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1. The problem

2. Factorization - 70’s & 80’s (partons)

3. Effective Field Theory - classic, modern 
and postmodern

4. Some applications
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The Probem:  How do we do physics at proton colliders at all?  
(i.e. Tevatron, LHC)
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i.e. top production at Fermilab:

Colliding protons Colliding quarks and gluons

... this is the physics we want to study
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... but protons aren’t so simple ...

“asymptotic freedom”:  
effective QCD CHARGE of 
quarks/gluons under is small at 
SHORT distances (large 
energies), large at LONG 
distances (low energies)

ΛQCD ~300 MeV sets the scale for 
nonperturbative effects

(Gross, Politzer, Wilczek - Nobel Prize, 2004)

“Quantum Chromodynamics” (QCD)

1 fm = 10-15 m ~ radius of proton
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CAIMS’09 - UWOJune 12, 2009 6

ΛQCD ∼ 300 MeV ∼

1

3
mproton

1

ΛQCD

∼ 1 fm ∼ rproton
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ΛQCD ∼ 300 MeV ∼

1

3
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1
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∼ 1 fm ∼ rproton

(1) sets the maximum size of a hadron
1 fm
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ΛQCD ∼ 300 MeV ∼

1

3
mproton

1

ΛQCD

∼ 1 fm ∼ rproton

(1) sets the maximum size of a hadron
1 fm

potential energy 
-> particle 
production
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ΛQCD ∼ 300 MeV ∼

1

3
mproton

1

ΛQCD

∼ 1 fm ∼ rproton

(2) mup ∼ 5 MeV

mdown ∼ 10 MeV
! ΛQCD

(1) sets the maximum size of a hadron
1 fm

potential energy 
-> particle 
production
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ΛQCD ∼ 300 MeV ∼

1

3
mproton

1

ΛQCD

∼ 1 fm ∼ rproton

(2) mup ∼ 5 MeV

mdown ∼ 10 MeV
! ΛQCD

∆p ∼
1

∆x
∼ ΛQCD " mu,dbut Heisenberg:

(1) sets the maximum size of a hadron
1 fm

potential energy 
-> particle 
production
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ΛQCD ∼ 300 MeV ∼

1

3
mproton

1

ΛQCD

∼ 1 fm ∼ rproton

(2) mup ∼ 5 MeV

mdown ∼ 10 MeV
! ΛQCD

∆p ∼
1

∆x
∼ ΛQCD " mu,dbut Heisenberg:

-> particle production!  Indeterminate number of quarks in proton

(1) sets the maximum size of a hadron
1 fm

potential energy 
-> particle 
production
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“brown muck” of QCD (N. 
Isgur) - an indeterminate 
number of strongly 
coupled light quarks and 
gluons (horrible strongly-
coupled mess)

- quarks & gluons all have 
momentum ~ΛQCD~few 
hundred MeV

r ∼

1

ΛQCD

So a proton looks something like this:

∼ 10
−15

m

(Actually, it’s a linear superposition of all these states ...)
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... so our simple quark-level process
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... so our simple quark-level process

... is buried in the muck.
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How can we calculate anything without 
solving QCD?
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(Feynman, Bjorken)

σ(p(P1) + p(P2) → tt̄ + X)

A miracle occurs ....

=

∫ 1

0

dx1dx2

∑
f

ff(x1)ff̄(x2) · σ(qf(x1P ) + q̄f(x2P ) → tt̄)

(NB for simplicity, neglecting top quark decay)

“Factorization”

+O

(

ΛQCD

2mt

)
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σ(p(P1) + p(P2) → tt̄ + X)

=

∫ 1

0

dx1dx2

∑
f

ff(x1)ff̄(x2) · σ(qf(x1P ) + q̄f(x2P ) → tt̄)

SHORT DISTANCE:  cross section for free 
quarks (and gluons) - can calculate in 
perturbation theory

LONG DISTANCE:              probability to 
find parton f with fraction x1 of longitudinal 
momentum of proton (”parton distribution 
function”) - property of the PROTON - can’t 
calculate ... but UNIVERSAL (can measure in 
another process)

ff(x1) :

A miracle occurs .... “Factorization”

Tuesday, October 20, 2009
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The proofs of factorization are long and complicated 

Nuclear Physics B261 (1985) 104-142 
© North-Holland Pubhshmg Company 

FACTORIZATION FOR SHORT DISTANCE 
H A D R O N - H A D R O N  S C A T r E R I N G  

John C COLLINS 

Phystcs Department, llhnots Instttute of Technology, Chtcago, lllmols 60616, USA and 
lttgh Energy Physws Dwtston, Argonne Natwnal Laboratory, Argonne, 11hnots 60439 

Davlson E SOPER 

Insntute of Theorettcal Sctence, Unwerstty of Oregon, Eugene, Oregon 97403, USA 

George STERMAN 

Instztute for Tkeorettcal Physws, State Unwerslty of New York, Stony Brook, 
New York 11794, USA 

