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Quantum Processes

e How can we represent a quantum process that
takes density matrices to density matrices?




Quantum Processes

e What properties should a quantum process have?

e Must have the property
0<tr(o5,) <1

e Must be a convex-linear map

{X0n)-Toutn

e Must be completely positive

/Oout :g(pin)z O vpin = O




Quantum Processes

* The map ¢ satisfies all three properties iff:
. T
£(p)= Z E; oE,
i
s« Where 1<i<d? and ZEiEiT <

(Proof of this and further discussion in Nielsen and
Chuang)




Quantum Processes

* Thus, If we know the operators E; , then we have
characterized the process completely and can
predict its action on any density matrix.

e This construction is not uniqgue, however.

» Also, we don’'t measure operators in the
laboratory!




Quantum Processes

e Thus, we write:

E; = dz: Cim E_m
m=1

* Where the Em span the space of Hermitian dxd
operators.




Quantum Processes

e Then, our process takes the form:

s R —
g(p): ZEmIOEmTZmn

m,n=1

 Where everything is “fixed” except the matrix
Zmn — Zeimein
i

Which is positive Hermitian by construction




Quantum Process Tomography

* So, send in d? linearly independent density
matrices, and do state tomography out the other
end.

e Then, we must invert our system of equations to
determine the Chi matrix.

o Suffice it to say this is straightforward, and can be
found again in Nielson and Chuang...




Process Tomography

 In general, y is a d*xd* Hermitian matrix, which
has d* parameters.

e For 2 qubits, this is 256 measurements!

* |s there a way we can do better than this?
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The One Semi-Experimental Slide

(a)  |oo)—* A A(loo)(20l)

(b) léo)——UH A [UI— ~ AT(|¢o){0])

FIG. 1: Circuit representation of (a) the action of a map A:
(b) the action of the map, now twirled by U.




Back to theory...

e Normally,

D31

Alp) = Y xirEpE]
LI=0

* Once we “twirl” the gate, which involves
“averaging” over U:

AR (p) = / dUUTA(UpUTYU




The Haar Twirl

e Next, we add an extra unitary (E) to our system,
and project back onto the original state, so that
we are calculating:

f Ay (Y| A(E] [0) (| Ev) )
» Where now |4} = U|ag)

* And formally, the integral over psi is
mathematically equivalent to taking the integral
over U




So what?!

e Well, in 1980, S. Samuel, J. Math. Phys. 21,
2695, calculated this integral for the Haar
measure...

/ dUTr[AUTB1U AU ByU|

- Tl (i mims) - T2
TT[;E]ETEAE] (Tr[BlBE] _ 'Tl‘[Blgr[Bz])




Again, so what?!

e All these traces can be calculated in terms of the
Chi representation!

e Then:

Dy + 010
D+1

- f dy (| A(E] 1) (| Ev ) )

(The Haar Twirl)

C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, W. K.
Wootters, Phys. Rev. A 54, 3824 (1996).




But there Is a problem!

e How exactly can we calculate the average of
some function efficiently without taking an infinite
number of measurements?

e One can show (rigorously!), that the FINITE
number of measurements needed to estimate this

average with a precision of epsilon and failure
probability delta:

M > In(2/6)/(2€2)




The Haar Twirl

e This does not scale with the dimension of the
system!

e This means we can efficiently estimate any
diagonal element of the Chi matrix with a finite
number of measurements.




-

And...

e The Haar twirl actually defines a valid inner
product over the state space!

(E1, B ) = / d (V| A(E] [} (Y| Ev)[)

e This means the Cauchy-Shwarz inequality can be
used:

2 X1l + Xl 1

X |” < xa xer + 7 + 57

e Which provides a method for bounding the off-
diagonal elements




Summary

e They have provided a selective and efficient
method for determining the diagonal elements of
the Chi matrix for a given process.

* Also, the off diagonal elements are in effect
bounded by the on-diagonal elements, making
their estimation possible (in certain
circumstances)




Other neat algorithms involving
twirling...

e Clifford twirl: Involves twirling over the set of
Clifford states, which is finite

e MUB twirl: involves twirling over the MUBS, which
are also finite

e Symplectic one qubit twirl (S1T): involves twirling
over a finite set of single qubit rotations
e Ancilla-assisted twirling: Allows the off-diagonal

elements of the Chi matrix to be determined, at
the cost of an ancilla qubit




Other neat algorithms involving
twirling...

e Also: there is an algorithm for automatically
selecting out the largest diagonal Chi matrix
element which is fantastically complicated (and
super cool!). Further reading can be found at:



http://arxiv.org/abs/1003.2444v2

Thank you!




