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Phonon attenuation and quasiparticle–phonon energy transfer in d-wave superconductors
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We calculate the rate of energy transfer between phonons and quasiparticles that are out of thermal equilib-
rium in cuprate superconductors at temperatures below the impurity scattering rate. Phonons that give a
significant contribution to phonon-quasiparticle energy transfer at millikelvin temperatures have frequencies
that extend through the crossover frequency at which sound attenuation deviates from anv2 frequency depen-
dence. The crossover frequency for a given phonon depends on the direction of its in-plane momentum because
of the anisotropy of the nodal quasiparticle energy dispersion relation. The temperature dependence of the heat
transfer rate is thus sensitive to the ratiov f /v2, which characterizes the anisotropy of quasiparticle energy at
the node. We estimate the magnitude of the heat transfer rate in optimally doped YBa2Cu3O61x . We also
compare our results for pured-wave superconductors with measurements of the ultrasonic attenuation in
Sr2RuO4 and discuss implications for the gap symmetry in that material.
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I. INTRODUCTION

This paper develops a model describing the attenuatio
sound waves in the cuprate superconductors such
YBa2Cu3O61x , and makes use of the results to develop
theory of heat transfer between the Bogoliubov quasipart
excitations~called simply quasiparticles in what follows! and
phonons~which will not be called quasiparticles in this pa
per!. In the attenuation of phonons in normal metals, it
well known1 that there exist two distinct physical regimes
low-frequency regime in which the attenuation varies asv2,
the square of the phonon frequency, and a high-freque
regime where the attenuation varies linearly with the phon
frequency. The crossover between these two regimes oc
when the electron mean free path, is equal to the phonon
wavelength.

One of the remarkable results of this article is that
crossover frequency at which the attenuation deviates f
low-frequencyv2 behavior is extremely anisotropic at lo
temperatures in a d-wave superconductor such a
YBa2Cu3O61x , so that, for example, a longitudinal phono
propagating in the@100# direction crosses over at a muc
lower frequency~by a factor of more than 10! than does a
longitudinal phonon propagating in the@110# direction. This
strong anisotropy comes from the strong anisotropy of
velocity of the nodal quasiparticles in ad-wave supercon-
ductor. The energy of a low-energy nodal quasiparticle i
d-wave superconductor can be written as2

Ek5A~\v fk1!21~\v2k2!2, ~1!

wherek1 andk2 are measured from the nodal point, andk1 is
measured perpendicular to the Fermi surface, whilek2 is
measured parallel to the Fermi surface. The ratio of the
locity perpendicular to the Fermi surface,v f , to that parallel
to the Fermi surface,v2, is approximately 15 in
YBa2Cu3O61x .3 Now, we define the mean free path of
nodal quasiparticle in a given direction to be its group vel
ity in that direction, times its inverse scattering rate~assumed
independent of direction!, so that this mean free path ca
0163-1829/2003/67~21!/214509~7!/$20.00 67 2145
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vary by a factor of roughly 15 in YBa2Cu3O61x , according
to whether the quasiparticle is traveling parallel or perp
dicular to the Fermi surface~motion in the@001# plane only
is assumed!. As noted above, the crossover from low
frequency to high-frequency behavior occurs when the q
siparticle mean free path is equal to the phonon wavelen
and it is the quasiparticle mean free path in the direction
phonon propagation that is relevant in the anisotropic c
studied here. This qualitative explanation for the strong
isotropy predicted for the crossover from low frequency
high-frequency behavior will be developed quantitatively
some detail in the body of this paper.

In this paper, the range of sound wave frequencies, fo
given sound wave polarization and direction, over which
sound wave attenuation varies asv2, will be the low-
frequency regime.@The term hydrodynamic regime, ofte
used to describe the region of anv2 dependence of the at
tenuation~e.g., see Ref. 4!, will not be used in this paper.#

According to the quantitative estimates given below, t
crossovers that are expected to occur in YBa2Cu3O61x from
a low-frequencyv2 behavior to a distinctive behavior a
higher frequency occur at too high a frequency to be obse
able in standard ultrasonic attenuation experiments.
strong anisotropy of the crossover frequency has, howeve
significant effect on the temperature dependence of the l
temperature heat transfer between the quasiparticles an
phonons, as will be show in more detail below.

