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1. Letusdenote by:(U) the change in the coordinate of the movable plate relativs faitial
position ¢ = 0 for AV = U = 0). We find the force F) of attraction between the capacitor’s
plates, charged to the potential differeri¢e Note that/" does not depend on the capacitor being
attached or not to the voltage source, but only on the valdé of

If the capacitor is charged to voltageand disconnected from the source, the magnitude of the
charge on each plated = UC, and the energy “stored” in the fieldi& = @*/2C. By changing
the distance between the platesty the energy changes by
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where(” is the capacitance of the capacitor when the distance bettheeplates igl — Az. In
absolute value this energy change is equal to the work o&férover the distancéz (assume
Az/d < 1, so that the change if can be neglected — as being a second order effect). Hence
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We see that the force between the plates is inversely piopattto the square of the distance
between the plates. Let us now assume the capacitor-veltrisetonnected to a voltage source
U., in which case the coordinate of the moving plate igneasured fronx, = 0). The force of
attraction between the plates is
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and it is balanced by the elastic force of the spring. We have
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Clearly, the maximum measured voltage is reached when = z(d — z)? is maximized. For
z € (0,d) the maximum of interest is reached for; = d/3 (set the first derivative of/? with
respect tac to 0, then check that the second derivative evaluated,at negative). Therefore
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and the maximum potential difference this capacitor-velin can measure is
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Numerical application: withl = 1cm, S = 1072m?, gy = 8.8 x 107 F/m andk = 1000 N/m
we obtainAV,,., = 0.6 - 10°V! In practice, it could be troublesome to measure such a high
potential difference (because of electric breakdown ofihea.s.o.).

2. With the values of” and R as given, the time constant of the RC circuitris= 1s, which

is much larger than the period of the applied rectified DCagst In practice, this means we may

neglect the change in the discharge current over one pefitiee @pplied voltage (see Figure 1).

For the change in the voltage drop on the resistor we have
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The quality of the filtration of the alternating componentieracterized by the voltage pulsation

coefficient, and is given by
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Since the capacitor discharges only a little ox&r we may consider the charging to occur at the

moment when the voltage applied to it is maximal, therefavte= 7" = 1/f, wheref is the
frequency of the alternating voltage (and current) rectibig the diode. Numerically,
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Notes:

1) SinceRC = 7 > T ~ At, the intuitively clear assumption of neglecting the cajmaci
discharge ovefl’ can be formalized by using the approximation®"/™ ~ 1 — At/T.
Then the law of discharge of the capacitor= Upe =Y/ gives|AU| = Uy At /7.

2) In the RC circuit presented above the capacitive reaetahthe capacitor is
1
Xo=— <R, (12)
wC

wherew = 27 f. In AC-circuits jargon this RC circuit consists of a resis® short-
circuited by the reactive resistanég connected in parallel. The pulsating component of
the current prefers “to route” through the capacitor rathan the resistor.
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Figure 1:

3) The same philosophy should apply for the connection oirttiectancel. in series with the
resistor, in which case the filter is effective if the induetreactanceX; obeys

X, =wL > R. (12)

In this case most of the pulsating component of the voltadkfall over the inductance
rather than the resistor, effectively lowering the “alegting” component orR.

(if) By adding the coil the amplitude of the voltage pulsation lo@é tesistor should become
even lower. The inductance of the coil should be relativalgd R < 27 fL (this statement
is equivalent to saying that time constant of the RL circsiitnuch larger than the period of the
pulsating current). We shall again rightfully assume thegrent through R to be constant. The
voltage on the capacitor will follow the same pattern as irt ia however the voltage on the
resistor will experience much smaller fluctuations, sif@evoltage on the coil will “cancel” most
the fluctuations of the voltage\(V) on the capacitor. With these assumptions, at some time
[0, T'] between two voltage maxima (in the rectified current)ihe £ on the coil changes linearly,
namely
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while for the current through the coil we obtain (by integngt€ = —LAI/At)
AU1 ,
I=1I— 255t (14)

The pulsation in the voltage oR is in this case determined by the the pulsation in the current
namelyAU’ = RAI. We have
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There was a typo in this problem: the inductance was quotéd-a$.1 H instead of the correct valué, = 100 H.

There will be no penalty for using the wrorig although the corresponding result (with= 0.1 H) makes little sense.

Al = Laz — Lnin = (15)
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where we accounted fakU = UT'/RC'. Finally, with L = 100 H one obtains
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We see that the coefficient of pulsation with the LC filter @ased by a factor of/k’ = 12 in
comparison to the capacitor filter only.

