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After a typical QFT course,  you hear from grad students: 
confinement occurs because the beta function is negative and 
coupling becomes strong.

... which is to say “it’s complicated” and we won’t think about it
[But: asymptotically free theories exist that don’t confine!]

... will leave it to experimentalists (=lattice people)

These attitudes have merit: indeed, in real-world YM (QCD) 
confinement occurs at strong coupling & is ‘nonperturbative’.

Note: I cannot review all approaches to the confinement problem, see Jeff Greensite’s book. 

This is the subject of my talk. 

It was realized within the past 10 years, that there are 
‘deformations’ of  YM theory, which allow for controlled 
analytical studies of confinement at weak coupling. It is 
believed that they are continuously connected - without 
phase transition - to the real-world YM theory. 



‘deformations’ of  YM theory, which allow for controlled 
analytical studies of confinement at weak coupling,

I want to explain, as nontechnically as I can, what are these

what we learn, and what is the evidence that there is a 
continuous connection to YM theory on R .

The main tool is this: the ‘deformation’, which allows us to 
divorce ‘nonperturbative’ from ‘strong coupling’ is a judiciously 
chosen circle compactification of YM theory. 

For this talk, I will focus on 4d YM theory with SU(N) gauge 
group and Nf adjoint Weyl fermions, massive or not.
My theory space:

Nf=1 Weyl, massless:     SYM with four supercharges

6>Nf>1 Weyl, massless: QCD(adj)

6>Nf>1 Weyl, massive:  dYM,  d =  “deformed”
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Nf=1 Weyl, massless:     SYM with four supercharges

6>Nf>1 Weyl, massless: QCD(adj)

6>Nf>1 Weyl, massive:  dYM,  “d” =  “deformed”

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime
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1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 

3 1

I will study these theories compactified on a circle of 
circumference L. It is crucial that this is a spatial circle and 
fermions are periodic (not finite T!). Thus, spacetime is really
R  x S , but I will usually call it R xS , for brevity.1,2 1 3 1 

Weak coupling is assured - will explain - if circle is small

[Note: peculiar double-scaling large-N limit can be taken with 
 L-  0. Strange things happen then...                   ]> Cherman EP 2016



Nf=1 Weyl, massless:     SYM with four supercharges

6>Nf>1 Weyl, massless: QCD(adj)
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1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 

3 1

+ periodic (around L)  fermions circle, with 

key features:
1. dynamical abelianization

2. weak coupling

3. relevant d.o.f. at distances >> NL: “dual Cartan gluons”

4. mass gap & confinement due to the proliferation (not 
really ‘condensation’) of nonperturbative semiclassical 
objects -monopole-instantons - dYM

-magnetic bions - SYM/QCD(adj)

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime
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1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 

3 1

at 1/NL



1. dynamical abelianization

2. weak coupling

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime
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1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 

3 1

at 1/NL
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We begin with our naive expectations, starting with adding massive quark supermultiplets.

We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in the fundamental

of the gauge group (their fermionic parts constitute N

f

Dirac fundamental flavours).

2.1 Taming the perturbative contributions

Erich Poppitz

Thomas Schäfer Mithat

¨

Unsal

Tin Sulejmanpašić

Sulejmanpašić
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The immediate worry is that fundamentals will destabilize the center symmetry of R3 ⇥ S1;
however, since the boundary conditions on S1 are supersymmetry-preserving (“unphysical”

as some would put it), in the supersymmetric limit the GPY potential of the bosons and

fermions vanishes. When a small gaugino mass m

1/2

is introduced, as in [2], it generates a

one-loop soft scalar mass for the fundamental fields—but not to the fermions, as perturbative

contributions to their mass are protected by the classical U(N
f

)
L

⇥ U(N
f

)
R

symmetry. The

– 2 –

on a circle, new gauge invariants:  
traces of powers of noncontractible Wilson loop 

unitary NxN matrix, unit determinant

two dual photons - contour plot of bion-induced potential

dual photon plane

periodicities: 
w1, w2: weight vectors of SU(3)  

center symmetry: 
acts on the dual photons 
as a Z_3 subgroup of the Weyl 
group
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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= 120 degree rotation

Z_3 chiral symmetry: 
shift of dual photons by 
Weyl vector/3          Z_N for SU(N)

- magnetic bions - QCD(adj)/SYM with SU(3) gauge group:
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Figure 7: The distribution of the eigenvalues of the Polyakov loop around S1
L

for N
c

= 5 for di↵erent
values of c

m

, shown for g2N
c

= 0.1.
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Figure 8: The distribution of the eigenvalues of the Polyakov loop around S1
L

for N
c

= 10 for di↵erent
values of c

m

, shown for g2N
c

= 0.1.

We note that in the abelian confinement regime the size of the dual circle eS1 on which the
eigenvalues reside is equal to 1/L, which grows linearly with Nc, while the separation of the
eigenvalues remains fixed, 2⇡/(LNc) ⇠ O(N0

c ). This is in sharp contrast with the non-abelian
confinement regime and the ordinary large-Nc limit. In the latter, 1/L = O(N0

c ) and the
separation between eigenvalues is 2⇡/(LNc) ⇠ O(N�1

c ), forming a dense set in perturbation
theory. In the latter case, since 2⇡/(LNc) ⌧ ⇤, all the low momentum modes are strongly
coupled, and the eigenvalues are uniformly distributed over the unit circle. At the critical
point in the weakly coupled regime, the uniform separation between eigenvalues exhibits a
jump into a non-uniform one, by opening a “gap” on top of the usual one. As one increases
cm the gap continues to grow, as shown in Figures 6,7, and 8 for SU(4), SU(5), and SU(10),
respectively. In particular, we did not observe, in the semi-classical regime, an instability
towards partial center-symmetry breaking phases, similar to those found in deformed Yang-
Mills theory and massive QCD(adj), [7, 28], see Ref. [29] for a review.

There is one more interesting issue that appears in the large-Nc limit. The density
of states of large-Nc gauge theories is expected to exhibit an exponential growth, ⇢(E) ⇠
e�⇤E = eE/TH , where �⇤ ⌘ TH is the Hagedorn temperature. This idea is related to the
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ŵ

 †
x,w+1 x,w

+ t
d̂

ei⇡w †
x,w

 
x+1,w+1 + h.c.

⌘
. (1.1)

A “chemical potential” t has been included for later use. The x-direction is assumed

to be periodic and will be taken infinite, allowing us to Fourier transform

 
x,w

=

⇡Z

�⇡

dk

2⇡
eikx  ̃

k,w

, (1.2)

– 2 –

~

Figure 1: Wen’s “IQH” spatial lattice

1 The Hamiltonian setup and “edge” modes

eiA4L = eik
2⇡
N

Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ
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ŵ

 †
x,w+1 x,w

+ t
d̂

ei⇡w †
x,w

 
x+1,w+1 + h.c.