The rate of energy transfer between electrons a
phonons has been measured in a normal metal at millike
temperatures.5,6 In these experiments, performed on th
metal films deposited on insulating substrates, the electr
in the metal were heated by an applied current, and ca
into thermal equilibrium at a temperatureTel via electron-
electron scattering. Phonon-phonon interactions occu
mainly within the substrate allowed the phonons in the me
to remain in thermal equilibrium at a temperatureTph . A
significant difference between the electron and phonon e
librium temperatures was maintained by the applied curre
A steady power transfer from the electrons to the phon
was thus established. In the calculations of heat transfe
©2003 The American Physical Society09-1
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this article we also assume that the electron and phonon
tems in the film can be characterized by their respective t
peratures,Tel andTph. This should be recognized as a bas
assumption of our work, which we do not attempt to just
by detailed calculation.

As in the related problem of sound attenuation in meta
the behavior of electron-phonon heat transfer depends on
relative size of the average phonon wave vectorq5\v/cs
and the electronic mean free path,5v f /G wherecs is the
speed of sound. The phonon wave vector is fixed by a tra
ducer in sound attenuation experiments, and determined
the phonon temperatureTph in the heat transfer problem. I
high frequency ultrasound experiments performed on cl
metals, the clean~or quantum! limit defined byq,@1, may
be attained. In this limit, the sound attenuation varies linea
with phonon frequency and the corresponding electr
phonon heat transfer rate is proportional toTph

5 2Tel
5 . As the

frequency is decreased, the attenuation crosses over to
low-frequency limit for whichq,!1. The sound attenuatio
is then proportional tov2 and the heat transfer rate varies
Tph

6 2Tel
6 .

The problem of calculating the energy transfer rate
tween phonons and an electron gas at different tempera
has been previously studied.5,7 In this paper, we calculate th
energy transfer rate between phonons and quasipart
which are at different equilibrium temperatures in the m
likelvin range. Evidence for the validity of thed-wave nodal
quasiparticle picture at low temperature in optimally dop
cuprates is provided by measurements of numerous the
dynamic and transport properties.8–14At temperatures far be
low Tc the number of thermally activated quasiparticles a
the quasiparticle-quasiparticle scattering rate are small. H
ever the density of states of the quasiparticles is linear
energy above\G and constant for energy less than\G,2

whereas the phonon density of states varies quadratic
with the phonon energy. So the number of thermally exci
phonons decreases faster with temperature than the nu
of excited nodal quasiparticles. At sufficiently low temper
tures, there will be many less quasiparticle-phonon collisi
than quasiparticle-quasiparticle collisions, and we expect
the quasiparticles will reach thermal equilibrium with ea
other before reaching equilibrium with the phonons, as
the electrons in a normal metal.

Calculations of the sound attenuation and electron-pho
heat transfer depend on the assumed form of the elect
phonon matrix element. In tight-binding materials wi
square lattices, such as the cuprate and ruthenate supe
ductors, the lattice geometry plays a crucial role in t
electron-phonon interaction. A form for the interaction whi
is appropriate in such materials has recently be
developed,15 and shown to account for the unusual norm
state attenuation of Sr2RuO4.16 This interaction, which de-
pends on a single parameter characterizing the coup
strength, will be employed here. A measurement made
either the electron-phonon heat transfer or acoustic atte
tion in a cuprate material will fix the value of the couplin
and thus determine the magnitude of the other quantity.
trasonic attenuation studies of cuprate materials have
been performed because crystal samples of sufficent size
21450
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not yet available. To make a rough estimate of the expec
magnitude of the heat transfer rate in cuprates, we will
the value for the electron-phonon coupling determined
Sr2RuO4.

II. ULTRASONIC ATTENUATION IN d-WAVE
SUPERCONDUCTORS FORTËG

The rate of heat transfer between phonons at a temp
ture Tph and electrons at a temperatureTel is given by7

dU

dt
5(

q,j
\vq,j

1

tq, j
FnS \vq, j

kBTph
D2nS \vq, j

kBTel
D G , ~2!

where the sum is taken over all phonon states of wave ve
q, modej, and energy\vq, j , tq, j is the phonon lifetime, and
n(x) is a Bose factor at the indicated temperature. The c
culation of the phonon lifetime for a given momentum a
polarization is outlined below. The sound attenuation fo
phonon of wave vectorq and polarizationj is equal to the
inverse of the product of the phonon lifetime and sound
locity, i.e., aqj5(cqjtqj)

