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We present a formalism describing the dynamics of a semiconductor diode and
apply it to the study of the dynamics of external cavity lasers within the strong
regime. The formalism is based upon the usual travelling wave phenomenological
model for the field and carriers within the semiconductor gain medium. Since the
non-radiative recombination time of the carriers is typically much longer than the
diode round trip time, we use a multiple scales analysis to obtain a model much
simpler in form than the travelling wave model, but as accurate, without assuming
that the gain within the diode is uniform. We apply this model to the external
cavity laser. Rather than including multiple external cavity reflections explicitly,
we include all external cavity reflections through the introduction of a single
additional feedback parameter and one extra term in the field equation. In the
limit of a single external cavity reflection, our field equation reduces to a form of
the well-known Lang–Kobayashi equation that describes very weak external
feedback. For strong feedback, we examine both the steady state and dynamical
laser properties such as small signal response and large signal current modulation.

1. Introduction

Semiconductor laser diodes are the active elements of many multi-component
systems, such as external cavity semiconductor lasers, in both continuous-wave
(CW) [1–3] and directly-modulated operation [4–6]. For most applications, a
phenomenological model employing slowly-varying envelope functions has been
shown to describe the dynamics of the field within the diode gain medium appro-
priately, giving reasonable agreement with experiment [7–9]. A standard description
consists of a set of coupled nonlinear partial differential equations (PDEs) for
the field and electron–hole (carrier) density within the active layer that must be
solved numerically [8, 10]. The numerical solution of these equations, however, can
be quite cumbersome, especially when elements external to the diode itself are
included in the system of interest. An example is external cavity semiconductor
lasers, where often only a single external cavity reflection can be reasonably included
in the calculation [11]. Further, it is difficult to gain an understanding of the
underlying physics through purely numerical methods. The usual approximation
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made to obtain a more simple form is to assume that the carrier density and gain
are uniform along the length of the diode. Then the dynamics are described by a
set of rate equations for the photon and carrier densities, and for the phase of
the electric field [7, 9, 12]. For some regions of parameter space this approximation
is reasonable, but for many regimes of interest it is not [13].

The goal of this paper is two-fold. First we introduce a new formalism describing
the dynamics of the semiconductor gain medium that is as accurate as the usual
nonlinear coupled PDE model, but no more complicated in form than usual rate
equation models. It is easily applied in the study of more complicated physical
systems like external cavity lasers, and can be used to describe large signal current
modulation. Unlike previous work [14], this diode model is able to describe dynamics
on the time scale of the round trip time of light within the diode itself. Our second
aim is to present an application of this diode formalism to the study of the external
cavity semiconductor laser, with particular focus on very strong feedback and direct
current modulation, as typical of current lasers of interest [1–6, 15]. Although we
consider in this paper only non-dispersive feedback, the diode formalism is general
enough to describe arbitrary systems incorporating semiconductor diodes. This
includes lasers with filtered optical feedback, which have been of recent interest
[16–19]. The importance of this type of laser stems from the frequency selective
feedback which may be tailored to give some control over the complex nonlinear
dynamics of semiconductor lasers, as has been shown by recent experimental and
theoretical work [20].

The diode formalism is presented in section 2. Exploiting the time scale difference
between the relaxation time of the carrier density and the round trip time of light
within the diode, the latter typically much faster than the former, we perform a
multiple scales analysis [14, 21] of the PDE model. This difference in time scales has
also been noted and used non-rigorously in other works [12, 22], and is discussed in
appendix A. It follows from our analysis, not surprisingly, that to zeroth order the
dynamics of the carrier density occur on a time scale that is slower than the diode
round trip time, while the field envelope function dynamics generally do not. The
resulting equations take a simple form, where the dynamics within the diode active
region are described accurately by a single ordinary differential equation for the total
carrier density within the diode in terms of the fields at the diode boundaries—a form
similar to that of previous work [14]—and time-delay relations between the
boundary fields describing propagation and amplification through the diode. The
complicated dynamics within the diode need not be calculated, even for steady state;
the diode can be treated effectively as a ‘black box’ even though the diode dynamics
are nonlinear. In addition, the model is not restricted to describing the dynamics
of a single longitudinal mode.

This formalism describes the diode as a simple amplifier. It is easily extended,
however, to the study of composite laser systems; one need only supply appropriate
boundary conditions relating the input and output fields at both diode facets. We
do this in section 3 in our study of non-dispersive external cavity diode lasers. Using
the formalism of section 2, it is quite natural to incorporate both multiple solitary
diode longitudinal modes [11, 23] and an infinite number of external cavity
reflections—but in a very simple way—in order to derive a generalized Lang–
Kobayashi (LK) equation which resembles the standard LK equation [12, 24] in
the limit of a single external cavity reflection. The generalized model is especially
useful for describing external cavity lasers operating within the strong feedback
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regime (corresponding approximately to ‘Regime V’ [25]), though it can be used in
any regime. We show in 3.1, with details deferred to appendix B, that our model is
equivalent to other multiple external cavity reflection models wherein each external
reflection is accounted for explicitly [12, 26–29]. Our description, however, does not
require that the field be known at all past integer multiples of the external cavity
round trip times, and it does not require that additional approximations be made to
achieve a simpler form [30]. In fact, all external cavity reflections (after the first) are
incorporated easily by introducing one additional feedback parameter and one
extra term in the field equation. And this is accomplished not only for steady state
mode calculations, which we show in 3.2 reproduce known results [22, 30, 31],
but for a general dynamical description capable of describing arbitrary current
modulation. In 3.3 we present this dynamical description, applying it first to examine
the stability properties from the linearized laser equations, then to obtain numerical
solutions for large signal current modulation for a laser with strong external
feedback.

Conclusions are given in section 4.

2. Semiconductor diode model

We begin with the usual coupled nonlinear phenomenological equations for
the electron–hole (carrier) density within the semiconductor gain medium
N(z, t), and for the counter-propagating electric field envelope functions E�ðz, tÞ
defined by

Eðz, tÞ ¼ Eþðz, tÞ expðikzÞ expð�i!tÞ þ E�ðz, tÞ expð�ikzÞ expð�i!tÞ þ c:c:,

where E(z, t) is the field for a given transverse mode and z is the direction
of propagation along the diode length. The carrier frequency is ! and its
associated wavevector is k � ng!=c, where ng is the background index of refraction
of the unpumped gain medium and c is the speed of light in vacuum. The
phenomenological equations are [10, 11, 14, 32–38]
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� vgaðN �NtÞ Sþ þ S�ð Þ, ð2Þ

where effective photon densities are defined by

S� z, tð Þ ¼
n2g

2�~!
E�ðz, tÞ
�� ��2,

where e is the charge of an electron and J tð Þ is the current density, which must be
supplied as a function of time. The phenomenological model parameters are defined
in table 1, where typical values are listed. For simplicity, we neglect the effects of gain
compression, but this can be easily generalized; in previous work [13], we have shown
its inclusion provides only a very small correction to the large field and carrier
density transients resulting from large signal current modulation. To complete the
phenomenological description, (1) and (2) must be supplemented by appropriate
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boundary conditions for the electric field envelope functions at the diode facets,
drawn schematically in figure 1. We set Lg as the length of the diode and, as indicated
in figure 1, choose the diode boundaries to be located at z ¼ �Lg and z ¼ 0: Since
the ultimate purpose of the model we develop here is for use in the description of
strongly dispersive feedback, we also neglect gain dispersion, although it can be
included in a simple way by approximating the semiconductor gain curve by a
quadratic function [11, 28].

To proceed with our multiple scales analysis, we rewrite (1) and (2) in dimension-
less form, so the relative magnitudes of the terms become apparent. We define
normalized time and length variables by

ẑz ¼ z=ð2LgÞ,

t̂t ¼ t=Tg,

where Tg � 2Lg=vg is the round trip time of light within the diode and vg is the group
velocity of the unpumped medium. The normalized round trip time is 1 in these new
variables and the normalized diode length is 1/2; the diode facets are located at

Table 1. Semiconductor diode parameters.