⌘
. (1.1)

A “chemical potential” t has been included for later use. The x-direction is assumed

to be periodic and will be taken infinite, allowing us to Fourier transform

 
x,w

=

⇡Z

�⇡

dk

2⇡
eikx  ̃

k,w

, (1.2)

– 2 –

(k=1,...,N)

lightest W-bosons ~ 1/NL, only Cartan survive!

weak coupling: W-boson mass ~ 1/NL >> 

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime

Brief Article

The Author

April 27, 2015

NL⇤ ⌧ 1

SU(N) ! U(1)

N�1

1

NL

Z =

X

n+,n�

dx

1

...dx

n

⇣

n++n�

n

+

!n�!
e

�
n++n�P

a,b

1
e

2
q

a

q

b

|x
a

�x

b

|

q

a

, q

b

= ±1

1

e

2

e

1
e

2
1

|r1�r2| ⇠
Z

D� e

�e

2
R
dx (@

i

�(x))

2
e

i�(r1)�i�(r2)
, etc.

Z ⇠
Z

D� e

�e

2
R
dx (@

i

�)

2 X

n+,n�

dx

1

...dx

n

⇣

n++n�

n

+

!n�!
e

n++n�P
a

iq

a

�(x

a

)

e

n++n�P
a

iq

a

�(x

a

)

= e

i

R
dx�(x)⇢

m

(x)

⇢

m

(x) =

n++n�X

a

q

a

�(x� x

a

)

1

QCD(adj): YM with n  adjoint Weyl fermions; n  =1 is SYMf f

Brief Article

The Author

April 27, 2015

NL⇤ ⌧ 1

SU(N) ! U(1)

N�1

1

NL

Z =

X

n+,n�

dx

1

...dx

n

⇣

n++n�

n

+

!n�!
e

�
n++n�P

a,b

1
e

2
q

a

q

b

|x
a

�x

b

|

q

a

, q

b

= ±1

1

e

2

e

1
e

2
1

|r1�r2| ⇠
Z

D� e

�e

2
R
dx (@

i

�(x))

2
e

i�(r1)�i�(r2)
, etc.

Z ⇠
Z

D� e

�e

2
R
dx (@

i

�)

2 X

n+,n�

dx

1

...dx

n

⇣

n++n�

n

+

!n�!
e

n++n�P
a

iq

a

�(x

a

)

e

n++n�P
a

iq

a

�(x

a

)

= e

i

R
dx�(x)⇢

m

(x)

⇢

m

(x) =

n++n�X

a

q

a

�(x� x

a

)

1

1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 

3 1 1.
2.

Figure 1: Wen’s “IQH” spatial lattice

1 The Hamiltonian setup and “edge” modes

eiA4L = eik
2⇡
N

tr⌦p ! e
2⇡ip
N tr⌦p

Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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2
3

- magnetic bions - QCD(adj)/SYM with SU(3) gauge group:

inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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in semiclassical regime extremize classical 
action with monodromy around Wilson loop:
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R

FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
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� +
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We omitted, for brevity, a summation over the n
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flavor
indices in the kinetic term and a product over the flavor
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).
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(3) is the (electric) gauge field in the Cartan di-
rection, B
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(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
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change by 2⇡ as z varies between ±1. We would have
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The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]
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Figure 1: Wen’s “IQH” spatial lattice

1 The Hamiltonian setup and “edge” modes

eiA4L = eik
2⇡
N

Lpert.,3d
eff

⇠ g2

L
(@

µ

~�)2 + ...

tr⌦p ! e
2⇡ip
N tr⌦p

Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ

, t
d̂

on the x, w, and d (diagonal) links. We

assume that these are real and write the hopping phases explicitly, according to Wen’s

figure. The Hamiltonian is:

H =
X

x

Lw�1X

w=0

h⇣
t
x̂

e�i

⇡
2+i⇡w †

x+1,w x,w

+ h.c.
⌘
� t †

x,w

 
x,w

i

+
X

x

Lw�2X

w=0

⇣
t
ŵ

 †
x,w+1 x,w

+ t
d̂

ei⇡w †
x,w

 
x+1,w+1 + h.c.

⌘
. (1.1)

– 2 –

long distance theory, perturbative:



1. dynamical abelianization
2. weak coupling

4. mass gap & confinement due to the proliferation (not 
really ‘condensation’) of nonperturbative semiclassical 
objects -monopole-instantons - dYM

-magnetic bions - SYM/QCD(adj)

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime
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3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 
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like Polyakov, 1977... but different - locally 4d! - extra instanton, theta...

1 The Hamiltonian setup and “edge” modes
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Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ

, t
d̂

on the x, w, and d (diagonal) links. We

assume that these are real and write the hopping phases explicitly, according to Wen’s

figure. The Hamiltonian is:

H =
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A “chemical potential” t has been included for later use. The x-direction is assumed

to be periodic and will be taken infinite, allowing us to Fourier transform
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, (1.2)
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3. relevant d.o.f. at distances >> NL: “dual Cartan gluons”

SYM: Seiberg Witten 1997...

Kraan van Baal; Lee Yi ~1997



1. dynamical abelianization
2. weak coupling
3. relevant d.o.f. at distances >> NL: “dual Cartan gluons”
4. mass gap & confinement due to the proliferation (not 
really ‘condensation’) of nonperturbative semiclassical 
objects

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)
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1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 
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Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ

, t
d̂

on the x, w, and d (diagonal) links. We

assume that these are real and write the hopping phases explicitly, according to Wen’s

figure. The Hamiltonian is:

H =
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A “chemical potential” t has been included for later use. The x-direction is assumed

to be periodic and will be taken infinite, allowing us to Fourier transform
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ŵ

 †
x,w+1 x,w

+ t
d̂

ei⇡w †
x,w

 
x+1,w+1 + h.c.

⌘
. (1.1)

A “chemical potential” t has been included for later use. The x-direction is assumed

to be periodic and will be taken infinite, allowing us to Fourier transform

 
x,w

=

⇡Z

�⇡

dk

2⇡
eikx  ̃

k,w

, (1.2)

– 2 –

1 The Hamiltonian setup and “edge” modes

eiA4L = eik
2⇡
N

LdYM

eff

= M

"
(@

µ

~�)2 �
NX

i=1

m2 cos ~↵
i

· ~�
#

= M

"
NX

a=1

(@
µ

�a)2 �m2 cos(�a � �a+1(modN))

#

L
QCD(adj)/SYM

eff

= M

"
(@

µ

~�)2 �
NX

i=1

m2 cos(~↵
i

� ~↵
i+1(modN)) · ~�

#

= M

"
NX

a=1

(@
µ

�a)2 �m2 cos(�a + �a+2(modN) � 2�a+1(modN))

#

Lpert.,3d
eff

⇠ g2

L
(@

µ

~�)2 + ...

tr⌦p ! e
2⇡ip
N tr⌦p

Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ
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Z   cyclic structure - crucial for 
string properties [vs Seiberg-Witten]

N
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ŵ

 †
x,w+1 x,w

+ t
d̂

ei⇡w †
x,w

 
x+1,w+1 + h.c.

⌘
. (1.1)

– 2 –

= center symmetry 
   on magnetic variables

like Polyakov, 1977... but different - locally 4d! - extra instanton, theta...



Studies of dynamics at small-L, using these effective theories, 
have branched out in different directions: phase structure, 
theta-dependence, deconfinement transition, addition of 
fundamental flavors, etc; can’t review all.  