21. This result, which is intuitively
clear, can also be derived from a linear response treatme
sound wave propagation.17

We consider phonons with frequencies which are sm
compared to the impurity scattering rate,v/G,1 but with
wavelengths which are not necessarily small compared to
quasiparticle mean-free path. That is, we allowvvg /(csG)
to be much greater than unity, wherevg5udE/d(\k)u is the
group velocity of a quasiparticle at a node andcs is the speed
of sound. This covers phonon frequencies which contrib
significantly to heat transfer at temperatures for wh
kBT/G,0.1 or so. The attenuation ind-wave superconduct
ors at temperatures aboveG has previously been investigate
in both the clean18 and low-frequency limits.4,19

We use the imaginary part of the phonon self energy c
culated using superconducting Green’s functions with a c
stant self energy part due to scattering from positio
averaged impurities. We omit vertex corrections f
simplicity and obtain

tq, j
215

8g2vq

rcq, j
2 V

(
k
E dx fj

2~q,k!„nf~x2!2nf~x1!…

3„ImGR~k8,x1!ImGR~k,x2!

2ImFR~k8,x1!ImFR~k,x2!… ~3!

wherex65x6v/2, k85k1q, nf(x) is the Fermi function,
and GR(k,x), FR(k,x) are the normal and anomalous r
tarded Green’s functions for ad-wave superconductor with
an impurity scattering rateG and no other self-energy correc
tions. The electron-phonon interaction for electrons in
copper-oxide plane is described by the coupling constang
and the function

f j~q,k!5(
R

~ q̂•R̂!@R̂•ej~q!#cos~k"R! ~4!

for a phonon of wave vectorq and polarization vectorej (q)
with the sum carried out over the four nearest-neigbor pla
9-2
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sitesR. This form of the interaction is identical to that use
to describe the nearest-neighbor,g-band interaction in
Sr2RuO4.15

After neglecting terms of order the temperature or
phonon frequency we carry out the energy integration
obtain a simple expression for the inverse phonon lifetim

1

tq, j
5

8~\vq, j !
2g2

rcq, j
2 V (

k

~\G!2f j
2~q,k!

@Ek
21~\G!2#@Ek1q

2 1~\G!2#
.

~5!

Equation~5! agrees with the result of numerical integr
tion of the more general expression, Eq.~3!, over the tem-

FIG. 1. The orientation of the phonon wave vector with resp
to the crystal axes. The polarization vectors labeled T1 and
describe the two independent transverse modes. The T1~T2! polar-
ization vector is perpendicular~parallel! to the plane on whichq
and thec axis lie.

FIG. 2. A typical Fermi surface for a cuprate superconduc
The nodes are labeled as1 or 2 in accordance with Eq.~7! and the
shaded region at each node is bounded by the energy contouEk

5G. Phonon wave vectors in the 100 and 110 directions are i
cated by the arrows located near a node. These vectors have le
sufficient to span the shaded region of the nearby node, corresp
ing to the maximum phonon frequencies falling within the lo
frequency regime.
21450
e
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perature and frequency ranges considered here. Equatio~5!
is not applicable for temperatures or phonon frequencies
proaching the impurity scattering rate.

We first consider longitudinal phonons in theu, f direc-
tion with respect to thex̂5â and ẑ5 ĉ crystal axes as shown
in Fig. 1. Then

f j~q,k!52 sin2~u!@cos~kxa!cos2~f!1cos~kya!sin2~f!#,
~6!

which, for quasiparticles at the nodes of adx22y2 gap reduces
to f j (q,k)52 sin2(u)cos(kna) whereA2kn is the length of the
wave vector to a node. We take the sound velocity to
isotropic, which is roughly the case in cuprate and ruthen
materials. For example, resonant ultrasound measurem
made of the elastic constants of YBa2Cu3O61x ~Ref. 20! and
Sr2RuO4 ~Ref. 21! indicate that the longitudinal sound ve
locity does not vary significantly with direction~the same is
true for transverse phonons!. The factorEk¿q

2 in the denomi-
nator of Eq.~5! is thus responsible for any significant plan
anisotropy of the phonon relaxation rate. SincekBT,\G
!Dmax, the sum over states in Eq.~5! is replaced by a sum
over the nodes and an integral over small nodal neighb
hoods. The nodes, labeled1 or 2, as indicated in Fig. 2,
can give different contributions to the attenuation.