Note that the attenuation of the alternating component byLtb filter can be thought of as a
cascade connection of two filters. We have= fo/f = 1/fRC, ki, = fr/f = R/fL
and thereforei; sy = kckr, = 1/f2LC, which coincides with (16) save for the SOFT
effect (Systematically Omission of Factor Two). The effigmtess of the filter increases
asf increases, and does not depend on the load (provided welhave R < Xp).

3. Let us assume that a resistive external circuit is conneictéie battery, and let/ denote
the voltage (potential difference) between the battegrsitnals. We shall find the voltage-current
characteristic of the battery. Clearly, only the electraith (kinetic) energyit’ > eU do reach
the inner wall of the sphere. In the stationary regithiss constant, and the charge of the sphere is
constant too. Therefore, the number of electrons arriviiegsphere’s interior wall is the same with
the number of electrons passing through the external tjl@od the same number of electrons gets
back to the radioactive sample in the center of the sphere.

Note that all the electrons make it to the wall of the sphet€it W,,.;,,, therefore the amount
of charge the electrons carry in one second is (numericatjyial to the maximum current the
battery provides, that is

Liaw = €U, @an

wherevr is the number of electrons hitting the sphere in one secordg:aumber of radioactive
decays).

For higher values of the voltagé, such thatiV,,;, < eU < W,,.., only the electrons with
W > eU make it to the sphere — the rest of them just fall back onto d@kdéeective sample in the
center. The current through the external circuit is theemhetned by the fraction of the electrons
with W > eU, which is given by
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Above, we accounted for the uniform energy distributiontod tlectrons. The current flowing
through the external load is thedh= evn. The maximum voltage differencB M F = U,,,, at
the battery’s terminals is obviously obtained when theenirgoes to 0 (that is when the external
circuit has infinite resistance, i.e. an open circuit). Weehd/,,,.., = W,,...., thereforel,,,.. =
Winaz/e. As soon ad/,,.. is achieved, the charge of the sphere (and of the radioasdin®le)
remains constant.

The voltage-current characteristic of the battery is showiigure 2 (solid thick line). Also
shown are the voltage-current characteristics of the eatircuit for several values of the resis-
tance (thin straight lines). Note that f@r< Ry, = W,,;, /v the current does not change its value,
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Figure 2:

regardless of the resistance of the external circuit! Irhsaicase the battery can be considered to
be a “current source” (instead of voltage source, as a lyagersually thought &)

Numerical application: with tritium as the radioactive eval, 1V,,,. = 18.6keV = 18.6 -
103-1.6-107197, |e| = 1.6 - 10712 C, thereforeEM F = 18.6 kV!

4. The vector diagram of the potential differences across ments of the circuit shown in
Figure 3 is presented in Figure 4. Note that since the sanrerdutows through? andC', the
vectors corresponding to the voltages Brand onC are perpendiculaf/; L U.. The two
resistors- are equal, and the current through them is the same, H&hice- %\(ﬂ. The potential

difference between the points A and B is the magnitude of #worU 5. Since the angle at
vertex B is 90, a well known geometrical property tells us thét, 5| = |U,| = |U /2|, and A is
the center of the circle circumscribing the triangle of west

Hence the magnitude df 4 does not depend on the value Bf since it always equals the
radius of the circumscribed circle, which is half|6f|.

As R changes the vectdr ,; will rotate around A, although it's magnitude will not chang
Therefore, this circuit is suitable for changing the phasevieen the input voltagé and the one
picked up in between A and B.

5. Because of the motion of the metal ball in the uniform magnieild B the electrons are
subject to the action of the magnetic force. As a result tee &lectrons spread on the exterior of
the ball, in such a way that the electric field created by theg (re)distribution inside the ball
is uniform and compensates the effect of the magnetic fotsee the equilibration is achieved,

2A current source can be constructed using a voltage sd@lneith an internal resistancemuch larger than the
resistance of the external circuif, in which case the current is approximatélyr and does not depend dh
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Figure 3: Figure 4:

the redistribution of the electrons stops. The intensitthefelectric fieldE in such circumstances
obeys
gE+qvxB =0, (19

whereq is the charge of the electron. From (19), which states thatl tirentz’s force is 0, we
obtain
E=B xv. (20)

Therefore we conclude that inside the ball the electric ielghiform and has the magnitude
|E| = |B||v|sina. (21)

The maximum value of the potential differendey,,... can be found by taking the longest path
inside the ball, that is the diameter parallel to the ve&ioFinally, we get

Apmar = |E|2r = 2r|B||v]|sina (22)
With o« = /4, B =1T,v = 1 m/s andr = 1 cm, the maximum potential difference i8¢, ~

14 mV, which is easily detectable (provided you are able to keeptdbt leads on the ball, and
don’t induce any spurious signal in the test wires).
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