Will focus on confining string properties:
...mass gap & confinement  
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    field lines  - dual:
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ŵ

, t
d̂

on the x, w, and d (diagonal) links. We

assume that these are real and write the hopping phases explicitly, according to Wen’s

figure. The Hamiltonian is:

H =
X

x

Lw�1X

w=0

h⇣
t
x̂

e�i

⇡
2+i⇡w †

x+1,w x,w

+ h.c.
⌘
� t †

x,w

 
x,w

i

+
X

x

Lw�2X

w=0

⇣
t
ŵ
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nonperturbative: 
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Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.
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compromise

   - this is of course the physics of the 3d Polyakov Model
   
   - as well as that of the MIT Bag Model
         m ~ bag constant [relevant later!] 

theoretically 
controlled! 
not a “model”...

a model of the YM vacuum

- novelty and interest due to locally-4d nature 
  and the unbroken center symmetry of dYM, SYM, QCD(adj)
[in Polyakov: no analogue of center & no vacuum angle: all due to locally 4d nature!] 

Comments: 
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inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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The role of the unbroken center, “mesons” and “baryons” 
dYM vs. Seiberg-Witten theory - the other theory with calculable abelian confinement: 

contour plot of nonperturbative potential for dYM SU(3): 

dual photon plane (2 dim basis) 

unit cell of su(3) weight lattice - 
fundamental domain for SU(3) dual 
photons 

minima of potential, degenerate 
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The role of the unbroken center, “mesons” and “baryons” 
  

contour plot of nonperturbative potential for dYM SU(3): 

monodromy of dual photons confining 
quarks of weight w , etc.

Z_3 symmetry clear = unbroken center
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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- magnetic bions - QCD(adj)/SYM with SU(3) gauge group:

inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the

– 15 –

in semiclassical regime extremize classical 
action with monodromy around Wilson loop:

2

Kink 

e

i
2

H
C A

(3)

� winds by 2⇡

R

FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).

0.2

0.4

0.6

0.8

1.0

FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

monodromy  

C

for, e.g., a weight of the 
fundamental, say w1 DW1

P(DW1*)
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(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
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definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,
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be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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in semiclassical regime extremize classical 
action with monodromy around Wilson loop:
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i
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We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.

– 18 –

2
1

3

- magnetic bions - QCD(adj)/SYM with SU(3) gauge group:

inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
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= M

h
i�̄�̄
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� +
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We omitted, for brevity, a summation over the n
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indices in the kinetic term and a product over the flavor
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2
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A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]
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Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the
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in semiclassical regime extremize classical 
action with monodromy around Wilson loop:

2

Kink 

e

i
2

H
C A

(3)

� winds by 2⇡

R

FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).

0.2
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0.6

0.8

1.0

FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

monodromy  
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� winds by 2⇡

R

FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
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A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

2

1

2

w1-string 
in vacuum 2

2
i.e. strings confining fundamental quarks have a “double-DW” structure...

- strings can end on DWs
- quarks are deconfined on DWs

1I. confining strings in QCD(adj) and dYM:
the picture or strings “made out” of DWs also implies that confining strings 
can end on DWs
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s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
xe

s
w

h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x.

If
a

qu
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
vi

ci
n
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

nt
of

th
e

D
W

lo
ca

li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

qu
ar

ks
ar

e
li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
qu

ar
ks

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

by
S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

qu
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

kn
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
yn

am
ic

s
is

u
n
d
er

st
oo

d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

nt
s.

A
ll

fi
el

d
s

in
(1

)
b
ec

om
e

N

c

�
1

d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c

)!
U

(1
)N

c
�

1

b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,
�
)

=
e

i

~

�
·H C

~

A

(
3
)

,w
it

h
~

�
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1

el
ec

tr
ic

ch
ar

ge
s)

,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

by
su

m
m

in
g

ov
er

al
l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,
�
)i

⇠
e

�
S

c
la

s
s
[
�̄
(
C

)
]

,
w

it
h

th
e

m
ag

n
et

ic
b
io

n
p
ot

en
ti

al

L
b
i
o
n

=
�

m

2

M

N

c X i
=

1

co
s
h (~↵

⇤ i

�
~
↵

⇤ i
+

1
(
m

o
d

N

c
)

)
·~�

i ,
(3

)

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
lc

u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
ts

ar
e

m
as

sl
es

s,
d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f

)
ch

ir
al

sy
m

m
et

ry
.

T
h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m

b
r

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

n
t

of
th

e
D

W
lo

ca
li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

q
u
ar

k
s

ar
e

li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
q
u
ar

k
s

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

b
y

S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

q
u
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

k
n
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
y
n
am

ic
s

is
u
n
d
er

st
o
o
d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

n
ts

.
A

ll
fi
el

d
s

in
(1

)
b
ec

om
e

N

c

�
1

d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c

)!
U

(1
)N

c
�

1

b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,
�
)

=
e

i

~

�
·H C

~

A

(
3
)

,
w

it
h

~

�
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1

el
ec

tr
ic

ch
ar

ge
s)

,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

b
y

su
m

m
in

g
ov

er
al

l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,
�
)i

⇠
e

�
S

c
la

s
s
[
�̄
(
C

)
]

,
w

it
h

th
e

m
ag

n
et

ic
b
io

n
p
ot

en
ti

al

L
b
i
o
n

=
�

m

2

M

N

c X i
=

1

co
s
h (~↵

⇤
i

�
~
↵

⇤
i
+

1
(
m

o
d

N

c
)

)
·~�

i ,
(3

)

<

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
lc

u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
ts

ar
e

m
as

sl
es

s,
d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f

)
ch

ir
al

sy
m

m
et

ry
.

T
h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m

b
r

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

n
t

of
th

e
D

W
lo

ca
li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

q
u
ar

k
s

ar
e

li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
q
u
ar

k
s

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

b
y

S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

q
u
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

k
n
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
y
n
am

ic
s

is
u
n
d
er

st
o
o
d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

n
ts

.
A

ll
fi
el

d
s

in
(1

)
b
ec

om
e

N

c

�
1

d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c

)!
U

(1
)N

c
�

1

b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,
�
)

=
e

i

~

�
·H C

~

A

(
3
)

,
w

it
h

~

�
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1

el
ec

tr
ic

ch
ar

ge
s)

,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

b
y

su
m

m
in

g
ov

er
al

l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,
�
)i

⇠
e

�
S

c
la

s
s
[
�̄
(
C

)
]

,
w

it
h

th
e

m
ag

n
et

ic
b
io

n
p
ot

en
ti

al

L
b
i
o
n

=
�

m

2

M

N

c X i
=

1

co
s
h (~↵

⇤
i

�
~
↵

⇤
i
+

1
(
m

o
d

N

c
)

)
·~�

i ,
(3

)

3

b
ac

kg
ro

u
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
lc

u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

qu
ir

in
g

so
m

e
m

il
d

b
ac

kg
ro

u
n
d

m
od

el
in

g
ev

en
fo

r
p
ar

al
le

l
w

al
ls

,
yi

el
d
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

by
an

“~
”⇠

m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
hu

s,
in

S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

by
th

e
fe

rm
io

n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
nt

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
hy

si
cs

is
d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

nt
ra

st
to

S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
ts

ar
e

m
as

sl
es

s,
d
u
e

to
th

e
u
nb

ro
ke

n
S

U
(n

f

)
ch

ir
al

sy
m

m
et

ry
.

