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We develop a strategy to reduce large reflection losses from quantum-well Bragg structures through an anti-
reflection coating technique. It is based on generalized refractive indices, which we call “effective coupling in-
dices” (ECIs), that can be introduced to describe the coupling of light into quantum-well Bragg structures. For
the example of a spectrally narrow band, which is relevant for slow-light applications, we clarify the depen-
dence of the ECIs on the spectral bandwidth and discuss the relation between the ECIs and the group-velocity
index. Numerical simulations of reflection spectra demonstrate the effectiveness of the ECI concept. © 2007
Optical Society of America

OCIS codes: 190.5970, 320.7130.
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. INTRODUCTION
eriodic optical structures and photonic crystals have
een widely studied in the context of new and future gen-
rations of photonic devices. A possible classification of
hese structures distinguishes (conventional) nonreso-
ant photonic crystals [1], in which light experiences a pe-
iodic modulation of the refractive index, from resonant
hotonic crystals. In the latter, light interacts strongly
ith periodically placed optical resonances, since the fun-
amental Bragg frequency �B, or a multiple integer of �B,
s chosen to be close to the optical resonance frequency.
ne important example in this class is the quantum-well
ragg structure, in which the optical resonance is the

owest exciton resonance, at frequency �x, associated with
he 1s heavy-hole exciton [2–6].

Due to their unique physical properties, quantum-well
ragg structures may play an increasingly important role

n future device applications. One area where these sys-
ems are potentially useful is the slowing and storing of
ight. A main motivation for developing systems that al-
ow for controlled slowdown and/or storing of light pulses
s the need for optical delay lines and optical buffers in
ptical communication systems. We have recently ex-
lored conceptual strategies for slowing and trapping
ight in quantum-well Bragg structures [7,8]. Similar to
ther examples of one-dimensional resonant photonic-
andgap structures (see, e.g., [9,10]), quantum-well Bragg
tructures exhibit a spectrally very narrow polariton
and, situated between the Bragg frequency and the op-
ical resonance frequency. In [7,8], we call this polariton
and the “intermediate band (IB).” The IB’s spectral
idth, and hence the group velocity of light in this band,

an be externally manipulated and reduced to zero. This
pens the possibility of deliberately stopping and releas-
ng a light pulse propagating in this band.

While the mechanism for controlling light speed inside
0740-3224/07/082013-10/$15.00 © 2
he Bragg structure has been understood, for practical
mplementation the efficiency of light coupling from the
utside (a uniform dielectric medium) into the Bragg
tructure must also be considered. We found in [7] that in-
ident light spectrally within the IB suffers large reflec-
ion losses at the surface of the quantum-well Bragg
tructure. Minimizing these reflection losses is thus an
mportant part of the overall light trapping scheme. This
aper discusses in detail an antireflection (AR) strategy
e have devised for this purpose.
Reducing surface reflection losses is also important for

ther periodic photonic structures. For example, this is-
ue has recently attracted increasing attention in works
n nonresonant two-dimensional photonic crystals
11–13], where the focus appears to be on minimizing out-
f-plane reflection (Bragg diffraction). Momeni and Adibi
13] studied the antireflection effect of inserting a transi-
ional lattice layer with optical properties (specifically the
ize of air holes) gradually interpolating between those of
he photonic crystal and the outside uniform medium.
itzens et al. [12] studied the use of an interface of mode-
atching multilayered grating, consisting of air holes, de-

igned to reduce reflection by destructive interference.
oth schemes were shown to be efficient.
The two broad classes of AR strategies, apodization and

estructive interference, can also be considered for reso-
ant photonic bandgap structures. In the specific case of a
uantum-well Bragg structure, a gradual transition
ould make the system significantly longer. Since current

rystal growth techniques still pose a serious limitation to
he size of quantum-well Bragg structures (typical sizes
re limited to roughly �200 quantum wells), apodization
oes not seem to be an ideal candidate for the minimiza-
ion of reflection losses. We have therefore taken an ap-
roach based on destructive interference of reflected
aves. The main aim is thus to design AR coatings made
007 Optical Society of America
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p of a small number of dielectric layers that can easily be
rown on top of the quantum-well Bragg structure. Fur-
hermore, it is important that the coating can be opti-
ized for certain frequency regions (such as the narrow

and that supports the slow light), even if the correspond-
ng Bloch waves in the systems cannot be modeled by just
few plane-wave components (cf. [12]). To meet these cri-

eria, we have developed an AR-coating strategy that is
ased on the following central question: can the coupling
etween the normal modes of the two media—plane
aves in air and Bloch waves in the quantum-well Bragg

tructure—be treated as if the Bragg structure were a
niform medium with an effective (real) index of refrac-
ion, and, if so, what are the conditions and what is the
alue of this index of refraction? Once the condition for
uch a real index—we will call it an “effective coupling in-
ex” or ECI [14]—is found, one can apply the conventional
R-coating design of using � /4 layers, well known from

nterfaces between two spatially homogeneous systems
15–17]. It is the purpose of this paper to give a detailed
nalysis of such ECIs, their mathematical properties, and
heir application to optimizing light entry into the IB.

