
Notes for the first lecture on
“The growth and morphology of icicles”

This pdf contains a few slides that were not shown in the actual lecture,
for lack of time.

This pdf contains live links which are underlined like this.

For data and movies, see the Icicle Atlas
https://www.physics.utoronto.ca/Icicle_Atlas

All papers, theses, reports etc on this topic are available at:
https://www.physics.utoronto.ca/nonlinear/papers_icicles.html

YouTube playlist.
Flickr images and movies of icicles.
Flickr images of the icicle machine.

Do not hesitate to contact me with any questions, ideas or whatever
Stephen Morris   patternphysics@gmail.com or sw.morris@utoronto.ca
https://www.physics.utoronto.ca/nonlinear/

https://www.physics.utoronto.ca/Icicle_Atlas/
https://www.physics.utoronto.ca/Icicle_Atlas
https://www.physics.utoronto.ca/nonlinear/papers_icicles.html
https://youtu.be/ZnLfNsPux7I?si=P9r_Ekz2Z-MbyLJM
https://www.flickr.com/photos/nonlin/sets/72157619114347064/
https://www.flickr.com/photos/nonlin/albums/72157650992122521/
mailto:patternphysics@gmail.com
mailto:sw.morris@utoronto.ca
https://www.physics.utoronto.ca/nonlinear/
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Why study icicles?

Part of a general program applying ideas from nonlinear pattern formation
to naturalistic geomorphological systems: Laboratory geomorphology.

For me, this is blue sky research …

• Mud cracks



Why study icicles?

Part of a general program applying ideas from nonlinear pattern formation
to naturalistic geomorphological systems: Laboratory geomorphology.

For me, this is blue sky research …

• Lava (or starch) columns



Why study icicles?

Part of a general program applying ideas from nonlinear pattern formation
to naturalistic geomorphological systems: Laboratory geomorphology.

For me, this is blue sky research …

• Washboard road



Why study icicles?

part of a general program applying ideas from nonlinear pattern formation
to naturalistic geomorphological systems: Laboratory geomorphology.

For me, this is blue sky research …

Icicles are unusually
amenable to laboratory
study, have been almost
completely ignored.

Everybody has seen them,

but almost nobody has studied 

them carefully.



Why study icicles?

but it also has lots of overlap with ice hazard engineering problems.

For me, this is blue sky research …

9 January 1998.• Ice storms weigh down 
power lines



Why study icicles?

but it also has lots of overlap with ice hazard engineering problems.

For me, this is blue sky research …

• Icicles form lightning rods  
on high voltage equipment

https://www.powerandcables.com/impact-mitigation-of-icing-on-power-network-equipment/



Provocative papers

• N. Ogawa and Y. Furukawa,

“Surface instability of icicles”, Phys. Rev. E 66, 041202 (2002).


• K. Ueno,

“Pattern formation in crystal growth under parabolic shear flow”,

Phys. Rev. E 68, 021603 (2003), and 6 other papers up to 2011.


• M. B. Short, J. C. Baygents and R. E. Goldstein,

“A free-boundary theory for the shape of the ideal dripping icicle”,

Phys. Fluids 18, 083101 (2006).

The theoretical papers that set me on this path:

Two theories of icicle ripples  

A theory of universal “platonic” icicle shapes 



The people who did the work

Antony Szu-Han Chen

John Ladan

Ph.D. 2013

Southern Alberta Institute of Technology


“Experiments on the growth and form of icicles”


Built the Icicle Machine, studied ideal icicle shapes 

and discovered ripples are due to impurities.

Grew over 230 laboratory icicles.

Ph.D. 2023

Vretta Inc


“Experiments on the formation of rippled icicles”


Improved the Icicle Machine, used dye visualization 
and generalized ripple theory to include impurities.

Grew over 180 laboratory icicles.

Also:  Roger Mong,  Jake R. C. Wells,  Ken Liao,  Alina Barnett,  Josh 
Calafato … and probably some others.