At the lowest phonon frequencies,Ek2Ek1q!G so theq
dependence in the denominator of Eq.~5! can be ignored and
the low-frequency limit, with the characteristicv2 depen-
dence of the relaxation rate, is recovered. The phonon re
ation rate in the low-frequency limit is independent ofG, and
hence of the impurity concentration. At higher frequenci
according to Eq.~5!, quasiparticles which contribute to th
attenuation of a phonon of wave vectorq are those for which
neitherEk nor Ek1q significantly exceedG. Thus the quasi-
particle energy is conserved to withinG during phonon ab-
sorption. This condition is represented in Fig. 2 as the
quirement that bothk andk1q lie within one of the shaded
regions bounded by the elliptical energy contourEk5G. The
condition is applied to each node separately. The presenc
the phonon wave vector in the denominator of Eq.~5! be-

t
2

r.

i-
ths
d-

FIG. 3. The normalized phonon relaxation rate as a function
frequency for the L100 and L110 modes at low temperature. T
L110 lifetime is nearly proportional tov2 over the range shown
The L100 lifetime crosses over fromv2 to a logarithmic behavior at
v/G'cs /v f .
9-3
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M. F. SMITH AND M. B. WALKER PHYSICAL REVIEW B 67, 214509 ~2003!
comes significant when its normuqu becomes comparable t
the length of the shaded region in theq̂ direction. This de-
termines the crossover frequency between the low-freque
regime and an intermediate regime in which the attenua
increases more slowly thanv2. Due to the elliptical shape o
the quasiparticle energy contours, this crossover freque
strongly depends on the phonon direction.

Using the nodal quasiparticle energy dispersion we hav18

Ek1q,6
2 5Ek

212A6Ek1B6
2 , ~7!

where

A65CFv f

cs
cosS f6

p

4 D jk

Ek
6

v2

cs
sinS f6

p

4 D Dk

Ek
G ,

B6
2 5C2H Fv f

cs
cosS f6

p

4 D G2

1Fv2

cs
sinS f6

p

4 D G2J , ~8!

C5\vq,jsin~u!.

The subscript6 labels the nodes as in Fig. 2. The result f
the L100 and L110 modes are shown in Fig. 3, where val
of v f /cs545 andv2 /cs53 have been used.

For the L100 phonon, each node makes the same co
bution to the relaxation rate. The total relaxation rate cros
over from v2 to a sublinear behavior at a frequency
roughly v'A2cs /v fG50.02G, i.e., when the phonon wav
vector spans the shaded region at each node in thex direc-
tion. At very low frequencies, the L110 phonon relaxati
also receives equal contributions from the1 and 2 nodes.
The 2 node contribution behaves similarly to the L100 r
laxation rate, with a crossover frequency ofGcs /v f . A fea-
ture in the L110 attenuation occurs at the2 node crossover
frequency, which cannot be seen on the scale of Fig. 3.
major axis of the1 node elliptical contour is parallel to th
wave vector of the L110 phonon, so the associated cross
occurs at a frequency ofv'Gcs /v25.3G. For frequencies
greater thanGcs /v f the 1 nodes give the dominant contr
bution to the relaxation rate. Consequently, the L110 atte
ation shows roughlyv2 dependence over the entire range
the plot as seen in Fig. 3.

We contrast the longitudinal attenuation shown in Fig
with the experimental result found for Sr2RuO4.16 The at-
tenuation of the L100 and L110 phonons at the lowest
quencies in Fig. 3 are identical. The coefficent in front of t
v2 in the attenuation is the same for both directions beca
it is determined by the magnitude of the electron-phon
matrix element at the node of thedx22y2 gap, which is inde-
pendent off according to Eq.~6! ~in which only nearest
neighbor interactions are included!. The values of the matrix
element at points away from the zone diagonals do dep
on f. For example, at the nodal points of a gap withdxy
symmetry, which lie on thekx and ky axes, the matrix ele-
ments are different for L100 and L110 phonons. Thus
low-frequency attenuation in adxy superconductor is ex
pected to be anisotropic. The most extreme anisotropy of
matrix element occurs close to the~p/a,0! points on the Bril-
louin zone boundary, at which the matrix element with ne
21450
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est neighbor interactions for L110 phonons vanishes w
that for L100 phonons remains finite.

