1999-2000 Physics Olympiad Preparation Program
— University of Toronto —

Solution Set 5: Electricity and Magnetism

1) Vile away the hours

i) The 2.0 g sphere contains 1.99 x 107 atoms. The charge on the nucleus of each atom
is 29 e. Thus the sphere contains (1.99 x 1022)-29 — 5.77 x 10* electrons. One electron
has a charge of 1.6 x 10" C. The electrons removed — (3 x 10°° C)/(1.6 x 107 ¢ per
electron) = 1.875 x 1013 electrons. So the fraction of electrons removed is

(1.875% 10" ) / (5.77x10% ) = 325x 10"

b) The figure at right illustrates the configuration of x

the charged spheres with q1 =7 uC, q2 =5 uC and g3 :

=3 uC. Let the positive x direction be as shown, and B 'F1

the y direction perpendicular to it, towards the upper

left. The net force on q3 is the vector sum of the a3

repulsive forces F; and F,. The magnitude of F; is

given by:
F=knds

1’2

(9><109Nm2C_2)o 7x107°Ce3x107°C

2
(0.09m) ol 2
= 233N - -
Similarly F, is: 9 cm
FZ — kq22q3
r
(9x10°Nm?> C?)e5x10°Ce3x10°C
B (0.09m)’
= 16.7 N
The vector sum F = F, + F, has components along x and along y. In the x direction:
F.=Hhy + by
=233 N + 16.7 N e cos(60°)
=31.7N

and in the y direction,



F,=h, + b,
=0N + 16.7 N esin(60°)
=145N
Thus the magnitude of the resultant force is:

F=(31.7N)? +(145N)?
— 349N

The direction is at an angle

arctan(14.5/31.7) = 25° from the x axis. [Carri€]

2) Capacity for thought
The charge of each capacitor is Q=CV. When the capacitors are connected to each other
and the separation between the plates change, the total charge is still conserved so

2Q=g;+q,. Since the capacitors are parallel to each other, the voltage across them is
equal to V:ﬂ:q—2

G G
separation of the plates. Therefore Cid; = C,d,. Since the plates are moving together or
apart by speed v for the two capacitors, we have

. We know that the capacitance is inversely proportional to the

dy=d+vt dy =d -0t
Therefore G _d_d-vt
C, dy d+ot
C d—ot
On the other hand, g, = —Lg, = .
e Czqz d+vtq2

Substitute the value of g, =2Q — g in the above formula we have

d+ ot
d

The current in the circuit is the rate of change of charge, which is equal to

(=9 __dn _Qu
dt a d

d—ot
10" and -0

[Yaser]

3) Dielectric City
2
a) The energy stored in a capacitor with capacitance C and charge Q is 2Q_C So the
TOTAL energy of a system consist of two capacitors is:
2 2
E = & + Q
2C,  2G,




b) At first, I'll find the equivalent capacitor and the total
Q; +Q, charge on it.

Those two capacitors are +q

connected as parallel a ]

" capacitors and the total

charge on the right-hand-side

plates is conserved (there is

+Q,  no external current) we have

2 g, + 4, =Q, + Q, (or similarly q,
for the left plates: (—q,) + (—g,)

2: =(-Q,) + (=Q,)) Cz:

Cequivalent =G+

Qrotar = Q1 + Q2

Now I can find the new energy of the system of one equivalent capacitor.

E, = Qtoml2 — (Ql + QZ)Z
27 2C 2(C; +C,)

+C|2

equivalent
c) One may find the difference between E, and E, as:
2 2 2
E,—E, = Qi + Q  (Q+Q)
2C;  2C, 2(C+GCy)
Co(Cy +Co)Qf +Ci(Cy +Cr)Q3 = CiCH(QF + Q3 +2Q4Q))
2C1C2 (C1 + Cz)
C7Qf +CiQj — 2(C1Q0,)(C,Qy)
2C,CH(C; +C5)

(C,Q; — C1Q,)° 50
2C,C,(C, +Cy)

which is always equal or larger than zero.

The energy loss is because of the emission of accelerated particles due to connection of
two wires with different voltages. When you connect the first two wires (say negative
plates) nothing will happen and you will just have one ground to measure voltage on
each part of the two circuits. You can then calculate the voltage difference of two
positive plates.

Connecting the other two wires will create a large electric field between two wires
(when they are separated by a small distance) and then the electrons will be accelerated.
If we could put a resistor between two capacitors, this energy could have been changed



into heat. Often, the energy loss can be found in the form of electromagnetic waves in
visual range (you'll see it as a spark!).

d) Capacitance of a capacitor full of water is € times capacitance of an empty capacitor.

(Recall the formula for capacitance C =g, 4 , where ¢ is susceptibility of water.)
c

Energy of full and empty capacitor can be found by using that formula:

E Q—Z

empty — 2 Cempty

g Q@
fll=5c, .~ 2eC
full

empty

and the energy difference is:

2
1
AE = Eempty - Efull = g—( 1—5)

e

A A
Cy 288071; C, =8€072
(total charge)2
Ecupacitor =

2(equivalent capacitance)

in which I've assumed that an equivalent capacitor have the total charge (initial charge).