Parameter Symbol Value

Differential gain a 2:22� 10�16 cm2

Linewidth enhancement factor �c 2
Transparency carrier density Nt 2:053� 1017 cm�3

Carrier relaxation time Tn 1 ns
Mode confinement factor G 0.34
Effective waveguide thickness d 0:15 mm
Background refractive index ng 3.7
Diode length Lg 250 mm
Group velocity in diode vg �c=ng
Round trip time in diode Tg �2Lg=vg
Normalized transp. density a0 �2LgGaNt

Figure 1. Schematic diagram of a semiconductor laser diode, with bias current density J(t)
and boundary fields E�ð0, tÞ, Eþð0, tÞ at the z¼ 0 diode facet, and boundary fields E�ð�Lg, tÞ,
Eþð�Lg, tÞ at the z ¼ �Lg diode facet.

1424 L. Ramunno and J. E. Sipe



ẑz ¼ �1=2 and ẑz ¼ 0: We define dimensionless versions of E�, N, J in terms of
these dimensionless variables ẑz, t̂t,

e�ðẑz, t̂t Þ ¼
�vgaTnn

2
g

2�~!

 !1=2

E�ðz, tÞ exp �i
�c

2
GaNtz

� �
,

nðẑz, t̂t Þ ¼ 2LgGaðNðz, tÞ �NtÞ,

jðt̂t Þ ¼ 2LgGaTn�
J tð Þ

ed
�

Nt

Tn

� �
:

The steady state solutions of e�, n, j have a magnitude of order unity for typical
systems and operating regimes. We have defined a small parameter � by

� ¼ ðTg=TnÞ
1=2,

where typically � � 1 since Tg � 6 ps and the carrier density relaxation time
Tn � 1 ns. The phenomenological equations (1) and (2) become

@e� z, tð Þ

@t
�
@e� z, tð Þ

@z
¼

1

2
1� i�cð Þn z, tð Þe� z, tð Þ, ð3Þ

1

�

@n z, tð Þ

@t
¼ j tð Þ � �n z, tð Þ � n z, tð Þ eþ z, tð Þ

�� ��2þ e� z, tð Þ
�� ��2� �

, ð4Þ

where we have dropped the ‘hats’ on ẑz and t̂t for convenience.
We perform a standard multiple scales analysis [14, 21] by seeking solutions

of (3) and (4) of the form

e� z, tð Þ ¼ e
0ð Þ

� z; t0, t1, . . .ð Þ þ �e 1ð Þ

� z; t0, t1, . . .ð Þ þ � � � , ð5Þ

n z, tð Þ ¼ nð0Þ z; t0, t1, . . .ð Þ þ �nð1Þ z; t0, t1, . . .ð Þ þ � � � , ð6Þ

where we introduce independent time variables

tm � �mt ð7Þ

for m ¼ 0, 1, 2, . . . , in terms of the small parameter �. The magnitudes of each
function e

ð pÞ
� and nð pÞ are assumed to be of order unity or smaller, and they are

assumed to vary significantly only as each of their temporal arguments tm varies from
0 to 1 (or possibly greater than 1). As the fastest time scale t0 varies from 0 to 1,
real time varies from 0 to Tg, so that dynamics on the order of the diode round
trip time are captured in the functions e

ð pÞ
� and nð pÞ only by their dependence on

time variable t0. As the slower time scale t1 varies from 0 to 1, real time varies from 0
to ðTnTgÞ

1=2
� 80 ps. This is typically of the order of the rate of change of any current

modulation in directly-modulated systems. Thus the normalized current density
above transparency, which in general we would write as jðt0, t1, . . .), is typically
independent of t0; this is what we assume below. The slow non-radiative relaxation
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of the carriers is captured in the time scale t2, which varies from 0 to 1 as real time
varies from 0 to Tn. From (7), the partial time derivative is

@

@t
¼

@

@t0
þ �

@

@t1
þ �2 @

@t2
þ � � � : ð8Þ

Inserting (5), (6) and (8) into (3) and (4), we collect terms multiplied by different
powers of �; by requiring that the resulting equations are satisfied to higher and
higher order in �, we expect an asymptotically better description. We have, to
order 1=�,

@

@t0
nð0Þ z; t0, t1, . . .ð Þ ¼ 0: ð9Þ

This implies that n 0ð Þ is independent of the fastest time variable t0. Then to zeroth
order, the carrier density does not vary significantly on the time scale of the diode
round trip time, Tg; its fastest variation occurs on the time scale of t1, or possibly
slower. As we discuss in appendix A, this slow time variation of the carrier density
appears in the derivations of rate equations for both a standard solitary diode laser
and an external cavity laser, including a derivation of the Lang–Kobayashi equation.
In most of this previous work, this assumption is not stated explicitly, but is
an implicit consequence of the approximations that are made in order to obtain
the final form of the field equations.

We collect the zeroth-order terms to obtain

@

@t0
�

@

@z

� �
e
0ð Þ

� z; t0, t1ð Þ ¼
1

2
1� i�cð Þ nð0Þ z; t1ð Þ e

0ð Þ

� z; t0, t1ð Þ ð10Þ

and

@

@t0
nð1Þ z; t0, t1ð Þ þ

@

@t1
nð0Þ z; t1ð Þ ¼ j t1ð Þ � nð0Þ z; t1ð Þ

� e
0ð Þ
þ z; t0, t1ð Þ

��� ���2þ e 0ð Þ
� z; t0, t1ð Þ

�� ��2� �
: ð11Þ

Since we consider here only the equations up to order �0, we explicitly indicate only
the t0 and t1 variables. To derive a more useful version of (10), we first transform it to
the Fourier domain to obtain

@

@z
~ee
0ð Þ

� z;O0, t1ð Þ ¼ �
1

2
1� i�cð Þnð0Þ z; t1ð Þ þ iO0

� �
~ee
0ð Þ

� z;O0, t1ð Þ,

where ~ee
0ð Þ

� z;O0, t1ð Þ is the Fourier transform of e
0ð Þ

� z; t0, t1ð Þ in the t0 variable;
this equation has a simple form since nð0Þ z; t1ð Þ is independent of t0. We solve
this differential equation in z by using the integrating factor

exp 	

ðz 1
2

1� i�cð Þnð0Þ z0; t1ð Þ þ iO0

� �
dz0,
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and integrate the resulting equation from z2 to z1 to obtain

~ee
0ð Þ

� z1;O0, t1ð Þ ¼ exp �
1

2
1� i�cð Þ

ðz1
z2

nð0Þ z; t1ð Þ dz� iO0 z1 � z2ð Þ

� �
~ee
0ð Þ

� z2;O0, t1ð Þ:

Finally, putting z1 ¼ 0 and z2 ¼ �1=2 and transforming back to the t0 time domain,
we obtain a time-delayed relation between the fields at the diode boundaries,

e
0ð Þ

� 0; t0, t1ð Þ ¼ exp �
1

4
1� i�cð Þ � 0ð Þ t1ð Þ

� �
e
0ð Þ

� �1=2; t0 	 1=2, t1ð Þ: ð12Þ

This describes the effects of gain and propagation on the forward and
backward propagating fields due to a single pass through the semiconductor
diode. A (normalized) average carrier density above transparency within the diode
is defined as

� 0ð Þ t1ð Þ � 2

ð0
�1=2

nð0Þ z; t1ð Þ dz:

Combining (12) with appropriate boundary conditions for the fields at the diode
facets, a single delay equation can be obtained in terms of one of these boundary
fields. For a particular system, this single delay equation can be directly compared to
the corresponding field equation of a standard rate equation model by first making
a Taylor expansion of the delayed field in (12), and then keeping only the first order
in the expansion to obtain a first-order time derivative of the field. We do this
in section 3 for the external cavity laser and show how, in the limit of a single
external cavity reflection, we obtain an equation for e

