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Fundamental fermions and braneworlds. We
now consider adding Nf fundamental fermions to N = 1
SYM. To keep small-L confinement after this SUSY-
breaking deformation, it turns out that for any 1  Nf ⌧
N , one must also add an extra massive adjoint fermion �
obeying �(x

3

+L) = �(x
3

), with ⇤ ⌧ m� ⌧ mW [3, 15].
This stabilizes the center symmetry at the cost of giving
�k masses m�k ⇠ mW .

Suppose Nf = 1 and call the fundamental fermion
q, with boundary condition q(x
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). In
the center-symmetric background with ↵ = 0, only one
color component of q remains massless, say q
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. In-
dex theorems[16, 17] imply that q
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couples to a single
monopole-instanton, so the q-part of the low-energy EFT
is, schematically,
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Here Dµ = @µ + igA

1,µ since the quark has color-electric
charge, and ↵ plays the role of a real mass. One can ar-
range the resulting 3D QED theory to be weakly coupled
while keeping the fundamental fermions within the EFT
description by choosing 1/N & ↵ & �/N .

The main point of Eq. (10) is that fundamental
fermions do not propagate into the emergent fourth di-
mension. From the point of view of the low-energy EFT,
adding Nf fundamental fermions gives rise to matter
localized on Nf three-dimensional branes in the emer-
gent four-dimensional bulk. If all of the fundamen-
tal fermions have the same boundary conditions on the
S

1, these branes get localized at the same point in the
bulk. Flavor-dependent boundary conditions can be
used to separate the branes by dialing which monopole-
instantons pick up the fundamental quark zero modes, as
explained in [18]. We illustrate the situation in Fig. 1.

Outlook and implications. We have explored a
regime of confining gauge theories, defined by ⌘ =
NL⇤ ⌧ 1, where non-perturbative properties can be
studied systematically. Examining the large-N limit of
this calculable regime, which entails fixing ⌘ ⇠ N

0, we
have found several surprises concerning N = 1 SYM the-
ory and some of its non-supersymmetric deformations.

One surprise is that the low-energy EFT description
is four-dimensional at large N , even though the gauge
theory is in the small-circle limit. The fourth dimension,
which is invisible in perturbation theory, is an emergent
large-N consequence of the non-perturbative confining
dynamics. Another major surprise is that the field con-
tent of this EFT is gapless at large N , with all interac-
tions being via derivative couplings. Moreover, the mass
gap is absent to all orders in the semiclassical expansion
in the large N limit, and the large N EFT for N = 1
SYM theory has a spatial z = 2 Lifshitz symmetry. So
we find that large-N SYM theory on R3 ⇥ S1 flows to a
gapless theory for ⌘ 2 (0, ⌘c) for some ⌘c > 0.

… …
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FIG. 1. (Color online.) Emergence of braneworlds from large
N confinement at small L with Nf = 2. At the top, the
blue dots are �i fields, green lines indicate their interactions,
and red arrows indicate fundamental fermion zero mode cou-
plings. On the bottom, the 4D bulk, where the fields S and
 propagate, is in green, while two 3D branes, each carrying
a flavor of the fundamental fermions, are in red.

All this raises three very important questions, for
which we can only o↵er speculative answers. First, what
are the implications and origin of the extra dimension?
Second, what is the origin of the gapless mode? Third,
is ⌘c finite, for instance ⌘c ⇠ 1, or is it infinite?
For the first question, it is clear that the emergence

of the extra dimension has significant consequences for
e. g. the thermodynamics and transport properties of
large N confining theories. In SYM, for instance, the
emergence of non-trivial Lifshitz scaling means that the
thermodynamic and transport properties will be “anoma-
lous”, serving as an illustration of some of the ideas in [19]
in a simple context. On the other hand, the conceptual
origin of the extra dimension is unclear. In some ways
the extra dimension seems like a small-⌘ shadow of the
complete large N volume dependence that emerges for
large ⌘ via a working version of Eguchi-Kawai reduction
[7]. But this does not explain why the large N EFT is
gapless. It is possible that some insight into the questions
raised by our analysis might come from the development
of something like Seiberg duality[20] for pureN = 1 SYM
theory at large N , or perhaps from AdS/CFT. Further
careful lattice studies of SYM theory, see e.g. [21], would
also be very helpful.
Concerning the second question, we note that find-

ing gapless derivatively-coupled scalar fields at large N

clearly begs for an interpretation in terms of sponta-
neous symmetry breaking. But the broken continuous
global symmetry would then have to emerge only at large
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This is talk is about the unusual behavior of a 
confining gauge theory, N=1 SYM, and its N=0 
deformations, at large N, in a particular  
- but nonperturbatively calculable! - limit.  
(N=number of colours; N=number of supersymmetries).

 SYM/QCD(adj) & deformed Yang-Mills (dYM)  on R    xS  , small L

most of the talk about SYM: pure YM + 1 massless adjoint Weyl

Unsal w/ Yaffe, Shifman, EP, Argyres, Anber, Schafer, Cherman + others… (2007-)
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QCD(adj): pure YM + many massless adjoint Weyl
dYM: pure YM + many massive adjoint Weyl, w/

mass gap, confinement, center stability in a controlled manner!
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

nonperturbative calculability is not common in locally 4d theory, much exploited in past 9 years; still on!
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

- mass gap goes to zero
- confining string tension, T , remains finite
- for a range of N, as L becomes small and N-large, the theory is that of a 

discretized large emergent dimension of size 
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propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

with “lattice spacing”
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with a Lifshitz scaling (spacelike, with z=2).

- upon adding supersymmetry breaking deformations - mass for 
‘gaugino’, or fundamental quarks, one obtains a “normal” scaling theory 
or a “braneworld”, respectively 
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- in addition, we have that                         … ?
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PLAN OF TALK: explain how this comes about & discuss puzzles/questions…
SU(N) SYM (gauge boson + massless gaugino).

 Z    discrete chiral (“R”) symmetry; on R^4 
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N = 1 SU(N) super-Yang-Mills theory on R3⇥S1 is believed to have a smooth dependence on the
circle size L. Making L small leads to calculable non-perturbative color confinement, mass gap, and
string tensions. For finite N , the small-L low-energy dynamics is described by a three-dimensional
e↵ective theory. The large-N limit, however, reveals some surprises: we find that, at small L, the
infrared dual description is in terms of a theory with an emergent fourth dimension, curiously rem-
iniscent of T-duality in string theory. This low-energy theory is gapless, with a space-like z = 2
Lifshitz scale symmetry. Supersymmetry-breaking deformations can change the Lifshitz scaling ex-
ponent to z = 1 and lead to an emergent Lorentz symmetry. Adding a small number of fundamental
fermion fields leads to matter localized on three-branes in the emergent four-dimensional theory.

Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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On R^3 x S^1, calculability due to opening of “Coulomb branch”, i.e.

S^1 is spatial, fermions are periodic (SUSY preserved): perturbatively
“Coulomb branch,” parameterized by the N-1 eigenvalues of     , not lifted.
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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S^1 Wilson loop:

When
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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we have (assuming weak coupling) that  

This special point in moduli space is called the “center symmetric point”,

1

Problem Set 1 for PHY350

Handed out September 21, 2015.
Due (starred problem only) at the start of class, Wednesday, October 7, 2015

m ⇠ 1

NL

⌃ ! !⌃

L

˜

L ⇠ ↵

0 ⇠ 1

T

1

⌘ = ⇤LN ⌧ 1

⌘ = ⇤LN � 1

mW ⇠ ⇤

N

2

mn ⌧ mW !
p
m⇤ ⌧ ⇤

N

2

m ⌧ ⇤

N

4

m

2

n ⇠ e

2

DNm⇤ sin

⇡n

N

Tn ⇠ Nm⇤ sin

⇡n

N

e

�!⌧crit.
= e

�i⇡+log

4!3

g
= �4!

3

g

˜

L ⇠ aN

, with

a ⇠ 1

⇤⌘

2

1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

global center symmetry (“zero form”)with unbroken

FOUR facts about 
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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N = 1 SU(N) super-Yang-Mills theory on R3⇥S1 is believed to have a smooth dependence on the
circle size L. Making L small leads to calculable non-perturbative color confinement, mass gap, and
string tensions. For finite N , the small-L low-energy dynamics is described by a three-dimensional
e↵ective theory. The large-N limit, however, reveals some surprises: we find that, at small L, the
infrared dual description is in terms of a theory with an emergent fourth dimension, curiously rem-
iniscent of T-duality in string theory. This low-energy theory is gapless, with a space-like z = 2
Lifshitz scale symmetry. Supersymmetry-breaking deformations can change the Lifshitz scaling ex-
ponent to z = 1 and lead to an emergent Lorentz symmetry. Adding a small number of fundamental
fermion fields leads to matter localized on three-branes in the emergent four-dimensional theory.

Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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(             are the order parameters for the center symmetry)

A rather nontrivial dynamical fact-we have to accept it!-is that nonperturbative effects
 on R^3xS^1 ‘lift’ the Coulomb branch and stabilize the vacuum
at the center-symmetric point! 

can have vev.

(fascinating stuff, but not here:…magnetic bions, neutral bions, complex saddles, Lefshetz thimbles…)

1

2

3

4



SU(N) SYM (gauge boson + massless gaugino).

INT-PUB-16-016

Emergent Dimensions and Braneworlds from Large-N Confinement

Aleksey Cherman1, ⇤ and Erich Poppitz2, †

1Institute for Nuclear Theory, University of Washington, Seattle, WA 98105 USA
2Department of Physics, University of Toronto, Toronto, ON M5S 1A7, Canada

N = 1 SU(N) super-Yang-Mills theory on R3⇥S1 is believed to have a smooth dependence on the
circle size L. Making L small leads to calculable non-perturbative color confinement, mass gap, and
string tensions. For finite N , the small-L low-energy dynamics is described by a three-dimensional
e↵ective theory. The large-N limit, however, reveals some surprises: we find that, at small L, the
infrared dual description is in terms of a theory with an emergent fourth dimension, curiously rem-
iniscent of T-duality in string theory. This low-energy theory is gapless, with a space-like z = 2
Lifshitz scale symmetry. Supersymmetry-breaking deformations can change the Lifshitz scaling ex-
ponent to z = 1 and lead to an emergent Lorentz symmetry. Adding a small number of fundamental
fermion fields leads to matter localized on three-branes in the emergent four-dimensional theory.

Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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S^1 Wilson loop:
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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can have vev.