The ultrasonic attenuation measurements made by Lu
et al. on Sr2RuO4 were performed within the low-frequenc
limit as indicated by thev2 behavior reported by the autho
The attenuation of longitudinal phonons showed extreme
isotropy in the normal state~the L100 attenuation was
roughly 30 times greater than the L110 attenuation! which
was found to be due to a difference in the averages over
g sheet of the Sr2RuO4 Fermi surface of the electron phono
matrix elements for the two modes.15 The degree of anisot
ropy of longitudinal attenuation in materials for which th
electron-phonon interaction of Eq.~4! applies is thus depen
dent on the detailed shape of the Fermi surface. We fou
for example, that the Fermi surface of optimally dop
YBa2Cu3O61x ~Ref. 22! does not give rise to a significan
difference between the L100 and L110 normal state atten
tion rates. Theg-sheet of the Sr2RuO4 Fermi surface comes
very close to the~p/a,0! point.24 The observed anisotropy o
the attenuation was found to be due to the contribution to
Fermi surface average coming from the portion of the Fe
surface lying near to~p/a,0!, at which the magnitude of the
matrix element for L110 phonons is very small.

As the temperature in the experiment on Sr2RuO4 was
reduced to well belowTc the attenuation decreased but t
ratio of the L110 and L100 attenuation rates remained ne
constant. At temperatures well belowTc , the attenuation rate
in an unconventional superconductor is proportional to
average of the squared electron-phonon matrix element
the portion of the Fermi surface lying near the nodes in
gap. The Fermi surface of Sr2RuO4 is nearly independent o
momentum parallel to thec axis.23,24 The fact that the ratio
of the L110 and L100 attenuation rates is independent
temperature thus has a natural explanation if the only no
in the order parameter are horizontal line nodes~perpendicu-
lar to thec axis!. In that case, as temperature was decrea
below Tc , the region of momentum-space occupied by qu
siparticles would shrink along thec direction and the ratio of
Fermi surface averages of matrix elements for differ
sound modes would remain the same.

If the gap in Sr2RuO4 had vertical line nodes in the@110#
planes, corresponding to adx22y2 symmetry, then the mag
nitude of the low-temperature longitudinal attenuation ra
in the low-frequency limit would be equal for 100 and 11
directions as in Fig. 3~again, only nearest-neighbor effec
are considered!. AboveTc the L100 attenuation would be 3
times larger than the L110 attenuation due to the differe
in the Fermi surface average of the matrix elements
scribed above. The L100 attenuation would thus be expe
to fall off much faster than the L110 attenuation as the te
perature was reduced belowTc if the gap in Sr2RuO4 had a
dx22y2 symmetry.

Alternatively, if the gap in Sr2RuO4 had dxy symmetry,
with vertical line nodes in the@100# planes, then the L110
attenuation would decrease much faster than the L100
tenuation as the temperature fell belowTc. The anisotropy of
the attenuation would be much greater at low temperatu
than in the normal state. This would occur because as
temperature was lowered belowTc, the quasiparticles would
9-4
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become restricted to that portion of the Fermi surface
which the anisotropy of the electron-phonon matrix elem
is the greatest: the portion closest to the~p/a,0! point. Using
the tight-binding parameters for theg-sheet found in Ref. 24
we find that the low-temperature attenuation due to quasi
ticles at the nodes of adxy gap would be 400 times larger fo
L100 phonons than for L110 phonons~compared to only 30
times larger atTc!. It is clear that if the gap haddxy symme-
try than the ratio of the L100 attenuation to the L110 atte
ation would rapidly increase as the temperature was lowe
below Tc.