In [7,8], we have already briefly introduced the concept
f the AR coating of quantum-well Bragg structures, and
e have shown its significant advantages for the purpose
f slow-light propagation in the IB. But we did not
resent a comprehensive analysis of the ECI that would
llow for a detailed understanding of the concept, and
hat would make it accessible for more general use in fu-
ure generations of quantum-well Bragg structures or
quivalent one-dimensional resonant photonic crystals.
educing surface reflections is generally not a severe
roblem for one-dimensional nonresonant photonic crys-
als, but where it is needed, our strategy can also be ap-
lied.
This paper is organized as follows. In Section 2, we for-
ulate the problem of designing an AR coating of

uantum-well Bragg structures by introducing the con-
ept of an ECI, which enables us to generalize conven-
ional AR-coating techniques of interfaces between two
patially homogeneous media. In Section 3, we establish
he quantitative definition of one ECI. In Section 4, we
resent a more detailed study of the characteristics of this
CI within the IB, such as the dependence of the ECI on

he bandwidth of the IB; introduce a second ECI; and in-
estigate the relation between the ECIs and the “group-
elocity index” (GVI).

. ANTIREFLECTION COATING FOR
UANTUM-WELL BRAGG STRUCTURES:
ENERAL CONCEPT
schematic of a quantum-well Bragg structure, which is
periodic array (taken to be in the z direction) of thin

dentical semiconductor quantum wells, with interwell
pacing a, in a uniform dielectric background with refrac-
ive index nb, is shown in Fig. 1. In this system, the opti-
al resonance is due to the lowest exciton resonance of the
uantum wells, which is the 1s heavy-hole exciton reso-
ance at frequency �x. The Bragg resonance frequency �B

s given by �B=�c / �nba�, where c is the speed of light in
acuum. The eigenfunctions of the infinitely long system
an be written as Bloch waves that are labeled by a wave
ector K and a band index �,

E�z,�� = u�,K�z�eiKz. �1�

ere �=��� ,K� is given by the photonic band structure of
he system. Detailed expressions for the Bloch waves in
ur system are given by Yang et al. [7] and briefly re-
iewed in Appendix A.

A central problem for the design of an AR coating at the
nterface of a uniform (i.e., spatially homogeneous) me-
ium and the Bragg structure is the fact that optical
ropagation is not fully described by simple plane waves.
n a uniform (and nonabsorbing) medium characterized
y the refractive index n, the eigenfunctions are plane
aves, E�z ,��=eiKz, and the dispersion relation is simply
�K�n=cK. This allows for the transfer matrix describing

he interface between two uniform media to have simple
atrix elements that are real and independent of space

nd wave vector. Before reviewing that transfer matrix,
e want to outline the basic strategy for the case of a
niform-to-Bragg interface. In this case, one can try to
eneralize the dispersion relation with the help of an ef-
ective refractive index:

���,K�neff = c�, �2�

ith

� = �1/i�
d

dz
ln E�z,t�. �3�

his relation reduces trivially to the dispersion relation of
uniform medium with �=k and neff=n if the waves are

lane waves. But in the general case of Bloch waves, we
ee that � is actually a nontrivial function, �=��� ,K ;z�.
his in turn means that neff=neff�� ,K ;z�. Depending on
he z chosen, we find that neff can be real or complex. So
ne might ask whether or not such a quantity makes any
hysical sense. Yet, as we will find later in this paper, if z
an be chosen so that neff is real, we can in fact generalize
R-coating techniques, well-known from uniform-to-
niform interfaces, to uniform-to-Bragg ones.
It will be useful to briefly review these uniform-to-

niform interfaces first. In Fig. 2(a), such an interface is
chematically shown. The standard way to derive the

ig. 1. Schematic of the quantum-well Bragg structure. The
ertical solid lines represent infinitely thin identical quantum
ells located at positions zm and spaced by the distance a; the
ackground refractive index is nb. The unit cell is defined to ex-
end from zm−� to zm+1−�. E+ and E− are the “forward” and
backward” traveling field components in the uniform medium
etween adjacent quantum wells, respectively.
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ransfer matrix for a boundary between two uniform me-
ia, with refractive indices nL on the left and nR on the
ight, is to decompose the electric field into forward �E+

einL/R��/c�z� and backward �E−�e−inL/R��/c�z� traveling com-
onents [cf., Eq. (A1)]. Using the fact that the wave and
ts derivative are continuous at the boundary [i.e., using
oundary conditions similar to those in Eq. (A2), except
ith zm replaced by the location of the dielectric boundary