0ð Þ
þ 0; t0, t1ð Þ that resembles

the Lang–Kobayashi equation.
We seek from (11) an equation describing the t1 time dependence of � 0ð Þ. It turns

out to be useful, and valid in the description of a large class of systems, to assume the
following form for the electric field envelope functions

e
0ð Þ

� z; t0, t1ð Þ ¼
X1

m¼�1

e
0ð Þ

� mð Þ
z; t1ð Þ exp �i

2�

�p
mt0

� �
: ð13Þ

That is, the field is assumed periodic in the fastest time scale t0 with some period �p,
but can have arbitrary time dependence in all other time scales. The period �p
is chosen according to the boundary conditions of the system under consideration;
as long as �p � 1=� there is no overlap between the t0 and t1 time scales.
For example, to describe systems in which there is a significant reflectivity at
each of the diode facets, it is most relevant to set �p ¼ 1, in recognition of the
resonance condition formed by the two diode facets. In the case of an anti-reflection
coated diode coupled to an external cavity, however, it makes more physical
sense to choose �p to be the round trip time of the combined laser cavity. The
form (13) essentially Fourier-decomposes the field into the multiple longitudinal
modes of the relevant resonant cavity. The coefficients (or envelope functions)
of these longitudinal modes, e

0ð Þ

� mð Þ
z; t1ð Þ, have arbitrary spatial dependence, but a
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time dependence that is assumed to vary more slowly than Tg; we later verify that
this assumption is self-consistent. Using (13), (10) and (11) become

@

@z
e
0ð Þ

� mð Þ
z; t1ð Þ ¼ �

1� i�c

2
nð0Þ z; t1ð Þ þ i

2�

�p
m

� �
e
0ð Þ

� mð Þ
z; t1ð Þ, ð14Þ

@

@t1
nð0Þ z; t1ð Þ ¼ j t1ð Þ � nð0Þ z; t1ð Þ

X
m

je
0ð Þ

þ mð Þ
z; t1ð Þj2 þ je

0ð Þ

� mð Þ
z; t1ð Þj2

� �
, ð15Þ

where to obtain (15) we isolated the secular pieces of (11); the non-secular pieces lead
to an equation that describes the time evolution of the Fourier components of n 1ð Þ.
Using (14) to rewrite (15), we obtain

@

@t1
nð0Þ z; t1ð Þ ¼ j t1ð Þ �

@

@z

X
m

e
0ð Þ

þ mð Þ
z; t1ð Þ

��� ���2� e
0ð Þ

� mð Þ
z; t1ð Þ

��� ���2� �
: ð16Þ

Integrating (14) and (16) in z, from z ¼ �1=2 to 0, we obtain

e
0ð Þ

� mð Þ
0; t1ð Þ ¼ exp �

1

4
1� i�cð Þ� 0ð Þ t1ð Þ

� �
exp �i�m=�p

� 	
e
0ð Þ

� mð Þ
�1=2; t1ð Þ, ð17Þ
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� 0ð Þ t1ð Þ ¼ j t1ð Þ � 2

X
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� mð Þ
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�
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0ð Þ

þ mð Þ
�1=2; t1ð Þj2 þ je

0ð Þ

� mð Þ
�1=2; t1ð Þj2

�
: ð18Þ

Our model is now in a form that allows the incorporation of arbitrary
boundary conditions, since the equations (17) and (18) contain only fields at
the diode boundaries. It is thus straightforward to obtain dynamical equations for
systems comprised of a diode coupled to external elements, such as the external
cavity laser. With appropriate boundary conditions, equations for one set of the
boundary fields, say e

0ð Þ

þ mð Þ
0; t1ð Þ, can be obtained from (17), and these describe the

t1 time evolution for each of the corresponding longitudinal modes labelled by m.
Applying the boundary conditions and (17) to (18), then it too can be rewritten
in terms of the same set of boundary fields, giving a closed set of equations for
� 0ð Þ t1ð Þ and, say, e

0ð Þ

þ mð Þ
0; t1ð Þ. To solve this numerically, it is also necessary to

specify both the initial conditions and the (normalized) current density j as a
function of time. The dynamics can thus be determined without having to
solve for the fields and carrier density at each point along the diode—necessary
in the direct application of (1) and (2)—yet without assuming uniform gain along
the length of the diode. Further, it is much simpler to gain an understanding
of the underlying physics of a particular composite system using (17) and (18)
than the original equations (1) and (2). We turn now to an application of (17)
and (18) to the study of semiconductor lasers with non-dispersive external
feedback.
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3. Diode with external feedback

In this section, we use the diode model of section 2 to describe external cavity
semiconductor lasers, as sketched in figure 2(a). Our aims are to confirm the
consistency of the diode model, compare our results with previous work, and
present large signal modulation results for strong external feedback. In 3.1, we
obtain a general equation for the field using both the time-delay multiple scales
equation (12) and boundary conditions for the diode and external mirror; an
infinite number of external cavity reflections are automatically included via a
transfer matrix for the facet at z¼ 0. These reflections are incorporated within the
formalism through the introduction of a single new feedback parameter, and one
additional term in the field equation. In appendix B, we show this approach is
equivalent to incorporating each external cavity reflection directly, a method
commonly used in models that consider strong external feedback. In the limit of a
single reflection, our time-delay field equation is reduced to a form of the Lang–
Kobayashi (LK) equation. In 3.2, we find the CW spectrum of the external cavity
laser for both multiple and single reflection models. Based on the qualitative
features of this CW spectrum, we make an appropriate choice for the quantity �p
that appears in the Fourier decomposition (13), forming the basis of our
dynamical model presented in 3.3. We perform a linear stability analysis and
present two numerical examples for large signal current modulation for lasers
with strong external feedback.

3.1 Field equation and the LK limit

To find a field equation for the external cavity laser illustrated in figure 2 (a) from
(12), we must first determine the boundary conditions for the field envelope functions
at both diode facets. For the facet located at z ¼ �Lg (the one not coupled to the
external cavity) we have

Eþð�Lg, tÞ ¼ r1 exp ð2ikLgÞE�ð�Lg, tÞ, ð19Þ

Figure 2. (a) Schematic diagram of an external cavity semiconductor laser and (b) the
transfer region at the z¼ 0 diode facet.

External cavity semiconductor laser model for the strong feedback regime 1429



for complex reflection coefficient r1. We assume there is no external injection field,
but this is easily generalized. The boundary condition for the fields at z¼ 0 depends
on the effective reflection and transmission coefficients of that diode facet and on the
reflection coefficient of the external mirror, which we denote by r3. We assume r3 is
frequency independent and the external cavity is filled with a homogeneous, linear
material. Denoting by z ¼ 0þ the position just beyond the z¼ 0 facet, the fields just
outside the diode satisfy

E� 0þ, t
� 	

¼ r3 exp ði!TextÞEþ 0þ, t� Text

� 	
, ð20Þ

where Text is the round trip time in the external cavity and where r3 is complex.
The fields at z¼ 0 and z ¼ 0þ are related via a transfer matrix,

E� 0, tð Þ ¼ r2Eþ 0, tð Þ þ ~tt2E� 0þ, t
� 	

,

Eþ 0þ, t
� 	

¼ t2Eþ 0, tð Þ þ ~rr2E� 0þ, t
� 	

: ð21Þ

The coefficients r2, t2, ~rr2 and ~tt2, labelled in figure 2 (b), are in general complex.
To obtain appropriate relations between these reflection and transmission coeffi-
cients, the details at the boundary need to be specified, i.e. whether the facet is bare
or coated and the properties of any coating. Combining (20) and (21) we have [22]

E� 0, tð Þ ¼ r2Eþ 0, tð Þ þ ~rr2r3 exp ði!TextÞE� 0, t� Textð Þ

þ r3 ~tt2t2 � ~rr2r2
� 	

exp ði!TextÞEþ 0, t� Textð Þ: ð22Þ

To make a connection to the literature, we show in appendix B that (22) can also
be derived from the well-known boundary condition for external cavity lasers
[12, 26–30],

E� 0, tð Þ ¼ r2Eþ 0, tð Þ þ
~tt2t2
~rr2

X1
n¼1

~rr2r3ð Þ
n exp ðin!TextÞEþ 0, t� nTextð Þ, ð23Þ

which explicitly contains an infinite number of external cavity reflections. While we
do not use equation (23) in this paper, it is the boundary condition used most often
in work that includes multiple external cavity reflections [12, 26–30], where usually
further approximations are required in order to write the resulting laser field
equation in a more practical form. Models including only a single external cavity
reflection consider only the first term of the summation in (23).