T
hu

s,
d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

oc
-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m

M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

od
el

,w
it

h
fe

rm
io

n
at

tr
ac

ti
on

in
cl

u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m

M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
oe

s
n
ot

co
nt

ri
b
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

qu
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
od

e,
th

e
“b

re
at

h
er

”
m

od
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
od

e,
m

b
r

,
ca

n
b
e

es
ti

m
at

ed
by

ta
ki

n
g

th
e

se
c-

on
d

d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
od

e
m

as
s

m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
qu

ar
ks

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
xe

s
w

h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x.

If
a

qu
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
vi

ci
n
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

nt
of

th
e

D
W

lo
ca

li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

qu
ar

ks
ar

e
li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
qu

ar
ks

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

by
S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

qu
en

tl
y

ex
p
lo

re
d

fr
om

m
od

el
in

g
th

e
e↵

ec
ti

ve
ac

ti
on

s
of

th
e

P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

kn
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
yn

am
ic

s
is

u
n
d
er

st
oo

d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

nt
s.

A
ll

fi
el

d
s

in
(1

)
b
ec

om
e

N

c

�
1

d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c

)!
U

(1
)N

c
�

1

b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,
�
)

=
e

i

~

�
·H C

~

A

(
3
)

,w
it

h
~

�
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1

el
ec

tr
ic

ch
ar

ge
s)

,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

by
su

m
m

in
g

ov
er

al
l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,
�
)i

⇠
e

�
S

c
la

s
s
[
�̄
(
C

)
]

,
w

it
h

th
e

m
ag

n
et

ic
b
io

n
p
ot

en
ti

al

L b
i
o
n

=
�

m

2

M

N

c X i
=

1

co
s
h (~↵

⇤ i

�
~
↵

⇤ i
+

1
(
m

o
d

N

c
)

)
·~�

i ,
(3

)

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
lc

u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
ts

ar
e

m
as

sl
es

s,
d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f

)
ch

ir
al

sy
m

m
et

ry
.

T
h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m

b
r

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

n
t

of
th

e
D

W
lo

ca
li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

q
u
ar

k
s

ar
e

li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
q
u
ar

k
s

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

b
y

S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

q
u
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo
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Q’s deconfined 
on DWs

DW

string ends 
on DW

Q

an electric example of strings and branes “from flesh and blood” (Shifman-Yung all magnetic) 

pull Q* to 
infinity

2 large-N SYM:  BPS wall tension ~ N, not N , so “D-brane like” (think g_string ~1/N)

here: pure QFT, no large-N, no SUSY/BPS (small-L instead), explicit, not heuristic, picture

S.-J. Rey/Witten 1997/  

3 oblique confinement (heuristic!): wall supports free quarks so confining strings can end on it 

1 MQCD: string (M2) ends on DW (some wrapped M5)
2

Originally advocated by S.-J. Rey/Witten 1997 using M theory (M2 ends on wrapped M5)... 
here: QFT, semiclassical (“boring”!), no SUSY, no BPS,... explicit, not heuristic

in SYM, QCD(adj), and dYM at theta=Pi (chiral -  CP)
Anber Sulejmanpasic EP 2015  

>



Figure 3. QCD(adj): The ���
2⇡ plane for su(3) and the minima of the potential—the extrema of

(3.26)—indicated by dark (red) circles. There are three minima, at ��� = 2⇡k⇢⇢⇢
3 , k = 0, 1, 2, within the

SU(3) fundamental domain, the weight lattice. As on Fig. 2, there are three times as many minima
within the root lattice (used later in finding the [SU(3)/Z3]p theory ground states).

a short review of these operators in our setup. We shall give a canonical (Hilbert space)

definition of line operators in the low-energy e↵ective theory on R1,2.

To motivate the expressions that follow, we note that our long-distance theory is abelian,

without light charged particles. Wilson (’t Hooft) loop operators create infinitely thin electric

(magnetic) fluxes along their respective loops. Using Gauß’ law, Wilson (’t Hooft) loops can

be rewritten as operators measuring the magnetic (electric) flux through a surface ⌃ bounded

by the loop C. A generic dyonic operator depends on both electric and magnetic fluxes

D(⌫⌫⌫e,⌫⌫⌫m, ⌃) = ei 2⇡⌫⌫⌫
m

·ˆ���
e

(⌃)+i ⌫⌫⌫
e

·ˆ���
m

(⌃) . (3.28)

Here, ⌫⌫⌫e,m are electric and magnetic weights (see below) and �̂��e,m are the operators of the

electric or magnetic flux through the corresponding surface ⌃. Explicitly, �̂��m(⌃) =
R
⌃

d2�iB̂BB
i

and �̂��e(⌃) =
R
⌃

d2�i⇧̂⇧⇧
i
. Here, i = 1, 2, 3 denotes spatial directions, B̂BB

i
is the magnetic field

operator, and ⇧̂⇧⇧
i
—the momentum operator conjugate to the gauge field v̂vvi (for ✓ = 0 this

is essentially the electric field operator).20 We also note that no ordering issues arise in the

long-distance abelian theory, as evident from the final expressions (3.29,3.30) below.

We already discussed that the electric weights ⌫⌫⌫e for a given choice of the gauge group G

take values in the group lattice �G. Magnetic weights ⌫⌫⌫m can, a priori, take values in the co-

weight lattice, but are restricted by the condition that operators in faithful representations of

G are single valued around ei2⇡⌫⌫⌫
m

·ˆ���
e

(⌃). This leads to the condition that ⌫⌫⌫m ·ggg 2 Z, 8g 2 �G,

20See Appendix B for normalizations and a short review of the Hilbert space definition of ’t Hooft operators.
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2
1

3

- magnetic bions - QCD(adj)/SYM with SU(3) gauge group:

inside,
H
C d��� = 4⇡L

g2 QQQ where QQQ is the flux of vvv0i through C. In the normalization of (3.7),

Gauß’ law for a static charge (weight) ��� at the origin is @ivvv0i(x) = g2

2L����(2)(x), hence QQQ = g2

2L���

and so the monodromy becomes
H
C d��� = 2⇡���. The condition that the dual photon be single

valued around all allowed charges, dynamical or probes, in a gauge theory with gauge group

G, i.e. for all ��� 2 �G, implies the identification (3.22).

In particular, for G = G̃ = SU(Nc) (we denote by G̃ the covering group), the fundamental

domain of ��� is the unit cell of the weight lattice �w (the finest lattice for su(Nc)), while

for SU(Nc)/ZN
c

it is the unit cell of the root lattice �r, with the group lattices �G for

the intermediate cases. Thus, for gauge group SU(Nc)/Zk, weight-lattice shifts of ��� are

meaningful. They represent global symmetries rather identifications under (3.22)—provided

�G is coarser than �w. Recall that �w/�G = ⇡
1

(G) and that the centers of G, Z(G), and

of G̃, Z(G̃), obey Z(G) n ⇡
1

(G) = Z(G̃). For G = SU(Nc)/Zk, with kk0 = Nc, we have

Z(G) = Z(G̃)/Zk = Zk0 . Thus, for G = SU(Nc)/Zk, ⇡
1

(G) is also a Zk discrete symmetry,

called the magnetic or dual center symmetry. This symmetry, being generated by shifts of ���

by weights in �w/�G, naturally acts on ’t Hooft operators (see Eq. (3.30) below).