b, and with pm=0], one finds

�E+�zb − �,��

E−�zb − �,��� = �
nR + nL

2nL

nR − nL

2nL

nR − nL

2nL

nR + nL

2nL

��E+�zb + �,��

E−�zb + �,���,

� → 0+. �4�

he reflection and transmission (from left to right) can be
btained by setting E−�zb+� ,��=0 in Eq. (4) and solving
or r=−E−�zb−� ,�� /E+�zb−� ,�� and t=E+�zb+� ,�� /E+�zb
� ,��:

r =
nL − nR

nL + nR
, t =

2nL

nL + nR
. �5�

quation (5) says that the reflection is determined by the
ismatch of nL and nR (i.e., a larger mismatch means a

arger reflection). It is well known that at any given fre-
uency �, the reflection from this boundary can be re-
uced to zero by adding one or more dielectric coating lay-
rs of optical thickness of � /4 between the two media.
sually the reflection is also low in a spectral neighbor-
ood of �. The general requirement for the dielectric coat-

ng layers is as follows: with N coating layers between two
niform media with refractive indices n0 and nf, with the
patial sequence being n0→n1→n2→¯→nN−1→nN→nf,
he refractive indices need to satisfy

n0 	 �
j=1

N

�ni
2��− 1�j

	 �nf��− 1�N+1
= 1. �6�

quation (6) can be proved by simply multiplying the
ransfer matrices in Eq. (4) for all the boundaries between

ig. 2. (a) Boundary at zb between two uniform media with re-
ractive indices nL on the left and nR on the right. (b) A boundary
t z�=z1−� between a uniform medium with refractive index nun
nd a quantum-well Bragg structure as illustrated in Fig. 1; z1 is
he position of the first quantum well of the Bragg structure.
0 and nf, together with the propagation matrices
iag�i ,−i� between two adjacent boundaries (in the cor-
ect order).

The basic idea for applying the concept of an AR coating
o the boundary between a uniform medium with refrac-
ive index n0 and a quantum-well Bragg structure is to
reat the latter structure as a uniform medium with an
ffective coupling index neff. The electric field in the Bragg
tructure is decomposed into its Bloch eigenfunctions
E±�u�,±Ke±iKz�, and on the uniform medium side the de-
omposition is carried out in the usual way, i.e., E±

e±in0��/c�z. As we will see in the later sections, if we can
hoose z such that neff is real, then the transfer matrix for
his uniform-to-Bragg boundary takes the same form as
hat in Eq. (4), only with nR replaced by neff. Then we can
dentify this neff as the “effective coupling index” for the
uantum-well Bragg structure and apply it to the AR-
oating scheme by simply replacing nf by neff in Eq. (6) to
et the proper refractive indices of the coating layers.

. EFFECTIVE COUPLING INDEX OF
UANTUM-WELL BRAGG STRUCTURES

n this section, we will establish a rigorous mathematical
ormula for the ECI in photonic bands for the quantum-
ell Bragg structure and discuss some of its general prop-
rties. A more specific study of the ECI in the IB (i.e., the
pectrally narrow band that can be used for slow-light ap-
lications) is left to the next section.
Consider a boundary at z�=z1−� between a periodic

uantum-well Bragg structure on the right and a uniform
edium of refractive index nun on the left [Fig. 2(b)]. Here

1 is the position of the first quantum well and 0
�
a.
t a given frequency � within one of the photonic bands �,

he electric field on the left (uniform medium) is decom-
osed in the usual way as

Eun�z� = Eun
+ �z� − Eun

− �z� = Auneinun��/c�z − Bune−inun��/c�z

for z � z�, �7�

here the subscript “un” stands for “uniform medium.”
n the right (Bragg structure), the field is decomposed

nto the two Bloch eigenfunctions of the Bragg structure
t frequency �:

Eps�z� = Eps
+ �z� − Eps

− �z� = Apsu�,K�z�eiKz

− Bpsu�,−K�z�e−iKz for z � z�, �8�

here the subscript ps means “periodic structure.” In Eq.
8), we assume that the K component u�,K�z�eiKz corre-
ponds to a net energy flow in the forward direction, i.e.,
E0

+�� ,K ;�� /E0
−�� ,K ;��	�1, and the −K component in the

ackward direction, i.e., 	E0
+�� ,−K ;�� /E0

−�� ,−K ;��	�1,
here E0

+/−�� ,K ;�� is the forward–backward component of
he eigenvector of the unit cell transfer matrix M̄�� ;��,
orresponding to the eigenvalue eiKa. For the rigorous
efinitions of these quantities, see Eqs. (A6)–(A10) of Ap-
endix A.
In what follows, we will derive the transfer matrix re-

ating 
Eun
+ �z�−�� ,Eun

− �z�−���T to 
Eps
+ �z�+�� ,Eps

− �z�+���T

nd cast it into a form analogous to that in Eq. (4). In this
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ay, we can quantitatively define and analyze the ECI of
he quantum-well Bragg structure for some particular �.

