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Higher symmetry 't Hooft anomalies,
phases, and domain walls

Erich Poppitz |[EHN. oo

a down-to-earth mini-review/introduction,
biased by my own work -

w/ Anber w/ Anber & Sulejmanpasic
1805.12290, 1807.00093, 1811.10642 1501.06773 on DWs, pre-anomaly

- but saw anomaly inflow!
w/ Ryttov w/ Cox & Wong
1904.11640 In progress, more DWSs

see also related talks by Benini, Luzio, Tanizaki
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Higher symmetry 't Hooft anomalies,
phases, and domain walls

Erich Poppitz |[EHN. oo

a down-to-earth mini-review/introduction,
biased by my own work - but inspired by

Gaiotto, Kapustin, Komargodski, Seiberg, Willett, 2014-...

Armoni, Bi, Cherman, Cordova, Dumitrescu, Kikuchi, Misumi, Sakai,
Senthil, Shimizu, Sugimoto, Sulejmanpasic, Tanizaki, Unsal, Yonekura...

... leaving many other important works unnamed - see refs in papers



3/25

Summary

. Cr)

Higher form symmetry D  1-form symmetry D Z/A/ center symmetry
this talk

1

Gauging center symmetry (nondynamical background fields) leads to
new 't Hooft consistency conditions, due to new mixed anomalies

involving center symmetry - missed in the 1980°s!
Gaiotto, Kapustin, Seiberg, Komargodski, Willett, 2014-...
2

These consistency conditions constrain IR phases of gauge theories
to be “nontrivial.”

3.
They also imply that, whenever domain walls exist, their worldvolume
physics is quite nontrivial: discrete version of “anomaly inflow.”

Features very generic! | focus on theories with massless fermions, but also exhibited in
purely bosonic ones (will mention).



REMINDER: ’t Hooft consistency conditions 4/25

SU(3)-color QCD with 2 massless fundamental flavors
Su(&?L X SU(Z)L X O,

imagine, e.g. gauging SU(2) L-quarks = 3 SU(Z)L fundamentals

v i

A SO(2D
UV: s, W</ -

/ﬂ T Su(w
T Hooft: U s
anoma/y NOot a triangie, Iien anomaly, 2 value

RG invariant

[

\4

R ___— massless baryons (P,,,) 1 SU(2), fundamental

L
or
\ . P ‘f' /,. o~ O .
massless pions N T, “JI chiral broken

MORAL.: 't Hooft anomaly matching constrains any fantasy IR phase!

remarkably, discrete 0-form/1-form analogue, missed earlier

Gaiotto, Kapustin, Seiberg,
Komargodski, Willett, 2014-... : EX. - “Dashen phenomenon”=mixed CP-center anomaly

o @ 9=0
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Higher form symmetry ©  1-form symmetry D Z/ center symmetry

2D compact U(1) with (integer) charge-N 4D SU(N) with .
massless Dirac | Wevl adio
“‘charge N Schwinger model” massless Vveyl agjoints
remarkably alike ke | = SYM
i
- - “ v QCD(ad))”
[j=-—’—F £ +;’H‘/+(8_’1/VA,)&{/+ c i (e, - INAL)Y 4

\A(”Vand \A(\)A z /\(/+ — @iS] /\.(/_(’

4% Ve
a ANK - K1z
axial anomaly ~ (¥Y1 - [ o2%] € 4 S M,
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Higher form symmetry ©  1-form symmetry D Z/ center symmetry

2D compact U(1) with (integer) charge-N 4D SU(N) with z//z(
massless Dirac

“‘charge N Schwinger model” massless Weyl adjoints
remarkably alike ke .1 -] =SYM
iy
- "’ CD(ad))”
Lo LR P_ - NAJy,  « ¥ (4, - iNAL)Y % QebEd)
‘fef' | + A= + 1 (2 s -
+
\)\(()V and \A(\)A : ’\(/i — 0 J 1(/i Qtop.
Z
] a4 Fiz
axial anomaly ~ (¢t1 - |21 ] € b
LN Rpp. phase dx discrete chiral
C L guaukyed e s unity when ]( ./ anomaly free
& (0 Cor clas > LN 2N
S aSs

(likewise, 4D QCD(adj) has  Suln) 7/_J§N u global chiral symmetry)
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We want to know what

charge-N Schwinger model or QCD(adj) “do” in the IR?

assisted by claim that:
there is a mixed anomaly between

d
Z 4 discrete “O-form™ chiral, present in both models
LN e (#c=>1 i 2D)
(1) | |
ZA/ discrete “1-form” center, present in both models

This is especially easy to see on the lattice.