Recewed 18 February 1985 
(Rewsed 17 May 1985) 

We show that factonzatlon holds at leading twist m the Drell-Yan cross section do/dQ 2 dy 
and related mcluswe hadron-hadron cross secuons 

We revxew the heuristic arguments for factonzatmn, as well as the dffficultxes which must be 
overcome m a proof We go on to gtve detatled arguments for the all order cancellauon of soft 
gluons, and to show how flus leads to factonzauon 

1. Introduction 

F a c t o n z a t l o n  theorems [1] show that QCD incorporates the phenomenologycal 
successes of the pa t ton  model  a t / u g h  energy and  provade a systemahc way to refine 
pa r ton  model  predictions. The term " f a c t o n z a t m n "  refers to the separat ion of 
short-d~stance from long-dastance effects m field theory The program of factonza-  
u o n  is to show that such a separation may be ea rned  out order-by-order  in field 
theoretic p e r t u r b a u o n  theory. In  practice, flus means  analyzing the F e y n m a n  da- 
agrams wluch cont r ibute  to a gwen process, and  showing that they may be wri t ten as 
products  of funct ions  with the desired propertaes. 

Such an  analysas has been ea rned  out m e*e  - anmhl la t lon  [2-4] and  deeply 
inelastic sca t t enng  [1,5]. The purpose of flus paper  as to extend the analysis to 

104 
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Fig 3 1 

(a) (b) 

(a) Graph contributing to the Drell-Yan cross section (b)-(f) Examples of the leading pinch 
singular surfaces of fig 3 la as specified by soft, jet and hard subdlagrams 

energy limit, the scaled momentum P,~/Q of particle A becomes a hghthke vector rr~ 

that has only a + component  P ~ / Q  ~ ~r~ = (rr~,, % ,  7r~) = (1,O, Or)[s /2Q2]  1/2 

Similarly, P ~ / Q - ~  ~r~ = (O,I ,OT)[S/2Q2] 1/2. On a leading pinch singular surface, 

the scaled momentum K ~ = k ~ / Q  of an internal line of a graph can evidently be 

0) colhnear to ~rA~" K"  = Z~r~ with 0 < Z (denoted by JA for jet-A in figures); 

(n) collanear to 7r~" K"  = Z~r~ with 0 < Z (denoted by JB for jet-B in figures); 

(Ill) zero momentum" K ~ = 0 (denoted by S for soft in figures), 

(iv) none of the above (denoted by H for Hard in figures) 

(a) ultraviolet K ~ K  ~ ~ 0 (denoted by UV in figures) 

(b) jet-like an other directions K , K  ~ = 0 but K"  not along ~rA~ or rr~ (denoted 

by J,~, J • . .  in figures) 

Let us now consider as an example the graph G shown an fig 3 1 The shaded 

circles represent meson Bethe-Salpeter wave functions We assume that these wave 

functions are well enough behaved so that the quark hnes emerging from them are 

colhnear  to the corresponding ~r~ or ~r~ on each leading pinch singular surface. One 

finds [1] that there is one LPSS in winch the quark lines remain jet-like right up to 

the hard annihilation vertices whale the gluon lines are all soft Tins surface may be 

represented daagrammatmally as in fig. 3.1b Our convention is that the lanes witinn 

JA and JB and the hnes connecting Ja and JB to H arejet-hke, while the lanes within 
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(c) 
J 

(d) 

JB ~J 

(e) 

Fig 3 1 (continued) 

( f )  

(o) 
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q , 

- d  

~A-q~  

116 

£A-- 

t 

q (b) 

Fag 3 3 (a) Typmal gluon correction, with gluon attached to the "active" quark of the A .let 
(b) Correction with gluon attached to a "spectator" quark of the A.let 

whmh the t ransverse  m o m e n t u m  qT of the exchanged gluon is also of  order  M The 

t ransverse  wavelength of tins gluon is then just  small enough to be capable  of 

resolving the transverse structure of hadron  A 

Let  us c o m p a r e  the q -  integrals for graphs (a) and (b) of  fig 3.3 m the 

l o w - m o m e n t u m  region. When  q+ << P £ ,  these integrals m a y  be writ ten as 

1 1 f f , , (q- )  dq , 

I~=f 2q+q--qZ+,e 2xAP~(k2+ q ) - ~ + , e  

1 1 [ 
Ib 

= J  2q+ q - _  q2 + 1~ 2xaP£(k2  + q - ) _ ~  + le 

1 

! 2 ( 1 - - x A ) P ~ ( l A - - q - ) - - ~ + t e  eob(q ) d q -  (3 2) 

Here  ~ = (k  T + qT)2  = (IAT _ qT)2 ,  while ~ and (/)b are slowly varying funcnons  of 

q--. 