So, let us assume

 and think about scales. Notice      transforms as an adjoint Higgs field 
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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mW =

2⇡

NL

⌃ ! !⌃

L

˜

L ⇠ ↵

0 ⇠ 1

T

1

⌘ = ⇤LN ⌧ 1

⌘ = ⇤LN � 1

mW ⇠ ⇤

N

2

mn ⌧ mW !
p
m⇤ ⌧ ⇤

N

2

m ⌧ ⇤

N

4

m

2

n ⇠ e

2

DNm⇤ sin

⇡n

N

Tn ⇠ Nm⇤ sin

⇡n

N

e

�!⌧crit.
= e

�i⇡+log

4!3

g
= �4!

3

g

˜

L ⇠ aN

, with

a ⇠ 1

⇤⌘

2

1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

The scale of the breaking is the lightest W-boson mass
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circle size L. Making L small leads to calculable non-perturbative color confinement, mass gap, and
string tensions. For finite N , the small-L low-energy dynamics is described by a three-dimensional
e↵ective theory. The large-N limit, however, reveals some surprises: we find that, at small L, the
infrared dual description is in terms of a theory with an emergent fourth dimension, curiously rem-
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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Problem Set 1 for PHY350

Handed out September 21, 2015.
Due (starred problem only) at the start of class, Wednesday, October 7, 2015

⌘ ⌘ L⇤N ⌧ 1

e

�!⌧crit.
= e

�i⇡+log

4!3

g
= �4!

3

g

˜

L ⇠ aN

, with

a ⇠

1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

This explains our                               calculability condition stated earlier.

At long distances our theory is the one of the N-1 Cartan “photons”.
(the two lessons of this page)
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L ⇠ aN

, with
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

This explains our                               calculability condition stated earlier.

At long distances our theory is the one of the N-1 Cartan “photons”.
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N = 1 SU(N) super-Yang-Mills theory on R3⇥S1 is believed to have a smooth dependence on the
circle size L. Making L small leads to calculable non-perturbative color confinement, mass gap, and
string tensions. For finite N , the small-L low-energy dynamics is described by a three-dimensional
e↵ective theory. The large-N limit, however, reveals some surprises: we find that, at small L, the
infrared dual description is in terms of a theory with an emergent fourth dimension, curiously rem-
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Lifshitz scale symmetry. Supersymmetry-breaking deformations can change the Lifshitz scaling ex-
ponent to z = 1 and lead to an emergent Lorentz symmetry. Adding a small number of fundamental
fermion fields leads to matter localized on three-branes in the emergent four-dimensional theory.

Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
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mension might be the “poor cousin” of volume indepen-
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with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
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metrically larger than both the circle size and the inverse
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sembles T -duality in string theory. Second, the light glue-
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from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).
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Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
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can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
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the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe
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This means that htr⌃ni = 0, 8n < N , signaling the
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L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA
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leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
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2⇡/(NL), the physics is described by an Abelian theory.
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N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
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/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
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not get a mass from the adjoint Higgs mechanism are the
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k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),
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from fluctuations of A
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“dual photons”

compact scalars:      and                      identified in SU(N)

3

Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
Due to charge quantization, ~� is a compact variable liv-
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gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
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theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
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0 with a con-
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cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.
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Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
Due to charge quantization, ~� is a compact variable liv-
ing in the unit cell generated by the N � 1 fundamental
weights ~wk of su(N). Thus the e↵ective action must be
periodic under ~� ! ~� + 2⇡ ~wk, 8k, and the ~� potential
must be a function of ei~↵

⇤
i ·~�, since ~↵⇤

i · ~wj = �ij . Fur-
ther, the action must be invariant under the ZN cen-
ter symmetry, acting [11] as �i ! �i+1(mod N)

, or as
~↵

⇤
i · ~� ! ~↵

⇤
i+1(mod N)

· ~�. Finally, the ZN subgroup of

the discrete chiral symmetry acts e

i~↵⇤
i ·~� ! e

i 2⇡
N
e

i~↵⇤
i ·~�.

These chiral shifts become continuous at N = 1, but
domain wall tensions stay large[12] and there is no light
⌘

0 mode.

Remarkably, the periodicity condition, together with
~↵

⇤
i · ~� = �i � �i+1

, implies that corrections to the ~�
action can only produce derivatives in the y-coordinate.
Nothing like e. g. a mass term

R
d

3

x

PN
i=1

�

2

i , can be
generated either perturbatively or non-perturbatively.

A striking aspect of our findings is locality in the y-
direction. The ZN center and chiral symmetries and
~�-periodicity do not guarantee that the interactions are
local, as in Eq. (2). Symmetries alone permit nonlocal
in y terms like Re

P
k e

i~↵⇤
k·~�

e

�i~↵⇤
k+N/2·~�, but they are

suppressed at small ⌘. Perturbative corrections from W -
boson exchange introduce non-localities in y, but from
[5], it can be shown that they only become relevant for

exponentially large N � e

O(1)
� , and they cannot open a

large-N mass gap. A simple local 4D action of the form
of Eq. (7) only arises at long distances ` � a, and can
be trusted only in the weak-coupling limit ⌘ ⌧ 1.

String theory versus gauge theory. At large N ,
confining gauge theories with adjoint matter are be-
lieved to be weakly-coupled closed string theories with
gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
where ↵0 is the inverse string tension. We have a gauge
theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
a large circle L̃. Could this be some shadow of T-duality?

If so, one expects a relation like LL̃ ⇠ ↵

0 with a con-
fining string tension 1/↵0. While closed-form expres-
sions for the string tension in SYM at generic N are not
known even at small ⌘, parametric estimates from the
existing studies [2, 5, 6] lead us to expect two distinct

string tensions in SYM theory on R3 ⇥ S1. One of them,
1/↵0

3D ⇠ ⇤2

⌘, is for strings stretched along R3, while the
other, 1/↵0

S1 ⇠ ⇤2

⌘/N , is for strings which wind around

the S1. Amusingly, we indeed see that LL̃ ⇠ ↵

0
3D. But

LL̃ ⇠ N↵

0
S1 . So, while the connection to T-duality is not

yet clear, it clearly deserves further study.
It is also interesting to observe that when ⌘ ⌧ 1 we

get a regime with a large parametric separation
p

1/↵0
3D

m

1

⇠ N

2

⌘

�3/2 (8)

between the light “glueball” masses and the 3D string
tension. Such a parametric scale separation is typical for
gauge theories with supergravity duals in the AdS/CFT
correspondence[13], but it is an intriguing surprise to
see it in a QCD-like theory such as N = 1 pure SYM
theory[14]. Indeed, as will be clear below, this scale sep-
aration persists after SUSY-breaking deformations.
SUSY breaking and emergent Lorentz symme-

try. We now turn on a gaugino mass termm   , which
breaks SUSY, and puts us in the universality class of pure
YM theory. This will illustrate that the emergence of an
extra dimension and a gapless mode is a robust conse-
quence of small-L large N confining dynamics.
We will assume that m . M , which keeps the the-

ory in the confined phase, as shown in [3]. There are
two important e↵ects from m . First, both  

i and �

i

decouple from the physics on scales `� a, because they
get masses of order m ⇠ 1/a. Second, the �i potential
changes, because when m 6= 0 there are no fermion zero
modes, and monopole-instantons can directly contribute
to the e↵ective potential for �i. This gives
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where · · · represents contributions from e. g. magnetic
bions. The quadratic action now includes (�i � �i+1

)2,
and the spectrum takes the formm

2

p ⇠ M

⇤2 sin2(⇡p/N)+

M

2 sin4(⇡p/N), where M

⇤ = Mm /mW .
Thus, defining a

⇤ = 1/M⇤ and L̃

⇤ = Na

⇤, on large
distances L̃

⇤ � ` � a

⇤ we again get a gapless scalar
field S propagating in four dimensions as the EFT. But
now this scalar field has a standard kinetic term of the
form (@yS)2 in addition to a

⇤2(a⇤/a)2(@2yS)
2. The z = 2

Lifshitz scaling symmetry only makes sense if the coe�-
cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

Cartan “scalars”           from       L fluctuations (parameterize Coulomb branch)
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

This explains our                               calculability condition stated earlier.

At long distances our theory is the one of the N-1 Cartan “photons”.

“dual photons”

compact scalars:      and                     
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Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
Due to charge quantization, ~� is a compact variable liv-
ing in the unit cell generated by the N � 1 fundamental
weights ~wk of su(N). Thus the e↵ective action must be
periodic under ~� ! ~� + 2⇡ ~wk, 8k, and the ~� potential
must be a function of ei~↵

⇤
i ·~�, since ~↵⇤

i · ~wj = �ij . Fur-
ther, the action must be invariant under the ZN cen-
ter symmetry, acting [11] as �i ! �i+1(mod N)

, or as
~↵

⇤
i · ~� ! ~↵

⇤
i+1(mod N)

· ~�. Finally, the ZN subgroup of

the discrete chiral symmetry acts e

i~↵⇤
i ·~� ! e

i 2⇡
N
e

i~↵⇤
i ·~�.

These chiral shifts become continuous at N = 1, but
domain wall tensions stay large[12] and there is no light
⌘

0 mode.

Remarkably, the periodicity condition, together with
~↵

⇤
i · ~� = �i � �i+1

, implies that corrections to the ~�
action can only produce derivatives in the y-coordinate.
Nothing like e. g. a mass term

R
d

3

x

PN
i=1

�

2

i , can be
generated either perturbatively or non-perturbatively.

A striking aspect of our findings is locality in the y-
direction. The ZN center and chiral symmetries and
~�-periodicity do not guarantee that the interactions are
local, as in Eq. (2). Symmetries alone permit nonlocal
in y terms like Re

P
k e

i~↵⇤
k·~�

e

�i~↵⇤
k+N/2·~�, but they are

suppressed at small ⌘. Perturbative corrections from W -
boson exchange introduce non-localities in y, but from
[5], it can be shown that they only become relevant for

exponentially large N � e

O(1)
� , and they cannot open a

large-N mass gap. A simple local 4D action of the form
of Eq. (7) only arises at long distances ` � a, and can
be trusted only in the weak-coupling limit ⌘ ⌧ 1.

String theory versus gauge theory. At large N ,
confining gauge theories with adjoint matter are be-
lieved to be weakly-coupled closed string theories with
gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
where ↵0 is the inverse string tension. We have a gauge
theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
a large circle L̃. Could this be some shadow of T-duality?

