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See also beautiful D-brane text of Clifford Johnson!

Lecture 4: microscopic entropy computation

Concepts introduced :

No-force conditions for different kinds of branes
The harmonic function rule

The D1 D5 system

Adding the Wave to make 3-charge d =5 BH
Hawking temperature and Bekenstein-Hawking entropy
Making 4-charge d = 4 BH - Reissner-Nordstrgm!
The D-brane picture: open strings

Statistical degeneracy

How to do rotation

Nonextremality and D-brane “Hawking radiation”



Recipe for making BPS black holes is considerably simpler than recipe
for making nonextremal ones. Today, make BPS, qualitative comments
only regarding nonextremal. First part of recipe is how to combine
different ingredients. In other words, rules for intersecting branes.

In Lecture 3: two clumps of parallel BPS p-branes in static equilibrium.
Also, BPS p-branes and g-branes for some choices of p,gq can be in
equilibrium with each other under certain conditions. One way to find
many rules is to start with the fundamental string intersecting a Dp-
brane at a point, F'1 1L Dp, and use S- and T-duality.

F11D3— D11 D3— DO| D4— D1| D5 (1)

D3 D3
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and also

F11 D3 — D11 D3—DO| D4— MW | M5 — W | D5 (2)

1. -

and by T-duality, W || D1.

Therefore, W || D1 || D5 can all be in neutral equilibrium in a mutually
consistent fashion.




Problems with too few ingredients

BPS black holes in dimensions d = 4...9 may be constructed from
BPS building blocks. Typically, however, they have zero horizon area
and therefore non-macroscopic entropy. Example: consider D1-brane

ds? = Hy V2 (—di? + do?) + HY? (42 4 r2403) (3)
where
3272 gsNplS
Hy =1+ G (4)

Now compactify the x direction on a circle of radius R at infinity. At
the horizon,

Vol(St) B 13
(27)R =VGgz = (Hy) 2~7r" =0 (5)

How about Bekenstein-Hawking entropy?” Transform to Einstein frame:

~1/4

—1/2
Juv = (Hll/Q) Gu =Hy ™" Guy (6)

sO that

2 = 7 (ca? ) + Y (02 2a8) ()



Hence (entropy same if evaluate in d =10 or d =9 !)

1 1673 7/2
SBH = 156,248 12 <T2H11/4> (&)
[ m=gsg s] horizon
and since Hy ~ r—° near horizon,
Spr(BPS D1) = 0. (9)

More generally, study SUGRA field equations to find what BHs can have
macroscopic entropy. Sizes of internal manifolds, plus dilaton, are scalar
fields in lower-d. Horizon area depends on these scalars, which are ratios
of functions of charges like Hy's.

But in any given d, have only a few independent charges on a black hole
— fewer gauge fields than scalars. Too few independent charges to give
all scalar fields well-behaved vevs everywhere in spacetime.

E.g. for stringy black holes made by compactifying on tori, only asymp-
totically flat BPS black holes with macroscopic finite-area occur with 3
charges in d = 5 and 4 charges in d = 4. The d = 4 case where all 4
charges are equal is Reissner-Nordstrgm. Woohoo!



The harmonic function rule

A systematic Ansatz is available for construction of SUGRA solutions
corresponding to pairwise intersections of BPS branes. Known as “har-
monic function rule”. Ansatz: metric factorizes as product structure:
simply “superpose” harmonic functions. This ansatz works for both par-
allel and perpendicular intersections. Important restriction: harmonic
functions can depend only on overall transverse coordinates. In this
way, get only “smeared’ intersecting brane solutions.

Representation convention: — means brane is extended in that dimen-
sion, - means it is pointlike, and ~ says although brane is not extended
in that direction a priori, its dependence on those coordinates has been
smeared away.

E.g. D5 with D1 smeared over its worldvolume:

O 1 2 3 4 5 6 7 89
Dl — — ~ ~ ~ ~ + (10)
D5 — — — — — -



For D1-D5 system, let us define r? = 22 = Y2 _.(2%)? to be overall
transverse coordinate in setup above. Then string frame metric is,
using harmonic function rule,

1 1 1 :
dS2, = Hy(r) 2Hs(r) 2 (—dt2 + dw%) + H1(r)T2Hs(r) 2da3_g

(11)
+H1 (T)+%H5<7“)+% (er + r2d9§>
and dilaton is
e® = Hi(r)V3Hs(r) > (12)
while R-R gauge fields are as before,
Cor =gs 'Hi(r)™"  Coi.5=gs "Hs(r)™* (13)
Independent D1 and D5 harmonic functions both go like r—2
Ng/? N1£9/V,
Hs(r)=1+%"2=  Hi(r) =1+ 175/ : (14)

Wrap z2---z2° on T% to make d = 6 black string with two charges.
Internal T# is finite-size at event horizon r = 0:

14
H{\4 Ny (0%
e (15)




Next step is to roll up direction of black string, to make black hole in
d=>5.