We s tudy the region I q - [  < M Over  most  of  tins region we have 

IP~,q-I >> M 2 - ~, (3 3) 
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,°. 

d 

0 

/ 

C 

b 

F~g 4 4 Factonzatlon of the longitudinally polarized gluons (identified by open arrows) from the hard 

part The double hnes on the nght-hand side are elkonal hnes This identity is proved m the appendix 

q ~  

/? 

q . u + l e  

u 

0, (2  j 

q - -  

- I  

q .u --I~Z 

" 0 !(2" 

Fig 4 5 

+ i g u a t  a _ i g u a t  o 
I1 q 

Feynman rules for the elkonal hne m the u ~' direction and its vertices, for both sides of the cut 

The v ~' elkonal hne has analogous rules 

W e  m a y  s u m m a r i z e  ou r  resul ts  b y  the fo l lowing express ion  for  the  c o n t r i b u t i o n  

f r o m  a n y  l e a d i n g  p i n c h  s ingu la r  surface  S which  survives the s u m  over  cuts  C, 

Gs = Z f OK;~ dK~ r-I f d4q, l-I f 0% 
C I - -  j 

!J(AC)(K~,, qT)(~'  ~}  ! S t " ( q ; ,  q~){~, g . . . . . . . .  ) 

!H(O( K~,, KB ) - ( c , , . -  -~3f~, ".1 X JB ~/~B, qj ) (4 10) 

Eq.  (4.10) is r ep resen ted  by  fig. 4 6, in  winch  the e lkon a l  l ines  to winch  c o l h n e a r  

Z: 
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nA+l 

n B 

°°° 

140 

( b )  

7- It, 

Fig A 5 Identmes used m the recursave argument (a) The ongmal hard part (b) Ward ~dentlty for 
graphs an (a) The sum is over all one-particle reduoble graphs The gluons 11, /,~ and 1~, l~ are all 

longatudmally polarized (c) Result of applying fig 4 4 to (b) with na = fl, n A = a 

an eikonal line which are one-particle reduoble  in longitudinally polarized gluons 

a n d / o r  the physically polarized line. On the right are those terms in which gluons 

only  at tach directly to the eukonal line. This ldenUty, which is a generalization of  fig. 

A.3, m ay  be proved by treating the elkonal hne in the same fashion as the hard part  

m fig. A.5, and repeating the arguments above 

The  proof  of  fig. 5 1 proceeds m a slrmlar manner  The difference f rom the 

previous case is that  the physically polartzed hne kp is replaced by the elkonal hne 

to which the colhnear  gluons at tach The soft gluons are again hghthke and 

longitudinal ly polarized We have all connections except those which are one-parucle  

page 8 page 9 page 13

page 24 page 37
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If H(Q ~) 1s a smooth function of Q~, then only small values of x .  contribute to the 

integral, since the Fourier transform of a smooth function is sharply peaked Even if 

H(Q ~) is not a smooth function [29], we may obtain a cross section that is 

short-distance dominated by performing an average over Q" [30] 

(do/daQ) = f d4Qg(Q ~' - 0~,)do/d4Q 

= f d4x Y'~[(tlJ(O)[f}lZexp[t(-Q + p f -  p,) x] ~,(xu), 
f 

where ~(x~,) is the Fourier transform of the averagmg function g We may choose g 

so that only short distances contribute (Note that this argument applies not only to 

the Drell-Yan process, but to any inclusive process in hadron-hadron collisions that 

involves a hard scattering ) 

The preceding coordinate space discussion suggests that the hard interaction takes 

place at a well-defined point in space-time Then, there is a clear distinction between 

imtial-state interactions and final-state lnteracuons The latter will cancel by unitar- 

ity In the argument  below, we shall see how this phenomenom works order-by-order 

in per turbat ion theory in momentum space 

After this introduction, our proof starts from the general leading region of graph 

G, fig 3 2a We fix all the spatial momenta  of G and integrate over loop energies 

The identities of the jets, hard and soft parts of G are preserved as the energies vary 

since the spatial momentum of a line defines its on-shell energies To isolate the 

relevant factors, we may use the rules of ume-ordered perturbation theory to write G 

a s  

/' E E 
t~me states 

o r d e n n g s  1~ ~ a 

s t a t e s  

(4 2) 

where e n is the on-shell energy of state 7}, 

e. = E Ik,I, 
hnes 
tE r /  

and the symbol " < ( > ) "  means to the left (right) in a cut time-ordered diagram P 

represents all integrations, normahzatlon and numerator  factors, denoted by N, 

~ = f H  d~;' 1 
 oops   • 

t J 

page 18

(Collins, Soper, Sterman, 1980’s)

(and based on exhaustive analysis of Feynman 
diagrams ...)
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- top quark production is a short-
distance process, hadronic physics is 
long-distance
- hadronic physics cannot resolve 
details of short-distance physics - 
hadronization is independent of 
details of scattering (so parton 
distributions are universal)