(N.B.: lattice is not required; i.e. entire story is not a lattice artifact!

Continuum version requires introducing gauge bundles and
transition functions on general manifolds, e.g. tori)
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Take 2D lattice, charge-N matter, compact U(1):

| \\ | (1 %/L_ %’*
; — U
%/\/ UXW > €7 aa

| ?‘—1— & = (&47 &L>

parameters: mod N integers, x-independent

\
well known... new name: “global 1-form 2/{(/ ) center symmetry”

does not act on local observables (plaguette {2 clearly invariant)

only acts on (topologically nontrivial) Wilson lines: “1-form” symmetry

Eéix‘ 77\& ' & dxh Ay
-»QIU ¢

(same in 4D QCD(adj), except we have k, kb, 4., )



9/25
In the 2D charge-N matter, compact U(1), both discrete chiral and center

are exact global symmetries, like the chiral symmetry of our QCD ex.

In the spirit of 't Hooft, let's now attempt to gauge the center.

a a g
%JJ actsonlinks Y., — ¢ % “*r U,
[ /‘\ i

make parameter x-dependent
plaguette no longer invariant, need a %M gauge field on plaguettes

N b
@Q U ,/uv an integer (mod N)

“2-torm” %M gauge field

Z u 1% Z u Q’A‘} X v
//uv /"/ | X,/»v x'/N

gauged 1-form center: r.h.s. has 1-form center gauge invariance



in the theory with 1-form center gauge invariance 10/25

b
[V , .

2 U Sy, & consider a simple background it suffices that:

. T, S by ¥ O(md V)

| L] 44}%__# c o < Z//

. - ohase on a single aka “center vortex” or
- | l plaguette only ““t Hooft flux” background
N N O S O
, )
| (1 o dx
this & ~ background explicitly breaks / ~ chiral: anomaly!
A 2N
to see, recall:
, o 0‘%( E P AR Qb
L 2 . "
i = k‘,\ UDK - @ S = e r = Qk’?’ > 4 nod Z-
all
by periodicity ﬁ i Nin continuum limit

. . L0 . .
in theory with gauged center, use v gauge invariant def. of Qtop

klﬂ }%bx,u ‘Z’Q
e P -[lug, eV By g i T
4\ w}( xl/“/ ‘br /\j

in unit 't Hooft flux background moral: gauge center -> fractional topological charge
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recall measure transform under anomaly-free chiral:

) (WA &)PP
Lov] — [9v] €
A o
2 dx - @:- v . . .
2N s &W;&L/ In theory with gauged center
. (1 . d X .
gauging %/\/ explicitly breaks ZLA/ - mixed 't Hooft anomaly!

Ikewise, In a theory without fermions but with theta term, the
fractionalization of topological charge breaks the 2Pi periodicity!

“anomaly in the space of Couplings” [Cordova, Freed, Lam, Seiberg ’19 ]
(or, at Theta=Pi there is a mixed anomaly with CP )
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recall measure transform under anomaly-free chiral:
| ) (WA &bp
[9‘{/1 ,———b Lgi{’j g

—

L
%fj OV e &W;&L/ In theory with gauged center
. (1 . X .
gauging %/\/ explicitly breaks ZLA/ - mixed 't Hooft anomaly!
g

® O N phase in chiral transform of partition function IS the anomaly

® the phase is independent on torus size, it is RG invariant, same in IR!

(phase not a variation of a local 2D (4D) term, but of a 3D (5D) CS term, same at all scales)

® if the IR theory is gapped and has a trivial (unique) ground state,
nothing to transform under chiral, no way to match anomaly in IR

hence IR theory must have “something” transform under chiral,
SO can not be trivial
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Options for matching the mixed O-form/1-form anomaly in the IR:

- IR CFT?
- breaking of the O-form and/or 1-form symmetries
anomaly is matched by a TQFT describing breaking [ex. follows]

- TQFT not related to breaking [Juven wang...]

Anber, EP 1807...

In the charge-N Schwinger model, one can show that: Armoni, Sugimoto 1812...
Misumi, Tanizaki, Unsal 1905..

d
%ZA),( broken to Zo fermion parity, so there are N vacua | P>

A

Xc@;, P> = |P+1>

A 7
S \/ ey = [p> € VY
center/chiral symmetry center/chiral symmetry algebra:
operators 3 o8 —1 & BN
- ) X T e v X,

©' N shows anomaly: if center gauged, chiral operator not invariant!
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Summary: in 2D charge-N Schwinger model, one can show that:

d
%ZA)/( broken to Z, fermion parity, so there are N vacua | P>

In each vacuum, the spectrum is gapped - a massive boson, as In
in charge-1 massless Schwinger model. So, what matches anomaly?

