Notes for the first lecture on
“The growth and morphology of icicles”

This pdf contains a few slides that were not shown in the actual lecture,
for lack of time.

This pdf contains live links which are underlined like this.

For data and movies, see the Icicle Atlas
https://www.physics.utoronto.callcicle_Atlas

All papers, theses, reports etc on this topic are available at:
https://www.physics.utoronto.ca/nonlinear/papers_icicles.html

YouTube playlist.
Flickr images and movies of icicles.
Flickr images of the icicle machine.

Do not hesitate to contact me with any questions, ideas or whatever
Stephen Morris patternphysics@gmail.com or sw.morris(@utoronto.ca
https.//www.physics.utoronto.ca/nonlinear/



https://www.physics.utoronto.ca/Icicle_Atlas/
https://www.physics.utoronto.ca/Icicle_Atlas
https://www.physics.utoronto.ca/nonlinear/papers_icicles.html
https://youtu.be/ZnLfNsPux7I?si=P9r_Ekz2Z-MbyLJM
https://www.flickr.com/photos/nonlin/sets/72157619114347064/
https://www.flickr.com/photos/nonlin/albums/72157650992122521/
mailto:patternphysics@gmail.com
mailto:sw.morris@utoronto.ca
https://www.physics.utoronto.ca/nonlinear/
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Why study icicles?

For me, this is blue sky research ...

Part of a general program applying ideas from nonlinear pattern formation

to naturalistic geomorphological systems: Laboratory geomorphology.
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Wh)/ StUd)’ icicles? For me, this is blue sky research ...

Part of a general program applying ideas from nonlinear pattern formation

to naturalistic geomorphological systems: Laboratory geomorphology.

e |ava (or starch) columns




Wh)’ StUd)’ icicles? For me, this is blue sky research ...

Part of a general program applying ideas from nonlinear pattern formation

to naturalistic geomorphological systems: Laboratory geomorphology.
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Wh)/ StUd)’ icicles? For me, this is blue sky research ...

part of a general program applying ideas from nonlinear pattern formation

to naturalistic geomorphological systems: Laboratory geomorphology.

Icicles are unusually
amenable to laboratory
study, have been almost

completely ignored.

Everybody has seen them,
but almost nobody has studied

them carefully.




Wh)’ StUd)’ icicles? For me, this is blue sky research ...

but it also has lots of overlap with ice hazard engineering problems.

® |ce storms weigh down |
power lines S S, ¥

9 January 1998.




Wh)’ StUd)’ icicles? For me, this is blue sky research ...

but it also has lots of overlap with ice hazard engineering problems.

e |cicles form lightning rods
on high voltage equipment
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https://www.powerandcables.com/impact-mitigation-of-icing-on-power-network-equipment/




Provocative papers

The theoretical papers that set me on this path:

Two theories of icicle ripples
* N. Ogawa and Y. Furukawa,

“Surface instability of icicles”, Phys. Rev. E 66, 041202 (2002).

e K. Ueno,
“Pattern formation in crystal growth under parabolic shear flow”,
Phys. Rev. E 68, 021603 (2003), and 6 other papers up to 2011.

A theory of universal “platonic” icicle shapes

e M. B. Short, J. C. Baygents and R. E. Goldstein,
“A free-boundary theory for the shape of the ideal dripping icicle”,
Phys. Fluids 18, 083101 (2006).




The people who did the work

Antony Szu-Han Chen

Ph.D. 2013
Southern Alberta Institute of Technology

“Experiments on the growth and form of icicles”

Built the Icicle Machine, studied ideal icicle shapes
and discovered ripples are due to impurities.
Grew over 230 laboratory icicles.

John Ladan

Ph.D. 2023
Vretta Inc

“Experiments on the formation of rippled icicles”

Improved the Icicle Machine, used dye visualization
and generalized ripple theory to include impurities.
Grew over 180 laboratory icicles.

Also: Roger Mong, Jake R. C.Wells, Ken Liao, Alina Barnett, Josh
Calafato ... and probably some others.




