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T.P. 8073

The Instability of Slow, Immiscible, Viscous Liquid-Liquid
Displacements in Permeable Media

R. L. CHUOKE

P. van MEURS
JUNIOR MEMBER AIME
C. van der POEL

ABSTRACT

When an initially planar interface between two im-
miscible liquids is displaced at constant rate, U, nor-
mal to the front, instability will occur for all rates
greater than a critical rate, U, given by

(%ﬁ%) U. + (p. — p)g cos (z2/) =0,

provided the Fourier decomposition of the spatial per-
turbation or deformation of the moving displacement
front contains modes with wavelengths, A, greater than
a critical wavelength, A, given by

% £

o

fho M _
g v

In these expressions, p, u and k, with the subscripts
1 and 2 distinguishing the two liquids under considera-
tion, are density, viscosity and effective permeability
coefficients respectively; g is the absolute value of the
acceleration due to gravity; and cos (zz') is the direc-
tion cosine between the vertical cartesian coordinate 7’
(positive upward) and the z coordinate normal to the
initially plane macroscopic interface taken positive in
the direction from Liquid 1 to Liquid 2. U is the av-
erage volumetric velocity (injected volume of liquid per
unit time per unit of total area normal to z) and is
positive for Liquid 1 displacing Liquid 2, negative for
the reverse displacement; and o* is an effective inter-
facial tension (for displacements between parallel plates,
o* = o, the ordinary bulk interfacial tension).

Further, there is a wavelength of maximum instabil-
ity given by

An = V3A.

For natural perturbations, this wavelength will pre-
dominate and characterize the form of the instability
as a quasi-sinusoidal deformation, i.e., viscous fingers
of peak-to-peak separation, \,.

Comparison of experiment with theory reveals that
these considerations are reasonably valid for displace-
ments in both parallel plate channels and unconsoli-
dated glass powder packs.

These results are of particular interest for interpre-
tation of data from laboratory experiments with regard
to field applications. It is quite possible for A., although
small relative to the largest lateral dimension of the res-
ervoir, to exceed the greatest lateral extent of the lab-
oratory sample or model. If it does, frontal displace-

Ao = 27
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ment occurs in the laboratory experiments, and oil re-
covery attained is higher than that from the field.

INTRODUCTION

The puposes of this paper are to present theoretical
and experimental evidence for occurrence of macro-
scopic instabilities in displacement of one viscous fluid
by another immiscible with it through a uniform por-
ous medium and to compare available experimental
data with some predictions of a theory of instability
developed by the first author.

The instabilities are referred to as macroscopic in
the sense that spatially quasi-sinusoidal, growing fin-
gers of the displacing liquid are formed, the width
and peak-to-peak separation {wavelength) of which is
large relative to a characteristic length of the particular
permeable medium such as grain size.

Visual models of two kinds have been used to ob-
tain observations: displacement of oil by water-glycer-
ine solutions through the flow channel formed by
closely spaced parallel plates and displacement of oil
by water with and without initial interstitial water
through unconsolidated glass powder packs, employing
the technique of matching indices of refraction.

In all cases we have observed macroscopic instabili-
ties or fingers under conditions predicted by the theory
to be favorable for their occurrence.

The phenomenon discussed here is not the production
of streamers due to gross inhomogeneities such as per-
meability stratification of the porous medium.

It is our object to show, on the contrary, that a
quantitative prediction of finger spacing is possible in a
porous medium known to be macroscopically homo-
geneous and isotropic throughout.

The importance of the phenomenon in its influence
on the configuration of oil and water with respect to
oil production behavior was noted earlier by Engel-
berts and Klinkenberg' who coined the term “viscous
fingering”.

THEORY

NECESSARY AND SUFFICIENT CONDITIONS FOR
INSTABILITY AND INITIAL KINEMATICS

There are several levels of increasing complexity in
the theoretical description of instability of fluid dis-
placements in permeable media. Of these, the simplest
description, adapted to low permeability systems, is
selected for presentation.” More inclusive descriptions
are reserved for separate publication.

1References given at end of paper.
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First, consider the configuration of two liquids, la-
belled 1 and 2, each of infinite extent, with a plane,
macroscopic interface moving slowly through a uni-
form permeable medium with speed, W, normal to
the interface. This idealization is taken as a first work-
ing model for fluid displacements in both kinds of per-
meable media under consideration, although differences
arise in interpretation.