Figure 2. dYM: The ���
2⇡ plane for su(3). The SU(3) fundamental domain is �w, spanned by

www1,2. A contour plot of the potential (3.23) is overlaid with the minima (3.24) of the potential for
dYM indicated by the dark (red) circles. There is a single ground state for dYM at ��� = 0 within the
SU(3) fundamental domain—but not within the larger domain, the root lattice �r spanned by ↵↵↵1,2,
for SU(3)/Z3.

To summarize, in a theory with gauge group G, nontrivial weight lattice shifts of ���, by

vectors that belong to �w/�G, act as global symmetries on the magnetic degrees of freedom.

We shall see below, when studying the action of the gauged center symmetry on the vacua

and on the Wilson, ’t Hooft and dyonic operators, that for G = SU(Nc)/Zk there are k

inequivalent gaugings of the Zk center. They di↵er by the choice of �w/�G shifts in the

– 15 –

in semiclassical regime extremize classical 
action with monodromy around Wilson loop:

2

Kink 

e

i
2

H
C A

(3)

� winds by 2⇡

R

FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).

0.2

0.4

0.6

0.8

1.0

FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor
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FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
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(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).
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FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

2

1

2

w1-string 
in vacuum 2

2
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i.e. strings confining fundamental quarks have a “double-DW” structure...

in SYM, QCD(adj), and dYM at theta=Pi (chiral -  CP)

- strings can end on DWs
- quarks are deconfined on DWs

1I. confining strings in QCD(adj) and dYM:
the picture or strings “made out” of DWs also implies that confining strings 
can end on DWs
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on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,w
it

h
fe

rm
io

n
at

tr
ac

ti
on

in
cl

u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m

b
r

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

n
t

of
th

e
D

W
lo

ca
li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

q
u
ar

k
s

ar
e

li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
q
u
ar

k
s

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

b
y

S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

q
u
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

k
n
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
y
n
am

ic
s

is
u
n
d
er

st
o
o
d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

n
ts

.
A

ll
fi
el

d
s

in
(1

)
b
ec

om
e

N

c

�
1

d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c

)!
U

(1
)N

c
�

1

b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,
�
)

=
e

i

~

�
·H C

~

A

(
3
)

,w
it

h
~

�
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1

el
ec

tr
ic

ch
ar

ge
s)

,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

b
y

su
m

m
in

g
ov

er
al

l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,
�
)i

⇠
e

�
S

c
la

s
s
[
�̄
(
C

)
]

,
w

it
h

th
e

m
ag

n
et

ic
b
io

n
p
ot

en
ti

al

L
b
i
o
n

=
�

m

2

M

N

c X i
=

1

co
s
h (~↵

⇤ i

�
~
↵

⇤ i
+

1
(
m

o
d

N

c
)

)
·~�

i ,
(3

)

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
lc

u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
ts

ar
e

m
as

sl
es

s,
d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f

)
ch

ir
al

sy
m

m
et

ry
.

T
h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
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n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
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il
iz

at
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n
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re
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ab

le
at
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al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m

b
r

,
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n
b
e

es
ti

m
at

ed
b
y
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k
in

g
th

e
se

c-
on

d
d
er
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at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct
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n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
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al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
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m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed
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n
e
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p
re
se
n
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e
a
n
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-B

P
S
2

D
W

,
w
h
il
e
th
e
a
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s
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p
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n
t
th
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r
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u
x
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.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
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.

T
h
e
in
la
y
in

th
e
u
p
p
er
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ft
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rn
er
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ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el
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tr

ic
fl
u
x
.

If
a

q
u
ar

k
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u
ar

k
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)

p
ai

r
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in
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e
v
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y
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e
D

W
,
h
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ev
er

,
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e
D

W
fl
u
x
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n
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n
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l
p
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t
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e
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u
x
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a

q
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p
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an

d
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it
in
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s
w
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e
F
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.
3.

T
h
e

q
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p
ai

r
on

th
e

D
W

w
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ld
th

en
b
e
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b
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at
ed

,
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l
th

e
te

n
si
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th
e

p
ai

r
h
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b
ee

n
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so
rb
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th

e
D

W
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n
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.

T
h
is

le
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s
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d
e-
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n
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n
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en
t

in
th

e
D

W
w
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ld

sh
ee
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T

h
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m
in
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n
t
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th

e
D

W
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,
w

h
er

e
a
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e

D
W

w
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t
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u
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7]

.
W

e
al

so
n
ot

e
th

at
in

a
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n
H

ig
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va
cu

u
m
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4d

th
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ri
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,
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op
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e–
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e
p
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h
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e
su

p
p
or

t
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n
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b
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n
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8,

29
].

D
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n
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t
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q
u
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k
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e
D

W
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p
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es

th
at

st
ri

n
gs

ca
n

en
d
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D

W
s

(s
ee
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y
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F
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.
3)

.
In

M
Q

C
D

,
S
Y

M
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ri
n
gs

h
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e
b
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n
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en

d
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D
W

s
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d
a

h
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ri
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p
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n
at
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n

b
y

S
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R
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,
u
si

n
g
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e
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u
u
m
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u
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d
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s
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n
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n

in
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T
h
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p
h
en
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b
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q
u
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p
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e
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d
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.
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e
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u
n
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r
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m
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e
b
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d
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p
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h
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n
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n
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u
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u
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d
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cu
ss

io
n

of
co

n
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n
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g
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e
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h
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d
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=
e
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,
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h

~

�
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a
w
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t
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R
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U
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c
�

1
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tr
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s)

,
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th
e

tr
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e
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e

W
il
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n
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b
y

su
m

m
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g
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l
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A
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in
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m
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,
�
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⇠
e

�
S

c
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s
s
[
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C

)
]

,
w

it
h

th
e

m
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n
et
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b
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n
p
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L
b
i
o
n

=
�

m

2

M

N
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1
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s
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⇤
i

�
~
↵

⇤
i
+

1
(
m

o
d

N

c
)

)
·~�
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<

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
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u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
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ld
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls
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n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
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of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,
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op

p
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ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
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e

m
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s,
d
u
e

to
th

e
u
n
b
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ke
n

S
U
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f

)
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m

m
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.

T
h
u
s,

d
es

p
it

e
th

e
fa

ct
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at
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ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in
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)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw
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e
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m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
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rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
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at
2n

f

�
1

lo
op

or
d
er

;
it

s
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u
la

ti
on

,
of

w
h
ic

h
w

e
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st
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ve
th

e
re

su
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,
is
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m

il
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ir
it

to
C
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im
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en

-
er
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ca
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u
la

ti
on

s.
F
er

m
io

n
lo
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s
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e
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u
n
d

to
ge

n
er

at
e

a
w
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l-
w

al
l

at
tr
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e
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u
n
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⇠
�
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4
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,
d
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g
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b
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u
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⇠
M

m
e

�
m

d
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e
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T
h
e

ex
p
re
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n
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r
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e
ac

ti
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r
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y
m

o
d
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,
w

it
h

fe
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n

at
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u
d
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=
R
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+
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m
+

R
T

M
m
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�
m
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�
R

T
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/

(m
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h
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u
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n
d
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w
h
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h
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n
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fo
r

la
rg

e
T

)
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n
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�
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�
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⇡