We normalize the frequency variable and the external cavity round trip time with
respect to Tg,

!̂! � !Tg,

� � Text=Tg:

Using k ¼ !=vg, (19) and (22) become, in normalized units,

eþ �1=2, tð Þ ¼ r1 exp ½ið!̂!� �ca0=2Þ� e� �1=2, tð Þ,

e� 0, tð Þ ¼ r2eþ 0, tð Þ þ ~rr2r3 exp ði!̂!�Þ e� 0, t� �ð Þ

þ r3 ~tt2t2 � ~rr2r2
� 	

exp ði!̂!�Þ eþ 0, t� �ð Þ, ð24Þ
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where a0 is the normalized transparency density of the active medium, defined
in table 1.

We must now choose appropriate boundary conditions for the multiple scales
quantities. In general, these may be any that satisfy (24). The most straightforward
procedure involves a multiple scales expansion of the fields in (24) in the same spirit
as that in section 2, where collecting the terms of the same order in � yields

e
ð pÞ
þ �1=2; t0, t1ð Þ ¼ r1 exp ½ið!̂!� �ca0=2Þ� e

ð pÞ
� �1=2; t0, t1ð Þ, ð25Þ

eð pÞ� 0; t0, t1ð Þ ¼ r2e
ð pÞ
þ 0; t0, t1ð Þ þ ~rr2r3 exp ði!̂!�Þ eð pÞ� 0; t0 � �, t1 � ��ð Þ

þ r3 exp ði!̂!�Þ ~tt2t2 � ~rr2r2
� 	

e
ð pÞ
þ 0; t0 � �, t1 � ��ð Þ, ð26Þ

for p ¼ 0, 1, . . .. For (26) to be consistent with the multiple scales assumptions—
namely that the multiple scales functions vary significantly only as the tp vary from 0
to 1 (or greater than 1)—then we should have � 
 1 so the external cavity dynamics
occur no faster than t0. This is typically the case for many external cavity lasers. For
example, a 1 cm glass cavity (typical for fibre grating semiconductor lasers) corre-
sponds to �¼ 14 and �� ¼ 1:2. For a 1m air-filled cavity, as used in many external
cavity experiments with very weak feedback levels, then � � 103 and �� � 80.

We apply these boundary conditions to the time-delay field equation (12)
to derive a field equation for one of the boundary fields, e

0ð Þ
þ 0; t0, t1ð Þ. Since in the

remainder of the paper we use only the zeroth-order functions, we drop the
superscript ‘ð0Þ’ for convenience. Combining (25) for p¼ 0 with (12), we obtain

eþ 0; t0 þ 1, t1ð Þ ¼
1

r2
G t1ð Þ e� 0; t0, t1ð Þ,

where the gain due to a complete round trip through the diode is

G t1ð Þ � r1r2 exp ½ið!̂!� �ca0=2Þ� exp
1

2
1� i�cð Þ� t1ð Þ

� �
: ð27Þ

From (26) for p¼ 0, we obtain the general field equation for eþ at z¼ 0

eþ t0 þ 1, t1ð Þ ¼ G t1ð Þ eþ t0, t1ð Þ þ � exp ði!̂!�Þ
G t1ð Þ

Gðt1 � ��Þ
eþ t0 � � þ 1, t1 � ��ð Þ

þ � � �ð Þ exp ði!̂!�ÞG t1ð Þ eþ t0 � �, t1 � ��ð Þ, ð28Þ

where, again for convenience, we have omitted the explicit spatial dependence of eþ,
since in the rest of the paper we only consider the fields at z¼ 0. We have defined
(complex) feedback parameters to be

� � r3
~tt2t2

r2
,

� � ~rr2r3,

where � corresponds to the usual feedback parameter of the LK model.
Equation (28) is much easier to deal with than the usual equations describing
multiple external cavity reflections. Here all reflections after the first are captured
by a single additional feedback parameter �. We present later in 3.3 a complete
dynamical description of the external cavity laser, where we use the field expansion
(13) and the gain medium equations (14) and (16) to obtain a closed set of equations
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for � and the field modes eþ mð Þ: But first we examine only the field equation (28) to
make a direct comparison with the LK model in the limit of a single external cavity
reflection and, in 3.2, to find the CW frequency mode spectrum.

The form of the usual LK field equation is recovered from (28) for a single
reflection by setting �¼ 0, giving

exp � log G t1ð Þ½ � exp @=@t0ð Þ eþ t0, t1ð Þ ¼ eþ t0, t1ð Þ þ � exp ði!̂!�Þ eþ t0 � �, t1 � ��ð Þ,

where the logarithm is complex-valued. This corresponds to the form of ‘precursor
to the LK equation’ (A 7) of appendix A, where we review a derivation of the LK
field equation. Proceeding with our derivation here, we use

exp � log G t1ð Þð Þ exp @=@t0ð Þ ¼ exp � log G t1ð Þ þ @=@t0ð Þ, ð29Þ

which is exact since

½G t1ð Þ, @=@t0� ¼ 0, ð30Þ

the square brackets indicating a commutation operation. Expanding the resulting
exponential function on the right-hand side of (29) and keeping only the first order,
we obtain our version of the LK equation,

@

@t0
eþ t0, t1ð Þ ¼ logG t1ð Þ½ � eþ t0, t1ð Þ þ � exp ði!̂!�Þ eþ t0 � �, t1 � ��ð Þ: ð31Þ

Formula (30) is a consequence of the multiple scales analysis, since � is independent
of time t0; the significance of (30) is apparent through a re-examination of the
approximations made in the standard derivation of the LK rate equation with
uniform gain, as discussed in appendix A. We show there that to obtain the final field
rate equation from the ‘precursor’ (A 7), one needs a formula similar to (29), so it
must be assumed that d=dt and the carrier density N(t) commute. Then N should be,
strictly speaking, time independent. Here this approximation need not be made for
the derivation of (31), since (30) arises naturally from the multiple scales analysis,
whose only assumption is that Tn � Tg. Furthermore, the carrier density here
is allowed to have a slowly varying time dependence, through its dependence on
time t1.