If so, one expects a relation like LL̃ ⇠ ↵

0 with a con-
fining string tension 1/↵0. While closed-form expres-
sions for the string tension in SYM at generic N are not
known even at small ⌘, parametric estimates from the
existing studies [2, 5, 6] lead us to expect two distinct

string tensions in SYM theory on R3 ⇥ S1. One of them,
1/↵0

3D ⇠ ⇤2

⌘, is for strings stretched along R3, while the
other, 1/↵0

S1 ⇠ ⇤2

⌘/N , is for strings which wind around

the S1. Amusingly, we indeed see that LL̃ ⇠ ↵

0
3D. But

LL̃ ⇠ N↵

0
S1 . So, while the connection to T-duality is not

yet clear, it clearly deserves further study.
It is also interesting to observe that when ⌘ ⌧ 1 we

get a regime with a large parametric separation
p

1/↵0
3D

m

1

⇠ N

2

⌘

�3/2 (8)

between the light “glueball” masses and the 3D string
tension. Such a parametric scale separation is typical for
gauge theories with supergravity duals in the AdS/CFT
correspondence[13], but it is an intriguing surprise to
see it in a QCD-like theory such as N = 1 pure SYM
theory[14]. Indeed, as will be clear below, this scale sep-
aration persists after SUSY-breaking deformations.
SUSY breaking and emergent Lorentz symme-

try. We now turn on a gaugino mass termm   , which
breaks SUSY, and puts us in the universality class of pure
YM theory. This will illustrate that the emergence of an
extra dimension and a gapless mode is a robust conse-
quence of small-L large N confining dynamics.
We will assume that m . M , which keeps the the-

ory in the confined phase, as shown in [3]. There are
two important e↵ects from m . First, both  

i and �

i

decouple from the physics on scales `� a, because they
get masses of order m ⇠ 1/a. Second, the �i potential
changes, because when m 6= 0 there are no fermion zero
modes, and monopole-instantons can directly contribute
to the e↵ective potential for �i. This gives
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where · · · represents contributions from e. g. magnetic
bions. The quadratic action now includes (�i � �i+1

)2,
and the spectrum takes the formm
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p ⇠ M

⇤2 sin2(⇡p/N)+

M

2 sin4(⇡p/N), where M

⇤ = Mm /mW .
Thus, defining a

⇤ = 1/M⇤ and L̃

⇤ = Na

⇤, on large
distances L̃

⇤ � ` � a

⇤ we again get a gapless scalar
field S propagating in four dimensions as the EFT. But
now this scalar field has a standard kinetic term of the
form (@yS)2 in addition to a

⇤2(a⇤/a)2(@2yS)
2. The z = 2

Lifshitz scaling symmetry only makes sense if the coe�-
cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.
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expansion. We now argue that higher-order corrections
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in [5]) cannot produce a large-N mass gap. Locality in
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metries of the long distance theory along with the weak
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tension. Such a parametric scale separation is typical for
gauge theories with supergravity duals in the AdS/CFT
correspondence[13], but it is an intriguing surprise to
see it in a QCD-like theory such as N = 1 pure SYM
theory[14]. Indeed, as will be clear below, this scale sep-
aration persists after SUSY-breaking deformations.
SUSY breaking and emergent Lorentz symme-

try. We now turn on a gaugino mass termm   , which
breaks SUSY, and puts us in the universality class of pure
YM theory. This will illustrate that the emergence of an
extra dimension and a gapless mode is a robust conse-
quence of small-L large N confining dynamics.
We will assume that m . M , which keeps the the-

ory in the confined phase, as shown in [3]. There are
two important e↵ects from m . First, both  

i and �
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decouple from the physics on scales `� a, because they
get masses of order m ⇠ 1/a. Second, the �i potential
changes, because when m 6= 0 there are no fermion zero
modes, and monopole-instantons can directly contribute
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where · · · represents contributions from e. g. magnetic
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⇤ we again get a gapless scalar
field S propagating in four dimensions as the EFT. But
now this scalar field has a standard kinetic term of the
form (@yS)2 in addition to a

⇤2(a⇤/a)2(@2yS)
2. The z = 2

Lifshitz scaling symmetry only makes sense if the coe�-
cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.
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Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
Due to charge quantization, ~� is a compact variable liv-
ing in the unit cell generated by the N � 1 fundamental
weights ~wk of su(N). Thus the e↵ective action must be
periodic under ~� ! ~� + 2⇡ ~wk, 8k, and the ~� potential
must be a function of ei~↵

⇤
i ·~�, since ~↵⇤

i · ~wj = �ij . Fur-
ther, the action must be invariant under the ZN cen-
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e
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These chiral shifts become continuous at N = 1, but
domain wall tensions stay large[12] and there is no light
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0 mode.

Remarkably, the periodicity condition, together with
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, implies that corrections to the ~�
action can only produce derivatives in the y-coordinate.
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[5], it can be shown that they only become relevant for
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� , and they cannot open a

large-N mass gap. A simple local 4D action of the form
of Eq. (7) only arises at long distances ` � a, and can
be trusted only in the weak-coupling limit ⌘ ⌧ 1.

String theory versus gauge theory. At large N ,
confining gauge theories with adjoint matter are be-
lieved to be weakly-coupled closed string theories with
gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
where ↵0 is the inverse string tension. We have a gauge
theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
a large circle L̃. Could this be some shadow of T-duality?

If so, one expects a relation like LL̃ ⇠ ↵

0 with a con-
fining string tension 1/↵0. While closed-form expres-
sions for the string tension in SYM at generic N are not
known even at small ⌘, parametric estimates from the
existing studies [2, 5, 6] lead us to expect two distinct
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

Will describe all in terms of the dual photons; the rest comes “for the ride” by SUSY. 

A technical detail: imagine group is U(N); the U(1) decouples. N-dimensional. 



SU(N) SYM (gauge boson + massless gaugino).

“dual photons”

compact scalars:      and                     
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Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
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must be a function of ei~↵
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i ·~�, since ~↵⇤
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· ~�. Finally, the ZN subgroup of
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i ·~�.

These chiral shifts become continuous at N = 1, but
domain wall tensions stay large[12] and there is no light
⌘

0 mode.

Remarkably, the periodicity condition, together with
~↵

⇤
i · ~� = �i � �i+1

, implies that corrections to the ~�
action can only produce derivatives in the y-coordinate.
Nothing like e. g. a mass term
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generated either perturbatively or non-perturbatively.

A striking aspect of our findings is locality in the y-
direction. The ZN center and chiral symmetries and
~�-periodicity do not guarantee that the interactions are
local, as in Eq. (2). Symmetries alone permit nonlocal
in y terms like Re

P
k e
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k·~�

e

�i~↵⇤
k+N/2·~�, but they are

suppressed at small ⌘. Perturbative corrections from W -
boson exchange introduce non-localities in y, but from
[5], it can be shown that they only become relevant for

exponentially large N � e

O(1)
� , and they cannot open a

large-N mass gap. A simple local 4D action of the form
of Eq. (7) only arises at long distances ` � a, and can
be trusted only in the weak-coupling limit ⌘ ⌧ 1.

String theory versus gauge theory. At large N ,
confining gauge theories with adjoint matter are be-
lieved to be weakly-coupled closed string theories with
gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
where ↵0 is the inverse string tension. We have a gauge
theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
a large circle L̃. Could this be some shadow of T-duality?

If so, one expects a relation like LL̃ ⇠ ↵

0 with a con-
fining string tension 1/↵0. While closed-form expres-
sions for the string tension in SYM at generic N are not
known even at small ⌘, parametric estimates from the
existing studies [2, 5, 6] lead us to expect two distinct

string tensions in SYM theory on R3 ⇥ S1. One of them,
1/↵0

3D ⇠ ⇤2

⌘, is for strings stretched along R3, while the
other, 1/↵0

S1 ⇠ ⇤2

⌘/N , is for strings which wind around

the S1. Amusingly, we indeed see that LL̃ ⇠ ↵

0
3D. But

LL̃ ⇠ N↵

0
S1 . So, while the connection to T-duality is not

yet clear, it clearly deserves further study.
It is also interesting to observe that when ⌘ ⌧ 1 we

get a regime with a large parametric separation
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between the light “glueball” masses and the 3D string
tension. Such a parametric scale separation is typical for
gauge theories with supergravity duals in the AdS/CFT
correspondence[13], but it is an intriguing surprise to
see it in a QCD-like theory such as N = 1 pure SYM
theory[14]. Indeed, as will be clear below, this scale sep-
aration persists after SUSY-breaking deformations.
SUSY breaking and emergent Lorentz symme-

try. We now turn on a gaugino mass termm   , which
breaks SUSY, and puts us in the universality class of pure
YM theory. This will illustrate that the emergence of an
extra dimension and a gapless mode is a robust conse-
quence of small-L large N confining dynamics.
We will assume that m . M , which keeps the the-

ory in the confined phase, as shown in [3]. There are
two important e↵ects from m . First, both  

i and �

i

decouple from the physics on scales `� a, because they
get masses of order m ⇠ 1/a. Second, the �i potential
changes, because when m 6= 0 there are no fermion zero
modes, and monopole-instantons can directly contribute
to the e↵ective potential for �i. This gives
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where · · · represents contributions from e. g. magnetic
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form (@yS)2 in addition to a

⇤2(a⇤/a)2(@2yS)
2. The z = 2

Lifshitz scaling symmetry only makes sense if the coe�-
cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

perturbative

2

whose e.g. ~� ·~e
0

components are unphysical. For brevity,
we focus on the ~�-field Lagrangian, omitting the ~� and
~

 fields; the full superspace expressions are in [5].
In perturbation theory, ~� has a shift symmetry coming

from the current conservation law due to the absence of
color-magnetic monopoles. Its action can be written as
S� =

R
d

3

x�mW (@µ~�)2.
Non-perturbatively, the R3 ⇥ S1-compactified SYM

theory has N types of BPS monopole-instanton con-
figurations [9, 10], with (magnetic, topological) charges
± (~↵⇤

i , 1/N), where i=1,...N , and ~↵

⇤
N denotes the a�ne

(lowest) co-root. Their actions are S

0

= SI/N , where
SI = 8⇡2

/g

2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�.
Instead, the potential for ~� is due to non-BPS “molec-
ular” events called “magnetic bions” [2], with charges
±(~↵⇤

i � ~↵

⇤
i+1(modN)

, 0) and action 2S
0

.
To leading non-trivial order in the semi-classical ex-

pansion, the action for ~� is
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Z
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. (1)

Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
Using (~↵⇤

i � ~↵⇤
i+1

) ·~� = 2�i��i�1

��i+1

, with all indices
(mod N), changing to canonically-normalized fields �i =
�̃

i
/(�mW )1/2, and expanding around one of the N chiral-

symmetry-breaking minima, say h~�i = 0, we find the
quadratic action
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Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is

M = mW e

�S0 = ⇤⌘2 =:
1

a

(3)

where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
q

1

N

PN
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np{�̃n, �̃n,  ̃n} leading

to
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where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance

x

0,1,2 ! ⌦ x

0,1,2, y ! ⌦1/z
y

�! ⌦�(1+1/z)/2 �,  ! ⌦�(2+1/z)/2  ,

(6)

with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.