2
(
4
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)
/
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f
�
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e
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u
s
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e
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⇡
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/
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,
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st
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le
w
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w
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l
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p
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at
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n
p
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e
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m
p
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n
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e
d
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u
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er
ic
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n
fi
rm

at
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n
of
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e
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il
iz

ed
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an
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ve
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e
si

ze
d

⇤
of

th
e

st
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n
g
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n
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n
g,

b
u
t
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m
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e
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e
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at
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n
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at
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al
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an
d
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A
s
a

co
n
se

q
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en

ce
of

th
e

st
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il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g
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>
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Q
C

D
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d
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,
th

e
se

co
n
d

tr
an

sl
a-

ti
on
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G
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d
st

on
e

m
o
d
e,

th
e

“b
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h
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”
m

o
d
e
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e
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o
w
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,
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p
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at
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n
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R
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h
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p
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o
d
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m

b
r
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n
b
e
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m
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b
y
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k
in
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th
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d
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w
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ra
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⇠
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⇡
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2
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f
/
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T

h
e

b
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m
o
d
e

m
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s
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b
r
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n
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e
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e
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n
g

w
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ee
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w
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l
b
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th

e
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e
b
u
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m
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s
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p
m
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r
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u
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u
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n
s.

T
h
e
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th
at
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e
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n
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e

co
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p
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t
of

d
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ai
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w
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–
a
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tu

at
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n
op

p
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w

h
at

w
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gg

es
te

d
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5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1
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d

B
P

S
2

,
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d
th

ei
r

an
ti

-w
al
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.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
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tr
ic

fl
u
x
es

w
h
ic

h
th
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rr
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b
u
t
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b
ot

h
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ti
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y
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e
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m
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B
P

S
eq

u
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,
e.

g.
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6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct
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a
o
f
th
e
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eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
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e
B
P
S
1
D
W

,
w
h
il
e
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e
d
a
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ed
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n
e
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p
re
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n
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e
a
n
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-B

P
S
2

D
W

,
w
h
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e
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e
a
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s
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p
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n
t
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r
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u
x
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T
h
e

b
la
ck

d
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e
q
u
a
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a
n
d
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e
a
n
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u
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T
h
e
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la
y
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e
u
p
p
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s
a
fu
n
d
a
m
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l
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n
g
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d
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g
o
n
a

D
W

.
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e

B
P

S
1
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d
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P
S

2

,
w

h
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e
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rr
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2
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e
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n
d
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en
ta

l
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fl
u
x
.
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a

q
u
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k
an

ti
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u
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k
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p
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r
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e
v
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e
D

W
,
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,
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e
D

W
fl
u
x
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n
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n
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l
p
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t
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e
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u
x

of
a

q
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p
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an

d
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so
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in
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w
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e
F
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3.

T
h
e

q
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p
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on
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e

D
W
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b
e
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b
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,
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l
th

e
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n
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p
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r
h
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b
ee
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W
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h
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le
ad

s
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d
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n
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n
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e
D

W
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T

h
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e
D

W
lo
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w

h
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a
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.
W

e
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n
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e
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a
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n
H
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u
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e
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h
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e
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p
p
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b
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8,

29
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n
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q
u
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e
D

W
al

so
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p
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at

st
ri

n
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n
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F
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.
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.
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M
Q

C
D
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S
Y

M
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ri
n
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h
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e
b
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h
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ri
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p
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n
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n

b
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,
u
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n
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u
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u
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n
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T
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b
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b
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d
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e
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h
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e
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a
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t
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R
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c
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ic

ch
ar
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b
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A
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m
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al
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,
�
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⇠
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�
S

c
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s
s
[
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)
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,
w
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h

th
e

m
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n
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b
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n
p
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ti
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L
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i
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=
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m
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M
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s
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⇤
i

�
~
↵

⇤
i
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1
(
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o
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N
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)
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3

b
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u
n
d
,

w
it

h
ex

p
on

en
ti

al
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ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B
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se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe
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n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
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ct
io

n
is

ex
p
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te
d
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b
e

ex
p
on
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-

ti
al

ly
su

p
p
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ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
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u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

qu
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in
g

so
m

e
m

il
d

b
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kg
ro

u
n
d

m
od

el
in

g
ev

en
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r
p
ar

al
le

l
w
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ls

,
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el
d
s

at
tr

ac
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w
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h

c
>
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.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
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n
at

la
rg

e
d

is
fu

r-
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er
ac

co
m

p
an

ie
d
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an
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”⇠

m

M
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op

su
p
p
re
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n
fa

ct
or

,
h
en

ce
th

e
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si

ca
l

b
os
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re
p
u
ls
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n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
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s,
in

S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

by
th

e
fe

rm
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n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er
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si

ze
is

re
m

in
is

ce
nt

of
th

e
b
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io

r
of

m
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n
et

ic
st

ri
n
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(A
N

O
vo

rt
ic

es
)
w

h
ic

h
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n
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n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
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N

=
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S
Q

C
D
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4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
hy

si
cs

is
d
i↵

er
en

t;
in

p
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la
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p
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ed
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4]

,
ou

r
st

ri
n
gs
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ey

th
e

u
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al
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w
w
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h

te
n
si

on
⇠

M
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.

In
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nt
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st
to

S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
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d
j)

w
it

h
n
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>
1
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e

C
ar

ta
n
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m

p
on

en
ts

of
th

e
n

f

W
ey

l
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-
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in
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e

m
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d
u
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th

e
u
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ke
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U
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)
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T
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s,
d
es

p
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e
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e
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ct
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r
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ra
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n

w
it

h
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e
w
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l
in
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)

is
h
ig

h
ly

su
p
p
re
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ed

,
th
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in

d
u
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a
p
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er
-l
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e
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m
p
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g

w
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h
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e
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p
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p
u
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e
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T
h
e

le
ad

in
g

e↵
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t
of
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e
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n
s
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-
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�
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d
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;
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s
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u
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,
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w
h
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h
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e
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,
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C
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u
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F
er

m
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n
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s
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e
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u
n
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n
er

at
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w
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w
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⇠
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⇠
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�
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T
h
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ex
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re
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n
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r
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e
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R
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+
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�
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/

(m
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d
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b
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at
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p
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p
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at
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⇤
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b
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at
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d
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p
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at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
od

e
m

as
s

m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
qu

ar
ks

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2

,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
xe

s
w

h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
IG

.
3
:

A
sk
et
ch

o
f
h
ow

a
qq̄

p
a
ir

ca
n

fu
se

in
to

th
e
D
W

(f
ro
m

le
ft

to
ri
g
h
t)
.
T
h
e
sh
a
d
ed

a
n
d
w
h
it
e
re
g
io
n
s
re
p
re
se
n
t

d
is
ti
n
ct

va
cu

a
o
f
th
e
th
eo
ry
.
T
h
e
so
li
d
b
la
ck

li
n
e
re
p
re
se
n
ts

th
e
B
P
S
1
D
W

,
w
h
il
e
th
e
d
a
sh
ed

li
n
e
re
p
re
se
n
ts

th
e
a
n
ti
-B

P
S
2

D
W

,
w
h
il
e
th
e
a
rr
ow

s
re
p
re
se
n
t
th
ei
r
el
ec
tr
ic

fl
u
x
es
.