Behaviour of radius of ! direction near horizon?

VG11 = (H1Hg) /% ~ (le\ri;s)l/ﬁ' > 0 (16)

Qops. Still need another quantum number to stabilize this Sl as well
as our T4,

We can use knowledge from solution-generating to puff up this horizon
to a macroscopic size by using co boost in longitudinal direction x1.

Ingredients for building this black hole are then previous branes with
addition of a gravitational wave W:

O 1 2 3 4 5 6 7 809

Dl — — ~ ~ ~ ~ -« « . .

D5 — — — — — —

W — — ~ ~ ~ ~

(17)

— is direction in which gravitational Wave moves (at speed of light).
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BPS metric for this system is obtained from simpler metric for plain
D1-D5 system by boosting and taking extremal limit. To get rid of five
dimensions to make a d = 5 black hole, compactify D5-brane on the T4
of volume (27)#V, and then D1 and remaining extended dimension of
D5 on Sl, volume 27 R. d = 5 Einstein frame metric becomes

dsg = — (H1(n)Hs(r) (1 + K(r))) /2 dt? (18)
+ (H1(r)Hs(r) (1 + K(r))'/3 [dr? + r2dQ3]
where harmonic functions are
2 2 2
Hi(r)=1+-—73  Hs()=1+3 K@)=-73 (19
r r r
and (smearing for Hy and K) we find
2 2 2 2 8
1 1= TE T, 145
= — 20
62 (gS 1)V £2 (gS 5) eg (gS m)RQV ( )

This SUGRA solution has limits to its validity. For e.g. curvature, find
edg. R(d =5) — 2/(r1r5r )1/3 at small r; or R* Ry, (d = 10) —
—24/(r1r5) So if stringy o' corrections to geometry are to be small,
need large radius parameters. Dilaton? E.g. d = 10 ¢2® — N7 /Ns.
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Suppose we keep volumes V, R fixed in string units. Therefore, need

gsN1>1 gsN5>1 g2N,>1 (21)

Can also control closed-string loop corrections if gs < 1. These two
conditions are compatible if we have large numbers of branes and large
momentum number for gravitational wave W. Also note that N, needs
to be hierarchically larger than Ni, Ns.

Next properties of this spacetime to compute are thermodynamic quan-
tities. BPS black hole is extremal and it has Ty = 0. For Bekenstein-
Hawking entropy,

A 1
soe = 4—G52w2 {r3[H1(r)Hs(r) 1+ K()]¥/®} _ (22)

27'('2 1/2
= (rirsrm)/ (23)
4[(r/4)gs26s8/(VR)) "
1
27V R g5N1€56 QQSQA]\/"rnES8 2
2 8 gSNSES 2
gs és R V

= 27m\/N1NsNm (25)

SBH

(24)
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This entropy

Spir = 2m\/N1NsNp, (26)

IS macroscopically large. Notice that it is also independent of R and
of V. More generally, Sgyg for BPS guys is independent of all moduli.
This is to be contrasted with ADM mass

(27)
which depends on R,V explicitly.

For entropy of black hole just constructed out of D1 D5 and W, we
had Sgy = 27/ N1NsN,,. More generally, for a more general black hole
solution of maximal supergravity arising from compactifying Type II on

T it is
A
Spy = 27/ — 28
BH 77\/48 (28)

where quantity A in surd is cubic invariant of the E676 duality group,

4
A=2Y N (29)
=1

and )\; are eigenvalues of central charge matrix Z.
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A few years ago a claim was made that all extremal black holes have
zero entropy. Arguments were in Euclidean spacetime signature, and
made the point that adding in surface terms at horizon was necessary
to make sure Euler number of horizon was not fractional.

This result is not trustworthy in the context of string theory.

1. As we mentioned in our discussion of Third Law, there is no physical
reason why zero-temperature black holes should have zero entropy.

2. Faulty nature of classical reasoning in string theory context was
pointed out in Horowitz review article. In Euclidean geometry, for any
periodicity in Euclidean time @ at r = oo, presence of extremal horizon
results in a redshift which forces that periodicity to be substringy very
close to horizon. Since light strings wound around this tiny circle can
condense, a Hagedorn transition can occur. Classical approximation is
not reliable there; in particular, arguments based on classical topology
are not believable.