(dual of Cartan photons kinetic term)
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N = 1 SU(N) super-Yang-Mills theory on R3⇥S1 is believed to have a smooth dependence on the
circle size L. Making L small leads to calculable non-perturbative color confinement, mass gap, and
string tensions. For finite N , the small-L low-energy dynamics is described by a three-dimensional
e↵ective theory. The large-N limit, however, reveals some surprises: we find that, at small L, the
infrared dual description is in terms of a theory with an emergent fourth dimension, curiously rem-
iniscent of T-duality in string theory. This low-energy theory is gapless, with a space-like z = 2
Lifshitz scale symmetry. Supersymmetry-breaking deformations can change the Lifshitz scaling ex-
ponent to z = 1 and lead to an emergent Lorentz symmetry. Adding a small number of fundamental
fermion fields leads to matter localized on three-branes in the emergent four-dimensional theory.

Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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mW =

2⇡

NL

⇠ 1

log

1

⌘

F

k
µ⌫ =

g

2

2⇡L

✏µ⌫↵@
↵
�

k

L

˜

L ⇠ ↵

0 ⇠ 1

T

1

⌘ = ⇤LN ⌧ 1

⌘ = ⇤LN � 1

mW ⇠ ⇤

N

2

mn ⌧ mW !
p
m⇤ ⌧ ⇤

N

2

m ⌧ ⇤

N

4

m

2

n ⇠ e

2

DNm⇤ sin

⇡n

N

Tn ⇠ Nm⇤ sin

⇡n

N

e

�!⌧crit.
= e

�i⇡+log

4!3

g
= �4!
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˜

L ⇠ aN
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⌘ ⌘ L⇤N ⌧ 1

e

�!⌧crit.
= e

�i⇡+log

4!3

g
= �4!

3

g

˜

L ⇠ aN

, with

a ⇠

1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

(                   )
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:



SU(N) SYM (gauge boson + massless gaugino).
perturbative non-perturbative :…magnetic bions…

2

whose e.g. ~� ·~e
0

components are unphysical. For brevity,
we focus on the ~�-field Lagrangian, omitting the ~� and
~

 fields; the full superspace expressions are in [5].
In perturbation theory, ~� has a shift symmetry coming

from the current conservation law due to the absence of
color-magnetic monopoles. Its action can be written as
S� =

R
d

3

x�mW (@µ~�)2.
Non-perturbatively, the R3 ⇥ S1-compactified SYM

theory has N types of BPS monopole-instanton con-
figurations [9, 10], with (magnetic, topological) charges
± (~↵⇤

i , 1/N), where i=1,...N , and ~↵

⇤
N denotes the a�ne

(lowest) co-root. Their actions are S

0

= SI/N , where
SI = 8⇡2

/g

2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�.
Instead, the potential for ~� is due to non-BPS “molec-
ular” events called “magnetic bions” [2], with charges
±(~↵⇤

i � ~↵

⇤
i+1(modN)

, 0) and action 2S
0

.
To leading non-trivial order in the semi-classical ex-

pansion, the action for ~� is

S� =

Z
d

3

x

⇢
�mW (@µ~�)

2

+m

3

W e

�2S0

N�1X

i=0

sin2

1

2
(~↵⇤

i(modN)

� ~↵

⇤
i+1

) · ~�
��

. (1)

Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
Using (~↵⇤

i � ~↵⇤
i+1

) ·~� = 2�i��i�1

��i+1

, with all indices
(mod N), changing to canonically-normalized fields �i =
�̃

i
/(�mW )1/2, and expanding around one of the N chiral-

symmetry-breaking minima, say h~�i = 0, we find the
quadratic action

S� =

Z
d

3

x

NX

i=1

�
(@µ�̃i)

2 +M

2(2�̃i � �̃i�1

� �̃i+1

)2
 
. (2)

Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is

M = mW e

�S0 = ⇤⌘2 =:
1

a

(3)

where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
q

1

N

PN
n=1

!

np{�̃n, �̃n,  ̃n} leading

to

S

EFT

=

Z
d

3

x

NX

p=1

⇢
|@µ�p|2 +M

2 sin4
⇣
⇡p

N

⌘
|�p|2

+  ̄p/@ p +
M

2
sin2

⇣
⇡p

N

⌘
( N�p p + h.c.)

�
, (4)

where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance

x

0,1,2 ! ⌦ x

0,1,2, y ! ⌦1/z
y

�! ⌦�(1+1/z)/2 �,  ! ⌦�(2+1/z)/2  ,

(6)

with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.
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Introduction and summary. In this paper we
explore the large-N dynamics of pure SU(N) N = 1
super-Yang-Mills (SYM) theory, a close cousin of Yang-
Mills theory and QCD. When compactified on R3 ⇥ S1
with periodic boundary conditions for fermions, this the-
ory has the beautiful feature that color confinement, the
mass gap, string tensions, and chiral symmetry breaking
can be studied analytically using semi-classical methods
[1–6]. The calculable regime is obtained if ⌘ = LN⇤ is
small, where ⇤ is the strong scale. We thus study the
large N limit with ⌘ ⌧ 1 held fixed.

Usually, if a 4D field theory with a mass gap lives on
a circle, and the circle-dependence is smooth, the low-
energy dynamics for small L is described by a 3D e↵ective
field theory (EFT) with a gap. This expectation is cer-
tainly correct for order-one values of N for N = 1 SYM.
At large N , however, we find two surprising features in
the ⌘ ⌧ 1 regime. First, the long-distance physics is
described by a 4D EFT. The fourth dimension emerges
from the non-perturbative dynamics, with a size L̃ para-
metrically larger than both the circle size and the inverse
strong scale: L̃ = LN

2

/⌘

3 = N/(⇤⌘2). The emergence
of a large dimension upon shrinking the original circle re-
sembles T -duality in string theory. Second, the light glue-
ball masses become parametrically separated by N⌘

�3/2

from the scale of the 3D string tension, and at large N

the 4D “infrared dual” theory becomes gapless, with a
spatial Lifshitz scaling symmetry with z = 2.

We also study some supersymmetry-breaking deforma-
tions ofN = 1 SYM, such as the addition of a gluino mass
term or extra adjoint and fundamental fermion fields.
The resulting theories are in the universality class of YM
theory and QCD. The surprising phenomena we found in
SYM theory survive these deformations, with some in-
teresting modifications. A gluino mass term changes the
Lifshitz parameter z of the low-energy theory from z = 2
to z = 1. Adding Nf ⌧ N fundamental fermions leads
to fields living on 3D branes in the emergent 4D bulk.

Phase structure and weak coupling. We now re-
view some standard features of SYM theory. Readers
interested in our main results may proceed to Eq. (1).

It is believed that N = 1 SYM compactified on R3⇥S1
has a smooth dependence on the circle size L so long as
fermions have periodic boundary conditions on S1. In-
deed, at small L the theory becomes weakly coupled,
and one finds[1, 2] a Polyakov loop tr⌃ = trPe

i
R
S1 A3 ex-

pectation value h⌃i ⇠ diag(1,!, . . . ,!N�1), ! ⌘ e

2⇡i/N .
This means that htr⌃ni = 0, 8n < N , signaling the
preservation of the ZN center symmetry and confine-
ment even at small L, as expected from continuity in
L. It can also be checked that h  i 6= 0 at small L, so
that the discrete chiral symmetry is spontaneously bro-
ken, Z

2N ! Z
2

, also as expected from continuity.
Thanks to the small-L form of ⌃, we find hA

3

i 6= 0,
leading to a compact adjoint Higgs mechanism break-
ing the gauge group SU(N) ! U(1)N�1. So at low en-
ergies compared to the lightest W -boson mass, mW ⌘
2⇡/(NL), the physics is described by an Abelian theory.
This is the reason why the small-⌘ physics is weakly cou-
pled: all charged matter is at least as heavy as mW , and
the ’t Hooft coupling � ⌘ g

2

N stops running at the scale
mW � ⇤, giving the weak-coupling condition ⌘ ⌧ 1.
The key point is that staying in the weak-coupling

regime while making N large requires an unusual scaling
for the circle size, L ⇠ ⇤�1

/N . The physical reason such
small values of L are needed is that, for any L ⇠ O(N0),
N = 1 SYM theory enjoys large-N volume independence
[7, 8], and hence is strongly coupled. Our emergent di-
mension might be the “poor cousin” of volume indepen-
dence surviving in the weak-coupling regime.