By substituting Eqs. (7) and (8) into the boundary con-
itions in Eq. (A2), with zm replaced by z�=z1−�, and with
m=0, after some straightforward algebra, we obtain

�Eun
+ �z� − ��

Eun
− �z� − ��� = �

nps
�1���,K;�� + nun

2nun

nps
�2���,K;�� − nun

2nun

nps
�1���,K;�� − nun

2nun

nps
�2���,K;�� + nun

2nun

�
	�Eps

+ �z� + ��

Eps
− �z� + ��� , �9�

ith

nps
�1���,K;�� �

iKu�,K�z� + �� + u�,K� �z� + ��

i
�

c
u�,K�z� + ��

, �10�

nps
�2���,K;�� �

iKu�,−K�z� + �� − u�,−K� �z� + ��

i
�

c
u�,−K�z� + ��

, �11�

here u�=�u /�z. Furthermore, substituting Eq. (A15)
nto Eq. (11) gives

nps
�2���,K� = nps

�1�*��,K�, �12�

o Eq. (9) can be rewritten as

�Eun
+ �z� − ��

Eun
− �z� − ��� = �

nps
�1���,K;�� + nun

2nun

nps
�1�*��,K;�� − nun

2nun

nps
�1���,K;�� − nun

2nun

nps
�1�*��,K;�� + nun

2nun

�
	�Eps

+ �z� + ��

Eps
− �z� + ��� . �13�

The transfer matrix in Eq. (13) does not yet have the
ame form as that for the dielectric boundary between
wo uniform media in Eq. (4), since it is not clear whether

ps
�1��� ,K ;�� is real or not. However, for �=a /2 we will show
elow that nps

�1��� ,K ;a /2� is real for all frequencies in the
hotonic band �, and the transfer matrix in Eq. (13) has
xactly the same form as that in Eq. (4). Thus, the ECI
an be defined as neff���=nps

�1��� ,K ;a /2�. By simply replac-
ng nf in Eq. (6) with neff���, this ECI can be used to de-
ign AR coatings for uniform-to-Bragg boundaries, which
educes the reflection at the boundary to zero at �
��� ,K�. For any other �, 0
�
a, an ECI can be so de-
ned [i.e., nps

�1��� ,K ;�� is real] only at some particular fre-
uencies.
To see how �=a /2 leads to a real neff���=nps

�1��� ,K ;a /2�
n the photonic bands, we first express nps

�1��� ,K ;�� [Eq.
10)] in terms of E0

±�� ,K ;�� instead of u�,K�z�+�� and its
erivative by use of Eq. (A11):
nps
�1���,K;�� = nb

E0
+��,K;��

E0
−��,K;��

+ 1

E0
+��,K;��

E0
−��,K;��

− 1

. �14�

t is obvious from Eq. (14) that nps
�1��� ,K ;�� is real if and

nly if E0
+�� ,K ;�� /E0

−�� ,K ;�� is real; on the other hand,
rom Eq. (A13) we see that E0

+�� ,K ;�� /E0
−�� ,K ;�� is real at

=a /2 for all frequencies within the photonic bands; thus

ps
�1��� ,K ;�� is real and can be defined as the ECI of the
uantum-well Bragg structure,

neff��� = nps
�1���,K;

a

2� = nb

E0
+��,K;

a

2�
E0

−��,K;
a

2�
+ 1

E0
+��,K;

a

2�
E0

−��,K;
a

2�
− 1

. �15�

To get a better idea how neff varies with frequency, we
resent some numerical results here. We consider a
uantum-well Bragg structure with the following param-
ters:


�x = 1.4966 eV, 
�B = 1.4970 eV, nb = 3.61,

� = 1.8 	 10−5, �16�

here �, defined in Eq. (A5), describes the strength of the
oupling between the light field and the excitonic polar-
zation. Also, as mentioned in Appendix A, the polariza-
ion nonradiative decay rate � in Eq. (A3) is set to zero
hroughout this paper. The band structure of an infinite
ystem near the Bragg resonance frequency �B, calcu-
ated from Eq. (A9), is shown in Fig. 3, which includes
hree (upper, lower, and intermediate) bands and two
andgaps associated with the exciton resonance and the
ragg resonance. As mentioned above, the IB, approxi-
ately extending from �x to �B, is of particular interest in

ur previous schemes of the deliberate control and ma-
ipulation of light propagation [7,8].
In Fig. 4, we show neff as a function of frequency in the

pper, lower, and intermediate bands; with parameters
iven in Eq. (16). The ECI in the upper and lower bands is
arger than the background refractive index nb and in-
reases dramatically as the frequency approaches the
and edges, while in the IB the ECI is smaller than
b—actually much smaller than 1 in the current case—
nd decreases to 0 as the frequency approaches the band
dges.