Outline

Part 1: Shape

® |cicles vs stalactites
® The icicle machine
® Platonic and not so platonic icicles

Part 2: Ripples

Impure icicles are rippled

Ueno theory of pure rippled icicles

® |adan theory of impure rippled icicles
® Worster theory of pure rippled icicles

Part 3: Interior and Flow

® Internal structure of icicles
® Visualizing surface flow with dye
® |deas for future work




Icicles grow when latent heat is
sy transferred from water flowing
s over their surface into the
¥ surrounding air.

S

‘ Stalactltes grow when CO; is transferred
from water solution into the surrounding air,
precipitating CaCO:s.

Pic by Reza Mir and Ray Goldstein




Icicle growth modes

Air bubbles
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Pendant drop

|. Tip growth from pendant water drop
2. Radial growth from surface flow
3. Inward “pipe filling” growth

It is mode 2 that may be unstable
to the formation of ripples

N. Maeno, L. Makkonen, K. Nishimura, K. Kosugi
and T. Takahashi, J. Glaciol., 40, 319 (1994).




lce does not form “soda straws”’
because heat behaves differently than CO;
and water is consumed to make ice about soda straws

Anne Mongruel will talk
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Icicle growth schematic

warm air boundary
layer flowing up

cold air cold air

water flowing down

tip —

Water flows down the sides of the
icicle, releasing latent heat as it
freezes.The heat is advected and
diffused first by the water and then
by the air, which forms a warm rising
thermal boundary layer.

The water also cools by radiation
and by evaporation, if the humidity is
low.

At the tip, heat transfer is more
efficient than the sides because the
boundary layer is thinner and there
are more directions for radiation.
In addition, droplets falling off carry
away heat.

/ \ The tip grows 10 - 100 x faster than the sides

droplet falloff

Makkonen L., A Model of Icicle Growth. Journal of Glaciology, 34, 116 (1988)



Most icicles are produ'ced )Y water generated from
waste heat leaking out of buildings. Some are found

near waterfalls or seeping cliff faces o
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Done in 2006
in the “giant cold
room at Cambridge
University”

- New Scientist

Need to deliver a very
slow drip from a pipe that
does not freeze. Used
cooling provided by the
very low humidity, breezy
cold room ...

The first icicle machine
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The icicle machine

styrofoam

insulation 2
dripper

peristaltic
pump

) antifreeze

unfrozen water

Using time-lapse photography, we can make movies of the
icicle’s evolving morphology.

1 sec of movie = 20 min real time (1 rotation / 8 min)

distilled
water

|




The icicle machine

styrofoam

insulation 3
dripper

hree peristaltic

pump

|

funnel

) antifreeze

unfrozen water

Using time-lapse photography, we can make movies of the
icicle’s evolving morphology.

Up to 16 rotational views of the same icicle.

tap water
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The icicle machine




Dripper nozzle and output
funnel are warmed and

temperature controlled

by the computer




The icicle machine

Input water is continuously
weighed by a balance
connected to the computer,
which also controls the
peristaltic pump




The icicle machine

Temperatures are measured
with thermocouples and
controlled by the computer
via a National Instruments

data acquisition system

using a LabView interface




The icicle machine

LabView interfaces

B! temperatureMonitoring.vi

File Edit View Project Operate Tools

»[=|[@n

Window Help

P camera.vi

File Edit View Project

nap || @ 1

Operate Tools

Window Help

Camera Setup

Camera Driver
Camera Type Activated
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If time elapsed is longer than
sample time, an error may occur.

2

Data Files

Sample period

2.00001 Average time elap)

Nozzle Temperature Control
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Set Temperature  alpha
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Nozzle Conditions
Qverride
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1 0.6

Current Temperature Nozzle Voltage
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Nozzle Back
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"Set Temperature" is the temperature the

nozzle wil be heated to. "BETA" is a calbration
factor (in thousandths) which determines how

the voltage changes. "Nozzle Voltage" is the
voltage outputed by SCXI, which is ramped up
proportionally by Lamda.

0=
14:28:31

1
14:40:00

Directory Name
% C:\Documents ...\Desktop\Test Data

Nozzle Tip {(degC) B
Voltage (V)

Nozzle Back
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Picture count &

- Saving data

Take Picture
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"Set Temperature" is the temperature the
funnel wil be heated to. "ALPHA" is a calbration
factor (in thousandths) which determines how
the voltage changes. "Funnel Voltage" is the
voltage outputed by NI-DAQ, which is ramped
up proportionally by Lamda Z-Up Supply.