An unperturbed immiscible displacement is charac-
terized by a transition zone of steep saturation gradi-
ents of the displacing and displaced fluids. In the model,
the transition zone is replaced by a sharp, plane, macro-
scopic interface to which are assigned pressure discon-
tinuities preserving capillary properties of the transi-
tion zone and up to which are extrapolated the rel-
atively uniform saturation and flow conditions prevail-
ing outside the zone. The precise location of the macro-
scopic interface is not involved essentially in the follow-
ing but may be determined by conservation of mass con-
siderations. The model is directly amenable to the ap-
plication of the most elementary form of first-order
perturbation theory® and finds partial justification with-
in this framework through the assumption, implied in
all of the following work, that only fundamental per-
turbation modes with wavelengths large relative to the
width of the transition zone at the time of application
of perturbation will be considered.

The assumption of uniform velocity implies, for con-
stant rate displacements, equal initial and residual im-
mobile saturations in the domains of the displaced and
displacing fluids, respectively; however, this is not a
fundamental restriction and it will be relaxed to allow
non-equivalent saturations, provided these remain im-
mobile.

Fluid displacement between closely spaced parallel
plates is two-dimensional and involves only one micro-
scopic fluid-fluid interface whereas displacements in a
granular medium are three-dimensional, and the macro-
scopic interface represents many moving microscopic
fluid-fluid interfaces. The formal mechanics of theory
are the same and the results for parallel plate systems
can be considered a specialization of those for granu-
lar systems; consequently, the following considerations
apply to the latter systems.

A cartesian coordinate system is chosen with posi-
tive z axis directed from Fluid 1 to Fluid 2 perpen-
dicular to the macroscopic interface and forming an
angle (zz’) with the z’ axis of a fixed system of co-
ordinates with positive z” directed vertically upwards.
If Fluid 1 is displacing Fluid 2, W is a positive quan-
tity. The z component of gravitational acceleration is
— g cos(zz’); thus, if the fluids are interchanged con-
figurationally, the gravitational acceleration component
as defined changes sign.

Macroscopic hydrodynamic equations of motion and
continuity, a set for each fluid, are written as

v = — grad {% (p + -KM—WZ -+ pg [Cos(zz’)]z}

e e e e (1)

=—grad x, . . . « .« v v . .2
and

div v=—9%=0, . . . . . . . (3)

where v = (u,v,w) is a perturbation velocity. These
equations are a description of fluid motion in a coordi-
nate system moving with speed W in which the unper-
turbed interface is at rest. The origin of the x, y, z
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system is presumed fixed in the plane of the unper-
turbed interface.

In writing Eq. 1 it is assumed that x and y com-
ponents of gravitational force per unit volume of fluid
are either negligible, as in the case of flow through
closely spaced plates, or have been cancelled by resper-
tive pressure gradient components due to imposed
tangential velocities. (In first-order theory, imposed
tangential velocities have no effect on the form of
results pertinent to instability. A second-order theory,
however, predicts a form of Helmholtz instability.)

Egs. 1 and 2 possess the integral,
p Z—KM—X - %Wz — pgleos(zz’)1z + P (1),

B )]
where P(t) is an arbitrary function of time.

If we decompose an arbitrary deformation of the
macroscopic interface into fundamental Fourier per-
turbation modes and study each separately, the func-
tional form of the deformation can be taken to be

=gy L L L. (5)
where ia, + ja, = a is the propagation vector in the
x, y plane of magnitude

a= (¢ + a;)‘/", and ¢ = e(a)-.
The kinematical conditions to be satisfied at the in-
terface z = { are
14 X
= = (6)
ot 0z 2=t 0z z=f

with neglect of small quantities of the second order.{
The appropriate solutions of Eq. 3 are

—

Xl — _ na—xeeaz+nt+i (aw:v-t-ayy)’ . . . A . (7)
for Fluid 1, and
Xe =+ nalee s L (8)

for Fluid 2, for these make the z component of the
perturbation velocity vanish at z = = oo, respectively
(constant rate displacement), and satisfy the kine-
matical conditions (Eq 6) under the assumption that
a is a small quantity (first-order theory).

