
2568 OPTICS LETTERS / Vol. 31, No. 17 / September 1, 2006
Minimizing finite-size effects in artificial resonance
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We consider finite-size effects in coupled cavity structures. Starting with microring resonator structures well
described by transfer matrices, we obtain conditions that lead to the minimization of finite-size effects. Our
approach does not require numerical optimization and requires only slight modification of design param-
eters guided by closed-form analytical expressions. Using a Breit–Wigner scattering formalism, we demon-
strate that the scheme can be used to minimize finite-size effects in a general class of coupled cavity struc-
tures. The strength of the present technique lies in its simplicity and its applicability to a wide variety of
structures described by tight-binding formalisms. © 2006 Optical Society of America
OCIS codes: 130.3120, 230.1150.
In recent years much attention has been paid to pho-
tonic coupled cavity (or resonant tunneling)
structures,1 in part because of their possible use in
slow light applications. These structures can be well
described by a tight-binding formalism, with each
cavity weakly coupled to its nearest neighbors and
with next-nearest neighbor interactions negligible.
While the properties of these structures have been
largely understood through dispersion relations,1

which implicitly assume an infinite, periodic system,
it is well known that in a realistic structure finite-
size effects lead to Fabry–Perot fringes in the trans-
mission spectrum.2,3 The various methods2–4 pro-
posed to correct for finite-size effects have generally
been based on numerical minimization schemes.
However, an efficient analytical scheme based on an
intuitive physical picture is still lacking.

In this paper we present a scheme that minimizes
finite-size effects at and around a reference fre-
quency, �ref. The basic idea is to slightly modify the
physical parameters of the resonators at either end of
the device such that the reflections cancel out the
Fabry–Perot resonances at �ref, in effect providing an
antireflection (AR) coating. Compared with previ-
ously proposed schemes, our scheme has the advan-
tage that it carries a clear physical interpretation
and does not require the use of numerical techniques.
Our analysis, which is based on the standard
transfer-matrix method (TMM) for optical
structures,5 results in closed-form analytical expres-
sions that determine the physical parameters of
these end resonators.

It is well known that the transmission properties of
1D and quasi-1D structures can be described by 2
�2 transfer matrices.5,6 For 1D lossless structures
possessing mirror symmetry in the x direction and
for quasi-1D structures possessing mirror symmetry
in both the x and the y directions5,6 (see Fig. 1) the
transfer matrix can be written as

M��� =
1

����� ei���� �1 − �2���ei�

�1 − �2���e−i� e−i���� � , �1�

where �= ±� /2. In general, t=M22
−1=�ei� and r

−1 � 2 i��+��
=M12�M22� = 1−� e represent the transmis-
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sion and reflection coefficients, respectively, and
����= �t���� represents the transmission amplitude.
For later convenience we define �̄=�−�� and �̄=�
−��, with �= �0,1� as (0����, �	�	2�) such that
0��̄��. With the new definition, the transfer ma-
trix can be written as M= �−1��M̄. Since M and M̄ are
unimodular, we can write the eigenvalues of M̄ as
e±i
̄��� (with 0�
̄��). It is straightforward to show
that

cos 
̄��� =
cos �̄���

����
. �2�

The eigenvectors f± of M̄ can be written as f+
T

= �1 R�� and f−
T= �R�

* 1�, where

R���� =
− i�1 − �2e−i�̄

� sin 
̄ + �1 − �2 cos2 
̄
. �3�

Fig. 1. (Color online) Top, schematic of a coupled micro-
ring resonator structure. The unit cell of the structure is
enclosed within the dashed rectangle. Bottom, plot of
�tN����2 for N=10 (solid curve), R���� (dotted curve). All
rings have effective index n=3.0, effective circumference

L=52.0 �m, and cross-coupling coefficient �=0.95.
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We choose to work with �̄ (and hence M̄) to avoid am-
biguities of signs when constructing R����. Note that
M and M̄ share the same set of eigenvectors f±. The
quantity R���� can be interpreted as the reflectivity
of the corresponding semi-infinite structure.7 Last, it
is apparent from Eq. (3) that for frequencies where

��� is real, R���� is completely real and can take on
the values �R����=0 or �.

We now consider the structure depicted in Fig. 1
(top), which consists of directly coupled microring
resonators.8,9 We identify a resonance frequency �0
satisfying �0nL /c=2�l (with l�I indexing the reso-
nance order), and let n and L denote the effective in-
dex and effective circumference of the resonators
forming the structure. In what follows we restrict
ourselves to frequencies in close vicinity of �0 and
further identify the resonance as an odd (even) reso-
nance if l is an odd (even) integer. Using the TMM,
the transmission through each unit cell of the struc-
ture can be written as M���=P����P��� ·P����P���,
where P represents the phase accumulation on
propagation through a quarter of the ring and � is
the coupling matrix describing the coupling of elec-
tric fields between adjacent rings. This explicit form
for M��� corresponds to the approximation that the
coupling of electric fields occurs only at the point of
smallest separation between two adjacent rings. The
matrices P��� and � can be written explicitly as

P��� = �ei�nL/4c 0

0 e−i�nL/4c�, � = �i
�−1�− 1 �

− � 1� .