We see that the constant ratio of the L100 and L110
tenuation rates from the normal state to temperatures far
low Tc is consistent with the result expected for an ord
parameter with horizontal line nodes but incompatible w
that predicted for gaps with vertical line nodes in the@110# or
@100# planes. Order parameters having only vertical li
nodes can also be ruled out for this material by considera
of transverse attenuation rates.15

The two independent transverse modes for the tetrag
crystal are shown in Fig. 1. The nearest-neighbor electr
phonon interaction depends on theab-plane projections of
the phonon polarization and momentum vectors. Using
~4! for the T1 polarization indicated on Fig. 1, we find for th
electron phonon interaction

f T1~q,k!52sin2~u!cos~f!sin~f!@cos~kxa!2cos~kya!#,
~9!

which gives zero if the quasiparticle momenta are restric
to the nodes of adx22y2 gap. Using the terminology of Ref
4, the nodes are inactive in the attenuation of all T1 phon
if only nearest neighbor interactions are considered. The
clusion of next-nearest-neighbor interactions would give
nite attenuation of the T1 phonons. The next-neare
neighbor interaction is expected to be relatively small@as is
the case for Sr2RuO4 ~Ref. 15!#, so the contribution of T1
phonons to electron-phonon heat transfer will be ignor
For the T2 phonons, Eq.~4! is used with quasiparticle mo
menta at the nodes to give

f T2~q,k!52 cos~u!sin~u!@cos~kxa!cos2~f!

1cos~kya!sin2~f!#, ~10!

which vanishes on theab plane but for quasiparticle mo
menta at the nodes givesf T2(q,k)52 cos(u)sin(u)cos(kna)
independent off as was the case for longitudinal phonon
The attenuation of T2 phonons has the samef dependence
as for longitudinal phonons. A plot to compare the atten
tion of T2 phonons in the~101! and ~111! directions, for
example, would look the same as in Fig. 3.

III. QUASIPARTICLE-PHONON HEAT TRANSFER

To calculate the heat transfer rate as a function of
electron and phonon temperatures, we integrate Eq.~2! over
all phonon momenta and sum over independent modes.
velocity of sound appears in the phonon density of states
the electron-phonon matrix element, with the resulting h
transfer rate being proportional to 1/cs

5 . Since longitudinal
21450
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sound velocities are roughly a factor of 2 greater than tra
verse velocities, the heat transfer is dominated by the con
bution of the T2 transverse phonons.

The heat transfer rate for a volumeV is found to be

dU

dt
5VKE d~\v!~\v!3FnS \v

kBTph
D2nS \v

kBTel
D GFS v

G D ,

~11!

where

K5
64np\G2g2cos2~kna!

rcv fv2~\cs!
5~2p!5

, ~12!

andF(v/G) is obtained from integration of the phonon life
time overu andf. The density of the sampler, the lattice
constantc and the number of copper oxide planes in the u
cell np , appear in the expression.

The large value of the ratiov f /v2 found in
YBa2Cu3O61x ,3 and used in the plots of Fig. 3, resulted
the strong anisotropy of the in-plane attenuation shown th
To observe the anisotropy of the attenuation crossover
quency with ultrasound measurements, unattainable freq
cies of roughly 0.1G53 GHz would be required. The signa
ture of the anisotropic attenuation may be seen
measurements of the quasiparticle-phonon heat transfe
millikelvin temperatures. This results from the fact that t

FIG. 4. A plot of log(RthV)21, whereRth is the quasiparticle-
phonon thermal resistance andV the sample volume vs
log(100kBT/G) for various values of the ratio,v f /v2. The lines
above and below the curves showT4 and T3, respectively. The
magnitude of the thermal resistance depends on additional mat
parameters so the vertical scale is arbitrary, the curve interc
have been adjusted for the graph. The temperature range ex
from 0.05G up to 0.1G.
9-5
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phonons which give the dominant contribution to the h
transfer at this temperature have frequencies in the ra
over which the crossover frequencies occur.

If the temperature differenceTph2Tel is small compared
to eitherTph or Tel then we can rewrite the heat transfer ra
in terms of a thermal resistance. We takeTph5Tel1DT
~henceforthTph5T) and expand to first order inDT to ob-
tain

dU

dt
5DT/Rth5VK~kBDT!~kBT!3E

0

`

dxN~x!FS x
kBT

\G D ,

~13!

where

N~x!5
x4exp~x!