Separation of Scales
1
r

r ∼

1

mt

∼ 10
−18

m

r ∼

1

ΛQCD

∼ 10
−15

m

“short” distance

“long” distance

... but the physics is simple:

Tuesday, October 20, 2009
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COMMENTS: 

- form of the factorization formula (convolution over 
light-cone momentum fraction) is non-trivial

- final hadronic state unspecified - sum over all of 
them (”+X”) - probability to hadronize = 1!  “inclusive”

- subleading (O(ΛQCD/Q)) terms (“power corrections”) 
don’t factorize in this way ... fortunately, these are 
small for Q~2mt - don’t generally worry about going to 
higher orders

σ(p(P1) + p(P2) → tt̄ + X) =

∫ 1

0

dx1dx2

∑
f

ff(x1)ff̄(x2) · σ(qf(x1P ) + q̄f(x2P ) → tt̄) +O

(

ΛQCD

2mt

)

Tuesday, October 20, 2009
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Particle physics is full of important multi-scale problems ... i.e. 
GUT-scale physics, b-quark decays, Standard Model extensions ... 
how can we deal with this problem systematically?

More generally, multi-scale problems are complicated theoretically:

• Perturbation theory breaks down - terms in perturbation 
theory are enhanced by powers of log(m1/m2) - if ratio is large, 
perturbation theory breaks down even at weak coupling 

• Perturbative and nonperturbative physics is hard to separate

• QCD factorization theorems and the like have power 
corrections proportional to the ratios of scales - need a 
systematic expansion to go beyond leading order

• You shouldn’t use quantum gravity to calculate projectile 
motion!

Tuesday, October 20, 2009
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Physics at r~L is complicated - depends on details 
of charge distribution

We can do this in classical electrodynamics:

Tuesday, October 20, 2009
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BUT ... if we are interested in physics at r>>L, 
things are much simpler ...

We can do this in classical electrodynamics:

Tuesday, October 20, 2009
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... can replace complicated charge distribution by a 
POINT source with additional interactions (multipoles)...

We can do this in classical electrodynamics:

Tuesday, October 20, 2009
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Multipole expansion:  

V (r) =
q

r
+

!p · !x

r3
+

1

2
Qij

xixj

r5
+ · · ·

FACTORIZATION!

q, pi, Qij, . . . : short distance quantities (depend on details 
of charge distribution)

: long distance quantities (independent 
of short distance physics)

〈

1

r

〉

,

〈

xi

r3

〉

,

〈

xixj

r5

〉

, · · ·

higher multipole moments <-> new effective interactions from 
“integrating out” short distance physics .. effects are 
suppressed by powers of L/r
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June 12, 2009 CAIMS’09 - UWO 20

-at low momenta p<<Λ, a theory can be described by an effective 
Hamiltonian where degrees of freedom at scale Λ have been 
“integrated out”: 

Hamiltonian in 
Λ->∞ limit corrections determined by matrix elements of 

operators Oi - power counting determined by 
dimensional analysis

� �� �

: short distance quantities (in QCD:      
  perturbatively calculable if Λ >>ΛQCD)

: long distance quantities (in QCD:  
  nonperturbative ... need to get them elsewhere)

Cn

′
s

〈On〉 ′
s

Field Theory generalization:  Effective Field Theory

Tuesday, October 20, 2009
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-at low momenta p<<Λ, a theory can be described by an effective 
Hamiltonian where degrees of freedom at scale Λ have been 
“integrated out”: 

- Effective Field Theory automatically factorizes the calculation
- by keeping more terms, can work to arbitrary accuracy in 1/Λ

Hamiltonian in 
Λ->∞ limit corrections determined by matrix elements of 

operators Oi - power counting determined by 
dimensional analysis

� �� �

: short distance quantities (in QCD:      
  perturbatively calculable if Λ >>ΛQCD)

: long distance quantities (in QCD:  
  nonperturbative ... need to get them elsewhere)

Cn

′
s

〈On〉 ′
s

Field Theory generalization:  Effective Field Theory
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energy- lowering cutoff - effects of virtual 
excitations removed from dynamics, 
incorporated into parameters of theory 
(Renormalization Group)

MX

(1) “Classic” Effective Field Theory (4-fermi theory and the like):

M2

M3

cutoff

X

X

Tuesday, October 20, 2009
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energy

- at thresholds, heavy particles removed 
from theory (“integrated out”), effects 
incorporated into local operators

MX

M2

M3

cutoff

X

X

O1

O2

- lowering cutoff - effects of virtual 
excitations removed from dynamics, 
incorporated into parameters of theory 
(Renormalization Group)

(1) “Classic” Effective Field Theory (4-fermi theory and the like):
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energy

- at thresholds, heavy particles removed 
from theory (“integrated out”), effects 
incorporated into local operators

MX

M2

M3

cutoff

X

X

O1

O2

- lowering cutoff - effects of virtual 
excitations removed from dynamics, 
incorporated into parameters of theory 
(Renormalization Group)