An IR TQFT, a “chiral lagrangian” describing the N vacua. This is usually not
trivial to get from the UV theory, but here It IS [will not go through, just give flavor].

TQFT: N-dim Hilbert space, the N vacua - compact scalar and compact U(|)

Sy =i N gp(o)da(l) chiral ¢ — ¢© + %ﬂ center a = aV 4 — e
Mo
quantize: a,(()) =0 find QM  Sg,xs; = N /d O — Claim (not shown):
dt upon gauging
QM variables (%) and a(t) = 3§ MO D, a] = —izwﬂ " :ﬁgtvesr;:érﬂaf;a;]iﬁﬁ

Anber, EP 1811.10642
— 6 N 67“0“67’90 - gauge invariant operators (same algebra)

\/w Xo&. \/wtw ) LN XJH
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So in 2D all seems nice and explicit (solvable model!)
let's go back to 4D; see what effect gauging the center has now

SOM) QD (a &j ) wl U /g = | ' 2/ 3/ <f/ 3/ W% } 4'-4:
ving) X - o x L/V <« center

discrete chiral

to detect mixed anomaly, take b_ o T 1 on shown plaguettes
/
center v-x localized in x1,x2, along x3,x4

center v-x localized in x3,x4, along x1,x2

)
it 512‘# 0 ({WOJA/)

stress: story below applies
T T A R T R to bosonic YM with theta term,

AN A B B B
LT b, #0 (med L) or to YM with flavor backgrd...

gauging center symmetry leads to fractionalization of topological charge
as we show on the next slide, the one calculation I'll ask you to follow:
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v v Ao
x = f[/x +r F, Fyor € 7777 «— continuum topological charge, trtra taby=1/2
. et ) — -
) e /uc/ =
attice: v, , = € o /”xw ()
| %Q«Lz_-Z%nMx u ., _e” N o | |
v 3z o< e «— lattice definition leading to it
- ‘ e L GEE o+ B b (x)
| : P~ M /Y
| b 0 feet gauging center: Ux,f ~c - M
— mtersectmg center vortex background
EREEE RS R,
. ) = 51 J, 5 5 »
R — oy A ) B R o (0.2 08 L (598t ’>
]_.) i Y TER ST )] = A ()
) = L §A’ (P T A N (BTt )e T
a%op 3279% " (/*“ N /*")< ATN A")
O - Z"" 47 SN SOIK oA é,w/\s— -
Pp | 32n & le | . | = L Z—

P
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fractional topological charge upon gauging center->breaks chiral=anomaly

SUlM) QLD (a&j) w Mj: "7’/ 3 9/ ' {,(/0,3}

/ 2 (1)
Sulng) % Z’Z/\Jm’p X Z‘/v <« center

A
discrete chiral

before we continue, a note on center symmetry vs SU(N) matter representation:

| + o
{/.\” ( Y u \V u ) adjoint, center symmetry
e W LR
’K(/u /\\ x(/,‘

» fundamental, no center symmetr
WX MN/‘ Lf/xq_/ﬁ Y% Yy
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fractional topological charge upon gauging center->breaks chiral=anomaly

SUlM) QLD (a&j) w Mj: "7’/ 3 9/ ' {,(/0,3}

/ 2 (1)
Sulng) % Z’Z/\Jm’p X Z‘/v <« center

A
discrete chiral

before we continue, a note on center symmetry vs SU(N) matter representation:

~ adjoint, center symmetry
) ( Y uxw Y U

S SRs Sy n
//L\ u N e N, /%“ux
[aTas \ S
WX Mr/« Lf/\('*/ﬁ fundamental, no center symmetry ... but:
[
o —— Z(I1_) center-flavor symmetry

(K, o
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fractional topological charge upon gauging center->breaks chiral=anomaly

SUlM) QLD (a&j) w Mj: "7’/ 3 9/ ' {,(/0,3}

/ 2 (1)
Sulng) % Z’Z/\Jm’p X Z‘/v <« center

A
discrete chiral

before we continue, a note on center symmetry vs SU(N) matter representation:

| + o
~ | adjoint, center symmetry

751,
XAfp K T o %A Y
’K(/u /\\ x(/,‘

W \/( \‘f/ fundamental, no center symmetry ... but:

e / (I1_) center-flavor symmetry

‘XCF K W u ‘WU_F'“)MB - (1 -~ godtL b

1)
"1 or even ZN X Z(F center/flavor/baryon...