Outline

Part 1: Shape  
• Icicles vs stalactites 
• The icicle machine 
• Platonic and not so platonic icicles 

Part 2: Ripples  
• Impure icicles are rippled 
• Ueno theory of pure rippled icicles 
• Ladan theory of impure rippled icicles 
• Worster theory of pure rippled icicles

Part 3: Interior and Flow  
• Internal structure of icicles 
• Visualizing surface flow with dye 
• Ideas for future work 



Icicles grow when latent heat is 
transferred from water flowing 
over their surface into the 
surrounding air.

Stalactites grow when CO2 is transferred 
from water solution into the surrounding air, 
precipitating CaCO3.

Pic by Reza Mir and Ray Goldstein



1. Tip growth from pendant water drop
2. Radial growth from surface flow
3. Inward “pipe filling” growth

Icicle growth modes

N. Maeno, L. Makkonen, K. Nishimura, K. Kosugi 
and T. Takahashi, J. Glaciol., 40, 319 (1994).

It is mode 2 that may be unstable 
to the formation of ripples



Ice does not form “soda straws”
because heat behaves differently than CO2

and water is consumed to make ice

Anne Mongruel will talk

about soda straws



Cave drapery

Photo by 
Dan Rothman, MIT.

Icicle drapery



Icicle growth schematic

ice

cold aircold air

water flowing down

warm air boundary 
layer flowing up

droplet falloff

tip

Water flows down the sides of the 
icicle, releasing latent heat as it 
freezes. The heat is advected and 
diffused first by the water and then 
by the air, which forms a warm rising 
thermal boundary layer.

The water also cools by radiation 
and by evaporation, if the humidity is 
low.

At the tip, heat transfer is more 
efficient than the sides because the 
boundary layer is thinner and there 
are more directions for radiation.   
In addition, droplets falling off carry 
away heat.

The tip grows 10 - 100 x faster than the sides

Makkonen L., A Model of Icicle Growth. Journal of Glaciology, 34, 116 (1988)



Most icicles are produced by water generated from 
waste heat leaking out of buildings.  Some are found 
near waterfalls or seeping cliff faces



Done in 2006 
in the “giant cold
room at Cambridge
University” circulating

bath

nozzle

needle
valve

heat
exchanger

bucket

Need to deliver a very 
slow drip from a pipe that 
does not freeze. Used 
cooling provided by the 
very low humidity, breezy 
cold room …

constant
head
tank

- New Scientist

The first icicle machine



nozzle

cold
room

The first icicle machine

Done in 2006 
in the “giant cold
room at Cambridge
University”

Need to deliver a very 
slow drip from a pipe that 
does not freeze. Used 
cooling provided by the 
very low humidity, breezy 
cold room …

- New Scientist



The icicle machine

Using time-lapse photography, we can make movies of the 
icicle’s evolving morphology. 
 

1 sec of movie = 20 min real time (1 rotation / 8 min)

distilled
water



The icicle machine

Using time-lapse photography, we can make movies of the 
icicle’s evolving morphology. 
 

Up to 16 rotational views of the same icicle.

tap water



The icicle machine

camera

computer

camera tunnel

cold box antifreeze

heat
sink

side door



The icicle machine

Cooling of the box is handled
by a large commercial
circulating bath full of car
antifreeze fluid

Lowest temperature is
about -20 C



lighting

rotating support

heat
sink

heat
sink

The icicle machine



The icicle machine

nozzle

motor

rotating
support

tabs



The icicle machine

tabs

indexer

support



The icicle machine

Dripper nozzle and output
funnel are warmed and
temperature controlled 
by the computer



The icicle machine

Input water is continuously
weighed by a balance
connected to the computer,
which also controls the
peristaltic pump

peristaltic
pump

input water

balance



The icicle machine

Temperatures are measured
with thermocouples and 
controlled by the computer
via a National Instruments

data acquisition system
using a LabView interface



The icicle machine

LabView interfaces



The icicle machine

LabView programming



Why rotation?

8 minute rotation is fast compared to the 
growth time (at least 4 hours), but slow 
compared to fluid mechanical time scale of air 
motion or water flow (~10 seconds). 