- ideally, keep lowering cutoff until only a single scale 
is left ... all short-distance physics is now in the 
coefficients Ci of local operators, long distance 
physics is in their matrix elements - 
FACTORIZATION

(1) “Classic” Effective Field Theory (4-fermi theory and the like):
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June 12, 2009 CAIMS’09 - UWO 24

energy

MX

M2

M3

cutoff

X

X

O1

O2

- classic example:  K-K mixing in 
the Standard Model (Gilman, Wise, 
’83) 

- W, Z and successive quarks 
integrated out, renormalization 
group used to sum terms of order

-

(1) “Classic” Effective Field Theory (4-fermi theory and the like):
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Qu:  how do you lower the cutoff of an EFT below the mass of a 
particle in the initial state?  (i.e. not virtual)

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)

Tuesday, October 20, 2009
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(and to believe small discrepancy = new physics, need model independent predictions 
- challenge for theory!)

- precision b quark decays provide a powerful tool to probe new 
physics virtually ... but QCD muddies the waters:

how do you measure this ... inside this?

possible new short-
distance physics 
mediated by X particle

long-distance QCD:  
hadrons, nonperturbative 
form factors ...

B

γ

Xs

γ

b sY

X

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)

(Isgur, Wise, Georgi, Voloshin, 
Shifman, ...)
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γ

Xs

B

t

r ∼
1

mW
∼ 4 × 10−18 m

- physics mediating decay (what
  we’re interested in ...)

r ∼
1

mb
∼ 6 × 10−17 m

- decay occurs

r ∼
1

ΛQCD
∼ 10−15 m

- hadronization

“short” distance

“long” distance

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)
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June 12, 2009 CAIMS’09 - UWO 27

γ

Xs

B

t

r ∼
1

mW
∼ 4 × 10−18 m

- physics mediating decay (what
  we’re interested in ...)

r ∼
1

mb
∼ 6 × 10−17 m

- decay occurs

r ∼
1

ΛQCD
∼ 10−15 m

- hadronization

“short” distance

“long” distance

- ratio of scales ΛQCD/mb~1/10 is not small - 

power corrections are important!

- need a systematic expansion

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)
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r ∼
1

mb
∼ 6 × 10−17 m

- decay occurs

r ∼
1

ΛQCD
∼ 10−15 m

- hadronization

We can use usual EFT methods to integrate out physics above 
mb - but what happens when we lower the cutoff BELOW the b 
mass?

cutoff

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)

Tuesday, October 20, 2009
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- unlike virtual excitations, b quark doesn’t get removed from the 
theory ... instead, the EFT describes the low-energy dynamics of a 
heavy quark
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QCD:  heavy quark    ------->  HQET:  Wilson line

- unlike virtual excitations, b quark doesn’t get removed from the 
theory ... instead, the EFT describes the low-energy dynamics of a 
heavy quark

Interactions in the 
effective theory don’t 
deflect the worldline of 
the heavy quark

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)

Tuesday, October 20, 2009



June 12, 2009 CAIMS’09 - UWO 33

- appropriate description is a classical colour charge moving 
with a constant velocity - “Wilson line” (timelike)
- other than this, technology is still the same
- NB:  the mass, spin of the quark have become irrelevant: extra 
symmetry in low energy theory!  (not manifest in QCD)

QCD:  heavy quark    ------->  HQET:  Wilson line

- unlike virtual excitations, b quark doesn’t get removed from the 
theory ... instead, the EFT describes the low-energy dynamics of a 
heavy quark

Interactions in the 
effective theory don’t 
deflect the worldline of 
the heavy quark

(2) “Classic” -> “Modern”:  Heavy Quark Effective Theory (“HQET”)

(Isgur, Wise, Georgi, Voloshin, Shifman, ...)
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This field became suddenly fashionable in the 
1990’s ...

• heavy meson spectroscopy

• semileptonic decays (measure parameters of Standard 
Model - calibration)

• inclusive (sum over all hadronic states)

• exclusive (decays to specific final states - particular 
those with charm quarks - “Heavy Quark Symmetry”)

• nonleptonic decays  (lifetimes)

• rare (inclusive) decays i.e.             ,                      b → sµ+µ−b → sγ

All can be handled in an expansion in ΛQCD/mb~1/10 ... 
remarkable success over past decade or so
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Γ(B → Xc�ν̄) =
G2

F |Vcb|2

192π3
(0.534)

�
mΥ

2

�5

×

�
1

“Killer App”: Inclusive semileptonic b->c decay: e

νe

X

B

pX

q

(need to determine b->c weak coupling constant Vcb)
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“Killer App”: Inclusive semileptonic b->c decay:

-> This is a PRECISION field!

e

νe

X

B

pX

q

(need to determine b->c weak coupling constant Vcb)
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Global fits:
(up to 1/m3)

mass of b quark to 30 MeV!

b-c weak coupling at % level! 