At each point of the macroscopic interface there is
conceived to be a pressure discontinuity consisting of
two types of terms, i.e.,

(o = pley=0(c;+ ) + Py, . . (9)
where P.(t) is independent of curvature of the macro-
scopic interface but may be a function of time and is
related to the capillary pressure drops across the micro-
scopic fluid-fluid interfaces underlying the macroscopic
interface; whereas ¢* is an effective interfacial tension
and ¢, c. are the signed principal curvatures of the
macroscopic interface, to be taken as negative when
the respective center of curvature falls in the domain
of Fluid 2.

The assumption that af is small allows the approxi-
mations,

tLet F{x,y,2,t) = 0 be the equation of the interface. At every
point of this surface,

DF F F F F
:a +ua +va +w8 =

0.

Dt 3w v gt
Since F =2z — ¢,

.8_5 +u a_( +v if =

B o= v
and Eq. 6 follows from the definitions of the velocity potentials,
x1 and xz2, and neglect of the terms

u o¢ v a¢

=" "5

v

w .
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_ 0°C c _ 9°¢
@ ax’ oy’

Combining Eq. 4 with Eq. 9 results in

'%mﬁ—§umT{G%JjW+m—

3 Kz
LZ+ .a‘-z) + P.(t) — P.(t) +

p1) g cos(zz )] — (ax~ >
P.(t) =0.
According to Egs. 5, 7 and 8, and for small «f, Eq.
10 leads to
P(t) —P(t)=P(t), . . . . . . (1
and to the characteristic equation,

(M2 + ﬁ) n— [(E—&) W+ (p. — p)g cos(zz’)] @
Kg Ks Ka K,

+ g%’ =0, .o (12)
which determines n as a function of « and yields di-
rectly the kinematics of early growth.

Clearly, for « > 0, the necessary and sufficient con-
dition for instability, i.e., for n to be positive, is given
by

(&—&) W + (p. — p)g cos(zz’) — o¥a® >0
Ky

Kz

(13)

Alternatively, introducing the effective permeabilities,

k, and k,, and volumetric velocity, U, one may say that

instability will occur for all velocities U > U, where
U, is a critical volumetric velocity defined byt

% - %) U. + (p: — p)g cos(zz’) = 0,

- o . (14)
provided the perturbation contains wavelengths{+
A = 2n/a greater than a critical wavelength, A., de-
fined by

(7* %

Hz 7
g — U,
k. kl)(U )

A, =2m (15)

The inequality, U > U,, is a necessary condition for
instability, whereas U > U, and A >\, combined
form the necessary and sufficient condition for insta-
bility equivalent to Eq. 13.

For U > U,, the index of instability, n, as a func-
tion of « possesses an absolute maximum. The root,

a = a, of the equation, — =0, determines the wave-

lengthtt of maximum instability which is given in
terms of the critical wavelength, A., by
A =V3 A . . . .. ... (16)
For two-dimensional systems or for a, = «,, there
is a unique perturbation mode of greatest instability
index which will grow exponentially in time during the
early stages at the fastest rate relative to other funda-

tApparently, various forms of the inequality, U > Uc, have now
been derived independently by several authors. To our knowledge,
the inequality specialized to vertical flow was first derived in con-
nection with instability problems of the type considered here by
Hillt. See also Dietz’, and van der Poel and KillianS.

++In using the term wavelength in this context it must be re-
membered that since @ = (a«2 + ay?)} %, A and Ac do not direetly
give spacings of maxima or minima in the x,y plane except for
az or ay equal to zero, i.e., for two-dimensional perturbations. For
three-dimensional perturbations, if ar = Say, i.e., Ay = % = ZZS s

Y x

then A and A¢ in the statement pertaining to Eq. 15 may be taken as
true wavelengths referring to spacings along the x or y axis pro-
vided the right-hand side of Eq. 15 is multiplied by
[(1 + 82)/8%1% or (1 + 82) ', respectively.
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mental perturbation modes present. Consequently, for
natural or random perturbations, this mode will tend
to predominate and reveal the instability of the system
as a quasi-Sinusoidal deformation of fluid configurations
with peak-to-peak separation determined by A,.
For different immobile saturations of fluids in the
two domains, which is equivalent to different initial
velocities (W, and W,) for constant injection rate, the
representation of perturbative velocities as in Eq. 1
effectively represents the perturbative velocities in a
coordinate system in which there is no initial motion
of the fluids. Consequently, by the conditions of Eq. 6,
which achieve continuity of the normal components
of perturbative velocities and their equality with the
interfacial velocity of the applied perturbation mode,
the necessary and sufficient condition for instability is