To relate the ECI shown in Fig. 4 to the physical prop-
rties of the system, we plot in Fig. 5 the reflection spec-
rum of a finite quantum-well Bragg structure with 1000
uantum wells and one cap layer of the background me-
ium, with thickness �=a /2, on each end of the structure.
he uniform medium before the front surface is the air

n=1� and that after the back surface is a substrate of the
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ame material as the background medium �nb�; the other
arameters are given in Eq. (16).
As expected, the reflectivity is unity within the band-

aps. In the intermediate band, the reflectivity is close to
nity, except for sharp Fabry–Perot-like features, which
ignal high reflectivity on both boundaries. In the slow-
ight applications discussed in [7,8], it is crucial to couple

light pulse spectrally located inside the IB from the air
nto the quantum-well Bragg structure, and back out (ei-
her transmitted or reflected) again. Thus it is necessary
o reduce the reflection at both ends of the Bragg struc-
ure. To do this, we generalize the AR-coating scheme to
he quantum-well Bragg structure simply by replacing nf
n Eq. (6) with the ECI at the given frequency (e.g., in the

iddle of the IB), where we want to make the reflection
anish. From Fig. 4, we estimate that in the middle of the
B, neff /nb
0.04. For this ECI, as an example we may
hoose an AR-coating layer sequence as “air→n=1.17

n=3.61→n=1.17→Brag structure” on the air
ide and “Bragg structure→n=1.61→n=3.61→n=1.61

substrate” on the substrate side. [Note that Eq. (6) al-
ows for various solutions regarding both the number of
R-coating layers and the values for the corresponding
efractive indices.] The reflection spectrum of the
uantum-well Bragg structure with these AR coatings is
llustrated in Fig. 6; it clearly shows that the AR coatings
ramatically reduce the reflection in the middle of the IB
nd its spectral neighborhood.

. EFFECTIVE COUPLING INDEX IN THE
NTERMEDIATE BAND
ue to the unique role played by the IB in slow-light ap-
lications, it is worth studying the characteristics of the
CI within the IB in more detail. In this section, we de-

ig. 5. (a) Reflection spectrum of the quantum-well Bragg struc-
ure without AR coating. (b) The same as (a) but restricted to the
pectral region of the IB.
ig. 4. ECI, neff, of the quantum-well Bragg structure as a func-
ion of 
� in the (a) upper and (b) lower polariton band. The inset
n (a) shows n in the IB.
ig. 3. Photonic band structure of the quantum-well Bragg
tructure specified in Eq. (16) near the Bragg resonance 
�B and
xciton resonance 
�x. (a) Large frequency scale, showing the up-
er and lower polariton band as well as the IB. (b) Extended view
f the IB on a smaller frequency scale.
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ive some simple but accurately approximate expressions
or the ECI as a function of frequency within the IB.
ualitative features of the ECI, such as its relation to the

B bandwidth and the GVI, can be easily obtained with
he aid of these approximate expressions.

ig. 6. Same as Fig. 5(a) [and the inset is the same as Fig. 5(b)],
ut for the case with AR coatings.
he sign later.

�

w

In Eqs. (10) and (15), the ECI is defined in terms of the
loch wave functions or the eigenvectors of the unit-cell

ransfer matrix, which in turn are complicated functions
f �, making it difficult to extract quantitative informa-
ion on ECI from these formulas. It is thus helpful to de-
ive a simpler formula for the ECI as an explicit function
f �.

For convenience, we first lay out some definitions and
pproximations for the IB situated between �x and �B,
hich will be used throughout the derivations:

��x � � − �x, ��B � � − �B, ��xB � �x − �B,

� = − i�
�

� − �x
� − i�

�B

��x
� i Im �, �17�

� ��x

�B
�,� ��B

�B
� � 1,

1

�� ��B

�B
� � 	�	 � �� ��B

�B
� . �18�

he approximations identified by Eq. (18) are usually well
atisfied for the Bragg structures in which we are inter-
sted.

Taking �=a /2 in Eq. (A10), together with Eq. (A9), we
ave
E0
+��,K;

1

2
a�

E0
−��,K;

1

2
a� =

Im
ei���/�B��1 + i Im ��� ± �1 − �Re
ei���/�B��1 + i Im ����2

Im �
, �19�
here we have used �B=�c / �nba�. We have mentioned
bove that in the definition of neff���=nps

�1��� ,K ;a /2�, K is
ssumed to be the value that makes

E0
+�� ,K ;a /2� /E0

−�� ,K ;a /2�	�1. However, at this moment
t is not clear which sign before the squared root in the
umerator on the right-hand side of Eq. (19) corresponds
o the right K, so we keep the � for now and will decide on
To simplify Eq. (19), we expand ei���/�B� to first order in
�B /�B:

ei���/�B� � − 1 − i�
��B

�B
, �20�
hich leads to
E0
+��,K;

1

2
a�

E0
−��,K;

1

2
a� �

��
�B

��x
− �

��B

�B
� ±�− 2��

��B

��x
− �− ��

��B

��x
�2

− �
�B

��x

,

�− 1 −��2�

�

��B

�B

��x

�B
� , �21�
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here we have chosen the appropriate sign before the
quared root such that 	E0

