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Outline

• Shannon Entropy and a reformulation of the 
uncertainty principle

• The Uncertainty Game and a strategy that 
violates the regular uncertainty principle

• ‘New’ uncertainty principle

• Applications as an entanglement witness

• The experiment



Shannon Entropy

3 Complimentary Views:
– How much information we gain when we measure X

– Our uncertainty about X before we measure it

– Minimum number of bits needed to store the result of 
measurement X (a random variable)

Defined as:

It is a function of the probability distribution of X

Joint entropy of two variables is a simple extension:



Deutsch’s Problem with Heisenberg 
(PRL 1983) 

• Heisenberg:

• Deutsch wanted:
(Bound independent of the state)

• 5 years later:

Where : R=Σr|r><r|

S=Σs|s><s|

Then:   C= max(|<r|s>|²)



The Uncertainty Game

2) Bob prepares |Ψ> and sends it to Alice

1) Alice and Bob agree on 2 measurements, R and S

3) Alice measures R or S and announces which measurement 
she made, but not the outcome

The Goal: Bob tries to minimize his uncertainty about 
Alice’s measurement outcome by preparing |Ψ>

but he is bounded by 



What about entanglement?

If Bob prepares |01> - |10> and keeps one particle



Conditional Entropy
A pair of variables X,Y have H(X,Y) total 

uncertainty before a measurement

How much uncertainty is left in X if we measure Y ?

H(X|Y) = H(X,Y) – H(Y)

Von Neuman Entropy

(λ are eigen values)



Berta et. al.’s Relation

H(A|B) - quantifies amount of entanglement 
between Alice and Bob

H(R|B) - Uncertainty in post measurement state given 
that we measure B

- H(A|B) = H(A,B) – H(B) = -log(d) => max. entangled

- H(R|B) = H(ρRB) – H(ρB )

- ρRB = ½|0><0|x|1><1| + ½|1><1|x|0><0|

- ρB = ½|1><1| + ½|0><0|



Entanglement Witness

Can we tell if a state is entangled without doing 
full tomography?

For a given R and S we know C

If: H(R|B) + H(S|B) < log(1/c) 

Then: H(A|B) is negative and A and B are 
entangled



Entanglement Witness

Fano’s Inequality:    H(R|B) < h(q) +q log(d)

q = probability Alices outcome equals Bobs
h = binary entropy

Can upper bound H(R|B) by comparing outcomes of 
one measurement.

H(R|B) + H(S|B) < log(1/c) 

Then can check the ‘entanglement witness’ bound



The Experiment

•Make states=> cos(a)|HH> + sin(a)|VV>
•Alice randomly chooses S or R



To Measure Entanglement Witness

Bob measures in same basis as 
Alice (using Pockles Cell) 



To Measure Full Inequality

Perform tomography on Bobs 
particle dependent on 
Alices out comes to get:



Results



Conclusions

• Heisenberg Uncertainty is ‘incomplete’ if we 
can entangle the particle with another particle

• New uncertainty relation has applications as 
an entanglement witness and to quantum 
cryptography