Small-L e↵ective field theory. The fields that do
not get a mass from the adjoint Higgs mechanism are the
Cartan 3D gluons F

µ⌫
k (k = 1,. . .N � 1, µ, ⌫ = 0, 1, 2),

Cartan gluinos  ↵
k (↵ = 1, 2), and Cartan gluons �k,

from fluctuations of A
3

. These fields all sit within a single
supermultiplet, and are the fields that appear in the long-
distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
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�i⇡+log
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= �4!
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˜

L ⇠ aN

, with

a ⇠

1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

(                   )
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whose e.g. ~� ·~e
0

components are unphysical. For brevity,
we focus on the ~�-field Lagrangian, omitting the ~� and
~

 fields; the full superspace expressions are in [5].
In perturbation theory, ~� has a shift symmetry coming

from the current conservation law due to the absence of
color-magnetic monopoles. Its action can be written as
S� =

R
d

3

x�mW (@µ~�)2.
Non-perturbatively, the R3 ⇥ S1-compactified SYM

theory has N types of BPS monopole-instanton con-
figurations [9, 10], with (magnetic, topological) charges
± (~↵⇤

i , 1/N), where i=1,...N , and ~↵

⇤
N denotes the a�ne

(lowest) co-root. Their actions are S

0

= SI/N , where
SI = 8⇡2

/g

2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�.
Instead, the potential for ~� is due to non-BPS “molec-
ular” events called “magnetic bions” [2], with charges
±(~↵⇤

i � ~↵

⇤
i+1(modN)

, 0) and action 2S
0

.
To leading non-trivial order in the semi-classical ex-

pansion, the action for ~� is

S� =

Z
d

3

x

⇢
�mW (@µ~�)

2

+m

3

W e

�2S0

N�1X

i=0

sin2

1

2
(~↵⇤

i(modN)

� ~↵

⇤
i+1

) · ~�
��

. (1)

Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
Using (~↵⇤

i � ~↵⇤
i+1

) ·~� = 2�i��i�1

��i+1

, with all indices
(mod N), changing to canonically-normalized fields �i =
�̃

i
/(�mW )1/2, and expanding around one of the N chiral-

symmetry-breaking minima, say h~�i = 0, we find the
quadratic action

S� =

Z
d

3

x

NX

i=1

�
(@µ�̃i)

2 +M

2(2�̃i � �̃i�1

� �̃i+1

)2
 
. (2)

Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is

M = mW e

�S0 = ⇤⌘2 =:
1

a

(3)

where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
q

1

N

PN
n=1

!

np{�̃n, �̃n,  ̃n} leading

to

S

EFT

=

Z
d

3

x

NX

p=1

⇢
|@µ�p|2 +M

2 sin4
⇣
⇡p

N

⌘
|�p|2

+  ̄p/@ p +
M

2
sin2

⇣
⇡p

N

⌘
( N�p p + h.c.)

�
, (4)

where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance

x

0,1,2 ! ⌦ x

0,1,2, y ! ⌦1/z
y

�! ⌦�(1+1/z)/2 �,  ! ⌦�(2+1/z)/2  ,

(6)

with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.
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whose e.g. ~� ·~e
0

components are unphysical. For brevity,
we focus on the ~�-field Lagrangian, omitting the ~� and
~

 fields; the full superspace expressions are in [5].
In perturbation theory, ~� has a shift symmetry coming

from the current conservation law due to the absence of
color-magnetic monopoles. Its action can be written as
S� =

R
d

3

x�mW (@µ~�)2.
Non-perturbatively, the R3 ⇥ S1-compactified SYM

theory has N types of BPS monopole-instanton con-
figurations [9, 10], with (magnetic, topological) charges
± (~↵⇤

i , 1/N), where i=1,...N , and ~↵

⇤
N denotes the a�ne

(lowest) co-root. Their actions are S

0

= SI/N , where
SI = 8⇡2

/g

2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�.
Instead, the potential for ~� is due to non-BPS “molec-
ular” events called “magnetic bions” [2], with charges
±(~↵⇤

i � ~↵

⇤
i+1(modN)

, 0) and action 2S
0

.
To leading non-trivial order in the semi-classical ex-

pansion, the action for ~� is

S� =

Z
d

3

x

⇢
�mW (@µ~�)

2

+m

3

W e

�2S0

N�1X

i=0

sin2

1

2
(~↵⇤

i(modN)

� ~↵
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) · ~�
��

. (1)

Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
Using (~↵⇤

i � ~↵⇤
i+1

) ·~� = 2�i��i�1

��i+1

, with all indices
(mod N), changing to canonically-normalized fields �i =
�̃

i
/(�mW )1/2, and expanding around one of the N chiral-

symmetry-breaking minima, say h~�i = 0, we find the
quadratic action

S� =

Z
d

3

x

NX

i=1

�
(@µ�̃i)

2 +M

2(2�̃i � �̃i�1

� �̃i+1

)2
 
. (2)

Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is

M = mW e

�S0 = ⇤⌘2 =:
1

a

(3)

where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
q

1

N
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where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance
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with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.
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= SI/N , where
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2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�.
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Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
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Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is

M = mW e

�S0 = ⇤⌘2 =:
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a
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where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
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where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance
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with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as
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x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1
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( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.
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Cartan chiral superfields - define as fluctuation around vevs in one of the N vacua (k-th):
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magnetic bions, neutral bions, complex saddles, Lefshetz thimbles…
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branch metric

no mention of center symmetry
instanton calculation completed only recently

…it  is much more widely known and accepted…



Where this came from?
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- arises from symmetries determining superpotential!

- chiral symmetry, or discrete R,                                means only terms in W (holom.!) 

- center symmetry                           leads to lattice translational invariance

branch metric

- dual photon            periodicity means only           can appear, as
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Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
Due to charge quantization, ~� is a compact variable liv-
ing in the unit cell generated by the N � 1 fundamental
weights ~wk of su(N). Thus the e↵ective action must be
periodic under ~� ! ~� + 2⇡ ~wk, 8k, and the ~� potential
must be a function of ei~↵

⇤
i ·~�, since ~↵⇤

i · ~wj = �ij . Fur-
ther, the action must be invariant under the ZN cen-
ter symmetry, acting [11] as �i ! �i+1(mod N)

, or as
~↵

⇤
i · ~� ! ~↵

⇤
i+1(mod N)

· ~�. Finally, the ZN subgroup of

the discrete chiral symmetry acts e

i~↵⇤
i ·~� ! e

i 2⇡
N
e

i~↵⇤
i ·~�.

These chiral shifts become continuous at N = 1, but
domain wall tensions stay large[12] and there is no light
⌘

0 mode.

Remarkably, the periodicity condition, together with
~↵

⇤
i · ~� = �i � �i+1

, implies that corrections to the ~�
action can only produce derivatives in the y-coordinate.
Nothing like e. g. a mass term

R
d

3

x

PN
i=1

�

2

i , can be
generated either perturbatively or non-perturbatively.

A striking aspect of our findings is locality in the y-
direction. The ZN center and chiral symmetries and
~�-periodicity do not guarantee that the interactions are
local, as in Eq. (2). Symmetries alone permit nonlocal
in y terms like Re

P
k e

i~↵⇤
k·~�

e

�i~↵⇤
k+N/2·~�, but they are

suppressed at small ⌘. Perturbative corrections from W -
boson exchange introduce non-localities in y, but from
[5], it can be shown that they only become relevant for

exponentially large N � e

O(1)
� , and they cannot open a

large-N mass gap. A simple local 4D action of the form
of Eq. (7) only arises at long distances ` � a, and can
be trusted only in the weak-coupling limit ⌘ ⌧ 1.

String theory versus gauge theory. At large N ,
confining gauge theories with adjoint matter are be-
lieved to be weakly-coupled closed string theories with
gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
where ↵0 is the inverse string tension. We have a gauge
theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
a large circle L̃. Could this be some shadow of T-duality?

If so, one expects a relation like LL̃ ⇠ ↵

0 with a con-
fining string tension 1/↵0. While closed-form expres-
sions for the string tension in SYM at generic N are not
known even at small ⌘, parametric estimates from the
existing studies [2, 5, 6] lead us to expect two distinct

string tensions in SYM theory on R3 ⇥ S1. One of them,
1/↵0

3D ⇠ ⇤2

⌘, is for strings stretched along R3, while the
other, 1/↵0

S1 ⇠ ⇤2

⌘/N , is for strings which wind around

the S1. Amusingly, we indeed see that LL̃ ⇠ ↵

0
3D. But

LL̃ ⇠ N↵

0
S1 . So, while the connection to T-duality is not

yet clear, it clearly deserves further study.
It is also interesting to observe that when ⌘ ⌧ 1 we

get a regime with a large parametric separation
p

1/↵0
3D

m

1

⇠ N

2

⌘

�3/2 (8)

between the light “glueball” masses and the 3D string
tension. Such a parametric scale separation is typical for
gauge theories with supergravity duals in the AdS/CFT
correspondence[13], but it is an intriguing surprise to
see it in a QCD-like theory such as N = 1 pure SYM
theory[14]. Indeed, as will be clear below, this scale sep-
aration persists after SUSY-breaking deformations.
SUSY breaking and emergent Lorentz symme-

try. We now turn on a gaugino mass termm   , which
breaks SUSY, and puts us in the universality class of pure
YM theory. This will illustrate that the emergence of an
extra dimension and a gapless mode is a robust conse-
quence of small-L large N confining dynamics.
We will assume that m . M , which keeps the the-

ory in the confined phase, as shown in [3]. There are
two important e↵ects from m . First, both  

i and �

i

decouple from the physics on scales `� a, because they
get masses of order m ⇠ 1/a. Second, the �i potential
changes, because when m 6= 0 there are no fermion zero
modes, and monopole-instantons can directly contribute
to the e↵ective potential for �i. This gives

S�,YM

=

Z
d

3

x

⇢
�mW (@µ~�)

2

+m

2

Wm e
�S0

N�1X

i=0

sin2

1

2
~↵

⇤
i · ~�

�
+ · · ·

�
(9)

where · · · represents contributions from e. g. magnetic
bions. The quadratic action now includes (�i � �i+1

)2,
and the spectrum takes the formm

2

p ⇠ M

⇤2 sin2(⇡p/N)+

M

2 sin4(⇡p/N), where M

⇤ = Mm /mW .
Thus, defining a

⇤ = 1/M⇤ and L̃

⇤ = Na

⇤, on large
distances L̃

⇤ � ` � a

⇤ we again get a gapless scalar
field S propagating in four dimensions as the EFT. But
now this scalar field has a standard kinetic term of the
form (@yS)2 in addition to a

⇤2(a⇤/a)2(@2yS)
2. The z = 2

Lifshitz scaling symmetry only makes sense if the coe�-
cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.

1

Problem Set 1 for PHY350

e

i~↵

⇤
k·~� ! e

2⇡i
N

e

i~↵

⇤
k·~�

x

i ! x

i+1(modN)

2⇡ ~w

k

S =

Z
d

3

x

Z
d

4

✓ m

W

g

�1

ij

x

i

x̄

j

+

Z
d

3

x

Z
d

2

✓ ⇤

2

⌘e

2⇡ik
N

NX

a=1

e

~↵

⇤
a·~x

+ h.c.

x

i

= ��

i

+ i��

i

+ ✓

↵

...

K

i

¯

j

W

k

(~x)

g

ij

= �

ij

16⇡

2

3�

+ . . .

@W

k

(~x)

@~x

����
~x=0

= 0

NX

a=1

e

~↵

⇤
a·~x

=

X

a

e

�(xa+1�xa) ⌘
X

a

e

�r+x

a
=

1X

m=2

(�)

m

m!