(Bauer, Ligeti, ML, Manohar and Trott)
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Global fits:
(up to 1/m3)

(some fractional moments of lepton spectrum are very 
insensitive to O(1/m3) effects, and so can be predicted 
very accurately)

The fit also allows us to make precise predictions of other 
moments as a cross-check:

(C. Bauer and M. Trott)

D3 ≡

∫

1.6 GeV
E0.7

!

dΓ

dE!
dE!

∫

1.5 GeV
E1.5

!

dΓ

dE!
dE!

=

{

0.5190 ± 0.0007 (theory)
0.5193 ± 0.0008 (experiment)

D4 ≡

∫

1.6 GeV
E2.3

!

dΓ

dE!
dE!

∫

1.5 GeV
E2.9

!

dΓ

dE!
dE!

=

{

0.6034 ± 0.0008 (theory)
0.6036 ± 0.0006 (experiment)

Hadronic physics with < 1% uncertainty!

NB:  these were REAL PREdictions (not postdictions)

(Bauer, Ligeti, ML, Manohar and Trott)
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(3) “Post-Modern”:  Soft-Collinear Effective Theory (“SCET”)

What is the correct EFT to describe the dynamics of a 
very LIGHT, ENERGETIC quark?

High Energy massless     

NB: using light-cone 
coordinates!

(Bauer, ML, Fleming, Stewart, Pirjol, ...)
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Why would you want to do this?  lots of reasons, i.e.

(1) (original) B decays - to reduce backgrounds, often need 
to look at restricted regions of phase space - i.e.           
near photon endpoint,                near electron energy 
endpoint.  HQET expansion observed to break down in this 
region.

(2) collider physics - hard QCD processes - Drell-Yan, jet 
production, event shapes, ...

photon or e

jet of hadrons (large energy, low invariant mass)
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(3) “Post-Modern”:  Soft-Collinear Effective Theory (“SCET”)

What is the correct EFT to describe the dynamics of a 
very LIGHT, ENERGETIC quark?
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Interactions with 
soft gluons don’t 
deflect the worldline 
of the energetic 
quark
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(3) “Post-Modern”:  Soft-Collinear Effective Theory (“SCET”)

What is the correct EFT to describe the dynamics of a 
very LIGHT, ENERGETIC quark?

Interactions with 
soft gluons don’t 
deflect the worldline 
of the energetic 
quark

BUT ... the quark can also emit a hard, collinear gluon

- get a JET of final state particles

- jet energy is large, invariant mass is parametrically smaller

Tuesday, October 20, 2009
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energy

multiscale .. w/
correlated scales

SCET (“soft-collinear effective theory”) is an 
effective theory of JETS

“Soft” particles

“Collinear” particles

collinear gluon

collinear quark

soft gluon

soft quark

- need a separate field for each momentum 
scaling (a hallmark of “postmodern” EFT’s)
- couplings are interesting, because each field 
“sees” the others in different ways ...
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June 12, 2009 CAIMS’09 - UWO 45

+

(1) QCD

Ex:  qq production current:-
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Ex:  qq production current:

(2) SCET

+

n-collinear gluon

+

soft gluon

+

n-collinear gluon-

Wilson Line

NB for processes with multiple 
collinear directions (i.e. multi-jet), 
there are separate collinear fields 
for each direction

-
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soft Wilson line

n-collinear 
Wilson line

-n-collinear 
Wilson line

quark field antiquark field

The resulting SCET vertex is correspondingly complicated ...
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SCET - what you get

Factorization formulas - more complex than 
before:  discrete sum over operators becomes a 
convolution

“hard” function

energy

“soft” function“jet” functionshort distance
long distance

(this form of factorization has been known since the 1980’s, 
but now it is at the level of the Lagrangian of the EFT)
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SCET - what you get

Factorization formulas - more complex than 
before:  discrete sum over operators becomes a 
convolution

“hard” function

energy

“soft” function“jet” functionshort distance
long distance

(this form of factorization has been known since the 1980’s, 
but now it is manifest in the EFT, systematically improvable)
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SCET:  what you get out of it

Lots of applications:  

(1) B decays .. grew out of HQET in regions of phase space 
where final state was restricted to be jet-like

(2) jets and collider physics - we come full circle.  No “killer 
app” yet, but lots of directions - ex:  top production, event 
shape distributions, jets, etc. ...
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Õ(t) ≡ b̄(0)Pe
i

mb

∫
t

0
n·A(t′)dt

′

b(t)

f(ω) ≡ 〈B|O(ω)|B〉

CAIMS’09 - UWOJune 12, 2009 53

universal distribution function

The “shape function” (parton distribution function 
for b quark in a meson)

1

Γ

dΓ

dÊ!

(B̄ → Xu!ν̄!) = 4

∫
θ(1 − 2Ê! − ω)f(ω) dω + . . .