(% W, — % W:) + (P: - Px)g COS(ZZ/) — o*’ >0 >

e e e 17
which again yields the conditions for instability, U >
U, and A > A, (see Eqgs. 14 and 15) when the effective
permeabilities, k, and k., and the constant injection rate,
U, are used. '

PRESSURE DISCONTINUITIES AT MACROSCOPIC
INTERFACE; EFFECTIVE INTERFACIAL TENSION

That part of the pressure discontinuity labelled P.
in Eq. 9 is the pressure drop across the macroscopic
interface of the model that preserves the rate of work-
ing by or against capillary forces in the unperturbed
state; hence it may be a positive or negative magnitude.

In the process of deforming the macroscopic inter-
face in such a way that ¢, + ¢, 54 0, an additional rate
of working against interfacial forces is required that is
dependent upon the net rate of creation of microscopic
fluid-fluid interfaces.

Let A* represent the total area of the microscopic,
moving fluid-fluid interfaces, and A the total area
of the macroscopic interface. To the first order in the
perturbative velocity, the total additional rate of work-
ing at each point of the macroscopic interface is given
by

(h. = pes et = o 20 p %y
(18)
where ¢ is the ordinary bulk fluid interfacial tension
and dA* the element of total interfacial area associated
with dA
By definition,

_ ol . . 8(d4) ¢
(p: Pz)z:yEdA =g —50 ~ 4+ chfdA ,
(19)
where o* is the effective interfacial tension.
Consequently,
. _ [8(dA*)  8(dA)
v *0'( s /s ) - - - 0

which implies, owing to the fact that A* can be much
greater than A4, that o* may be considerably larger
than o.

In view of the fact that

3(d4) _ ol
St - (CI + C2)5t“ dA N 0 e (21)
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Eq. 19 becomes

P —p)ex=0" (i +c)+ P, . . (22)
which is Eq. 9 used in the preceding derivation.

For a parallel-plate system, this condition reduces

to

(p1 — p2)oy = o(c, + ) =0c, + P, . (23)
since the perturbation curvature, ¢, occurs only in the
plane of flow determined by the plates and the original
capillary pressure, P. = o¢¢,, due to the initial curva-
ture of the single microscopic interface involved re-
mains unperturbed. Consequently, the necessary and
sufficient condition Eq. 13 or Egs. 14 and 15 together
are directly applicable to displacements in parallel-
plate channels upon replacing ¢* by the bulk fluid in-
terfacial tension o.

EXPERIMENTAL

EXPERIMENTS WITH THE PARALLEL-PLATE MODEL

Two glass plates were spaced 1-mm apart to provide
a uniform flow channel for displacing oil with water-
glycerine solutions. The model was the same as that
used in the study of production of attic oil described
earlier”.

To obtain good reproducibility, the inner walls were
made preferentially oil-wet with the help of silicones,
and the oil was introduced first, i.e., the displacing fluid
was non-wetting, In the experiments yet to be discussed
the flow channel was tilted about 45° from the hori-
zontal, and the water-glycerine mixture, rendered vis-
ible by addition of methylene blue dye, was injected
at the lower end. After injection of a small amount of
the glycerine mixture, injection was stopped and the
fluids allower to equilibrate under the action of grav-
ity. At low rates of injection the moving interface re-
mained essentially stable and no fingers were formed.
As reported before’ it was found that fingering ac-
tually does not occur at rates below the critical rate
given by Eq. 14.

We shall discuss here a set of three displacement ex-
periments perforred at rates above this critical rate. In
these experiments density and viscosity of the oil and
glycerine-water mixtures were constant with p, = 0.877
gm/cm’ and p. = 1.39 poise for oil and p. = 1.21 gm/
cm® and u, = 0.552 poise for glycerine-water. The sys-
tem was tilted at an angle of 44°25’; the bulk interfa-
cial tension between the fluids was 33 dyne/cm. Since

for the parallel-plate model, « = h*, h being the

12
plate spacing equal to 1 mm, « = 1/1,200 cm®. Eq. 14
yields for the critical rate, U, = 0.23 cm/sec.

Fig. 1 gives a time sequence (a,b,c,d) of photo-
graphs of experiments carried out at an injection rate
about twice the critical value (U = 0.41 cm/sec). The
instability of the moving interface resulting in the pro-
duction of fingers is apparent from these photographs.
The shape of these fingers is clearly seen, and it will
be noticed that there is a dissimilarity between the form
of the water fingers and that of the oil fingers.