The inclusion of the external cavity reflections beyond the first, and thus the
inclusion of terms containing � in (28), becomes important especially when the
reflectivity at the z¼ 0 diode facet is not small. For example, assuming that the z¼ 0
facet of the diode is either bare or has a very thin dielectric coating, the boundary
conditions at z¼ 0 lead to ~tt2t2 � ~rr2r2 ¼ 1 and ~rr2 ¼ �r2 for r2 real. Then from the
definitions of � and � we have

�j j

�
�� �� � r2ð Þ

2

1� r2ð Þ
2
: ð32Þ

For a reflectivity r2ð Þ
2 of 0:5 or greater, �j j 
 �

�� ��. The � terms dominate the � term
in (28), and models that include only a single external cavity reflection are clearly
insufficient. Even for r2ð Þ

2
¼ 0:3, a typical value for uncoated diode facets,

�j j ¼ 0:43 �
�� ��. Equation (32) is independent of the external mirror reflectivity r3 so

even in cases where r3 is small, it may be inappropriate to use a single external cavity
reflection model.
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3.2 Steady state mode spectrum

We use our field equation (28) to obtain the steady state solutions of the external
cavity laser applicable to the strong regime, briefly review some the fundamental
properties of these solutions, and confirm our model gives expected results for non-
dispersive cavities; recently steady state characteristics for strong dispersive feedback
has also been explored [39]. Assuming the laser field eþ t0, t1ð Þ is constant, corre-
sponding to a laser field oscillating at (normalized) frequency !̂! and given a constant
integrated carrier density � t1ð Þ ¼ ���, we obtain from (28) the steady state condition
incorporating infinite external cavity reflections,

1 ¼ �þ
� �GG

1� �GG

� �
exp ði!̂!�Þ; ð33Þ

the frequency-dependent, steady state, round trip gain within the diode is

�GG � Gð ���Þ ¼ r1r2 exp ½ið!̂!� �ca0=2Þ� exp
1

2
1� i�cð Þ ���

� �
: ð34Þ

Combining (33) with (34) and then separating real and imaginary parts, we find the
CW mode spectrum for infinite external cavity reflections and the (frequency
dependent) carrier density [22, 30, 31]

!̂!� !̂!diode
kð Þ ¼ �

1

2
�c log 1þ

2j�j cos ð!̂!�þ ��Þ � 2j��j cos ð��Þ þ j�j2

1� 2j�j cos ð!̂!�þ ��Þ þ j�j2

" #

� tan�1 j�j sin ð!̂!�þ ��Þ þ j��j sin ð��Þ

1þ j�j cos ð!̂!�þ ��Þ � 2j�j cos ð!̂!�þ ��Þ � j��j cos ð��Þ þ j�j2

" #
,

ð35Þ

and

��� � ���diode ¼ � log 1þ
2j�j cos ð!̂!� þ ��Þ � 2j��j cos ð��Þ þ j�j2

1� 2j�j cos ð!̂!� þ ��Þ þ j�j2

" #
, ð36Þ

where �� � arg �, �� � arg � and �� � �� � �� . The steady state spectrum of the
solitary diode is given by

!̂!diode
kð Þ ¼ 2�kþ

�c

2
�diode þ a0
� 	

� arg ðr1r2Þ, ð37Þ

for positive integers k, and the steady state carrier density of the solitary diode,
�diode ¼ �2 log r1r2j j, is determined only by cavity losses.

To compare (35) and (36), which take into account an infinite number of external
cavity reflections, to the results of the LK model, we again ignore all external cavity
reflections beyond the first. Setting j�j ¼ 0 in (35) and (36), and expanding the
equations to first order in j�j, we recover the well-known expressions [12, 40]

!̂!� !̂!diode
kð Þ ¼ �j�jð1þ �2

cÞ
1=2 sin !̂!� þ �� þ tan�1 �c

� 	
, ð38Þ

��� ¼ �2 log r1r2j j � 2j�j cos �� þ !̂!�
� 	

: ð39Þ

External cavity semiconductor laser model for the strong feedback regime 1433



A numerical comparison of (35) and (36) and (38) and (39) is made in figure 3 where
we plot the steady state solutions in the !̂!, ��� plane for an example in the strong
regime, where we would expect differences between the models to occur. The open
symbols represent solutions obtained from (35) and (36), and the closed symbols the
LK model. As expected, there are qualitative differences between the solutions. Not
only are there approximately double the number of solutions of (35) than there are of
(38), but the two ‘islands’ of solutions are not centred about the same point and do
not have the same distribution.

As evident from figure 3, the solutions seem to lie on some underlying curve in
the !̂!, ��� plane. This ‘locus curve’ has been previously described in detail [22], and is
found by taking the squared absolute value of (33); it turns out to be independent
of the external cavity round trip time so that � determines only the number of steady
state solutions. Setting arg r3 ¼ � and again assuming that ~tt2t2 � ~rr2r2 ¼ 1 and
~rr2 ¼ �r2 for r2 real, we find from (33)

0 ¼ r1j j2 r2j j2� r3j j2
� 	

exp ð ���Þ þ 1� r2r3j j2
� 	

� 2 r1r2j j 1� r3j j2
� 	

cos !̂!� �cð ��� � a0Þ=2ð Þ exp
1

2
���

� �
: ð40Þ

As discussed in previous work [22], the locus curves are closed for jr2j > jr3j,
resulting in islands of CW modes clustered around the solitary diode laser modes
(as in figure 3). They are open for jr2j < jr3j. An example in each regime is plotted in
figure 4, where the solid and dotted lines show the locus curves for external cavity
lasers with jr2j

2 ¼ 0:4 and 0:225, respectively, where jr1j
2 ¼ 0:4, jr3j

2 ¼ 0:3 and
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Figure 3. The steady state carrier density versus frequency for the discrete solutions of
the steady state transcendental equations resulting from both the LK model (open symbols)
and our infinite number of reflections model (filled symbols) for a given k in (37). For our
model, the (average) carrier density is ���=ð2Lg�aÞ þNt. In both cases, the triangles represent
the (unstable) anti-mode solutions and the circles the (nominally stable) mode solutions.
We used �c ¼ 2, r1j j2 ¼ 0:4, r2j j2 ¼ 0:4, r3j j2 ¼ 0:3 and Lext ¼ 1 cm; the index of refraction
in the external cavity was taken to be 1:44.
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�c ¼ 2. The tilts of the two curves are determined by the value of the linewidth
enhancement factor, �c [22]: the long axis of the closed curves and the tilted axis of
the open curves are given by !̂! ¼ �c ���=2þ �ca0=2.

The shape of the locus curves arises from the dominance of either the diode
cavity when jr2j > jr3j, or the combined laser cavity when jr2j < jr3j; this is revisited
in the next subsection, when we choose the mode basis for the decomposition of the
field (13) to derive a closed set of dynamical equations. In the limit jr3j ¼ 0, the laser
is comprised of only the solitary diode; appropriately, the locus curves collapse to
discrete points identified with the Fabry–Pérot modes of the solitary diode laser.
As jr3j increases from zero, the locus curves become islands surrounding these
discrete points, becoming larger and larger as the external cavity becomes more and
more prominent. In the limit jr2j ¼ 0, such as for an external cavity laser with an
ideally antireflection coated diode facet at z ¼ 0, the laser again has only a single
cavity, a cavity now delimited by the z ¼ �Lg diode facet and the external mirror.
The CW solutions and dynamics of this latter special case have been examined earlier
in detail for dispersive external cavities [13, 16]. The locus curve is a horizontal line,
with equally spaced CW solutions that correspond to the Fabry–Pérot modes of the
single cavity laser. As jr2j increases from zero, the locus curve becomes modulated
according to the Fabry–Pérot mode spacing of the diode, and this modulation
increases in depth the larger jr2j becomes. The curve eventually becomes multivalued,
as illustrated in figure 4.

Finally, we note that recent theoretical work has argued that any model based on
slowly varying envelope approximations (SVEA)—such as this one and indeed all
other models cited thus far—are in general not sufficient to describe the physics near
the region jr2j ¼ jr3j. Here there is a so-called ‘metamorphosis’ of the steady state
solutions, where the closed curves on the red side of the spectrum merge together to
form one large island as jr3j is increased [41]. This work concludes, therefore, that a
correct description of the metamorphosis region then cannot be made with any
SVEA model, even if gain dispersion is included [42]. We show in appendix C that
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Figure 4. Locus curves of steady state solutions for external cavity semiconductor lasers
with �c ¼ 2, r1j j2 ¼ 0:4 and r3j j2 ¼ 0:3, for r2j j2 ¼ 0:4 (solid line) and r2j j2 ¼ 0:225 (dashed
line).
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our model is in any case only valid away from jr2j ¼ jr3j. Thus a purely numerical
approach without the SVEA may be required to study the dynamics in this regime.