(r
+

x

a

)

m

g

ij

= �

ij

16⇡

2

3�

� (1� �

ij

)

 (

|i�j|
N

) +  (1� |i�j|
N

)

N

(@

2

y

�̃)

2

~↵

⇤
1

= (1,�1, 0, 0...0)

to see lattice derivative structure, rewrite W:

1

Problem Set 1 for PHY350

e

i~↵

⇤
k·~� ! e

2⇡i
N

e

i~↵

⇤
k·~�

x

i ! x

i+1(modN)

2⇡ ~w

k

S =

Z
d

3

x

Z
d

4

✓ m

W

g

�1

ij

x

i

x̄

j

+

Z
d

3

x

Z
d

2

✓ ⇤

2

⌘e

2⇡ik
N

NX

a=1

e

~↵

⇤
a·~x

+ h.c.

x

i

= ��

i

+ i��

i

+ ✓

↵

...

K

i

¯

j

W

k

(~x)

g

ij

= �

ij

16⇡

2

3�

+ . . .

@W

k

(~x)

@~x

����
~x=0

= 0

NX

a=1

e

~↵

⇤
a·~x

=

X

a

e

�(xa+1�xa) ⌘
X

a

e

�r+x

a
= 1 +

1X

m=2

(�)

m

m!

X

a

(r
+

x

a

)

m

g

ij

= �

ij

16⇡

2

3�

� (1� �

ij

)

 (

|i�j|
N

) +  (1� |i�j|
N

)

N

(@

2

y

�̃)

2

~↵

⇤
1

= (1,�1, 0, 0...0)

3

Symmetries and corrections. Equation (1) con-
tains only the leading terms in the ⌘ ⌧ 1 semi-classical
expansion. We now argue that higher-order corrections
(evaluated to one-loop from the Kähler potential in SYM
in [5]) cannot produce a large-N mass gap. Locality in
the emergent dimension turns out to be tied to the sym-
metries of the long distance theory along with the weak
coupling limit ⌘ ⌧ 1. Our arguments also apply to non-
supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY).
Due to charge quantization, ~� is a compact variable liv-
ing in the unit cell generated by the N � 1 fundamental
weights ~wk of su(N). Thus the e↵ective action must be
periodic under ~� ! ~� + 2⇡ ~wk, 8k, and the ~� potential
must be a function of ei~↵

⇤
i ·~�, since ~↵⇤

i · ~wj = �ij . Fur-
ther, the action must be invariant under the ZN cen-
ter symmetry, acting [11] as �i ! �i+1(mod N)

, or as
~↵

⇤
i · ~� ! ~↵

⇤
i+1(mod N)

· ~�. Finally, the ZN subgroup of

the discrete chiral symmetry acts e

i~↵⇤
i ·~� ! e

i 2⇡
N
e

i~↵⇤
i ·~�.

These chiral shifts become continuous at N = 1, but
domain wall tensions stay large[12] and there is no light
⌘

0 mode.

Remarkably, the periodicity condition, together with
~↵

⇤
i · ~� = �i � �i+1

, implies that corrections to the ~�
action can only produce derivatives in the y-coordinate.
Nothing like e. g. a mass term

R
d

3

x

PN
i=1

�

2

i , can be
generated either perturbatively or non-perturbatively.

A striking aspect of our findings is locality in the y-
direction. The ZN center and chiral symmetries and
~�-periodicity do not guarantee that the interactions are
local, as in Eq. (2). Symmetries alone permit nonlocal
in y terms like Re

P
k e

i~↵⇤
k·~�

e

�i~↵⇤
k+N/2·~�, but they are

suppressed at small ⌘. Perturbative corrections from W -
boson exchange introduce non-localities in y, but from
[5], it can be shown that they only become relevant for

exponentially large N � e

O(1)
� , and they cannot open a

large-N mass gap. A simple local 4D action of the form
of Eq. (7) only arises at long distances ` � a, and can
be trusted only in the weak-coupling limit ⌘ ⌧ 1.

String theory versus gauge theory. At large N ,
confining gauge theories with adjoint matter are be-
lieved to be weakly-coupled closed string theories with
gs ⇠ 1/N . T-duality says that a string theory on a small
circle L can be reinterpreted as a related string theory on
an ‘emergent’ large circle L̃, with the relation LL̃ ⇠ ↵

0,
where ↵0 is the inverse string tension. We have a gauge
theory on a tiny circle, where it continues to confine, and
are finding that at large N it looks like another QFT on
a large circle L̃. Could this be some shadow of T-duality?

If so, one expects a relation like LL̃ ⇠ ↵

0 with a con-
fining string tension 1/↵0. While closed-form expres-
sions for the string tension in SYM at generic N are not
known even at small ⌘, parametric estimates from the
existing studies [2, 5, 6] lead us to expect two distinct

string tensions in SYM theory on R3 ⇥ S1. One of them,
1/↵0

3D ⇠ ⇤2

⌘, is for strings stretched along R3, while the
other, 1/↵0

S1 ⇠ ⇤2

⌘/N , is for strings which wind around

the S1. Amusingly, we indeed see that LL̃ ⇠ ↵

0
3D. But

LL̃ ⇠ N↵

0
S1 . So, while the connection to T-duality is not

yet clear, it clearly deserves further study.
It is also interesting to observe that when ⌘ ⌧ 1 we

get a regime with a large parametric separation
p

1/↵0
3D

m

1

⇠ N

2

⌘

�3/2 (8)

between the light “glueball” masses and the 3D string
tension. Such a parametric scale separation is typical for
gauge theories with supergravity duals in the AdS/CFT
correspondence[13], but it is an intriguing surprise to
see it in a QCD-like theory such as N = 1 pure SYM
theory[14]. Indeed, as will be clear below, this scale sep-
aration persists after SUSY-breaking deformations.
SUSY breaking and emergent Lorentz symme-

try. We now turn on a gaugino mass termm   , which
breaks SUSY, and puts us in the universality class of pure
YM theory. This will illustrate that the emergence of an
extra dimension and a gapless mode is a robust conse-
quence of small-L large N confining dynamics.
We will assume that m . M , which keeps the the-

ory in the confined phase, as shown in [3]. There are
two important e↵ects from m . First, both  

i and �

i

decouple from the physics on scales `� a, because they
get masses of order m ⇠ 1/a. Second, the �i potential
changes, because when m 6= 0 there are no fermion zero
modes, and monopole-instantons can directly contribute
to the e↵ective potential for �i. This gives

S�,YM

=

Z
d

3

x

⇢
�mW (@µ~�)

2

+m

2

Wm e
�S0

N�1X

i=0

sin2

1

2
~↵

⇤
i · ~�

�
+ · · ·

�
(9)

where · · · represents contributions from e. g. magnetic
bions. The quadratic action now includes (�i � �i+1

)2,
and the spectrum takes the formm

2

p ⇠ M

⇤2 sin2(⇡p/N)+

M

2 sin4(⇡p/N), where M

⇤ = Mm /mW .
Thus, defining a

⇤ = 1/M⇤ and L̃

⇤ = Na

⇤, on large
distances L̃

⇤ � ` � a

⇤ we again get a gapless scalar
field S propagating in four dimensions as the EFT. But
now this scalar field has a standard kinetic term of the
form (@yS)2 in addition to a

⇤2(a⇤/a)2(@2yS)
2. The z = 2

Lifshitz scaling symmetry only makes sense if the coe�-
cient of (@yS)2 is zero. Supersymmetry makes this fine-
tuning natural, but once it is broken, the natural scale
invariance is the conventional z = 1 isotropic 4D scaling
x

0,1,2 ! ⌦x
0,1,2, y ! ⌦y

0,1,2. This makes the magnetic-
bion-generated terms irrelevant. So, on long distances
` ⇠ N

0 � a

⇤, the large-N small-L EFT for softly-broken
SYM theory is a gapless Lorentz-invariant 4D scalar field.

symmetries alone would permit,e.g.                                          potential terms, but  
forbidden by holomorphy; nonlocal terms can arise from         ~ kinetic terms in R^3       
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from W-bosons, nonlocal in color space,

- locality in the extra dimension due to weak coupling, not symmetry: 

(can show nonlocal terms matter only for                        , mass gap vanishing not altered) 
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to quadratic order, up to O(1) coeffts:

after a Z_N Fourier transform and rescaling

2

whose e.g. ~� ·~e
0

components are unphysical. For brevity,
we focus on the ~�-field Lagrangian, omitting the ~� and
~

 fields; the full superspace expressions are in [5].
In perturbation theory, ~� has a shift symmetry coming

from the current conservation law due to the absence of
color-magnetic monopoles. Its action can be written as
S� =

R
d

3

x�mW (@µ~�)2.
Non-perturbatively, the R3 ⇥ S1-compactified SYM

theory has N types of BPS monopole-instanton con-
figurations [9, 10], with (magnetic, topological) charges
± (~↵⇤

i , 1/N), where i=1,...N , and ~↵

⇤
N denotes the a�ne

(lowest) co-root. Their actions are S

0

= SI/N , where
SI = 8⇡2

/g

2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�.
Instead, the potential for ~� is due to non-BPS “molec-
ular” events called “magnetic bions” [2], with charges
±(~↵⇤

i � ~↵

⇤
i+1(modN)

, 0) and action 2S
0

.
To leading non-trivial order in the semi-classical ex-

pansion, the action for ~� is

S� =

Z
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⇢
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Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
Using (~↵⇤

i � ~↵⇤
i+1

) ·~� = 2�i��i�1

��i+1

, with all indices
(mod N), changing to canonically-normalized fields �i =
�̃

i
/(�mW )1/2, and expanding around one of the N chiral-

symmetry-breaking minima, say h~�i = 0, we find the
quadratic action
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Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is

M = mW e

�S0 = ⇤⌘2 =:
1

a

(3)

where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
q

1

N

PN
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np{�̃n, �̃n,  ̃n} leading

to
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where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance

x

0,1,2 ! ⌦ x

0,1,2, y ! ⌦1/z
y

�! ⌦�(1+1/z)/2 �,  ! ⌦�(2+1/z)/2  ,

(6)

with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.
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action with superpartners restored. (Note in passing that
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using a continuum notation (“a”-finite), at length scales 

3

with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling. Thus the long-
distance large-N theory is free. This gapless continuum
theory describes the physics on length scales ` satisfying
a ⌧ `⌧ L̃. In particular, given the fact that L̃ ⇠ N , the
long-distance physics of the large N theory, as probed on
length scales that do not scale with N , is described by
Eq. (7).