@exp~x!21#2
, ~14!

andRth is the quasiparticle-phonon thermal resistance.
The function N(x) acts to restrict the frequency rang

which contributes to the integral in Eq.~14! according to the
temperature. For temperatures well below 0.01G, the con-
tributing frequency range is strictly within the low-frequen
limit in which the attenuation is proportional tov2 for all
directions of sound propagation. The inverse resistivityRth

21

is thus proportional toT5 according to Eq.~14!. The tem-
perature range expected in an experiment is significa
higher and would extend the range of contributing frequ
cies to roughly that displayed in Fig. 3. The resulting te
perature dependence of the heat transfer rate depend
v f /v2 as indicated in Fig. 4 in which log(Rth

21) is plotted
versus log(kBT/G) for several values ofv2 using an experi-
mental value forv f .3 The slopes of the curves shown in Fi
4 indicate that the temperature dependence of the inv
resistance varies from roughlyT4 behavior forv f /v25200

FIG. 5. The temperature dependence and approximate ma
tude of (RthV)21 for YBa2Cu3O61x . The true magnitude is ob
tained by multiplying this result by the square of the ratio of t
electron-phonon coupling constant for YBa2Cu3O61x to that of
Sr2RuO4. The quasiparticle-phonon heat transfer rate per unit v
ume is proprtional to (RthV)21 according to Eq.~14!.
21450
t
ge

ly
-
-
on

se

to a dependence which is close toT3 for v f /v252. The
former ratio is close to that found for overdope
Tl2Ba2CuO61d ,25 while the latter matches the value dete
mined for underdoped La22xSrxCuO4.26 Both experimental
values forv f /v2 were obtained from low temperature the
mal conductivity data.

The values ofv f , v2, andG can be extracted from trans
port measurements for many cuprate materials. If a meas
ment of the sound attenuation in a cuprate sample could
performed, then the magnitude of the quasiparticle-pho
thermal resistance could be determined. Since relativ
large samples of certain cuprates are presently availa
sound attenuation studies on these materials may soo
possible. With this in mind, we approximate the expec
magnitude of the thermal resistance for optimally dop
YBa2Cu3O61x . We use the value for the electron-phono
coupling constant,g512 eV obtained for Sr2RuO4. Since
the inverse thermal resistance is proportional to the squar
the coupling constant, the magnitude of the inverse ther
resistance for YBa2Cu3O61x is equal to the result given be
low multiplied by the square of the unknown ratio of th
coupling constants for the two materials. If this ratio is n
substantially different from unity then the magnitude giv
here will be roughly correct. We take\G51.5 K, in agree-
ment with the value extracted from thermal Hall measu
ments on YBa2Cu3O61x ,27 and use valuesv f52.5
3107 cm/s andv250.183107 cm/s from thermal conduc
tivity measurements.3 The sound velocity for the T2 trans
verse mode is taken to be 3 km/s, in agreement with reso
ultrasound measurements of the elastic constants.20 We then
obtain the result for (RthV)21 plotted in Fig. 5.

IV. CONCLUSIONS

We find for d-wave superconductors that the frequen
above which sound attenuation no longer exhibits thev2

dependence characteristic of the low-frequency limit
highly anisotropic in theab plane. Since the temperatur
dependence of the rate of energy transfer between pho
and quasiparticles is determined by the frequency dep
dence of the phonon attenuation rate, this temperature de
dence should be expected to be significantly affected by
strong anisotropy in the crossover frequency. Our deta
calculations show that this is indeed the case. If
quasiparticle-phonon energy transfer rate calculated ab
can be detected, then the underlying planar anisotropy of
sound attenuation could be observed. A measurement o
heat transfer rate in a cuprate sample on which ultraso
attenuation measurements could be performed would
most valuable. In this case, since the electron-phonon c
pling constant could be obtained from the sound attenua
data, the magnitude of the heat transfer rate could be de
mined without any adjustable parameters. The predicted
transfer rate could then be compared quantitatively with
experimental result.

We compare the temperature dependence of sound att
ation measurements made on Sr2RuO4 ~Ref. 16! in the hy-
drodynamic limit with the result that we calculate for supe
conducting order parameters having only vertical line no

ni-

l-
9-6
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~parallel to thec axis!. We argue that the fact that the ratio
the attenuation of different longitudinal modes in theab
plane is independent of temperature is inconsistent with
presence of an order parameter which has vertical line no
in the @110# or @100# planes. This fact can, however, be sim
ply explained if the order parameter is taken to have h
zontal line nodes. The experimental result for the attenua
of longitudinal sound modes in the superconducting state
L.

L

n

C

.
B

A

L

n,

.

21450
e
es

i-
n

of

Sr2RuO4 thus provides evidence that the order parameter
only horizontal line nodes.
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