3.3 Dynamics

In this last subsection, we examine a subset of the dynamical characteristics of the
external cavity laser, particularly for strong external cavity feedback where stable
operation is both expected and desired for practical devices. Using the (Fourier
decomposed) gain medium equations (17) and (18), and an appropriate extension of
(25) and (26), we obtain a set of closed equations for the field mode amplitudes and
the carrier density. We first apply these equations to assess laser stability via its small
signal response. Then, we present numerical solutions of the laser equations for large
direct current modulation for strong external feedback. We both identify the main
dynamical features of this simulation and show explicitly that the main assumptions
required for the multiple scales analysis functions are valid.

Using the Fourier decomposition of the field (13), we combine the boundary
conditions (25) and (26) for each mode m with the equations for the diode (17) and
(18) to obtain the equation for the mth field mode and the carrier density equation

eþ mð Þ t1ð Þ ¼ � þ �
1� exp ði2�m=�pÞG t1 � ��ð Þ

exp ði2�m=�pÞG t1 � ��ð Þ

� �

�
G t1ð Þ exp ði!̂!�Þ exp ½i2�m 1þ �ð Þ=�p�

1� exp ði2�m=�pÞG t1ð Þ
eþ mð Þ t1 � ��ð Þ, ð41Þ

@

@t1
� t1ð Þ ¼ j t1ð Þ � 2 1� expð��ðt1Þ=2Þð Þ 1þ r1j j�2expð��ðt1Þ=2Þ

� 	X
m

eþ mð Þ t1ð Þ
�� ��2,

ð42Þ

where G t1ð Þ is the round trip gain, defined by (27). These equations form a closed set
for eþ mð Þ and �, and it is these which we use for the dynamics of the external cavity
laser. We choose the parameter �p according to the details of the CW mode
spectrum. As discussed earlier, for jr2j > jr3j, the diode cavity dominates the
resonance structure, so in this regime we choose the field to be periodic in t0 with
period �p ¼ 1, the (normalized) diode round trip time. This approach is only valid
when the corresponding locus curve islands, such as those plotted with solid lines
in figure 4, do not overlap each other along the frequency axis; this ensures the t0 and
t1 time scales are properly separated. In appendix C, we calculate the region in jr2j,
jr3j space for which this occurs; the invalid region is indicated by the upper shaded
area in figure 5, bounded from above by the upper solid curve and from below
by the dotted line indicating jr2j ¼ jr3j.

For the case where jr2j < jr3j, the total laser cavity dominates the CW spectrum.
We choose �p ¼ 1þ � for this region of parameter space. The Fourier decomposition
is expressed in terms of extended-cavity laser modes and is valid when the open locus
curves are single valued. We calculate also in appendix C the region in jr2j, jr3j space
for which multivaluedness of open locus curves occurs. This is indicated by the lower
shaded region in figure 5, bounded from above by jr2j ¼ jr3j and from below by the
lower solid curve. For the special case where jr2j ¼ 0, and the laser operates within a
single extended laser cavity, the field mode equation reduces to a form similar to the
field equation obtained earlier for the dispersive single cavity laser [13].
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3.3.1 Small signal response. We assess the stability of the CW modes by applying
the dynamical equations (41) and (42) to the study of small-signal response of the
laser. We assume the field is oscillating initially at one particular stationary solution,
characterized by its steady state frequency !̂!, steady state carrier density ��� and
current density j t1ð Þ ¼ �jj; without loss of generality choose the CW solution to be
labelled by m ¼ 0:

We introduce deviation functions from steady state �eþ, ��, through

eþ m¼0ð Þ t1ð Þ ¼ s1=2þ exp ði	Þ 1þ�eþ t1ð Þð Þ,

� t1ð Þ ¼ ��� þ�� t1ð Þ,

for arbitrary constant phase 	 and where the steady state value of the (normalized)
photon density sþ, determined from (42), is

sþ ¼
1

2

�jj

1� exp � ���=2ÞÞ 1þ r1j j�2 exp � ���=2ð Þ
� 	

:
�� ð43Þ

For small signal response, we need only consider the terms in the field and carrier
density equations (41) and (42) that are linear in both �eþ and ��. The linearized
versions of (41) and (42) are

�eþ t1ð Þ ��eþ t1 � ��ð Þ ¼
1

2

1� i�c

1� �GG
�� t1ð Þ � � expði!̂!�Þ�� t1 � ��ð Þð Þ, ð44Þ

@

@t1
�� t1ð Þ ¼ �G1�� t1ð Þ � G2 �eþ t1ð Þ þ�e�þ t1ð Þ

� 	
, ð45Þ
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Figure 5. The unshaded regions indicate where the external cavity laser formalism given by
(41) and (42) is expected to be valid; we used �c ¼ 2.
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where we used (27), (33) and (34), and defined the parameters

G1 ¼ sþ exp �
1

2
���

� �
1þ 2 r1j j�2 exp �

1

2
���

� �
� r1j j�2

� �
,

G2 ¼ 2sþ 1þ r1j j�2 exp �
1

2
���

� �� �
1� exp �

1

2
���

� �� �
;

G1 is an effective carrier decay rate and G2 is the linear carrier-field coupling
coefficient.

Taking the Laplace transform of the real and imaginary parts of (44), and of (45),
we find that non-trivial solutions exist when

0 ¼ �
�� �� sþ G1ð Þ 1� exp ð�s��Þð Þ

� G2 cos !̂!� � �c sin !̂!� � �
�� ��� �j j


 �
þ �j jG2 exp ð�s��Þ 1� �

�� ��þ �j j
� 	

cos !̂!� þ �c sin !̂!�ð Þ

 �

, ð46Þ

where s is the complex Laplace variable. We set �� t1 ¼ 0ð Þ ¼ 0 and used (33)
to replace �GG. For brevity, we took arg r3 ¼ �, ~tt2t2 � ~rr2r2 ¼ 1 and ~rr2 ¼ �r2 for r2
real. The stability is assessed for a particular CW frequency !̂! by finding the
complex-valued solutions of s that satisfy this equation, and determining whether
or not any of these solutions for s have a positive real part, indicating exponential
growth in the linear regime.

By setting s ¼ sR þ isI for sR and sI real, and separating out the real and
imaginary parts of (46), we find that there exist CW modes such that sI ¼ 0, and
some of these have sR > 0, indicating instability. These CW solutions are known in
the literature as ‘anti-modes’ [40], and are indicated in figure 3 by triangles both for
our model (filled triangles) and the LK model (open triangles). For strong feedback
our model gives the same qualitative results as expected from previous work
describing weak feedback [12]. The circles in figure 3 indicate CW solutions without
this instability and are known in the literature as ‘modes’ [40]; these are the only
candidates for true stable modes. In general, there exist solutions for non-zero sI and
a complete stability determination would need to consider these solutions as well.
This has been examined in other work in detail for a single external cavity reflection
[12, 40] and for multiple reflections in an interesting recent study [29]. The stability
properties for the special case of r2 ¼ 0 for dispersive external cavities has also been
considered in detail, where dispersion is seen to play a key role in stability [16].