1

Γ

dΓ

dŝH

(B̄ → Xu!ν̄!) =

∫
2ŝ2

H
(3ω − 2ŝH)

ω4
θ(ω − ŝH)f(ω − ∆̂) dω + . . .

� �� �
in these corners of phase space, spectra are given by 
convolutions of short-distance functions with parton 
distributions

electron energy spectrum

hadronic invariant mass spectrum

nonlocal operator: quarks 
separated along light cone

O(ΛQCD)

- 1 - 0.5 0 0.5 1
0

0.25

0.5

0.75

1

1.25

1.5

f(k+)

k+ (GeV)

(model)
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Exclusive B decays - i.e.

(Beneke, Buchalla, Neubert, Sachrajda, 
Bauer, Pirjol, Rothstein, Stewart)

=

Long-distance form factor/wave function

Short-distance QCD
+O(ΛQCD/mb)

complicated convolutions (cf. parton model)

subprocesses:

(”Brodsky-Lepage”)

want to measure 
complex phase of this 
coupling (CP violation)
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Exclusive B decays - i.e.

(Beneke, Buchalla, Neubert, Sachrajda, 
Bauer, Pirjol, Rothstein, Stewart)

=

Long-distance form factor/wave function

Short-distance QCD
+O(ΛQCD/mb)

complicated convolutions (cf. parton model)

subprocesses:

(”Brodsky-Lepage”)
A(B̄ → M1M2) = λ(f)

c AM1M2

cc̄ +
GF m2

B√
2

{

fM2
ζBM1

∫ 1

0
du T2ζ(u) φM2(u)

+fM1
ζBM2

∫ 1

0
du T1ζ(u) φM1(u) +

fBfM1
fM2

mb

∫ 1

0
du

∫ 1

0
dx

∫ 1

0
dz

∫

∞

0
dk+ J(z, x, k+)

×
[

T2J(u, z)φM1(x)φM2(u) + T1J(u, z)φM2(x)φM1(u)
]

φ+
B(k+)

}

+ O

(

ΛQCD

mb

)

want to measure 
complex phase of this 
coupling (CP violation)
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Angularity Distributions in SCET Christopher Lee
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Figure 1: Angularity distributions for−2 < a < 1
2 at Q = 100 GeV, with O(αs) hard, jet, and soft functions,

NLL resummation, and gapped model soft function.

τa τa τa

a = −1 a = 0
a =

1
2

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

0

5

10

15

20

25

30

0.00 0.05 0.10 0.15 0.20

0

2

4

6

8

10

12

14

0.00 0.05 0.10 0.15 0.20 0.25 0.30

0

2

4

6

8

1
σ0

dσ

dτa

Figure 2: Correlated variation of jet and soft scales µJ and µS together by factors of 1/2 and 2 in angularity
distributions at Q = 100 GeV for a =−1, a = 0, and a = 1

2 .

7. Conclusion

We have predicted angularity distributions resummed in perturbation theory to NLL accuracy,
including for the first time the jet and soft functions in the factorization theorem to NLO, and a
universal model for the nonperturbative soft function. We used the framework of SCET to perform
the factorization, resummation, and incorporation of the nonperturbative model in a unified way.
Comparison to data from LEP or a future linear collider will test the robustness of the model
we employed for the nonperturbative soft function. Extension of the notion of event shapes to
individual “jet shapes” can also allow the probing of jet substructure in hadron collisions [22, 23].

This work was supported in part by the U.S. Department of Energy under Contract DE-AC02-
05CH11231 and the National Science Foundation under grant PHY-0457315.
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(Fleming, Hoang, Mantry, 
Stewart, 2008)

t-t production - soft radiation and precision extraction of 
the top quark mass
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FIG. 15: F(Mt,Mt̄), the differential cross-section in units of σ0/Γ2
t , versus Mt and Mt̄. The result

is shown at NLL order.
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FIG. 16: Normalized peak cross-section, F(Mt,Mt) versus Mt. The dashed curves have µΓ = 5GeV,
and the solid curves have µΓ = 3.3, 7.5GeV. The left panel shows results at LL (lower purple
curves) and NLL (upper red curves) with the jet and ∆̄ schemes. The center panel shows results

in the jet-mass scheme (red) versus the pole-mass scheme (blue), where in both cases we use the
∆̄ scheme. The right panel shows results in the ∆̄(µ) scheme for the gap parameter (red) versus
the ∆ scheme (magenta), where in both cases we use the jet-mass scheme.

fixed, having in mind that it can be extracted from LEP data. In Fig. 15 we show F at NLL

for our default parameter set as a function of the two invariant mass variables Mt and Mt̄.