Camera Error
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The icicle machine

LabView programming

Feedback pump system.vi Block Diagram

File Edit View Project Operate Tools Window Help

SEODEEEEE

Saving data

”
TF

=

=N
WEIGHT

Initial Weight

finitia Time] [11

Parameter Beta: determines
new weight of previous
weighted average FR. Lower =
recent FR weighted more
heavily and system responds
Faster but more drasically to FR
discrepancy.

Set initial Flow Rate before starting
V1. Do not set below Ob/min or above
3g/min

L

Initial weighted average
flow rate set to initial
flow rate to reduce
transient error wave.
(Less time for feedback
system to stablize)

File Name |[abe ¥

Set Dynanmic
Data Attributes

‘Write To
=-L Measurement File
j » Signals

Elapsed time {min)

Current Weight Value

’D@
>

Subtracts weight and time from
that of previous iteration to
determing instantaneous flow
rate {Output as Current Flow
rate).

[>oF>

S

Feedback Algorithm recursively divides previous weighted
average flow rate by Beta and adds (1-
Beta)*{Instantaneous FR) to get new weighted average
FR. The function which averages the FR is thus
exponential.

(>

‘Weighted Flow Rate
{afmin)
»

Togale Ramp [TEH -

> e

Target Rate

0.05
fizsh B

Active

Voltage 7 Flow E

0.47

Feedback coefficient Alpha. Higher value =
Faster but more drastic response to flow
rate discrepancy.

>
0
I» Estimated Yoltage

»

[1gnore Feedback unless active|

Waveform Chart

i

DAQ Assistant2

»

data

TF

error in

stop (T)

ON[OFF

Turns pump to off when stop button is
pressed. Without this, the last settings
will be outputed continuously. For this

reason, do not use the abort button,

#®

lapsed Time

Ramp Time {min)

If output voltage outside peristaltic
pump input range, this corrects the
output voltage.

Sets voltage to a number between 0¥ and SY,
corresponding to a speed of 0.0 to 48.0 on Peristaltic
pump, which in turn corresponds to a flow rate of
approximately Og/min to 8g/min

Current Yoltage (V)

Icicle Project.lvproj/My Computer ¢




Why rotation!?

8 minute rotation is fast compared to the
growth time (at least 4 hours), but slow

compared to fluid mechanical time scale of air
motion or water flow (~10 seconds).

Centrifugal effects are negligible: w”R/g ~ 107>

® Encourages axis-symmetry by averaging
out radial temperature gradients

L=
:
-
=
5
e

e Nozzle is located off axis to distribute
feed water symmetrically on average,
avoiding drapery etc.

e Full 3D shape of icicle can be inferred
from rotation and edge detection of
images: 8 (Chen) or 16 (Ladan) per
rotation

-
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Edge detection
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1 2 3 4 5 6
We take images at 8 (Chen) orl6 (Ladan) rotational positions
so that the whole 3D shape of the icicle can be reconstructed

from measurements of the edges.



Edge detection

Edges can be detected from
every rotational position, to
single pixel resolution.

Length and left and right
edges can be extracted

separately.

Some icicles bend: centerline

is inferred from t
of the left and rig

ne average
nt edges.

B cropped

and bkg
subtracted




3D printable
icicles




3D printable
icicles

scaled down

The Semaphore Lab
University of Toronto




Basic observations

We have a great deal of data about the global mass, length and width

growth of pure and impure icicles as a function of the basic experimental
parameters

e Air temperature —18°C < T < —8°C

° |nput mass flux —0.9 g/mln < Q < 3.5 g/mln

* Impurity concentration (30 — 50) uM /Kg (DW) < ¢ < 44 000 uM /Kg

e |mpurity species: 7 species with a wide range of charges and molecular
weights, including sodium fluorescein dye and a few mixtures

Less interesting parameters: Air motion, nozzle temperature, humidity, rotation ...

The parameter space is quite large.
The experiment is slow.