3.3.2 Large current modulation. Lastly, we turn to an examination of laser
dynamics through the numerical solution of (27), (41) and (42). In particular, we
consider large modulation of the diode current, typical of non-return-to-zero signals,
for a diode with strong external feedback. Our main goals are (i) to identify the
major dynamical features of the field intensity and instantaneous frequency response
to modulation and (ii) to confirm that the main assertions of the multiple scales
analysis are self-consistent. That is, we confirm both that the dynamical variables
eþ mð Þ, � are at most of order unity, and that their time dependence is truly a t1 time
dependence: the fastest variations should then occur only on a real time scale of 0 to
ðTgTnÞ

1=2 and the functions eþ mð Þ, � should be slowly varying as real time increments
by the diode round trip time Tg:

We solve (27), (41) and (42) by implementing a fourth-order Runge–Kutta
algorithm to solve the ordinary differential equation (42), where we incorporate

1438 L. Ramunno and J. E. Sipe



the delay in the field amplitudes and the gain in (41) directly by keeping track of their

previous values. For the numerical examples presented below, we choose the laser

parameters as described in the caption of figure 3 and listed in table 1 and with CW

solutions as plotted in figure 3. We take the initial laser state, from t1 ¼ ��� to

t1 ¼ 0, to be a CW solution to the ‘mode’ (and not the ‘anti-mode’) closest in

frequency to the solitary diode resonance, located at zero frequency detuning in

figure 3. Our parameters here are such that jr2j > jr3j, thus the field is Fourier

decomposed according to solitary diode resonances. The solitary diode resonance

we consider is the one nearest to 1550 nm and we label the field amplitude corre-

sponding to this resonance by m¼ 0. The initial intensity of this resonance is (43) and

the initial intensities of the others (m 6¼ 0)—corresponding in this example to other

solitary diode resonances and not to other external cavity modes—are set to zero.

The current is held constant throughout the initial phase, but is modulated for times

t1 > 0 such that the corresponding steady state field intensity changes by 10 dB.

We plot in figure 6 the case where the current is lowered from its initial value,

kept constant for a time, then raised to its initial value—a simple, slow ‘turn-off ’,

‘turn-on’ sequence. The normalized intensity is of order unity or smaller throughout,

and thus consistent with one set of assumptions of the multiple scales analysis.
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Figure 6. (a) Large signal current modulation and (b) the corresponding response of the
normalized field intensity je�ð0Þðt1Þj

2 as a function of t1 time for a ‘turn-off ’, ‘turn-on’ bit
sequence. We used the diode parameters listed in table 1 and the other laser parameters
outlined in the caption of figure 3. The ‘on’ current level is 80mA with a 50 injection efficiency
assumed. The ‘on’ level corresponds to an intracavity power of approximately 170mW and
the ‘off ’ power is 10 dB below this level. The horizontal axis is labelled by the actual time.
The boxed sections labelled (i) and (ii) are shown in close-up in figure 7.
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After each current change in the sequence, the laser initially undergoes a transient

behaviour (relaxation oscillations), eventually settling into a new steady state

characterized by that particular current level. Both the decay rate and the dominant

oscillation frequency are larger for the ‘turn-on’ transient at the higher current level,

than for the ‘turn-off’ transient at the lower current level. This decay rate and

frequency dependence on the current is a well-known feature of the relaxation

oscillations of semiconductor lasers and is easily found analytically for the small-

signal regime using a rate equation model [7, 9]. Upon closer inspection of figure 6,

however, it is evident that there is another, more rapid oscillation that is occurring.

We show in figure 7 (a) and (b) close-up views of portions of both the low current

and high current transient sections, as labelled in figure 6 by (i) and (ii), respectively.

The grid lines in plots (a) and (b) of figure 7 are located at 96 ps intervals—the round

trip time of the external cavity—and in both cases, the fast oscillation that occurs

is on this time scale and thus independent of the current. This pulsing behaviour has

also been seen for strong feedback in another recent study [29].

To determine whether the field intensity variations are indeed slowly varying on

the t0 time scale, we examine in figure 7 (c) yet another close up of the ‘turn-on’
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0.854

0.856
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0.856
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Figure 7. Plots (a) and (b) depict close-ups of the normalized field intensity time evolution of
figure 6, corresponding to the boxed portions of that figure labelled (i) and (ii), respectively.
The grids in both (a) and (b) are located at 96 ps intervals, corresponding to the external cavity
round trip time. The boxed portion of (b) is itself shown in close-up in plot (c). Here the grids
indicate 6:17 ps intervals—the round trip time of light within the diode, Tg.
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transient section, as indicated by the box in figure 7 (b) that encloses a single cycle of

the faster oscillation. In figure 7 (c), the grid lines now indicate intervals of the round

trip time of light within the diode, 6:17 ps. Clearly there are no significant variations

of the intensity within one round diode trip time, so that this numerical solution of

(27), (41) and (42) is consistent with the main assumption of the multiple scales

analysis. This is also evident from an examination of the Fourier transform of the

tail of the ‘turn-on’ transient, as shown in figure 8. Aside from the very large DC

peak at zero frequency detuning that is not shown, there are several smaller peaks,

each located approximately 100 ps from each other—indicating the excitation of

external cavity resonances—but there is no peak near 1=Tg ¼ 0:162� 1012 Hz, at the

next neighbouring solitary diode resonance.

Lastly we consider the laser response to a varied current modulation pattern,

with a bit length of 400 ps. The field intensity is plotted in figure 9; not surprisingly,

we find a similar relaxation oscillation behaviour as before. In figure 10 (a) and (b),

we plot the corresponding time evolution of the instantaneous frequency and average

carrier density, respectively. The normalized intensity in figure 9 and carrier density

in figure 10 are both of order unity or smaller throughout, again indicating

consistency with assumptions of the multiple scales analysis. For the limit jr2j ¼ 0,

it has been shown in previous work for dispersive external cavities [13] that the

instantaneous frequency of the field is proportional to the average carrier density and

thus follows its dynamical evolution adiabatically; this can also be deduced from

(41). In this numerical example, where parameters are such that we are far from this

limit, we see through a comparison of figures 10 (a) and (b), that the instantaneous

frequency (or more correctly, its time average over Text) still does follow the

dynamics of the carrier density. However, the excitation of external cavity reso-

nances creates significant oscillation in the instantaneous frequency that cause it to

deviate from adiabatically following the carrier density time evolution. The carrier
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Figure 8. Fourier transform of the tail portion of the ‘turn-on’ transient of figure 6.
The large peak at zero frequency detuning is not shown. Note that the other peaks correspond
approximately to external cavity resonances, with spacing that is approximately
0:01� 1012 Hz; there is no peak corresponding to the next solitary diode Fabry–Pérot
resonance at 0:16� 1012 Hz.
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density shows only a weak oscillation amplitude on the time scale of the external
cavity round trip time.

4. Conclusions

We have presented both a new formalism describing the dynamics of a semicon-
ductor diode and verified its validity through an application to the study of external
cavity semiconductor lasers. Beginning with a set of phenomenological travelling
wave equations that describe field and carrier dynamics within the diode gain
medium, we derived a set of equations which are as accurate, but much simpler in
form: we found one ordinary differential equation for the average carrier density in
terms of the fields at the diode boundaries and a relation between these boundary
fields describing a single pass through the diode. These equations have been derived
through a multiple scales analysis in which the main assumption is that the non-
radiative recombination time of the carriers is much longer than the round trip time
of light within the diode. We have not assumed uniform gain throughout the diode
and are thus able to more accurately describe systems in which the non-uniformity in
the diode is significant. Since our model involves only fields at the diode boundaries,
it is quite straightforward to apply this model in the description of more complicated
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Figure 9. (a) Large signal current modulation and (b) corresponding response of the field
intensity je�ð0Þðt1Þj

2 as a function of t1 time for a bit stream at 2.5Gbit s�1. Laser parameters
are as listed in the caption of figure 6.
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systems, wherein a diode is coupled to an external element; one need only supply the
boundary conditions at each diode facet.