+�� ,K ;a /2� /E0
−�� ,K ;a /2�	�1,

nd taken into account the fact that any � within the IB
s between �x and �B. The ECI in Eq. (15) is now simpli-
ed to

neff��� � nb

��2�

�

��B

�B

��x

�B
�

2 +��2�

�

��B

�B

��x

�B
� �

1

2
nb�2�

�
� ��B

��x
�

	� ��x

��xB
����xB

�B
� . �22�

e specify the frequency dependence of neff by writing it
n terms of the ratios 	��B /��x	, 	��x /��xB	, and 	��xB /�B	
or a particular reason: under the approximations listed
n Eq. (18), the IB is located close to �B and has a band-
idth approximately given by 	��xB	. Thus when compar-

ng the ECIs in IBs with different bandwidths, it is natu-
al to compare them at frequencies with the same
��x /��xB	, i.e., at the same spectral position as scaled by
he IB bandwidth. If we define �= 	��x /��xB	, then
��B /��xB	=1−� and 	��B /��x	= �1−�� /�, and � ranges
rom nearly 0 to 1 as the frequency varies within the IB.
quation (22) then shows that the ECI within the IB is
roportional to the bandwidth of the IB. In the middle of
he IB, �=1/2 and

neff �
1

2
nb� �

2�
���xB

�B
� . �23�

n Fig. 7, we compare the two formulas for neff, rigorously
iven by Eq. (15) and approximately given by Eq. (22) in
he IB, respectively. They are in excellent agreement.

We have mentioned that for �=a /2, the concept of the
CI, defined as nps

�1� in Eqs. (10) or (15) when it is real, is
alid for all frequencies in the photonic bands. For �
a /2+�a, −a /2
�a
a /2,

ig. 7. ECI for �=a /2 given by the rigorous formula, Eq. (15), as
unctions of � within the IB, shown as solid curve. The dots cor-
espond to the approximate formula, Eq. (22).
E0
+��,K;

a

2
+ �a�

E0
−��,K;

a

2
+ �a� = e−2inb��/c��a

E0
+��,K;

a

2�
E0

−��,K;
a

2�
�24�

s real if and only if e−2inb��/c��a= ±1. For IBs with the ap-
roximations in Eq. (18), when �a=a /2 or −a /2 (i.e., �
a or 0), e−2inb��/c��a�−1, thus (using �=a without loss of
enerality here and in the rest of this section, because �
0 yields the same results) E0

+�� ,K ;a� /E0
−�� ,K ;a�

−E0
+�� ,K ;a /2� /E0

−�� ,K ;a /2� is real to a good approxima-
ion. A real ECI can approximately also be defined, within
he IB for �=a, by n̄eff����nps�� ,K ;a�, which can be
hown to satisfy

n̄eff���

nb
=

nb

neff���
, �25�

.e., n̄eff��� is inversely proportional to neff���. Substitut-
ng Eq. (22) into Eq. (25) gives

n̄eff��� � 2nb� �

2�
� ��x

��B
����xB

��x
�� �B

��xB
� , �26�

howing that n̄eff��� is inversely proportional to the band-
idth of the IB. In Fig. 8, we plot n̄eff as a function of �
ithin the IB, also comparing the formula rigorously
iven by Eqs. (25) and (15) with the simplified version in
q. (26), which again shows an excellent agreement, as
xpected.

Since the value of ECI is different for �=a /2 and �=a
when �
�B), the design of the AR coating for the bound-
ry between a uniform medium of refractive index n0 and
quantum-well Bragg structure is also different for �

a /2 and �=a, according to Eq. (6). In particular, a cap
ayer of a is equivalent to a cap layer of a /2 plus a � /4
ayer of the background index nb [since �nb� /c�	 �a /2�

� /2]. Thus the AR-coating layers for �=a /2 can be re-
ated to those for �=a in a simple way: Suppose that for
=a, an AR coating is given by a � /4 layer sequence of
uniform medium→n →n →¯→n →Bragg structure.”

ig. 8. ECI for �=a and group-velocity index as functions of �
ithin the IB. The lines are based on the rigorous formulas: Eqs.

25) and (15) for the ECI, and ng=c	dK /d�	 together with Eq.
A12) for the GVI. The dots are based on the approximate expres-
ions, Eq. (26) for the ECI and Eq. (29) for the GVI.
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hen a � /4 layer sequence of “uniform medium→n1
n2→¯→nN→nb→Bragg structure” is an appropriate

R coating for �=a /2. We note that, from a practical point
f view, the AR coating for any structure with a cap layer
ifferent from �=a (or �=a /2) can simply be designed by
rst adding one layer of index nb that extends the existing
ap layer to thickness a (or a /2), and then by using the
esign criteria given above for the respective cap layers of
hickness a (or a /2).

We recall that in [7] the group velocity vg in the IB is
ound to be proportional to the IB bandwidth, or equiva-
ently, the GVI ng=c /vg is inversely proportional to the
andwidth. It is thus instructive to see if there is any spe-
ific relation between the ECI and GVI [18].