T
h
e

b
la
ck

d
o
ts

a
re

th
e
q
u
a
rk

a
n
d

th
e
a
n
ti
-q
u
a
rk
.

T
h
e
in
la
y
in

th
e
u
p
p
er

le
ft

co
rn
er

sh
ow

s
a
fu
n
d
a
m
en
ta
l
st
ri
n
g
en

d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2

,
w

h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x.

If
a

qu
ar

k
an

ti
-q

u
ar

k
(q

q̄
)

p
ai

r
is

in
th

e
vi

ci
n
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

q
q̄

p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

q
q̄

p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

nt
of

th
e

D
W

lo
ca

li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

qu
ar

ks
ar

e
li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
qu

ar
ks

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

by
S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

qu
en

tl
y

ex
p
lo

re
d

fr
om

m
od

el
in

g
th

e
e↵

ec
ti

ve
ac

ti
on

s
of

th
e

P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

kn
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
yn

am
ic

s
is

u
n
d
er

st
oo

d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

nt
s.

A
ll

fi
el

d
s

in
(1

)
b
ec

om
e

N

c

�
1

d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c

)!
U

(1
)N

c
�

1

b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,
�
)

=
e

i

~

�
·H C

~

A

(
3
)

,w
it

h
~

�
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1

el
ec

tr
ic

ch
ar

ge
s)

,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

by
su

m
m

in
g

ov
er

al
l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,
�
)i

⇠
e

�
S

c
la

s
s
[
�̄
(
C

)
]

,
w

it
h

th
e

m
ag

n
et

ic
b
io

n
p
ot

en
ti

al

L b
i
o
n

=
�

m

2

M

N

c X i
=

1

co
s
h (~↵

⇤ i

�
~
↵

⇤ i
+

1
(
m

o
d

N

c
)

)
·~�

i ,
(3

)

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m

2

e

�
c
m

d

,
c
�

1
(a

ca
lc

u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c
>

1)
.

T
h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m

M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e

�
m

d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f

>
1

th
e

C
ar

ta
n

co
m

p
on

en
ts

of
th

e
n

f

W
ey

l
ad

-
jo

in
ts

ar
e

m
as

sl
es

s,
d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f

)
ch

ir
al

sy
m

m
et

ry
.

T
h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d
.

T
h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f

�
1

lo
op

or
d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d
.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m

2

� m M

� 4n f
(m

d
)�

4
n

f
+

4

,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e

�
m

d

at
la

rg
e

d
.

T
h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d
)M

m
+

R
T

M
m

e

�
m

d

�
R

T
m

2

� m M

� 4n f
/

(m
d
)4

n

f
�

4

.
T

h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e

�
m

d

⇠
e

�
4
⇡

2
(
4
n

f
+

1
)
/
g

2

/
(m

d
)4

n

f
�

3

.
A

t
sm

al
l

g

2

,
w

e
th

u
s

h
av

e
m

d

⇤
⇡

4⇡
2

(4
n

f

+
1)

/
g

2

,
a

st
ab

le
w

al
l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d

⇤
of

th
e

st
ri

n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f

>
1

Q
C

D
(a

d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m

b
r

,
ca

n
b
e

es
ti

m
at

ed
b
y
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k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d

⇤,
m

b
r

⇠
m

e

�
4
⇡

2
2
n

f
/
g

2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

b
r

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g
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al
l”

—
th

e
b
u
lk

m
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s
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p
m
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r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs
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e
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m

p
os

ed
ou

t
of

d
om

ai
n

w
al
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(D

W
)

–
a

si
tu

at
io

n
op

p
os
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e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty
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QQ* pair
fuses with 
wall 

Q’s deconfined 
on DWs

DW

string ends 
on DW

Q

an electric example of strings and branes “from flesh and blood” (Shifman-Yung all magnetic) 

pull Q* to 
infinity

2 large-N SYM:  BPS wall tension ~ N, not N , so “D-brane like” (think g_string ~1/N)

here: pure QFT, no large-N, no SUSY/BPS (small-L instead), explicit, not heuristic, picture

S.-J. Rey/Witten 1997/  

3 oblique confinement (heuristic!): wall supports free quarks so confining strings can end on it 

1 MQCD: string (M2) ends on DW (some wrapped M5)
2

added bonus, 2 yrs later: turns out can be interpreted as 
due to discrete 1-form anomaly matching 
Gaiotto, Kapustin, Komargodski, Seiberg, 2017 
Z_N chiral/Z_N 1-form center mixed ‘t Hooft anomaly 
means that in a gapped theory the two symmetries can 
not be unbroken at the same time (unless TQFT)

in vacua: Z_N chiral broken, center preserved
on DW between Z_N vacua: Z_N chiral restored, center broken=deconfined quarks

- semiclassical construction makes the realization of this matching obvious... 
[as usual with ‘t Hooft anomaly, one has to make assumptions on phase - not needed here]

>

- in SYM and QCD(adj) there is also a “baryon vertex”, unlike Seiberg-Witten...skip 



The final piece of ‘data’ I want to present is on the properties of 
k-strings in dYM and the large-N limit

Shalchian EP 2017  
Shalchian EP 2017  
Cherman EP 2016  

k-strings: take k pairs of fundamental quarks and antiquarks, 
              e.g. k=2, and bring close together:  

q

q

q*

q*

q
q q*

q*
T1

T2
T1

T < T2 1usually expect

and that T  depends only on N-ality k
at infinite-N  T = k T as glueball exchange suppressedk 1

In dYM, for any k, the lowest tension k-string is the one sourced by quarks in the 
highest weight of the k-index antisymmetric [we gave detailed variational argument, 
as well as analytic, numeric results - separate talk].

Higher tension k-strings unstable to decay by creation of  W-bosons.  

Results:

1.



We find in dYM a (sort-of) “square-root of Casimir” law  

of the various methods we have developed; a guide to the paper is at the end of this Section.
The expert reader interested in the physics and not in the technical details should proceed

to our “Summary of results” Section 1.1, and to the more extended discussion in Section 5.

1.1 Summary of results

Here we summarize our main results, concerning both the confining string properties and the
technical tools developed for their study:

1. k-string tension ratios: In the regime of parameters studied in this work, in particular
NL⇤ ⌧ 1, the asymptotic string tensions in dYM depend only on the N -ality of the
representation. We argue in Section 5 that the lowest tension stable strings between
sources of N -ality k are sourced by quarks with charges in the highest weight of the
k-index antisymmetric representation, see (2.55).3 Their tensions are hence referred to
as the “k-string tensions.”

Denoting by Tk the k-string tension, on Fig. 1 we show the ratio Tk/T1 for SU(10),
the largest group we studied numerically. The string tension ratio in dYM is compared
to other known and much studied scaling laws, such as the Sine law and the Casimir
law. It is clear from the figure that k-string tension ratios in dYM are different and do,
instead, come closest to a less-known scaling, found long ago in the MIT Bag Model of
the Yang-Mills vacuum: the “Square root of Casimir” scaling [6]. In Section 5.1.3, we
argue that the relation between the two is✓

Tk

T1

◆
dYM


r

k(N � k)

N
, (1.1)

where the r.h.s. is the square root of the ratio of quadratic Casimirs of the k-index
antisymmetric representation and the fundamental representation. The reason behind
the similarity is that the model assumptions of the MIT Bag, that inside the bag
the QCD chromoelectric fields can be treated classically and that the vacuum abhors
chromoelectric flux, are realized almost verbatim—albeit for the Cartan components
only—by the calculable confinement in dYM.