3. This entropy would be hugely smaller than entropy of very-nearly-
extremal BH! Where does all the entropy go??
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4-charge d = 4 black hole

Extremal Reissner-Nordstrom black hole can be embedded in string the-
ory using D-branes. For extremal spacetime metric we had H*2(r)’'s
appearing in metric:

ds®> = H™2(=dt?) + H?(dr® +r2dQ?) H =1+ ro/r (30)

1
This is to be contrasted with the H2's to be found in a generic p-brane
metric:

ds? = H™Y2(—dt? + da? ) + HTY2(dr? + r2dQ2?) (31)

From this we can guess (correctly) that, in order to embed extremal
RN black hole in string theory, we will need 4 independent brane con-
stituents. Restrictions must be obeyed, however, in order for that black
hole to be RN. To make more general d = 4 black holes with four inde-
pendent charges, we simply lift these restrictions and allow charges to
be anything - so long as they are large enough to permit a supergravity
description.
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For making d = 4 black hole, one set of ingredients would be

O 1 2 3 4 5 6 7 89

D2 — — — ~ o~ ~ A~ .

D6 — — — — — — — . . . (32)
NS5 — — — — — — o~ ..

W — - ~ ~N ~ ~ 9~

By U-duality, we could consider instead 4 mutually orthogonal D3-
branes, or indeed many other more complicated arrangements.

In ten dimensions we can construct BPS solution by using the harmonic
function rule. So far we have not exhibited metric for NS5-branes but
that can be easily obtained using D5 metric and using fact that Einstein
metric is invariant under S-duality. We then have

1 1 1 _1
dS?y = H,2Hg > [ dt? + da:l + K(dt + dzq) } + H5H2 2H6 2(dz3)
_|_1 _|_1 +1
and

+! 2(3)

= H, 2H2 4H6 (34)
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Smearing and Newton’s constant formulae give

. — gsNols> b gsNels e — Ngls® - gs2 Nynts®
2 X% ° 2 >~ 2R, " 2VR2R,
Kaluza-Klein reduction formulae give first a d = 5 black string and then

finally the d = 4 black hole. Final Einstein metric in d = 4 is

(35)

—1
4% = —dt? |\[(1+ K () Ha(r) He(r) Hs (r)|
+(dr? +r2d93) |\/(1 + K () Ha(r) Ho(r) Hs ()

Reissner-Nordstrom black hole is obtained by setting all four gravita-
tional radii to be identical: ro = rg = r5 = rm. Bekenstein-Hawking
entropy is

(36)

SgH = 2my/NoNgNs N (37)

More generally, in surd is quantity /256, where < is quartic invariant
of E7’7

4 4
2
=3 INF=2> N7 P\j) + 4 (>\1>\2>\3>\4 + >\1>\2>\3>\4) (38)
i=1 i<

where )\; are (complex) eigenvalues of Z.
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The D-brane picture

Our setup of branes for d =5 BPS BH with 3 charges was

O
D1 —
D5 —
W o —

1 2

—_— A~

3

Y

4

Y

5

Y

6 7 89
(39)

This system preserves 4 real supercharges, or N =1 in d = 5. Each
constituent breaks half of SUSYSs.

Necessary for SUSY to orient branes in a relatively supersymmetric way.
If not, e.g. if an orientation is reversed, D-brane system corresponds to
a black hole that is extremal but has no SUSY.

Beginning ingredients: D1 branes and D5 branes. What are degrees of
freedom carrying momentum quantum number?

D5 branes and smeared D1 branes have a symmetry group SO(1,1) x
50(4)” x SO(4),. This symmetry forbids (rigid) branes from carrying
linear or angular momentum, so we need something else.
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- 4

= S1

Obvious modes in the system to try are massless 1-1, 5-5 and 1-5
strings, which come in both bosonic and fermionic varieties.

e Momentum N;,/R carried by bosonic and fermionic strings, 1/R each.
e Angular momentum is carried only by fermionic strings, %h each.

Both linear and angular momenta can be built up to macroscopic levels.

Next step: identify degeneracy of states of this system. Simplifica-
tion made by [Strominger-Vafa] is to choose the four-volume small by
comparison to circle radius

Vi< R (40)

Makes theory on D-branes a d = 1 4 1 theory. This theory has (4,4)
SUSY ind= 1+ 1 language.
17



d= 1+ 1 partition function of a number n of boson fields and an equal
number of fermion fields is

o0 1 4 Vm
H 1 — whm

Np=1
where QQ(Np,) is degeneracy of states at d =1+ 1 energy £ = Ny, /R.

At large-degeneracies, which happen with big quantum numbers like we
have here, we can use Cardy formula

Q(Npm) ~exp \/W ck ;QWR) = exp (27‘('\/%7}2) (42)

( Technical note: This formula assumes that lowest eigenvalue of energy
operator is zero, as it is in our system. Otherwise must use instead
ceff = ¢ — 24/ A, Where Ag is ground state energy.)

/=

] =" Q(Np)w'™m (41)

We know R, radius of circular dimension. Need ¢ and FE.