lead to new anomaly matching conditions in QCD-like  [Shimizu,Yonekura '17; Tanizaki '18...]
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thus, upon gauging the center symmetry

Suv) Qep @éy) wl Ue= Ly gy Wey |
Sul 257 7" t
o) x Loy, x L, < center

A
discrete chiral

discrete chiral lost:

o 71 Q,  Phase j e g i\E "
2% (%] SfgvTe r » ¢'2 s zmi(y) ool

't Hooft anomalies for QCD(ad]) to match ,
LSU/I/I/F)]

%Z'VM,F [SM(“}UZ
3

[ngz
Z

—;ZZA//'K [%A(y ] -

(+ center-gravity subtlety for nf=2 - Cordova-Dumitrescu 2018)
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various recent solutions + important studies with subtleties clarified

Anber-EP; Cordova-Dumitrescu; Bi-Senthil: Wan-Wang, Ryttov-EP

the new features, for nf=2 and nf=3

“confinement without continuous chiral
symmetry breaking, but with discrete chiral breaking”

l

Important new message re. anomalies

- center unbroken (confinement)
- Sulng) unbroken

- _d
l X

\

in a theory with no gauge fields in IR,

J discrete chiral breaking needed
brokento 2" - N vacua .

TN g 2 to match chiral/center anomaly

... are these phases realized? are they “likely”? .... we don't know - lattice simulations!

nf IR Phase Intact cy sym.|Intact dy sym.|Intact center sym.
> 6 Free Yes Yes No

5 Fixed point Yes Yes No

4 Fixed point Yes Yes No

3 |Confinement, massless composite fermions Yes No Yes

2 ___ Confinement No No Yes

1 N =1SYM — No Yes

0 Pure YM — — Yes
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Notice, discrete chiral breaking also in “vanilla” phases with Sul V\Q broken to SO(n )

Thus domain walls (DW) are a generic feature, no matter fate of SU(nf).

Turns out DW “worldvolume physics” is quite rich, due to “discrete anomaly inflow.”

In particular, in confining theories, DW between chiral broken vacua
deconfine probe quarks & confining strings end on DWs.

First seen on RS x S Anber-Sulejmanpasic-EP 2015 explicit semiclassics, after Unsal 2007-

then, without relation to “anomaly inflow”.
[“anomaly inflow™: losely! on DW chiral restored, so center broken = deconfinement]

so at theta=pi!

vac 4 e -

microscopic mechanism understood at small g! (= flatland); a

w/ Cox & Wong ’19xx
details: all reps and
all vacua, role of

( ': ) BPS walls
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and in high-T “DW” (semiclassical incarnation of center vortices!) between

center broken vacua, similar story: “deconfine” probe quarks & confining
strings end on DWs, Anber--EP 2018

T > A ZQ(?V) Zj(vl) 't Hooft anomaly on worldvolume

1 fermion condensate on k-wall
2 quarks deconfined on k-wall

first via holography: F7 on D7
[Aharony, Witten 1999;...]

here. QFT: 2d YM with [Schwinger model - many; nonabelian -
’ ' Gross, Klebanov, Matytsin, Smilga 1995;

massless fermions SCreens armoni, Frishman, Sonnenschein 1997:... ]

so we find “D-branes” and “strings”, once again, in QFT
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Summary

. Cr)
Higher form symmetry D  1-form symmetry D Z/A/ center symmetry
1 this talk

Gauging center symmetry (nondynamical background fields) leads to
new 't Hooft consistency conditions, due to new mixed anomalies
involving center symmetry - missed in the 1980’s!

2.
These consistency conditions constrain IR phases of gauge theories

to be “nontrivial.”

3.
They also imply that, whenever domain walls exist, their worldvolume
physics is quite nontrivial: discrete version of “anomaly inflow.”
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Summary

ay,
Higher form symmetry D  1-form symmetry D Z/A/ center symmetry
1 this talk

Gauging center symmetry (nondynamical background fields) leads to
new 't Hooft consistency conditions, due to new mixed anomalies
involving center symmetry - missed in the 1980’s!

2.
These consistency conditions constrain IR phases of gauge theories

to be “nontrivial.”

3.
They also imply that, whenever domain walls exist, their worldvolume
physics is quite nontrivial: discrete version of “anomaly inflow.”

Future? “theory” - better understanding e.g. two-group structure [Benini et al]
“expt.” - more applications

IN particular: have all backgrounds leading to UV-IR consistency conditions been found?