INBEERY (\Eammv |[\'BS
Air motion

Icicles tend to form multiple
growing tips if air is not stirred.
“Legs” tend to emerge at 60°

angles, which suggests crystal
structure is involved.

Legs seem to be facilitated by a thick laminar

boundary layer and suppressed by a thinner
turbulent one.

Henceforth use gently turbulent air: Fans on.




Air motion

v
4

Multiple tips are
sometimes seen on
natural icicles
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Growth Distilled water icicles

Radius at 5 cm

2 .5
2 n
1.5F
= |
S |
S |
| o _
20F : 1F
| averaged over | :
15} one rotation
[ . _ o . i . _ o .
10t . 14.9 OC, 2.5 g/m!n 0.5} 14.9 OC, 2.5 g/m!n
-11.5 C, 1.4 g/min _ ® _11.5 C, 1.4 g/min
' ® _14.9°C, 1.4 g/min ® _149°C, 1.4 g/min
S ® _175°C, 1.4 g/min \ ® _175°C, 1.4 g/min
® _149°C,05¢g/min | | ® _14.9 C, 0.5 g/min
0 ................. O ..................
0 2 4 6 0 2 4 6
Time (hours) Time (hours)

Length growth sometimes stops. We call this
cessation. Radius growth rate depends only
weakly on temperature and input flow rate




Distilled water icicles

3.50/r————-
| X | Cessation happens
= 3} [X no cessation X | for low flow rate
é | O cessation X | and temperature.
i .
D22 5; XXX :
o | X | All icicles must
© | X | :
LR X X e X undergo cessation
= 5 | eventually, for
S | X X | constant 7 and Q.
8 1.5:' dDQ X X % x
e I O x | These are just the
‘;U 1f § o) o ] ones that stop
| O O o | within the time of
0.5} O | the experiment.

-18 -16 -14 -12 -10
Ambient temperature ( C)




Distilled water icicles
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Tip growth speed before cessation vs temperature and flow rate



Growth
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Cessation

500 A

21.85 mMol/kg
10.89 mMol/kg
5.43 mMol/kg

2.72 mMol/kg
1.36 mMol/kg
0.68 mMol/kg
0.34 mMol/kg

400 A

300 -

200 A

Length (mm)

T =-14°C
Q) = 3 g/min

various impurity species

100 -

0 50 100 150 200 250

Time (minutes)

Remarkably, the tip advance of impure icicles accelerates
before cessation, with higher concentrations beginning
acceleration sooner.




.. M. B. Short, |. C. Baygents, R. E. Goldstein,
Platonic icicle shape theory I PESTIPR)

‘Z

tip
growth

Rising laminar

The axisymmetric icicle is covered by a

boundary thin film of supercooled water, but the
layer

1 temperature drop across the water is
negligible. Ice growth is limited by heat
s transfer across a laminar boundary layer
g : in the air with thickness
h 1/4 1/3
s—or(2) "
.‘t' __________________ g 7 g/BaATa
V.1 This is the result for a vertical heated plate. C is a
g : . :
| dimensionless quantity of order 1 related to the Prandtl
norma number Pr. This will be important later.
growth

Then, using the Stefan condition, the heat flux
across the layer is

AAT,  AAT, ( z)l/‘*

Ja= Loy =75 = oy

Z



.. M. B. Short, |. C. Baygents, R. E. Goldstein,
Platonic icicle shape theory PSP

Ja A ALAT,
YT I T \z) Wit U= T cr

For a uniformly translating invariant shape: v, = v;p, SIn ®  Utip

Write sin ¢ in terms of (dR/dz) and change to dimensionless variables

p=DR/a and (= z/a givesa remarkable dimensionless ODE:

Universal invariant form, with no parameters

which has solution 1. 3
4 1 S
Platonic icicle shape p(C) = 3 (CQ T 2) \/C2 — 1| ~ (% for small a

All lengths scale with this —— Ve ! . 9Ba(AT,) A, *
rather strange length: - - V2 LpCuyip




Fitting the shape

7
For each icicle, the profile R(z)
was fit to the theoretical shape:
1 1 5t
41/ 2\? 2z 2
r=a(5(2) ”}\/(a) 1)

via a least-squares analysis to
get the best-fit scaling factor (1.