2
=E= c Q
270(8A1+A2)

Since A, = wh and A, = w(H-h) we can write:

- Q’d
© 2eqw(eh+H-h)

On the other hand, gravitational energy of water is:
_ h h pwdg.
E, —mng—pgwhdxz——h

And total energy of the system is:

Q’d pwdg . ;
E =E.+E,6 = + h
total == T T pe w(H+(e—1h) 2

Since the energy tends to be minimized in physics world (and defines the equilibrium
state):



dEpa __,  ~Q(e-1)
dh 2¢, w(H + (e — 1)h)?

= Q%*(e — 1) = 2e pw’ gh(H + (¢ — 1)h)?

(hf 2 (hT 1 (h) Q’* _
=>—=| +——|—=| + | = |~ >——= =0
H e-1\H (e-1)°\H/) 2,(e-1pw'gH

*Imaginary-valued solutions have no physical meaning, here.

+pwdgh=0

*Answers with % >1 mean that the capacitor will be completely filled.

*Answers with % <0 mean that the water won't rise at all. (in our equation this will
not happen, but if one could find a medium with € <1, % could be negative).

The condition that capacitor is completely filled with water is:

2 1 Q?

1+ + 5= 5 320
e-1 (e-1)" 2ey(e—1)pwgH

[Amir]

4) Super loopy

The main point of this question is that the loops are superconductors. Superconductors
have no resistance. Therefore, when the loops are brought together, the magnetic flux,
which passes through each of them, must not change. Otherwise there would be a
voltage across each loop, which would cause an infinite current! To avoid infinite
current, the currents in the loops change so as to keep the flux fixed.

When the loops are far apart the flux passing through each loop is equal to
(I)i = LII

which is because of the self-inductance of each loop. When the two loops are brought
close together, the mutual inductance is equal to the self-inductance. The flux passing
through each loop is combined in equal parts. One is from the self-inductance and the
other is from the mutual inductance. Therefore

To avoid infinite current,

I.

O =0, =] =1L
1 f f 2

The energy of an inductance is equal to



u=1pp2
2

Therefore the difference in the energies of the system is equal to

1 1 1 1 3

— _ 2 2 2 2 _ 2

It can be shown that this is equal to the work needed to bring the loops together. Here
the work is negative because the loops attract each other.. [Yaser]

5) Keeping it together...

i) T'll find the density of electrons / -— —
inside the beam. v I

-1 P
I=pv(nr?) = p= > \
nrov

The electric field at the edge of beam can
be found by using Gauss’s law.

A pomrt pr - A
2nre, 2me,r  2e, 2MELrV

Using Ampere's law, I can find B:
)t PR

2nr

E=

14

.
The radial force on electrons on the /
edge is

F=—¢e(E+0vxB)

:?:e( I —MOIU}?\

"8

-~

2ne,rv 21

Ie
2ne,ro

=F= (1- e, v2)

as you may know, the quantity e, = lz where c is the speed of light.
c

The change in radial momentum can be found by using



Ie 1007
[ ]

AP, = F At =
2ne, ro v
AP, = IOOIe2
2me, v
Av _ApB, 1001Ie

r 2

m, 2me,m,v

in which I've assumed that F,, r and v won't change too much during this process. One
may find the ratio:

Av,  100Te _ 1000107 1.6 x 107"
v 2me,m,u’ 2me8.85x1072e9.1x107° e (107)
tand = A0y =~ 0.3
0

= Y=0.3 radians = 17°

(The speed in the problem set was wrongly written as 1000 m/s. It is 10,000 km/s.
Sorry!).

BONUS:

In part (c) we found that the force acting on electrons at the border is

_ Ie 1_ﬁ
2ne,vr c?

putting this force to be zero will result:

1l

1-—-=0 = v=c [Amir]

6) A feel for fields

a) Try to draw field lines, which have to be denser as the z

changes. The field lines must bend, which shows the presence of

a radial component. Use Gauss’s Law for this part. The

magnetic field lines that enter a cylinder must go out so as to
make a closed loop.

B, (z+42) The flux from the top and bottom
surfaces is
T
_L} 2 2 dBZ
Az O, =nmr°(B(z+Az)-B(z) = mr- —= Az
! dz
B_(2) The flux from the sides is



®, =2nrAzB,

For the total flux to be zero we should have

r dB
(I)lzq)z = Br:zdzz

b) There are two forces acting on the loop, gravitational force and the magnetic force.
The rate of change of the magnetic flux respect to time is

d® _ 2dB, _ nr? dB,
dt dt v dz
where v is the velocity of the loop falling down. For the current in the loop we have

i_z_dcb/dt_nrzvde
R R R dt

The force exerted by the magnetic field, which is due to radial component of the
magnetic field and upward, is equal to

F=ilB =i(2nr)B
r r

Substitute the value of current and magnetic field we already derived we have

2.4 2
poTT (de) ;
R \ dz

Therefore the equation of the motion of the loop is

d*v n?rd (dBZ )2
= v

m?—mg— R dz

v A
The magnetic force is negative because of Lenz’s law. The o,
magnetic force is proportional to ¥ and negative, causes r_»
damping. Initially, the velocity increases but reaches a

terminal velocity which is when the acceleration is zero.

ﬁ =0=u0v,= mgR
dr S 72 (dB, | dz)?

The velocity of the loop versus time is plotted. [ Yaser]