Fingers of the less viscous liquid, here the water-
glycerine solution, are the broader ones. Note also the
characteristic bulbous tips of the fingers. These ef-
fects are thought to be partly due to difference in_ vis-
cosity, The more viscous oil yields more slowly to the
shearing stresses produced ir forcing the oil ahead.
This flattens the tips of the water fingers. Similar ef-
fects have been noticed by Avsec’ and may also be
seen in the work of Lewis®. Nevertheless, the quasi-sinu-
soidal character of the deformation of the originally
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straight interface is obvious from the pictures.

With increase in flow rate the number of fingers in-
creased, as is seen from Fig. 2, which shows three pho-
tographs of experiments carried out with different in-
jection rates at corresponding displacements of the
flood “front” (Fig. 2a is identical with Fig. 1c). This
is in agreement with Eqgs. 15 and 16, which predict the
smaller wavelengths of maximum instability for higher
flow rates.

Since in the parallel-plate model ¢ equals o*, the
wavelengths of maximum instability can be directly cal-

g

e A M s s
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Fic. 1—InstaiLity oF A WATER-01L INTERFACE MovinG wiTH

Unirorm NorMAL Speep oF 041 cm/sec As COMPARED TO
Crrticar Speep ofF 0.23 cm/sec 1N A Tictep CHANNEL FormED
BY PARALLEL Prates, AncLE oF Tiit, 45°; u, = 0.552
POISE; AND p, = 1.39 poISE.

a b c

Fic. 2—Tue Errect oF RaTE oN FINGER Spacine As OBSERVED

IN TiLtep CHANNEL FormEep Y PararLrr Prates. FrLumps anp

AncLE oF TiLt Are SaMEe as v Fic. 1. (a) U = 041 cm/skc,
(b) U = 0.87 cm/sEc, anp (¢) U = 1.66 cm/sEc.
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TABLE 1—COMPARISON OF CALCULATED AND OBSERVED FINGER
SPACING IN PARALLEL-PLATE MODEL

Calc. Obs.

Ue Uexp. Am Aavg.

Fig. No. {cm/sec) {cm/sec) {cm) {cm)
1 and 2a 0.23 0.41 4.6 3.5
2b 0.23 0.87 2.6 2.4

2c 0.23 1.66 1.6 1.7

culated. In accordance with interpretation of the theory
given before, we compare this calculated A, with the
average fingerspacing, A..., determined experimentally.
Numerical results are given in Table 1.

The comparison between the observed and calculated
wavelengths of maximum instability in this table is
favorable to the interpretation as it stands; however,
the centimeter difference in wavelength for the experi-
ment illustrated in Fig. 1, an excellent illustration of
fingers, may be associated wieh the observation that
discrepancies are most likely to occur at the lower in-
jection rates since, although the instability index, n, as
a fraction of wavelength possesses a maximum for all
rates, the maximum is the flatter, the lower the rate. It
is therefore less probable that the wavelength of maxi-
mum instability will distinguish itself in the time span
of exponential growth.

Fig. 3 illustrates this, for it is a plot of n as a func-
tion of A as calculated from Eq. 12 for the three ex-
periments under consideration. As is clear from this
figure, the maximum for the lower rate experiment is
not pronounced; this may explain the discrepancy ob-
served.

EXPERIMENTS WITH TRANSPARENT POWDER PACK
- MopeELs COMPLETELY SATURATED WITH OIL

With the transparent model technique reported
earlier®, interesting results have been obtained pertain-
ing to an actual porous medium. Two models were
used, of dimensions 5 x 30 x 60 cm and 2 x 9 x 18
cm. The models were packed with Pyrex glass powder
and completely saturated with oils having a refractive
.index identical to that of the Pyrex glass to render the
glass pack transparent. At both ends of the models
small chambers were provided separated from the glass
pack by a wire screen. The chamber at the injection
end was flooded out by the injection water before the
experiment was started to ensure a planar interface at
the start of the experiment. Since the injection fluid
(water) has a refractive index differing from that of
the glass grains and the oil, light is scattered wherever
water has penetrated; these places show up white in the
photographs.

nxio? | see™!