�4�

The self- and cross-coupling coefficients � and 
 in �
are real, frequency-independent quantities satisfying
�2+
2=1,8 as required by conservation of energy. In
light of Eqs. (4), we define T=M1/2=P����P��� and
obtain an explicit expression for R���� by relating
eigenvectors of T to eigenvectors of M̄. This results in

R���� = �− 1�l��
 sin � + �1 − 
2 cos2 ��−1, �5�

with

���� = arccos��� − �0�/��, � 	 2
c/nL. �6�

The transmission of a finite structure consisting of N
cavities [and hence �N+1� /2 unit cells] can be calcu-
lated as �tN����2= �M22���YN−1���−YN−2����−2, where
YN���= �sin 
̄����sin��N+3�
̄��� /2�.5 A typical trans-
mission spectrum, for a finite structure consisting of
N=10 cavities, is shown in Fig. 1 (bottom). It is ap-
parent that the transmission spectrum exhibits
Fabry–Perot fringes, with high transmission at-
tained only at certain frequencies. To suppress these
fringes, we introduce an AR structure at the two
ends. The purpose of the AR structure is to cancel out
reflections induced by the finite structure at some
chosen frequency �ref. With M� denoting the transfer
matrix of the AR structures at both ends, complete
cancellation of reflection at �ref can be achieved if

R���ref� is related to the matrix elements of M� by
R���ref�=rAR
* ��ref�=M21� �M11� �−1, where rAR denotes

the reflection induced by the AR element. We arrived
at this condition by considering the transmission
across the AR structure; note that in a reversible
structure the AR element that minimizes reflection
at the first interface �x=0� is identical to the AR ele-
ment that minimizes reflection at the second inter-
face �x=L�, owing to the time-reversal properties of
Maxwell’s equations. We design the AR structure
such that it resembles the unit cell depicted in Fig. 1
(top), albeit with a different circumference and
nearest-neighbor coupling strength. For the micro-
ring structures we consider two different AR imple-
mentations. We first consider the case in which the
transfer matrix for the AR structure can be written
as M����=P����P��� ·P������P����. Here

P���� = �ei����� 0

0 e−i������, �� = �i
��−1� − 1 ��

− �� 1 � ,

�7�

represent the new phase accumulation and unimodu-
lar coupling coefficients at the first and last unit
cells, as required to form an AR structure. Analogous
to Eqs. (4), we have ��=�nL� /4c, where �L+L�� /2
represents the circumference of the AR ring. Using
the explicit expressions for P���� and ��, and noting
that f+ also serves as eigenvector of T=P����P���,
one can show R�=M21� �M11� �−1 is satisfied when
�� exp�−2i����ref��=R���ref�, leading to

2����ref� = 
� odd l

0 even l� ,

�� = �R�� = ��2 + 1 − �, �8�

with

���ref� = �−1�1 − �2 sin ���ref�. �9�

Alternatively, the AR structure can be designed such
that it differs from a normal unit cell only by its
nearest-neighbor coupling (in other words, the cir-
cumference of the AR structure is the same as a nor-
mal unit cell). In this case the transfer matrix can be
written as M����=P�����P��� ·P�����P���, with

�� = �i
��−1� − 1 ��

− �� 1 � .

Cancellation of reflection at �ref can be achieved with

�� = ��1 + 
2�−1/2, �� = �4�2 + 1 − 2�, �10�

keeping � as defined in Eq. (9). One can verify that
the two AR structures [designed according to Eqs. (8)
or (10)] lead to essentially the same transmission
spectrum within the approximation ��1. The effec-
tiveness of the AR structure is demonstrated in Fig.
2. We show the transmission spectrum of the finite
structure with and without the AR structure at both
ends, using �ref=�0. It is apparent that although the

AR coating is designed to achieve perfect transmis-
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sion only at �ref, in practice the transmission is im-
proved over an appreciable range of frequencies. This
is attributed to the fact that in the weak coupling re-
gime (which is typically the regime of interest) the
passband is narrow in frequency. In the more general
case a thorough numerical optimization of the cou-
pling coefficients2 can be used.

Using results derived from TMM, we now general-
ize the result to general coupled cavity structures

Fig. 2. (Color online) Transmission and group delay for fi-
nite structures with (a), (b) 5 and (c), (d) 25 cavities, using
parameters listed in Fig. 1. (a), (c) Comparison of transmis-
sion for structures with (dashed) or without (solid) AR
modification. (b), (d) Comparison of delay for a structure
with AR (dashed) and corresponding delay within an infi-
nite structure (solid).

Fig. 3. (Color online) (top) Schematic of the finite coupled
cavity structure discussed in the text. We used �0=4.2
�10−3, with AR elements constructed by using Eqs. (11).
(a), (c) Comparison of transmission for structures with (dot-
ted) or without (solid) AR modification. (b), (d) Comparison
of delay for a structure with AR (dashed) and correspond-
ing delay within an infinite structure (solid). In (a) and (b)
�=� /2 such that �ref=�0; in (c) and (d) �=� /4 such that
�ref=�0±�2�.
well described by the generalized Breit–Wigner for-
malism (e.g., photonic crystal coupled cavity struc-
tures). The schematic of a typical structure is de-
picted in Fig. 3. It consists of single-mode cavities
end coupled to two single-mode channels. Following
Sumetsky and Eggleton,2 the transmission coefficient
can be written as tN���=�U1,N, where Uij represents
matrix elements of U���	�−1���. The matrix ���� is
defined as2

���� = 

� − �0 +

i�

2
�12 0 . . . 0

�21 � − �0 �23 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . � − �0 +
i�

2
� ,

where � /2 represents the decay rate of the first (last)
cavity due to the cavity–channel coupling and �ij rep-
resents nearest-neighbor coupling strength. The pa-
rameters for the AR structure discussed above [Eqs.
(10)] correspond to a modification of the coupling co-
efficients and decay rates such that

�/2 = 2�0 sin ���ref�, �1,2 = �N,N−1 = �2�0, �11�

and all other coupling coefficients are denoted �0. We
demonstrate the effectiveness of our scheme in Fig. 3,
where the transmission amplitude and group delay of
a finite structure with ten cavities are shown. It is
apparent that, by extending the AR scheme pre-
sented for the microring cavity case, closed-form ana-
lytical expressions for the coupling coefficients and
decay rates are obtained.
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