The underlying short-distance quark mass is mJ(µ = 2 GeV) = 172 GeV, and the peak of

the cross-section occurs for Mt and Mt̄ values which are ! 2.4 GeV larger. This peak shift

occurs due to the presence of the low energy radiation described by the soft function as dis-

cussed in Ref. [2]. At LO the shift is in the positive direction to Mpeak
t ! mJ +QS [1,0]

mod/(2mJ),

where here S [1,0] =
∫

d!+d!− !+Smod(!+, !−) ∼ ΛQCD is the first moment of the underlying

soft-function model [2]. As described below, this linear behavior with Q/m persists at NLL

order, although the slope is no longer simply S [1,0]
mod. Above the peak one sees in Fig. 15 the

perturbative tails from gluon radiation, and that the tails are largest if we fix one of Mt or

Mt̄ at the peak.
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FIG. 1: Sequence of effective field theories used to compute the invariant mass distribution.

where, as indicated, power corrections are suppressed by αsm/Q, m2/Q2, Γt/m, or st,t̄/m2.

Here mJ is the short-distance top quark mass we wish to measure, and for convenience we

have defined

ŝt =
st

mJ
=

M2
t − m2

J

mJ
, ŝt̄ =

st̄

mJ
=

M2
t̄ − m2

J

mJ
, (4)

where ŝt,t̄ ∼ Γ are of natural size in the peak region. In Eq. (3) the normalization factor σ0

is the total Born-level cross-section, the HQ and Hm are perturbative coefficients describing

hard effects at the scales Q and mJ , B± are perturbative jet functions that describe the

evolution and decay of the the top and antitop close to the mass shell, and S is a nonpertur-

bative soft function describing the soft radiation between the jets. To sum large logs B± and

S will be evolved to distinct renormalization scales µ, as we discuss in section IIC below.

For the tail region Eq. (3) becomes

dσ

dM2
t dM2

t̄

= σ0 HQ Hm B+ ⊗ B− ⊗ Spart + O
(ΛQCDQ

st,t̄

)
+ O

(mαs(m)

Q
,
m2

Q2
,
Γt

m

)
, (5)

so the only changes are that the soft-function S = Spart(#+, #−, µ) becomes calculable, and

we have an additional O(ΛQCDQ/st,t̄) nonperturbative correction from the power expansion

of the soft-function which we will include in our analysis. The result in Eq. (3) was derived

by matching QCD onto the Soft Collinear Effective Theory(SCET) [3, 4, 5, 6, 7] which

in turn was matched onto Heavy Quark Effective Theory(HQET) [8, 9, 10, 11, 12, 13]

generalized for unstable particles [14, 15, 16, 17] as illustrated in Fig. 1. The decoupling of

perturbative and nonperturbative effects into the B± jet functions and the S soft function

was achieved through a factorization theorem in SCET and HQET, aspects of which are

similar to factorization for massless event shapes [18, 19, 20, 21]. The result in Eq. (3) is an

event shape distribution for massive particles, and can be used to determine common event

shapes such as thrust or jet-mass distributions. Note that a subset of our results can also

6
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Factorization for jet production
(Cheung, Freedman, ML, Zuberi, in progress)

(a) (b)

(c) (d)

FIG. 3: Phase space corresponding to two-jet events using the k⊥ algorithm in (a) QCD, (b) the

n-collinear gluon sector, (c) the soft gluon sector, and (d) the zero-bin sector. As before, the arrows

indicate integrations to infinity.

Note that for both of these jet definitions, the zero-bin region is not the same as the soft

region, since taking the soft limit of the n-collinear phase space is not the same as taking

the soft limit of the full QCD phase space.

A. SW

Integrating the differential cross section in Eq. (5) over the phase space generated by the

corresponding constraints, we find

1

σ0
σsoft

SW =
αsCF

2π

�
4

�
ln δ − 4 ln2 δ + 8 ln δ ln

µ

2βQ
− π2

3

�
. (27)

By introducing quark and anti-quark off-shellnesses as we did for the JADE algorithm, it

can be shown that σsoft
SW /σ0 is infrared finite, and the � terms are ultraviolet divergences.

11

- UV divergent phase space 
integrals in SCET treated 
consistently

- factorization studied for 
different jet definitions (SW, 
kT, JADE)
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This is always going to be with us ... need to 
factorize problems for nonperturbative 
lattice QCD calculations as well!

a

L

- need L>1 fm to simulate proton
- need a<1/Q to simulate short-
distance physics w/momentum Q

- extremely inefficient to simulate 
short-distance (perturbative) 
physics on the lattice!  

Factorization -> do short-distance physics analytically, long-
distance physics numerically with lattice spacing a>>1/Q

Final Comment
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Summary:

• factorization allows us to separate short-distance 
(interesting) physics from long-distance QCD in a 
model-independent way - required to make rigorous 
predictions

• factorization takes many forms, from the relatively 
simple (inclusive B decays), to the more complicated 
(hard QCD processes, some B decays) - the form of 
factorization, and its generalizations to higher 
orders, can be determined using effective field 
theory

• lots of applications ...
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