18
DISPLACING FLUID 1, = 0.552 POISE

UISPLACED FL U/D/IZ /.29 POISE

~—
fe D s . b T g
o4 U=0 87 ¢m,“sec —
—
s \7\7¥
U=C4icm sec

) [ sl | T ]
4 l & F 4 s & 7 8 g o

dem

Fic. 3—Pror or InstaBiLITY INDEX, 1, AS A Func-

TION OF WAVELENGTH, )\, FOR THREE PARALLEL
Prate ExpErRiMENTS.
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S 60 _cm

v

AU em

18 ¢cm

18 cm

Fic. 4—Turee ExampLes Smowine THE EFFECT
oF O Viscosity AnD Burk IntTERFACIAL TEN-
sioN oN Fincer Spacing, DisprLacing WATER
AppEARs WHITE. (a) u, =945 cp, k=96 D,
se =1 cp, U=0.00932 cm/sEc, AND ¢ = 42
pYNE/cMm; (b) p, = 66 cp, k = 65 D, u,, = 0.936
ce, U =0.0106 cm/sec, AND ¢ = 48 DYNE/CM;
(¢c) =202 cp, k=65 D, u* =c¢ cp, U=
0.00525 cM/SEC, AND ¢ = 3.5 DYNE/CM.

The glass powder used in these experiments was
carefully cleaned with acids and solvents. Its wettabil-
ity condition can best be described as neutral. Photo-
graphs of three representative experiments are repro-
duced in Fig. 4.

In contrast to instabilities observed -in the parallel
plate model, the sides of the fingers in these pictures
are not smooth but clearly show irregularities. Though
not of special interest in the problem under discussion
it does have a bearing on production behavior as shown
in a recent paper®.

Comparison of Fig. 4a with Fig. 4b shows that

~ when the oil viscosity is higher, smaller fingers are

formed. Also the lower the bulk interfacial tension, the
smaller the fingers as is demonstrated by comparison
of Fig. 4b with Fig. 4c. These trends are in accordance
with those predicted by the theory.

Since the value of ¢* in Eq. 20 is essentially un-
known, no a priori numerical prediction of the wave-
length of maximum instability can be given. It can,
however, be shown that trends predicted by the theory
are in numerical agreement with experimental data.

For systems of approximately neutral wettability, it
is reasonable to assume that ¢* is directly proportional
to o. On this basis, for horizontal displacements such

PETROLEUM TRANSACTIONS, AIME



that U, =0, and k, = k. = k. Eq. 16 in conjunction
with Eq. 15 can be written as

ok
An=Cgl—— . . . . . . (24
‘/U(m = p)

where C is a dimensionless constant of the order,
27V3.

The experimental data are found to fit this formula
to a reasonable degree when the constant C is taken
equal to 30. Characteristics of the experiments as well
as the finger spacings measured are presented in
Table 2.

Since all parameters have been varied in these ex-
periments, agreement between theory and experiment
may be called satisfactory.

FINGERING IN SYSTEMS CONTAINING CONNATE WATER

The same visual model technique has also been used
to produce oil-saturated packs containing connate water.
An aqueous solution of ammonium iodide of matching
refractive index was first injected into a pack consisting
of pyrex powder baked for several hours at 500°C.
Upon displacement by oil of the same refractive index
a transparent system containing up to 0.15 pore volume
of connate water was obtained. This system imbibes
water spontaneously and can be described as strongly
water-wet. When pure water is injected into a model
prepared this way, the phenomenon of various finger-
ing is again clearly observed as is illustrated by the
photograph of Fig. 5. Though quantitative data are still
insufficient to test the theory thoroughly, it is clear
that for such systems the constant, C, in Eq. 24 is larger
than for the “neutral” systems discussed before. This is
in accordance with the a priori expectation that ¢*
should be larger for media which spontaneously imbibe
water than for those which do not.

This also signifies that the critical wavelength, A, for
such water-wet systems is large and can easily exceed
twice the lateral extent of the model or the core speci-
men. Under such conditions all observable wavelengths
fall in the range of stability or decaying amplitudes;
this may explain why, under laboratory conditions, the
phenomenon of viscous fingering may not reveal itself
even though the system satisfies the necessary condi-
tion for instability. In this connection, both a high vis-
cosity difference and a high injection rate have been
used for the Fig. 5 experiment.

APPLICATIONS

These results are of particular interest for interpre-
tation of data from laboratory experiments with respect
to field applications.

Even if the usual similarity groups' such as

oVk (p, — pu) evVkd p, 1
b

’

Uiu’wd g /u«w d

s etc.

