscale,thiswillaffectloopgraphsevenforlow-energyprocesses.
Withoutgettingintothedetailsofradiativecorrections,Iwilljustassertthatifone
attemptstocalculateloopgraphsinatheoryofamassivevectorbosoncoupledto
anon-conservedcurrentoneisagainledtotheconclusionthatthetheorycannot
befundamental.

Sowhataretherequirementsforatheorytoberenormalizable?Itiseasy
togetanidea,justbyunitarityarguments.Imagineatheorywithafour-fermion
interactionterm

LI=−
g

M2ψψψψ.

Nowlet’sdosomedimensionalanalysis.Youshowedonanearlyproblemset
thatin4dimensions,theLagrangiandensityhasdimensionsof[mass]

4
.From

theDiracLagrangian,weconcludethatthedimensionsofψare[mass]
3/2

(sothat
mψψhastherightunits).ψψψψhasdimension[mass]

6
,sothecouplingmust

havedimensions[mass]−2,whichIhavemadeexplicitbywritingitasg/M2(gis
dimensionless).
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Now,across-sectionhasunitsofarea,or[mass]−2.Sincetheamplitudefrom
thefour-fermioninteractiongoeslike1/M2,thecrosssectionforfermion-fermion
scatteringinthistheorymustbeproportionalto1/M4.Bydimensionalanalysis,
athighenergieswherewemayignorethefermionmasses,wemustthereforehave

σ∝
s

M4(9.88)

wheres=(p1+p2)
2

isthesquaredcentreofmassenergyofthecollision.Sincethe
cross-sectiongrowswithoutbound,onceagaintheprobabilitymustgrowwithout
bound,andagainthetheorymustbreakdownatsomeenergyscalesetbyM.

Justbydimensionalanalysis,youcanseethatthiswillhappeninANYtheory
withcouplingconstantswhichareinversepowerofamass.Thus,foratheorytobe
renormalizable,alltermsintheLagrangianmusthavemassdimension≤4.This
answersaquestionwhichmayhavebeenbotheringyouallalonginthiscourse:
whydowealwaysstudytheorieswithsuchsimpleinteractionterms?Whycan’t
wehaveaninteractiontermlike

−gψψcosln(1+ϕ/M)?

Theansweristhatthisisnotarenormalizableinteraction.Thereforeinteraction
termslikeφ4,ψψφandφ3(dimension4,4and3,respectively)areallowedina
fundamentaltheory,butinteractionslikeψψψψ,φ5,φ2ψψ(dimension6,5and5,
respectively)arenot.Thisiswhyweonlyconsideredverysimpleinteractionterms
-anythingmorecomplicatedleadstoanon-renormalizabletheory.

Ofcourse,thereisnoreasontoonlyconsidertheorieswhicharevalidupto
arbitraryenergyscales.Afterall,wecanonlydoexperimentsatfiniteenergies.
However,sincehigher-dimensionoperatorscomewithcouplingconstantswhich
areproportionaltoinversepowersofthescaleatwhichthetheorybreaksdown,the
effectsofthesetermsarenegligibleatlowenergies.Theireffectsareproportional
totheratioofthemomentumoftheprocesstothescaleofnewphysics.Unless
theybreaksymmetrieswhicharepreservedbytherenormalizableterms(suchas
parityinthecaseoftheweakinteractions,orbaryonnumberinGUTs)theycan
usuallybesafelyignored.

Finally,itcanalsobeshownthattheorieswithfieldsofspin>1arealso
non-renormalizable.Thisisattherootofthedifficultyofquantizinggravity:the
gravitonisaspin-2field(correspondingtoquanitizingthemetrictensorgµν),and
sothecorrespondingquantumtheoryisnonrenormalizable.

Itisbecauseofrenormalizabilitythatgaugesymmetriesaresocrucialinfield
theory:theonlywaytocoupleavectorfieldtootherfieldsinarenormalizable
wayisthroughagaugecovariantderivative.Furthermore,sinceavectormeson
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masstermbreaksthegaugesymmetry,onlytheorieswithmasslessvectorbosons
arerenormalizable.Thetheoryofamassivevectorbosonwhichwestudiedinthis
section,whileusefulforobtainingtheFeynmanrulesforQED,isnotarenormal-
izabletheory.

Now,asyoumaybeaware,therecertainlyaremassivevectorbosonscoupled
tononconservedcurrentsintheworld.Thegaugebosonsassociatedwiththeweak
interactions,theW±andZ0,havemassesof80.2GeVand91.2GeV,respectively.
Experimentally,theycoupletoelectronsandelectron-neutrinosviathefollowing
interaction:

LI=−g1
(

νγ
µ
(1−γ5)eW

+
µ+eγ

µ
(1−γ5)νW

−
µ

)

−g2Z
µ

(eγµ(gV−gAγ5)e+νγµ(1−γ5)ν)(9.89)

whereg1,g2,gVandgAarecouplingconstantswhicharerelatedtotheelectric
chargeandtheratiooftheW

±
andZ

0
bosonmasses.Sincetheelectronismas-

sive,thecurrenteγ
µ
γ5νisnotconserved,sowehaveatheoryofgaugebosons

coupledtononconservedcurrents.SotheWandZclearlycan’tbefundamental.
Furthermore,thetheorypredictsthatunitarityviolationduetoexcessiveproduc-
tionoflongitudinalW’sandZ’swilloccuratascaleofabout3TeV=3×10

3

GeV.
ThequestionofwhattheW’sandZ’saremadeofistheforemostquestionin

particletheoryatthemoment.Thesimplestpossibilitywhichleadstoarenormaliz-
abletheoryisthatoftheminimalWeinberg-Salammodel,inwhichthetransverse
componentsoftheWandZarefundamental(correspondingtomasslessvector
bosons),whilethelongitudinalcomponentsaremadeofascalarparticle,known
asthe“HiggsBoson.”Intheminimaltheory,therearefourHiggsbosons,threeof
whichareincorporatedintothetwoW’sandtheZ,andthefourthofwhichisjust
waitingtobeexperimentallyobserved.Butthisisonlythesimplestpossibility-
therearemanyothers.
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