Central charge

C = Npose + 3N fermi (43)
How many bosons (and fermions) do we have?7?
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Boson and fermion count in system of D1, D5 and open strings?

Can be done rigorously; here is the basic physics:

e N;Ng 1-5 strings that can move in 4 directions of torus, hence
C — 6N1N5.

e Alternatively, we can use neat fact that D1l-branes are instantons in
D5-brane theory. Have Nj instantons in U(Ng) gauge theory, and Ng
orientations to point them in. Etc...

Now, how about energy E7 System is supersymmetric, and since no
Z's down here in this d =1+ 1 story, need PF¥P, = 0. So E = |P|. In
d=1+4+ 1 things can move only to R or L. Our sign conventions make
us have R-moving groundstate, and put all the action in L-movers.
Momentum was P = +N;,/R, so E = Np,/R.

Cardy said

Q(Np) ~exp \/W b ;QWR) = exp (QW\/ETR> (44)

Smicro = 27T\/Nl N5 Nm (45)

This agrees exactly with black hole result!!

T herefore
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Rotation

In d = 5 there are two independent angular momentum parameters,
because rotation group transverse to D1's and D5’'s splits up as

SO(4) | ~ SU(2) ® SU(2) (46)

Angular momentum /s consistent with d = 5 superalgebra.

Metrics for general rotating black holes are algebraically rather messy, we
will not write them here. We will simply quote result for BPS entropy:

Sgh = 2m\/Ni NNy, — J2 (47)

BPS black holes have a nonextremal generalisation, in which the two an-
gular momenta are independent. However, in extremal limit something
interesting happens: two angular momenta are forced to be equal and
opposite, J(b = —szJ. There is also a bound on angular momentum,

| Jmax| = /N1 N5 N, (48)

Beyond Jmax, closed timelike curves develop, and entropy walks off into
complex plane.
20



Another notable feature of this BPS black hole: those funny cross-terms
in R-R sector of the SUGRA Lagrangian are turned on. So this black
hole is not a solution of d = 5 Einstein-Maxwell theory! Gauge charges
are unmodified by funny cross-terms because they fall off too quickly to
contribute to surface integrals.

Reduced entropy can be understood rigorously in D-brane field theory.
But basic physics is simple: aligning %h’s all in a row to build up macro-

scopic angular momentum costs oscillator degeneracy. Energy is re-
duced as

N, 1 J?2
o Z |Np— (49)
R R N1 N5
So entropy reduced to
Srmicro = 2\ N1 N5 Ny — J° (50)

Agrees with black hole calculation again.

Also, find qu — —Jw from SUSY.
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d = 4 entropy counting

A canonical set of ingredients for building d = 4 system is what we had
previously in building black hole:

D2 — — — ~ ~ ~ ~ - .

D6 — — — — — — — . . . (51)
NS5 — — — — — — o~ ..

W — - ~ ~N ~ ~ 9~

First three ingredients are simply T-dual to our (D1, D5, W) system.

New feature: NS5-branes. New physics: D2-branes can end on NSb5-
branes. It costs zero energy to break up a D2-brane like so:
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These extra massless degrees of freedom in system lead to an extra
label on 2-6 strings, giving rise to an extra factor of Nygg in degeneracy.
Entropy counting proceeds just as before, and yields

Smicro = 27T\/J\]2N6NNS5NWL (52)

which again agrees exactly with Bekenstein-Hawking black hole entropy.
A major difference between this and d = 5 case is that the single rotation
rotation parameter is incompatible with supersymmetry.

Nonextremality

New ingredient: add extra energy (but no other charges) to system of
D-branes (and NS-branes) and open strings carrying linear and angular
momenta.

SUGRA: nonextremal branes cannot be in static equilibrium with each
other — they want to fall towards each other, and they do not satisfy
simple harmonic function superposition rule.

Least confusing way to construct nonextremal multi-charge solutions is
to start with appropriate higher-d neutral Schwarzschild or Kerr type
solution, and to use multiple boostings and duality transformations to
generate required charges.
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For nearly BPS systems, D-brane pictures for (D1, D5,W) and
(D2,D6, NS5, W) stay ind=1+ 1.

Physics: new energy adds a small number of R-movers as well as L-
movers. (Breaks BPS condition.)

Think of R-movers and L-movers as dilute gases, interacting only very
infrequently. Energy and momentum are additive, and so is entropy.

Amazingly, entropy agrees with near-extremal black brane entropy. Why?
- no theorem protecting degeneracy of non-BPS states. What is going
on physically is that conformal symmetry possessed by the d =1+ 1
theory is sufficiently restrictive, even when it is broken by finite temper-
ature, for black hole entropy to be reproduced by field theory.

Multi-parameter agreement. 71|

Also greybody factors can be /]\
computed. Mindbogglingly, AN < -

D-brane story gives same an-
swer!!

24