TABLE 2—COMPARISON OF CALCULATED AND MEASURED FINGER
SPACING |N TRANSPARENT GLASS PACK

- kx 108 U Cale. Obs.
ig. 4 Lo Hw ok
5 . o Am =30 \/__“K__ Aave.
No. [dyne/cm} (cm?} (cm/sec) {poise} {poise} Uluo — v} {em)
{cm)

4¢ 3.5 64 0.00525 2.02 0.030 0.432 0.65

4 64 0.0148 0.60 0.00914 0.51 0.67

15 11.1 0.0020 0.66 0.00914 1.07 0.88

4b 48 64 0.0106 0.66 0.00936 1.97 1.45
L 11 64 0.011 0.086 0.0090 2.72 2.1
A 47 80 0.00133 1.86 0.0093 3.72 4.0
4a 42 94 0.00952 0.0945 0.0010 6.7 5.0
47 80 0.0010 1.86 0.0093 4.3 5.5
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Fic. 5—Fineer Forwation 18 A Porous Orr-

BEARING MEepivy ContaNing 0.15 Pore VoLunmEs

oF ConNNATE WATER. DispLacine WATER APPEARS

Warte. u, = 200 cp, u,, = 1 cp, ¢ = 25 pYNE/
cM, & = 200 D, axp U = 0.115 ¢n/sEc.

are used to determine a model displacement experi-
ment, results can be misleading if the phenomenon of
viscous fingering occurs in the prototype, whereas in
the laboratory experiment A. exceeds the greatest later-
al dimension, d, of the model. In that case frontal dis-
placement occurs in the model, leading to higher re-
coveries than in the reservoir.

Therefore, for unstable systems a properly scaled ex-
periment also requires the dimensionless group,

An)? o
() iy o o
()
to be identical in model and prototype. To satisfy these
conditions simultaneously, although not impossible in
principle, is hardly feasible in practice.

There exist, however, possibilities of departure from
strict adherence to the scaling rule pertaining to finger
spacing, depending upon the range of A, /d in the res-
€rvoir.

We consider the three following cases.

1. A./d << 1 in the prototype. This signifies a large
number of fingers. It is our experience that as long as
there are a sufficient number of fingers in the model
(of the order of six or more), production behavior is
insensitive to variations in the value of A, /d.

2. A./d >> 1 in the reservoir. Then the system has
essentially a stable behavior, i.e., no fingers will occur;
also in the model an essentially stable situation must
be present, i.e., A,,/d should be greater than one.

193



3. In the prototype A, is of the order of d. Produc-
tion behavior can be seriously affected by the variations
in the value of A,/d. Therefcre in this case the value
of this similarity group should be exactly the same in
model and prototype.

Since for relative permeability measurements small
cores are usually used, it is not improbable that in
such a measurement A, exceeds twice the diameter of
the sample. In such a core a saturation distribution ex-
ists which is certainly not representative for the fluid
distribution in a cross section of an actual reservoir
under conditions where viscous fingers are present.

NOMENCLATURE

¢,¢; = signed principal curvatures of macroscopic
interface

greatest lateral extent of reservoir or model

absolute magnitude of gravitational accelera-
tion

absolute permeability

= effective permeability to fluid 1

effective permeability to fluid 2

length of reservoir or model

instability index, sec. ~

pressure

effective capillary pressure

saturation

volumetric or superficial velocity, cm® of fluid
injected/cm® of total cross section x sec.

perturbation velocity, cm® of fluid/cm® of fluid
cross section x sec.

W = U/$S = initial speed normal to the interface,
positive when Fluid 1 displaces Fluid 2,
negative otherwise, cm® of fluid/cm® of fluid
cross section x sec.

z = cartesian coordinate normal to macroscopic in-
terface, positive when directed from Fluid
1 to Fluid 2

z’ = cartesian coordinate, positive vertically up-

wards
(zz’) = angle between z and z” axes.

Il
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GREEK
a = 27/A = wave number, cm™
¢ = initial amplitude of fundamental Fourier per-
turbation mode, cm
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¢ = fundamental Fourier perturbation, c¢cm
Ki2 = k1,2/¢S1,2
wavelength of fundamental perturbation, cm
absolute viscosity
density
bulk interfical tension
effective interfacial tension
= porosity
x = velocity potential

(1|

*qQ o E >
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