Fitting over 100 icicles, we find
that some icicles fit the theory
to a very remarkable degree,
while others do not .

A.S. Chen and S.WV. Morris,
Phys. Rev. E 83,026307 (201 I).

x1O5

x 10




'A. .3

distilled water

tap water

Not-so-platonic icicles

o50l ™ tap—water icicles

® (distilled—water icicles
H

2007

2
1

—h
o)
o

reduced
S
Q

o)
o

9=

Temperature °C

Water purity is the main factor
determining platonic-ness



Non-platonic cessation Distilled water icicles

1801 : ‘| ® —17.5°C, 1.4 g/min
[ ® -14.9 C, 0.5 g/min

80}

160f :
140 - :
120F ¢ :
C\,;100:- SE gi
e Fup

3! 3t

), ),

., (0N

U U

60f

40}

20t

Time (hours)

Icicles quickly become non-platonic
when they undergo cessation




The scale factor (|GG gﬁa(ATa)5( As >4

Vg L,OC’Utip

Putting in typical numbers, we find @ theory " 2% 107? (Cm)
so a is indeed very very small.

2

wr—— _
The values of a that ' :

emerge from fitting the
shape are also very 107}
very small — roughly
in the same ballpark.

(cm)

Since a is so small, =
we expect that we S &

should be in the :
[ O distilled water |
small a power law | O tap water

. * e 1 B N B B B I B
limit: 0% 20 40 6 80 100

0
4 3 reduced x>
p(¢) = 5 ¢ *



Fit shape to a general power law [ 2 ESSEPNPUE

The general power law, being a 2 parameter fit, gives a tighter fit to
the data that the one-parameter platonic shape.

But the best fit for the
power (3 clusters
nearer to 1/2 than the

expected 3/4.

1.5(

B

a 2 parameter fit
O
O
O
09, O
Q)OO © O °
0.5] SRR o~ © O O O
O o
Odistilled water
O tap water
0 10 20 30 40 50 80 70

reduced x>

tighter scale on this axis than previous



LR R -Teve) 2 Direct comparison of a theory and a st

We find that G theory and aft 10—6_
are positively correlated but

orders of magnitude smaller
than a gt , taking C = 1.

Since C is raised to the 4th
power in the expression for
a, this discrepancy could be
removed by taking C = 0.2 .

IAN
L

 theory —

gﬁa(ATa)5 Aa O
V2 LpCuyip, .




The scale factor @ Direct test of the scaling of Q fit
" 4 - . .
eory — 4 -
heory (Utip>

1/4
Y -
vg — UC - E
< O
4 N—
atheory — < +
Utip = —4.5}

0
So we test the power law 2

D Vg P |
agiy = : - - - '
Vtip 18 -16 -14 12 1

log(vg/vtip)

We find D =0.11 cm (a constant) and p = 2.4,
not D =z (not a constant) and p = 4. Theoretical scaling does not hold.



A different experiment

M. Demmenie et al, Phys. Rev. Applied 19, 024005 (2023).

Grew icicles with ultra 350 . . | = . |
pure “milli-Q” water with &B g
impurity concentration of 00| E ]
_ Y] _
5.6 uM /kg . EZSO gg @
¢
about 10x more pure £ 200 @g -
. . s
than our distilled water B 150 é&g )
at (30 —50) uM/Kg . & & —
— LooL @SW o  Milli-Q ]
They fit to a cone and 8.5x1074 M
saw deviations from 50k o 7.7x1073M
platonic-ness for the o 8.5x107*M
. I I | | I
lowest concentrations. 0="50 7.5 100 125 150 175 200 225

width (mm)

So it appears that icicles can be platonic if they are
pure enough (distilled) but not too pure (milli-Q).



NGRS a0l  Conclusion: qualified success

PRO: °* Some icicles do fit the platonic form, if the water is pure enough
(but not too pure).

® The very small value of @ more-or-less agrees with theory
(if ones takes C = 0.2).

CON: ¢ The theory relies heavily on the scaling of a laminar boundary layer,
but the icicles can be approximately platonic even for turbulent air.

¢ Fitting the shape with a 2 parameter power law gives a power of
about 1/2 instead of the expected 3/4, for small a.