2. Large-N limit and 1
N corrections to string tensions: As already mentioned, string ten-

sions stay finite at large N and fixed LN⇤ ⌧ 1, as we show using various tools in Section
5.2. Further, as can be inferred qualitatively from Figure 1, and quantitatively from
the analysis of Section 5.2, k-strings in dYM are not free at large N. We show that

T2

T1
= 1.347 ± 0.001 + (�2.7 ± 0.2)(

1

N
)

2
+ ...,

T3

T1
= 1.570 ± 0.001 + (�7.5 ± 0.2)(

1

N
)

2
+ ..., (1.2)

3There is a plethora of metastable strings that can also be studied using the tools developed here. An
evaluation of their tensions and decay rates is left for future work.

– 3 –

first (and last) seen 
in MIT Bag Model 

not an accident, as the physics of the Bag is repeated word-for-word in dYM, 
albeit for the Cartan components only: balancing “EM flux” energy and “Bag” 
energy gives square root of Casimir!  [Johnson Thorn 1974  Hasenfratz Kuti 1978]

- at large-N:  

1 The Hamiltonian setup and “edge” modes
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- meaning k-strings are not free, but interacting at large N 

Shalchian, EP 2017  

1 The Hamiltonian setup and “edge” modes
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Wen [1] proposes the following spatial lattice construction. Fermions represented

by creation  †
x,w

and annihilation  
x,w

operators obeying the usual anticommutation

relations have the Hamiltonian given below. See Fig. 1 for a picture.

The w-direction has L
w

sites labeled w = 0, ...L
w

� 1. We slightly generalize and

include arbitrary hopping amplitudes, t
x̂

, t
ŵ

, t
d̂

on the x, w, and d (diagonal) links. We

assume that these are real and write the hopping phases explicitly, according to Wen’s

figure. The Hamiltonian is:

H =
X

x

Lw�1X

w=0

h⇣
t
x̂

e�i

⇡
2+i⇡w †

x+1,w x,w

+ h.c.
⌘
� t †

x,w

 
x,w

i

+
X

x

Lw�2X

w=0

⇣
t
ŵ

 †
x,w+1 x,w

+ t
d̂

ei⇡w †
x,w

 
x+1,w+1 + h.c.

⌘
. (1.1)

A “chemical potential” t has been included for later use. The x-direction is assumed

to be periodic and will be taken infinite, allowing us to Fourier transform

 
x,w

=

⇡Z

�⇡

dk

2⇡
eikx  ̃

k,w

, (1.2)
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L

expanding cosine: an extra latticized dimension of N sites appears w/ spacing 1/m

100 200 300 400
number

1.5

2.0

2.5

3.0

3.5

4.0

tension

T1

2 N

N

N - 3N
2

Figure 7: The product ⇤ ⌦ ⇤-representation string tensions T̂ ab
⇤⌦⇤, evaluated for N = 21. They

take values between 1.32 and 3.99 times the fundamental string tension. As the plot shows, 42 =
O(N) string tensions take the minimal value (these correspond to a = b±1(mod N)), 21 = O(N)
tensions approximately equal four times the fundamental string tension (corresponding to a = b)
and the rest of the string tensions (378 = O(N2)) are slightly less than twice the fundamental
string tension

N and for |a � b| > [N/2] make the replacement |a � b| ! N � |a � b| in (E.8). In the limit
|a � b| � 1, this relation approaches the value of 2, while for |a � b| = 1, we obtain the value
4
3 ⇡ 1.33; the value of 4 for a = b is also obtained. This distribution of the N2 string tensions
is consistent with the numerical result shown for N = 21 and with the general discussion of
Section 5.2.2.

At the end, we also acknowledge an additional subtlety one might be worried about. The
calculation that led to eqn. (E.5)—see (4.39) as well as eqns. (4.10)—(4.17) which directly
lead to it—assumes that RT is larger than the inverse mass squared of all dual photons,
including the lightest one. Thus, strictly speaking one expects it to pertain to the order of
limits we advocated for here: infinite area at fixed N, followed by N ! 1.

Now, if RT is smaller than the mass of some dual photons, the area law due to these
photons should be replaced with a perimeter law contribution. This remark is relevant because
if the large-N limit is taken first, the masses of some dual photons vanish—recall that their
masses are scale as

p
⇤q = 2 sin

⇡q
N —and these dual photons do not lead to an area law.

Hence, their contribution to the string tension should be omitted. A detailed calculation of
the string tensions in this order of limits thus requires further work; now we only give a crude
estimate. Consider the integral for the product representation string tensions in (E.7) and
omit contributions of dual photons of (dimensionless) mass 2 sin

⇡q
N = 2 sin x < 1p

R̂T̂
, as they

– 70 –

mass gap ~ vanishes at infinite N

yet k-string tensions stay finite [vs Douglas Shenker 1996]  Shalchian EP 2017  

Cherman EP 2016  

all in double-scaling large-N, small-L, fixed

Summary of “confinement on R x S ”, size of circle- L: 

dYM: pure YM with particular double-trace “deformation”
         or adjoint fermions of mass ~ O(1)/(NL)

We study SU(N) in the regime
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QCD(adj): YM with n  adjoint Weyl fermions; n  =1 is SYMf f
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1 dynamical abelianization

2 at distances >> NL weak coupling 

3 relevant d.o.f. are N-1 dual photons

key features: 

4 mass gap for dual photons due to 
proliferation, or “condensation”, of 

- magnetic bions - QCD(adj)/SYM 
- monopole-instantons - dYM 

3 1

:  “like” T-duality???  

<

[Johnson Thorn  1974]

This brings us to another aspect of the large-N story in dYM, SYM, QCD(adj):

2.

3.



Summary:

Studying dYM, QCD(adj), SYM on a small circle gives a theoretical laboratory elucidating 
many difficult to study nonperturbative effects: mass gap, confinement, (aspects of) chiral 
symmetry breaking; all within asymptotically free QFT.

Confinement in this regime is abelian, like in Seiberg-Witten theory, and unlike real QCD, 
where no scale separation between Cartan and non-Cartan components exists.

Nonetheless, many features come close to the real world, due to the unbroken Z   center 
symmetry, the crucial difference with SW theory. I focused here on the confining strings, 
showing that they exhibit interesting properties and manifest different nontrivial 
phenomena in a calculable setup.  The large-N limit and whether there is large-N transition 
as L is increased towards R   poses an intriguing question. 

Novel anomaly matchings may be useful to give further support of large-L continuity.

Continuity in L with real YM theory and QCD is difficult to establish analytically and
lattice studies will be needed (some are underway); much evidence supports it. 

The setup divorces “nonperturbative” from “strong coupling”. It shows the importance
of semiclassical configurations not appreciated before: composite magnetic bions, 
neutral bions etc. that I didn’t talk about; also show need to complexify path integral...

Finally, if not yet made clear, my attitude to the story I told you is that it gives a rare 
theoretically controlled handle into nonperturbative physics and this alone makes it fun 
and worth exploring!

Thank you!
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