Symmetries and corrections. Equation (1), which
led to Equation (7), contains only the leading terms in
the ⌘ ⌧ 1 semi-classical expansion. We now argue that
higher-order corrections (evaluated to one-loop from the
Kähler potential in SYM in [5]) cannot produce a large-
N mass gap. Locality in the emergent dimension turns
out to be tied to the symmetries of the long distance
theory, along with the weak coupling limit ⌘ ⌧ 1. Our
arguments also apply to non-supersymmetric theories.

We phrase everything in terms of the symmetries of ~�.
In SYM ~

� and ~ are tied to it by supersymmetry (SUSY),
but our discussion of the mass gap below will apply even
if SUSY is broken, as long as the center symmetry is
preserved. Due to charge quantization, ~� is a compact
variable living in the unit cell generated by the N � 1
fundamental weights ~wk of su(N). Thus the e↵ective
action must be periodic under ~� ! ~�+2⇡ ~wk, 8k and the
~� potential must be a function of ei~↵

⇤
i ·~�, since ~↵⇤

i · ~wj =
�ij . Further, the action must be invariant under the ZN

center symmetry, acting [16] as �i ! �i+1(mod N)

, or as
~↵

⇤
i ·~� ! ~↵

⇤
i+1(mod N)

·~�. Finally, the ZN subgroup of the

discrete chiral symmetry acts ei~↵
⇤
i ·~� ! e

i 2⇡
N
e

i~↵⇤
i ·~�. These

chiral shifts become continuous at N = 1, but domain
wall tensions stay large[17] and there is no light ⌘0 mode.

Remarkably, the ~�-periodicity condition, together with
~↵

⇤
i ·~� = �i��i+1

, implies that corrections to the ~� poten-
tial can only ever produce terms which become deriva-
tives in the y-coordinate in the large N limit. Nothing
like e.g. a mass term

R
d

3

x

PN
i=1

�

2

i , can be generated
either perturbatively or non-perturbatively. Thus, our
results, valid for small ⌘ imply that no at large N mass
gap can be generated for some ⌘ 2 (0, ⌘c > 0).

A striking aspect of our findings is locality in the
y-direction and the emergent Lifshitz scale invariance.
First, we notice that no local (in y) Lifshitz-breaking in-
teractions, like (@y�)2 can be induced either perturba-
tively or nonperturbatively. This is due to supersymme-
try and the discrete ZN chiral symmetry (this symmetry,
along with Lifshitz scaling, is broken when a SUSY break-
ing mass is added, see further discussion below). Second,
the ZN center, ZN chiral symmetries, and ~�-periodicity

alone do not imply that the interactions are local, as in
Eq. (2). For example, these symmetries alone would per-
mit nonlocal in y terms like Re

P
k e

i~↵⇤
k·~�

e

�i~↵⇤
k+N/2·~�. In

fact, nonlocal terms are generated by perturbative correc-
tions due to W -boson loops and are suppressed by pow-
ers of the small coupling � ⇠ log 1/⌘. The W -boson loop
contributions to the Kähler potential and the non-local
(in y) terms they induce can be found in [5]. Analyzing
the results given there, one can draw two important con-
clusions: i.) the nonlocal Kähler potential contributions
do not lead to a nonzero mass gap at N ! 1, because
they are consistent with the symmetries described above
and so do not induce any terms like �2

i , and ii.) when
�(mW ) is small, these nonlocal contributions are negligi-
ble so long as N is smaller than an exponentially large

number N⇤ ⇠ e

O(1)
� . Our conclusion, then, is that within

the regime of validity of our semiclassical analysis, where
⌘ ⌧ 1, a simple local 4D e↵ective action of the form
of Eq. (7) indeed describes the physics at long distances
a ⌧ `⌧ N⇤a.
String theory versus gauge theory. In the usual

large-N limit, confining gauge theories with adjoint mat-
ter are believed to be weakly-coupled closed string theo-
ries with gs ⇠ 1/N . In contrast, here we study a large N
limit with small ⌘, where the field theory itself is weakly
coupled. Thus, any sort of dual string description of the
gauge theory is bound to be quite distinct from stan-
dard gauge-gravity duality[18]. Nevertheless, below we
list several tantalizing peculiarities of our theory that
make a string theory connection worthy of a further look.
We first recall that string theory on a small circle L is

equivalent to another string theory on an ‘emergent’ large
circle L̃, with LL̃ ⇠ ↵

0 (↵0 is the inverse string tension).
The emergent circle is built out of winding modes. Here,
we study a gauge theory on a tiny circle L, where it
continues to confine, and find that at large N it looks
like another QFT on a large circle L̃. The modes that
produce the extra dimension carry zero momentum, but
are built out of multi-winding holonomies of the gauge
field. Could this be some shadow of T-duality?
If so, one expects that LL̃ ⇠ ↵

0, with 1/↵0 the con-
fining string tension. For now, even at small ⌘, we
only know the string tension in SYM for generic N

from the estimates of [2, 5, 6], arguing for two di↵er-
ent string tensions in SYM on R3 ⇥ S1. One of them,
1/↵0

3D ⇠ ⇤2

⌘, is for strings stretched along R3, and the
other, 1/↵0

S1 ⇠ ⇤2

⌘/N , is for strings winding around

the S1. Amusingly, we indeed see that LL̃ ⇠ ↵

0
3D, but

LL̃ ⇠ N↵

0
S1 . So, while it is not obvious that there really

is a sharp connection to T-duality, we think the issue is
worth noting and deserves further study.

Another property which is interesting to observe is that
when ⌘ ⌧ 1 there is a large parametric separation

p
1/↵0

3D

m

1

⇠ N

2

⌘

�3/2 (8)
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we can write action as
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So even though F

µ⌫
k , 

↵
k ,�k carry no S1 momentum, they

do carry information about the winding modes on S

1

since they involve powers of the holonomy ⌃. The fields
F

µ⌫
k , 

↵
k ,�k all sit within a single supermultiplet, and are

the fields that appear in the long-distance `� m

�1

W EFT.
We will work with the Abelian dual representation of

the gluons F

k
µ⌫ = g

2

/(2⇡L)✏µ⌫↵@↵�k, and take an N -
component basis for the co-root vectors ~↵⇤

i of the su(N)
algebra satisfying ~↵⇤

i ·~e0 = 0, 8i with ~e
0

⌘ (1, 1, 1, . . . , 1).

We package the fields into N -component ~�, ~�, ~ vectors,
whose e.g. ~� ·~e

0

components are unphysical. For brevity,
we focus on the ~�-field Lagrangian, omitting the ~� and
~

 fields; the full superspace expressions are in [5].
In perturbation theory, ~� has a shift symmetry coming

from the current conservation law due to the absence of
color-magnetic monopoles. Its action can be written as
S� =

R
d

3

x�mW (@µ~�)2.
Non-perturbatively, the R3 ⇥ S1-compactified SYM

theory has N types of BPS monopole-instanton con-
figurations [11, 12], with (magnetic, topological) charges
± (~↵⇤

i , 1/N), where i=1,...N , and ~↵

⇤
N denotes the a�ne

(lowest) co-root. Their actions are S

0

= SI/N , where
SI = 8⇡2

/g

2 is the action of the BPST instanton with
charge ±(0, 1). In the absence of a gaugino mass,
each monopole-instanton carries two fermion zero modes.
Thus even though monopole-instantons carry magnetic
charge, they cannot directly generate a potential for ~�;
instead, they generate a superpotential [13]. The poten-
tial for ~� is due to non-BPS “molecular” events called
“magnetic bions” [2], with charges ±(~↵⇤

i �~↵⇤
i+1(modN)

, 0)
and action 2S

0

.
To leading non-trivial order in the semi-classical ex-

pansion, the action for ~� is
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Equation (1) contains a lot of physics [2]. The fact that
the potential is non-vanishing implies that the theory has
a non-perturbative mass gap at finite N roughly of order
mW e

�S0 ⇠ ⇤⌘2; the latter form follows from the one-
loop relation 8⇡2

/�(µ) = 3 log(µ/⇤).
Emergent extra dimension. We now discuss the

quadratic actions for �,�,� around one of the N ground
states more carefully, with a focus on the N -dependence.
Using (~↵⇤

i � ~↵⇤
i+1

) ·~� = 2�i��i�1

��i+1

, with all indices
(mod N), changing to canonically-normalized fields �i =
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/(�mW )1/2, and expanding around one of the N chiral-

symmetry-breaking minima, say h~�i = 0, we find the
quadratic action
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Omitting factors of order unity and non-exponential de-
pendence on �, the mass scale M is of order

1

a

:= M ⇠ mW e

�S0 ⇠ ⇤⌘2 (3)

where we defined a = 1/M , the “lattice spacing”, for fu-
ture use. Parallel results hold for the quadratic actions
for � and  . The quadratic action, with all superpartners
included, can be diagonalized by a discrete Fourier trans-

form, {Fp, Sp, p} =
q
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where �p = Fp + iSp. Neglecting the fictitious p = N

modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N
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, p = 1, · · · , N � 1. (5)

This somewhat resembles the spectrum of some inte-
grable 2D field theories[14].
The large-N limit of the expressions above contains

surprises. First, the mass gap vanishes at large N , since
the lightest mode has mass m
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⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
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space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective
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� and  . The emergent dimension is compactified on
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modes, the EFT spectrum is

mp = M sin2
⇣
⇡p

N

⌘
, p = 1, · · · , N � 1. (5)

The large-N limit of these expressions contains sur-
prises. First, the mass gap vanishes at large N , since
the lightest mode has mass m

1

⇠ ⇤⌘2/N2. Second, the
states in Eq. (5) with p ⇠ N

0 are quadratically-spaced,
mp ⇠ m

1

p

2. Indeed, we recognize Eq. (2) as the position-
space action for a four-dimensional field theory with one
circular spatial direction, whose coordinate we shall de-
note by ‘y’, discretized on a lattice of spacing a = 1/M ,
and size L̃ = aN . Equation (4) is the momentum-space
action with superpartners restored. (Note in passing that
there is no fermion doubling here.)
Thus, on large distances `� a the low-energy e↵ective

theory turns into a continuum 4D theory for the fields
� and  . The emergent dimension is compactified on
a circle of size L̃ = aN , and so looks non-compact on
scales ` ⇠ O(N0)a. Indeed, L̃ is parametrically large
compared to both the physical circle size L and inverse
strong coupling scale ⇤�1: L̃/L ⇠ N

