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1. Letusassume the spider’s eyes are located at point A (seecFly, at some heighif above
the North Pole of the globe. We shall first solve the complaargrproblem, asking the question:
where should the fly be (on the globe) such that the spalesee it. The arc BDBs visible to the

Figure 1: The stalking game

spider, where AB and ABare tangents to the globe’s surface. The ray AB will propagfatough
the globe following the line BC. The refraction anglea be determined from the Snell’s law,

1
sina = —, (1)
n
where the refraction index of the air was assumed to be unitye ray ABC exits the globe
and crosses the vertical diameter at poift K is clear that all the points on the spherical cap
encompassed by the QD are visible to the spider (as an example, see the ray MIK



Clearly, the spider can see only those portions of the géaheface that are part of the spherical
caps encompassed by the BGEdd CDC'. In fact, the spider cannot see the band delimited by the
“latitudes” BB and CC. The position of B is given by the angle for which we have
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Notice that ford — 0 we obtainy =~ 0. From the geometry of the problem we see that =—2a.
Butsina = 1/n = v/2/2 — a = 7/4, and hence¥ — /2. Therefore, in the limit{/R — 0 the
spider can see only the surface of the Southern hemisphéhe gfobe. The fly should therefore
locate itself anywhere in the Northern hemisphere.

Note however, that since a real-life spider is not actualtyaderial point, it wouldn’t be wise
for the fly to be too close to the spider’s location.

2. Letus replace the continuous spherically symmetric mediitima discrete one (onion-like,
with each layer having a constamt — see Figure 2 for an illustration. The Snell’s law applied t
two neighbouring layers of radiusés and R, gives

ny sin a0 = ng sin 3. (3)

In the triangle CAB we have

Figure 2: “Onion peeling”.
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where we accounted fein(m — [3) = sin (3. By substituting (4) into (3) one obtains

le sina = R2n2 sin v, (5)



This relationship is valid for any two adjacent layers, heerio generalRn(R) sin p(R) = const
along the beam, wherg( R) is the angle of incidence of the beam on the spherical laysaditis
R. Using the expression for( R) we obtain

0 R2gin © = const. (6)
Ry
At the minimal distance from the symmetry center the angtevben the radius and the beam is
¢ = m/2. Therefore,
o o

Ry Ry
We obtainR,,;, = R;Vsin 30° = 0.566 m. Note thatR,,,;,, > Ro.

R?sin30° = —R>. . (7)

3. Letus consider a region in the dust “cloud”, as depicted guFe 3. On the path of the light
rays we choose a short distance, small enough that aéfdks dust particles do not overshadow
each other. Then the light is absorbed due to the cross sektioof all the dust particles in the
layer. For a unit cross section of the layer we havedtbserbing cross section
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whereNN is the number of dust particles in the unit volume arid the density of the material that
makes up the dust. One could write (8) for both cases andalside-by-side to obtain

— . ° o o o o
°
° ° S e 4
— = ° °
LI ° ° o °
- e ° ° . ®
i ° °
° ° d
® o °
. ° ° .
é .
e o «® e o .
YA
Figure 3:
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Note that (9) expresses the relationship between r for two cases with the same light-absorbing
“power”. The same relationship holds for two, three or morkeléyers, again in the assumption
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that the particles do not overshadow each other. In the fase the visibility distance is related
with §¢ asd; = nd¢;, while in the second case we hale= ndl,. Then
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Therefore, we obtain ;
me = my 2L = 60 g/m?. (11)

r1 do

The statement of the problem included the error in the inpaingjties, so we have to do a bit of
error calculus. Since (11) contains just multiplicatidme easiest way is to compute trebative
error of the end result, using the relative errors in the fiaagents”. The factors are independent
of each other, therefore the relative errors (a.k.a. “fometl errors”) add in quadrature
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We obtaindm, /my = 0.5, hencem, = (60 4 30) g/m?.

4. To construct the image of the square it is convenient to usedys passing through the foci —
see Figure 4. The image of the upper side (AB) of the squargldlbe on the ray ABGF, or on its
continuation to the left of the lens. The imagédk point A can be found by constructing the ray
passing through the focal points (rays AFMaxd ABGF). Note that MAis parallel to the optical
axis, and that Ais real. The image of C should be on the optical axis. SincedCAaare located
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Figure 4: Construction of the image.

on the same side of F, it is easily seen thaskbuld be in the same region as As position can
be found by drawing the perpendicular fromt4 the main optical axis (objects perpendicular to
the main optical axis should preserve this property aftettiinsformation through the lens). With

For details see http://www.upscale.utoronto.ca/PVBridan/ErrorAnalysis/Propagation.html
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the same approach the image of B is found to be imaginary, itinatesd at the intersection of the
continuations of the rays passing through foci, the rays HEidd BGF. The image of D is also
imaginary, and is found in the same manner as C

Note that to construct the rays NH and Mi& seems like we quietly assumed that the lens
reaches as far as the locations of N and M. However, this iam@dsue — the lens doesn’t have to
be that long. The difference large vs. small lens shows upiarthe intensity of the image, not in
its location (assuming both versions of the lens have theedanal distance).

In summary, the image of the square ABCD through the lenswwagarts: the real image
bounded by AC’, optical axis and the extension of the ray GF (the light blegion), and an
imaginary image bounded by B, optical axis and the continuation of FG ray. The half of the
square farther from the lens than the focal plane has a reganthe other half has an imaginary
image.

5. We first show that for smali’s the laser beam exits the slanted face of the prism under a
small angley given by

v aln—1). (13)
Above and herefrom the angles are expressed in radians. @yiag Snell’s law to the setup in
Figure 5 we obtain

n_sin(a+7) _aty

14
sin o « (14)
from which (13) follows easily. The region where the inteefece occurs is shown in Figure 6.

Figure 5:

The two plane-parallel beams intersect under the abgleand since the laser light is coherent
we have interference. In the plane that crosses the hoakearis atz = 0 we choose a point
C, of coordinatg0, ). We consider the superposition of the two beams at this pagstuming a
constant amplitudé, for each of the beams. The phase of the upper beam is

2 2T

2
1= —%ICAI = —ysiny ® =y, (15)
where) is the wavelength. The phase of the bottom beam is then
2w 2w
=+—|CB| ~ — 16
o1 =+—|CB|~ -y, (16)
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therefore the phase difference is

47
Ap =y — 1 = <Y (17)

The intensity of light in the resultant wave at point C is then

upper

bottom

Figure 6:
9 9 9 4 9 4
I = Ef + Ej + 2E; cos V)= 2E5 |1+ cos ~Y) |- (18)
Since~ is small, the distance between succesive intensity maxdmalated to\/2 by v¢ = A\ /2,
hence \ \
¢ 2y 2a(n—1) (19)

As the particles move along-axis with the speed, they periodically (due to the space periodicity
of the interference picture) intersect the maxima and manailight intensity. The time period of
the resulting fluctuations in the scattered light (as regest by the photodiode) equals the time it
takes the particles to move acrdsd herefore,

T==__2 (20)

The velocity of the particle is then

N ]
- 2Ta(n—1) 2a(n—1) 68 107 /s &0

v