Again we assume the approximations in Eq. (18). With
he Taylor expansion in Eq. (20), the eigenvalue in Eq.
A12) can be simplified as

eiKa � �− 1 − ��
��B

��x
� ± i�− 2��

��B

��x
− �− ��

��B

��x
�2

� − 1 ± i��2��
��B

��x
� . �27�

he derivative of Eq. (27),

iaeiKadK � ± i

�2��
��xB

��x
2 �� ��x

��B
�

2
d�, �28�

eads to the expressions for the group index,

ng =
c

vg
= c�dK

d�
� � nb

�2�����xB

��x
�2�� ��x

��B
�

2�
� �B

��xB
� ,

�29�

here we have used a=�c / �nb�B�. In the middle of the IB,
��x /��B	=1, 	��xB /��x	=2, one has

ng = nb�8�

�
� �B

��xB
� = n̄eff. �30�

hat is, the GVI corresponds to the ECI for �=a in the
iddle of the IB. In Fig. 8, we also plot the GVI as a func-

ion of �, comparing the result rigorously calculated from
g=c	dK /d�	 and Eq. (A12) with that from the approxi-
ate expression Eq. (29). The two results agree well with

ach other, and the GVI and ECI curves cross in the
iddle of the IB.
Since the reflectivity of uniform media are not related

o the GVI, even in cases where the GVI differs signifi-
antly from the refractive index, it may seem surprising
hat the reflectivity of the Bragg structure in the middle
f the IB is determined by the GVI [see Eq. (30)]. How-
ver, a simple and general condition, under which n̄eff
ng, can be obtained from Eq. (2). Taking the derivative
ith respect to K on both sides of the equation and using

he definition of the GVI, one obtains
�
�n̄eff

�K
= c� ��

�K
−

n̄eff

ng
� . �31�

e see that n̄eff=ng if ��n̄eff /�K=c��� /�K−1�. A sufficient
ondition for this is that n̄eff has an extremum (i.e.,
n̄eff /�K=0) and �� /�K=1. According to Figs. 7 and 8 this
s the situation encountered in the narrow IB. In other
ords, n̄eff=ng occurs at the extremum of n̄eff. However,
e stress that in general the equality of the ECI and the
VI does not necessarily occur at the extremum of the
CI, as additional numerical studies (not shown) have re-
ealed.

. SUMMARY
e have addressed the problem of high-reflection losses

rom one-dimensional photonic crystals, using quantum-
ell Bragg structures as a particular example. We have
stablished the concept of an effective coupling index
eff���, which is always real for a lossless structure. In
alculating the reflection from the boundary of a
uantum-well Bragg structure, neff��� plays the role for
he structure that the usual refractive index would play
or a uniform medium, if that boundary is placed half a
eriod from the first quantum well. We consider in detail
he special properties of neff��� within a spectrally narrow
and, called the intermediate band. At such frequencies
e can also introduce another effective coupling index,
eff���, which is also real for a lossless structure, and re-
laces neff��� in reflection calculations if the boundary is
ne period from the first quantum well. The two indices
eff��� and n̄eff��� are inversely proportional to each other,
nd n̄eff��� has a more direct relation to the group index.
ur general approach for identifying effective coupling in-
ices is not restricted to quantum-well Bragg structures,
ut can be applied to any one-dimensional photonic crys-
al. In the future, it would be interesting to determine to
hat extent this approach can be generalized in a useful
ay to two- and three-dimensional photonic crystals.

PPENDIX A: REVIEW OF BLOCH
UNCTIONS IN QUANTUM WELL BRAGG
TRUCTURES

n this Appendix, we review the theory of Bloch functions
nd photonic band structure of infinitely long quantum-
ell Bragg structures (Fig. 1). For light propagating along

he z direction, with either circular �+ or �− polarization,
he dynamics is governed by Maxwell’s propagation equa-
ion and the linear semiconductor Bloch equation for the
xcitonic interband polarization pm, where m refers to the
th quantum well located at zm. Detailed discussions can

e found, for example, in [7] (see also [5,19–22]). Here we
imply write down the solutions of these equations in the
requency domain. Since the thickness of the quantum
ells is much less than the spacing between the wells and

he wavelength of light, we idealize the quantum wells as
nfinitely thin. The electric field between two adjacent
uantum wells is
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E�z,�� = E+�z,�� − E−�z,�� = E+�zm + �,��einb��/c��z−zm�

− E−�zm + �,��e−inb��/c��z−zm�,

zm � z � zm+1, � → 0+, �A1�

ith the boundary conditions at each quantum well,

�

�z
E�zm + �,�� −

�

�z
E�zm − �,�� = −

4��2

c2 ��̃�0�pm���,

E�zm + �,�� − E�zm − �,�� = 0, � → 0+, �A2�

nd the excitonic interband polarization given by

pm��� = −
��̃*�0�




1

� − ��x − i��
. �A3�

ere, � is the magnitude of the dipole matrix element of
he valence to conduction band transition, � is the polar-
zation nonradiative decay rate, which throughout this
aper is set to zero (ideal quantum-well model), and
�0�=2�2/ ���a0� (a0 is the exciton Bohr radius) is the
onfiguration space exciton wave function at zero relative
patial coordinate.