2

⌘

�3

, L̃⇤ = N⌘

�2.
To write the continuum L̃ � ` � a limit, one could

naively scale lengths, times, and fields according to the
canonical 4D scaling dimensions, and replace e.g. dif-
ference operators with derivatives as usual. This gives
continuum 4D fields �0 and  0 with kinetic terms of the
form a

2|@2y�0|2 and a 0
@

2

y 
0, which look technically ir-

relevant. However, this isotropic assignment of scaling
dimensions is only natural in Lorentz-invariant 4D the-
ories. But we broke Lorentz invariance by compactify-
ing SYM, and our emergent 4D theory is clearly not 4D
Lorentz-invariant. Instead, the low-energy theory enjoys
an anisotropic “spatial Lifshitz” scale invariance

x

0,1,2 ! ⌦ x

0,1,2, y ! ⌦1/z
y

�! ⌦�(1+1/z)/2 �,  ! ⌦�(2+1/z)/2  ,

(6)

with z = 2. With appropriately rescaled coordinates
and fields, the Lifshitz-scale-invariant continuum limit
can thus be written as

S =

Z
d

3

x dy {|@µ�|2 + |@2y�|2 +  ̄/@ + 1

2

( @2y + h.c.)} .
(7)

Higher order terms from the expansion of Eq. (1) are
irrelevant under the z = 2 Lifshitz scaling.

z=2 —-> z=1 upon gaugino mass perturbation, also expected in dYM  (maybe later)
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R

FIG. 1: Left: the Wilson loop and the monodromy of �.
Right: Sketch of the confining string configuration �̄ with the
correct monodromy, composed of two domain walls. The dot
and cross represent probe quarks a distance R apart. The
maximum distance between the walls, of thickness 1/m, is d.

two in the argument of the cosine reflects their composite
nature: they have magnetic charge two while fundamen-
tal monopole-instantons have unit charge. This term is
responsible for the generation of mass gap for gauge fluc-
tuations (mass m for the dual photon �) and for the
confinement of electric charges. The theory (1) has two
vacua �=0, ⇡, both with �=0, corresponding to the spon-
taneous breaking of the anomaly-free discrete chiral sym-
metry (the R-symmetry in SYM).

Confinement is detected by the area law for the Wilson
loop in a representation R, taken along a closed contour
C, W (C, R)⌘ TrRP exp(i

H
C

A). For an SU(2) funda-
mental representation, we need to compute the expecta-
tion value of W (C,

1

2

) ⇠ exp( i

2

H
C

A

(3))= exp( i

2

R
S

B

(3)).

Here A

(3) is the (electric) gauge field in the Cartan di-
rection, B

(3)=dA

(3) is its field strength, and S is a sur-
face spanning C (the omitted second contribution to the
trace of the fundamental Wilson loop gives an identical
area law).

Insertion of the Wilson loop in the dual language of
the � field (recalling that �⇠� + 2⇡) amounts to the fol-
lowing instruction [4]: erase the contour from the space,
and have � wind by 2⇡ for any contour which has link-
ing number one with the Wilson loop—a 2⇡ monodromy
(see left panel of Fig. 1). Take a rectangular contour in
the y�x-plane (y is Euclidean time) with span T (R)
in the y (x)-direction. For infinite R and T , � jumps
by 2⇡ upon crossing the y�x plane. If the potential in
(1) was—as in Polyakov’s original 3d SU(2) gauge the-
ory with an adjoint Higgs field—cos �, the field configu-
ration extremizing the action (1) with the correct mon-
odromy, which we denote �̄, would be equivalent [4] to a
domain wall with y�x-plane worldvolume, where �̄ would
change by 2⇡ as z varies between ±1. We would have
W (C,

1

2

) ⇠ e

�⌃strRT , with string tension ⌃
str

propor-
tional to the domain wall tension (for a recent review see
[24]).

The physical di↵erence between monopole-instanton
confinement in the 3d Polyakov model and QCD(adj)
on R3 ⇥ S1—the fact that the magnetic bions have mag-
netic charge two—is reflected in the cos 2� potential (1).

0.2

0.4

0.6

0.8

1.0

FIG. 2: The action density of the confining string �̄ obtained
by numerically minimizing, via Gauss-Seidel relaxation, the
action (1) with the correct monodromies. The lattice has
spacing 1/M , size 100 ⇥ 100, and M/m = 20. The classical
logR growth of the transverse separation from the model of
Fig. 1 is also seen to hold upon studying di↵erent size strings.

Now, the �̄-field configuration with the right monodromy
has to be more complicated than a single domain wall.
To study it, we keep the time (y) extent of C infinite
and consider a finite spatial (x) extent R. As the �̄ con-
figuration has monodromy 2⇡ across C, in this simple
one-field case it is clear that (since the periodicity of the
cos 2� potential is ⇡) the string has to be composed of
two domain walls. To get a picture of the extremal con-
figuration, consider Fig. 1, with parameters R, d defined
in the caption. A sketch of a two-domain wall configura-
tion is shown, with the second infinite worldvolume direc-
tion (the time y) perpendicular to the page. The action
has two parts, excluding contributions from the junctions
(subleading at large R): the tension of the two domain
walls, proportional to twice their area (we take T (R + d)
as the area) and the wall-wall long-distance repulsion
(⇠e

�md). Thus, S ⇠ MmT (R + d) + MmTRe

�md, up
to numerical factors. Extremizing with respect to d, we
find md⇤ ⇠ log mR, a logarithmic growth of the trans-
verse size of the confining string configuration with the
separation between the probe charges.

Remarkably, the above simple model captures the be-
havior of the actual extremum of (1), shown on Fig. 2,
including the log R growth of the transverse size. Our
remarks so far also hold for deformed-YM theory [25],
where, for ✓=⇡ [26] the single monopole contribution van-
ishes.

The adjoint fermions were, so far, ignored. Their Car-
tan components have an e↵ective Lagrangian [1]

L
F

= M

h
i�̄�̄

µ

@

µ

� +
m cos �

2M

nf �1

[(��)nf + h.c.]
i

. (2)

We omitted, for brevity, a summation over the n

f

flavor
indices in the kinetic term and a product over the flavor

  - confining strings are composed of two domain lines

see Anber, Sulejmanpasic, EP, ‘15
  - tension (nonBPS) ~ tension of domain lines (BPS)
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  compare with gap                    : suppressed by N and coupling                        
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further, recall to obtain “T-duality”?

…

… as a side remark, confining strings here (and in dYM) have 
rather distinct properties from those of other theories with abelian 
confinement, notably Seiberg-Witten theory; they are much closer 
to real QCD! - but that’s another talk …

(finite T’s means even though 
 chiral becomes U(1),  
no massless eta’ at infinite N)



SYM: pure YM + 1 massless adjoint Weyl

L

= calculable regime
with strong scale fixed, at large N, 

several unusual things happen at large N: 
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a ⇠

1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

- mass gap goes to zero
- confining string tension, T , remains finite
- for a range of N, as L becomes small and N-large, the theory is that of a 

discretized large emergent dimension of size 
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

with “lattice spacing”
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

with a Lifshitz scaling (spacelike, with z=2).

- adding SUSY breaking deformations - gluino mass, or fundamental 
quarks, one obtains a z=1 scaling theory or a “braneworld” [no time to give detail]
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

boundary conditions. For the regions r < a and r > b the current result can be obtained without

explicit calculation (but you can still do it); explain how this is done and check that it verifies the

result of your calculations.

4. Consider the system formed by an infinite grounded conducting plane in the xy plane and an

electric dipole located a distance d above it, oriented at an angle ✓ with respect to the z axis. Find

the surface charge density � induced on the conducting plane.

5. Show that the quadrupole moment is independent of the choice of origin if the charge and dipole

moment vanish. (Notice that this works all the way up the hierarchy, i.e. the lowest nonvanishing

multipole moment is always independent of the origin.)

6. Show that:

size L has to shrink as
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

- in addition, we have that                         … ?

1

Back to p. 2 and a summary of what I told you about so far:

My presentation, for reasons I stated, stressed supersymmetry, but the important ingredient is 
semiclassical calculability - so I expect much of what I told you in dYM and QCD(adj). Much of 
the large-N studies remain to be done there, however. 

continuously connected to pure YM on R^4!- dYM work to appear Shalchian, EP, ’16/‘17
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

2. An electric charge q is placed a distance d away from the center of a conducting sphere with

zero total charge. Find the potential outside the sphere and the charge density on its surface using

the methods of images.

3. Two grounded spherical conducting shells of radii a and b (a < b) are arranged concentrically.

The space between the shells carries a charge density ⇢(r) = kr

2

. Write down and solve the ap-

propriate equations for the potential in the three distinct regions of space, applying the relevant

Before discussing further questions, compare with abelian large-N in Seiberg-
Witten theory on R^4:

mass gap string tension

lightest W-boson calculability then requires large-N scaling as:

—> mass gap and string tension vanish at same rate (dual coupling finite)

behaviour different from SYM discussion at small L, where we recall that

Douglas, Shenker, ‘96
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  gap                    : suppressed by N and coupling                        
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N=2 SUSY-breaking massdual coupling, finite w/ N
(notice: no local extra dim. interpretation… no center unbroken)



What is the reason for the vanishing of the large-N mass gap? 
Broken symmetry?…
                   

Is the “extra dimension” a useful organizing principle?
light modes ‘derivatively coupled’…

Is there a large-N phase transition on the way from
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

     to        
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

2. The surface charge density.

3. The total charge of the cylinder.

(small)

(large), 

or could the large-N mass gap vanish also on R ?
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1.⇤ An infinitely long homogeneous cylindrical conductor of radius R is placed in an external

electric field E

0

that is uniform and perpendicular to the cylinder axis at large distances. Find:

1. The potential everywhere in space and sketch the equipotential surfaces..

(Is the “T-duality-like” relation a coincidence?)

All we did came from honest calculation. But, we’d like to better understand: 

Another relation that’d be nice to understand - the one to Seiberg-Witten on R ? 

To conclude: the Abelian large-N limit displays many unusual features. 
It defies usual large-N rules and assumptions and challenges our 
understanding of large-N gauge dynamics…

4

4

N

(apart from holography we have no data)

   but which one ? obvious “one-form” center Z ->U(1) unbroken in SYM 
an emergent one? Basar, Cherman, McGady… ‘14