®  does not scale properly with Ug/Utip . It fits to a pure power law.
® g is absurdly small and its physical interpretation is obscure.

® Utip is not modeled physically the way v is. It is treated as a
geometric parameter to enforce a uniformly translating shape with

Vg = Utip SIN @ . In reality, there is physics there.

You decide!






A melting cylinder of ice

“ 8

FIGURE 1. A sequence of high-resolution images showing the melting of a cylinder of ice in
air of far-field temperature 7., =21.4°C taken at times r =10, 51, 114, 164, 214 and 266 min.
The white square for scale 1s 1 cm on a side.

J.A. Neufeld, R. E. Goldstein and M. G.Worster, J. Fluid Mech., 647,287 (2010).



Death by icicle

First reported by the roman epigrapher
Martial around 100 AD.

Martial, Epigrams. Book 4.

XVIII. ON A YOUTH KILLED BY THE FALL
OF A PIECE OF ICE.

_

Just where the gate near the portico of Agrippa i1s always dripping with
water,! and the slippery pavement 1s wet with constant showers, a mass of
water, congealed by winter's cold, fell upon the neck of a youth who was
entering the damp temple, and, when it had inflicted a cruel death on the
unfortunate boy, the weapon melted in the warm wound it had made. What
cruelties does not Fortune permit? Or where 1s not death to be found, if you,
waters, turn cut-throats?

See also Die Hard 2 (1990),
and Mythbusters: Can icicles be deadly?



https://youtu.be/PMigmTy0OXY?si=jXePq-IIXPT-794h&t=1905
https://youtu.be/JdgFpPKxal0

The Icicle Atlas

" Run 120206

e Conditions

— The image at the left shows the final state of this run.

Wall temperature: -12.30 C
Air temperature: -9.85C
Water flow rate: 1.9767 g/min

Water type:

Canadian Springs (TM) distilled water

Salt concentration:

8.00e-03 wt %

Surfactant concentration:

no added surfactant

Input nozzle temperature:

1.02C

Fan flux:

0.82 m"*3/min per fan

Support rotation:

indexed support rotation with 8 tabs

Support rotation rate:

4.06 min/rot

Relative humidity:

81.6 %

Scale of raw images:

54.640 pixel/cm

e Movies
o Raw movie with rotation (browser friendly Quicktime)
o Raw movie with rotation (large Quicktime download)
o Raw movie for each tab separately (browser friendly Quicktime)
o Raw movie for each tab separately (large Quicktime download)

o Still images
o Browse raw images
o Zip file of all the raw images for this run (large file)

o Browse cropped and background subtracted images

o Zip file of all the cropped and background subtracted images for this
run (large file)

o Spacetime images of ripples: [tab 1] [tab 2] [tab 3] [tab 4] [tab 5] [tab

6] [tab 7] [tab 8]

e Associated files
o Zip file of detected edges, ripples and shape.
o Zip file of various timeseries data files.

Back to Icicle Atlas data page.
Back to the icicle rogues gallery page.

The Icicle Atlas

An open access
dataset containing 237
icicles measured by
Antony Chen

~230k images

and > 400 movies,
available under
Creative Commons 4.0
license

(John Ladan’s data is
not yet included)

[ link ]


http://www.physics.utoronto.ca/~smorris/Icicle_Atlas/index.html

The Icicle Atlas: A rogues gallery of icicles

Click on any image to be taken to the homepage of that run.



http://www.physics.utoronto.ca/~smorris/Icicle_Atlas/index.html

Fame

The Icicle Atlas
made it into

the New York Times
on March 16,2015
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Why Icicles Look the Way They Do

% Share full article A} I

A composite of different examples, created artificially in a lab, from the Icicle Atlas.
The foggy and rippled ones were formed with small amounts of salt in the water. The

clearer ones with fewer or no ripples were formed from distilled water. Antony Chen and
Stephen Morris

By James Gorman
March 16, 2015

The reason Stephen Morris studies icicles is simple. They are
common and beautiful, and they make you wonder. And they are
now documented online in all their chilly, wet glory in the Icicle
Atlas.

Wirecutter


https://www.nytimes.com/2015/03/17/science/why-icicles-look-the-way-they-do.html