By substituting Eqs. (A1) and (A3) into Eq. (A2), one
btains after some straightforward algebra:

�E+�zm + �,��

E−�zm + �,��� = �1 + � − �

� 1 − ���E+�zm − �,��

E−�zm − �,��� ,

�A4�
ith E

�,K

g
e
f
a
(
+

I

� = − i�
�

� − �x
, � =

2�

nb
c
�2	�̃�0�	2. �A5�

urther taking into account the propagation matrices [see
q. (A7) below] between adjacent quantum wells gives

he unit-cell transfer matrix M̄�� ;�� from zm−� to zm+1
�, explicitly dependent on � �0
�
a�:

�E+�zm+1 − �,��

E−�zm+1 − �,��� = M̄��;���E+�zm − �,��

E−�zm − �,��� , �A6�

ith

M̄��;�� = �einb��/c��a−�� 0

0 e−inb��/c��a−����1 + � − �

� 1 − ��
	�einb��/c�� 0

0 e−inb��/c��� ,

=�einb��/c�a�1 + ��, − �einb��/c��a−2��

�e−inb��/c��a−2��, e−inb��/c�a�1 − ��� . �A7�

The eigenvalues and corresponding eigenvectors of
¯ �� ;�� are defined through

M̄��;���E0
+��,K;��

E0
−��,K;��� = exp�iKa��E0

+��,K;��

E0
−��,K;��� , �A8�

here K is a complex number and � represents all quan-
um numbers other than K. The eigenvalues of M̄�� ;�� in

q. (A8) are given by
exp�iK±a� =

einb��/c�a�1 + �� + e−inb��/c�a�1 − ��� ± �
einb��/c�a�1 + �� + e−inb��/c�a�1 − ���2 − 4

2

= Re
einb��/c�a�1 + ��� ± ��Re
einb��/c�a�1 + ����2 − 1, �A9�
here K+=−K−, with the corresponding eigenvectors be-
ng

E0
+��,K±;��

E0
−��,K±;��

=
exp�iK±a� − e−inb��/c�a�1 − ��

�e−inb��/c��a−2��
. �A10�

ote that while the eigenvectors depend explicitly on �,
he eigenvalues are independent of that quantity. This is
xpected, since the eigenvalues give the dispersion rela-
ions of the bands, which must be independent of the cho-
en reference point � in the unit cell.

The Bloch wave function of the quantum-well Bragg
tructure, in close analog to one-dimensional systems in
ondensed matter physics, is constructed through the

0
+�� ,K ;�� and E0

−�� ,K ;�� as u�,K�z�eiKz, where u�,K�z+a�
u �z�, with
u�,K�z� = E0
+��,K;��ei�nb��/c�−K�
z−�zm−���

− E0
−��,K;��e−i�nb��/c�+K�
z−�zm−��� for z � �zm−1,zm�,

�A11�

For an infinite structure K must be real on physical
rounds, since any finite imaginary part of K would lead
iK±z to diverge at z→ +� or −�. Thus, when K is real, the
requency is within a photonic band; otherwise it is within

bandgap. It is easy to show that in Eq. (A9), K± is real
within photonic bands) if and only if �Re
einb��/c�a�1
����2−1
0. So for the photonic bands one has

exp�iK±a� = Re
einb��/c�a�1

+ ��� ± i�1 − �Re
einb��/c�a�1 + ����2.

�A12�

n this paper, except where explicitly indicated, all our
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iscussions are restricted to photonic bands. The eigen-
ectors in Eq. (A10) and the Bloch wave functions in Eq.
A11) play a crucial role in our definition and analysis of
he ECI of the quantum-well Bragg structure.

We finally note two properties of the Bloch function so-
utions that are useful in the analysis of the ECI, namely,

�E0
+��,K;� =

a

2�
E0

−��,K;� =
a

2��
*

=

E0
+��,K;� =

a

2�
E0

−��,K;� =
a

2�
, �A13�

�E0
+��,− K;��

E0
−��,− K;��� = − ��E0

−*��,K;��

E0
+*��,K;��� �A14�

u�,−K�z� = �u�,K
* �z�, �A15�

here � is a constant. Equations (A13) and (A14) can be
asily proved by substituting Eq. (A12) into Eq. (A10) and
omparing the eigenequation (A8) for ±K, respectively.
quation (A15) would be expected by analogy with corre-
ponding expressions in condensed matter physics that
ollow from time reversal symmetry, and an explicit proof
or our problem is obtained by combining Eqs. (A11) and
A14).
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