We have verified our diode model by using it to describe some of the properties
of non-dispersive external cavity lasers, concentrating our examples in the strong
feedback regime. Applying the boundary conditions appropriate to this system to
our diode model, we obtained a set of equations that describe an infinite number of
cavity reflections, but that do so with the introduction of only one additional
feedback parameter and only one additional delay-term in the field equation. Our
approach is equivalent to the more common method of including multiple reflections
in strong feedback models, where each external cavity reflection is accounted for
explicitly. Further, our model can be rewritten in a form that resembles the standard
Lang–Kobayashi field equation in the limit of a single external cavity reflection.
After having confirmed that we obtain the expected CW solutions, we examined laser
dynamics, both analytically in the small signal limit and numerically for the large
signal current modulation of a laser with strong feedback. We used the latter to
confirm the self-consistency of the multiple scales analysis and to describe the main
dynamical features resulting from current modulation.
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Appendix A: Notes on carrier density time independence

In this appendix, we rederive standard rate equations describing the time evolution
of the fields of both a solitary diode laser and an external cavity laser. Our purpose is
to show that in the usual derivations an implicit assumption has been made
regarding the time dependence of the carrier density—namely that it is slowly
varying—that is not explained and not obviously justifiable. Though a seemingly
strong assumption, it does connect to our results in section 2, however, where we find
through our more rigorous treatment that to zeroth order, the carrier density is
independent of time variable t0, associated with the fastest dynamical time scale.

We review first a standard derivation of the field equation describing a solitary
diode laser. Beginning with a phenomenological model for the semiconductor diode
(and here reverting back to real units), one can obtain a field equation for a solitary
diode laser [12]

E tð Þ ¼ g tð ÞE t� 1ð Þ ¼ g tð Þ exp ð�d=dtÞE tð Þ, ðA1Þ

by assuming uniform carrier density along the length of the diode, where E tð Þ is the
outgoing field at one of the diode boundaries. The gain resulting from one round trip
through the diode is (in our notation)

g tð Þ ¼ exp
1

2
1� i�cð Þ2GLga N tð Þ �Nthð Þ

� �
; ðA2Þ

the threshold carrier density Nth compensates for cavity losses at the diode facets.
In their review article [12], van Tartwijk and Lenstra obtain the usual field rate
equation by (i) expanding the exponential exp ð�d=dtÞ to only first order and (ii)
approximating ð1� g�1Þ by log g. In fact, one can arrive at the identical rate
equation in another way, where the physical consequences of the approximations
(i) and (ii) become much more clear. From (A 1), we have

E tð Þ ¼ exp ½log g tð Þ� exp ð�d=dtÞE tð Þ

’ exp ½log g tð Þ � d=dt�E tð Þ, ðA3Þ

where in order to obtain the last line, a Baker–Hausdorff expansion must be made
and truncated at the first order. This step, as it turns out, is necessary to derive the
form of the rate equation that appears in previous work [12], and which we also
rederive here. First expanding the exponential function in (A 3) in a Taylor series, we
find that by requiring

log g tð Þ � d=dtð ÞE tð Þ ¼ 0

we obtain a solution for E tð Þ that exactly satisfies (A 3) to all orders of the Taylor
series. From (A 2), we obtain finally the standard form of the solitary diode
equation,

d

dt
E tð Þ ¼

1

2
1� i�cð Þ2GLga N �Nthð ÞE tð Þ: ðA4Þ

In order to derive (A 4), it was necessary to assume that

log g tð Þ, d=dt½ � ¼ 0, ðA5Þ
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where the square brackets denote commutation. Thus it has been implicitly assumed
in previous work that the diode round trip gain g and thus the carrier density N are
(largely) time independent, though it is not immediately obvious that they necessarily
should be.

The usual external cavity diode laser field equation—i.e. the Lang–Kobayashi
(LK) equation [24]—is derived from an extension of (A 1) [12]

E tþ 1ð Þ ¼ g tð ÞE tð Þ þ g tð Þ� exp ði!TextÞE t� Textð Þ, ðA6Þ

where here only a single external cavity reflection is incorporated, where Text is
the external cavity round trip time, and where an effective feedback parameter had
been defined as

� ¼
1� r22
r2

r3,

for real valued reflection coefficients r2, r3; g tð Þ is again the round trip gain in the
diode (A 2). Transforming (A 6) (without approximation) yields

exp ð� log g tð ÞÞ exp ðd=dtÞE tð Þ ¼ E tð Þ þ � exp ði!TextÞE t� Textð Þ; ðA7Þ

we call this the ‘precursor’ to the LK equation and it is to this equation that
we compare our external cavity laser field equation in section 3. Again we find that
it is necessary to make assumption (A 5) to obtain the usual form of the LK
equation,

d

dt
E tð Þ ¼ GLga 1� i�cð Þ N �Nthð ÞE tð Þ þ Tin� exp ði!TextÞE t� Textð Þ:

Again, it has been implicitly assumed in previous work that N is (approximately)
time independent.

We should note that a similar approximation was also made by Tromborg
et al. [22]. To derive their (uniform gain) diode model (equation (12)), it was assumed
that the gain resulting from a round trip pass through the diode, denoted there by rL,
is slowly varying.

Appendix B: Boundary condition equivalence

We show that the boundary conditions (22) and (23) are equivalent. Shifting (23)
in time by Text, we have

E� 0, t� Textð Þ ¼ r2Eþ 0, t� Textð Þ

þ
~tt2t2
~rr2

X1
n¼2

~rr2r3 exp ði!TextÞð Þ
n�1Eþ 0, t� nTextð Þ: ðB1Þ

Subtracting (B 1) times ~rr2r3 exp ði!TextÞ from (23) gives (22).
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Appendix C: Region of validity

In this appendix, we determine the region of parameter space where we expect the

equations describing the dynamics of the external cavity laser (41) and (42) to be

valid. We base our validity determination on the characteristics of the locus curves of

the steady state solutions (40) for values of jr2j
2 and jr3j

2 between zero and one. For

closed locus curve solutions, occurring when jr2j
2 > jr3j

2, we expect our formalism to

be valid only when successive locus curve ‘islands’, such as those plotted in figure 4,

do not overlap with each other in frequency !̂!. This then ensures that the t0 time

dependence, characterized by (13) with �p ¼ 1, does not overlap with the t1 time

dependence of the Fourier components of the field. The overlapping occurs when the

distance given by the projection of a single island onto the normalized frequency axis

exceeds a value of 2�. We find this distance by determining at what frequencies the

derivative d ���=d!̂! is infinite. For open locus curve solutions, occurring when

jr2j
2 < jr3j

2, we choose �p ¼ 1þ �, and the field is decomposed into extended cavity

modes. This is expected to be valid only when the locus curves are not multivalued,

that is, when d ���=d!̂! is finite for all !̂!.
We find d ���=d!̂! by implicitly differentiating the locus curve (40) with respect to !̂!.

It is infinite only when jr2j, jr3j and �c satisfy

0 

r3j j2 1� r2j j2

� 	2
r2j j2 1� r3j j2

� 	2 
 1þ �2
c : ðC1Þ

This condition is always satisfied for the closed locus curve solutions (which are

inherently multivalued) and satisfied for open curves only for parameters such that

r2j j4 r3j j2� 1þ r3j j4þ�2
c 1� r3j j2
� 	2� �

r2j j2þ r3j j2
 0: ðC2Þ

The region where the description (41) and (42) is not valid for jr2j
2 < jr3j

2 is

indicated by the lower shaded area of figure 5, which is bounded from above by

jr2j
2 ¼ jr3j

2 (dotted line) and bounded from below by the line given by equality in

(C 2) (lower solid line).

We now seek the region for which (41) and (42) are valid for closed locus curves

(jr2j
2 > jr3j

2). This occurs when the frequency range of the closed locus curves—i.e.

the distance between the frequency locations at which d ���=d!̂! is infinite—is less than

2�, so that successive islands do not overlap. We find the boundary between the valid

and invalid region to be

r2j j4�
1þ �2

c

� 	
1þ r3j j4
� 	

� 2�2
c 1� cð Þ r3j j2

1þ c�2
c

� 	
r3j j2

r2j j2þ1 ¼ 0, ðC3Þ

where we have defined

c ¼
exp ð2�=�cÞ þ 1

exp ð2�=�cÞ � 1

� �2

:
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The upper shaded region of figure 5, bounded from below by r2j j2¼ r3j j2 (dotted line)
and from above by (C 3) (upper solid line), then indicates the region of invalidity
of (41) and (42) for jr2j

2 > jr3j
2.
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