Centrifugal effects are negligible:
<latexit sha1_base64="Hh0sKkeuu9pdJgN1S3OJEzLFlvE=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEN9aZotVl0Y3LKvYBnWnJpJk2NJkMSUYoQ3Hjr7hxoYhbv8Kdf2PazkKrBy4czrmXe+8JYkaVdpwvK7ewuLS8kl8trK1vbG7Z2zsNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWB4NfGb90QqKqI7PYqJz1E/oiHFSBupa+95gpM+6pTh7Ukfeopy6Dqd9Phs3LWLTsmZAv4lbkaKIEOta396PYETTiKNGVKq7Tqx9lMkNcWMjAteokiM8BD1SdvQCHGi/HT6whgeGqUHQyFNRRpO1Z8TKeJKjXhgOjnSAzXvTcT/vHaiwws/pVGcaBLh2aIwYVALOMkD9qgkWLORIQhLam6FeIAkwtqkVjAhuPMv/yWNcsmtlCo3p8XqZRZHHuyDA3AEXHAOquAa1EAdYPAAnsALeLUerWfrzXqfteasbGYX/IL18Q2hO5Wr</latexit>

!2R/g ⇠ 10�5

• Encourages axis-symmetry by averaging 
out radial temperature gradients

• Nozzle is located off axis to distribute 
feed water symmetrically on average, 
avoiding drapery etc.

• Full 3D shape of icicle can be inferred 
from rotation and edge detection of 
images:  8 (Chen) or 16 (Ladan) per 
rotation



We take images at 8 (Chen) or16 (Ladan) rotational positions 
so that the whole 3D shape of the icicle can be reconstructed 
from measurements of the edges. 

Edge detection

1       2       3       4        5      6       7       8      9      10     11    12     13     14    15     16



Edge detection
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Edges can be detected from 
every rotational position, to 
single pixel resolution.

Length and left and right 
edges can be extracted 
separately.

Some icicles bend: centerline 
is inferred from the average 
of the left and right edges.

image cropped
and bkg 
subtracted

edges
detected

right edge



3D printable
icicles



scaled down

The Semaphore Lab
University of  Toronto

3D printable
icicles



Growth 

We have a great deal of data about the global mass, length and width 
growth of pure and impure icicles as a function of the basic experimental 
parameters

• Air temperature 

• Input mass flux  

• Impurity concentration

• Impurity species: 7 species with a wide range of charges and molecular 
weights, including sodium fluorescein dye and a few mixtures

Basic observations

<latexit sha1_base64="Vp1+b/Rsm0XyB/fE9YodLXyDEzo=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxEBIehYGhgoWxlehDaqPKcd3Wqu1EtoNUReULWPgVFgYQYmVl429w2wy05UhXOjrnXt17TxAxqrTr/liZhcWl5ZXsam5tfWNzy97eqaowlphUcMhCWQ+QIowKUtFUM1KPJEE8YKQW9G9Hfu2BSEVDca8HEfE56graoRhpI7Xsw2PXuXhMmpLD7gmnYgivYdnU2bTasvOu444B54mXkjxIUWrZ3812iGNOhMYMKdXw3Ej7CZKaYkaGuWasSIRwH3VJw1CBOFF+Mv5nCA+M0oadUJoSGo7VvxMJ4koNeGA6OdI9NeuNxP+8Rqw7V35CRRRrIvBkUSdmUIdwFA5sU0mwZgNDEJbU3ApxD0mEtYkwZ0LwZl+eJ9VTxys4hfJ5vniTxpEFe2AfHAEPXIIiuAMlUAEYPIEX8AberWfr1fqwPietGSud2QVTsL5+Af1cmic=</latexit>

�0.5 g/min < Q < 3.5 g/min

Less interesting parameters:  Air motion, nozzle temperature, humidity, rotation …

The parameter space is quite large.  
The experiment is slow. 

<latexit sha1_base64="s1Xko5mryvd4N01bIG27SBxnQ9c="></latexit>

(30� 50) µM/Kg (DW) < c < 44 000 µM/Kg

<latexit sha1_base64="x/smqosSBedY+q+MJq3YP95DGTI=">AAACD3icbVC7TgJBFJ3FF+Jr1dJmItHYQHaNQQoLIo0lJrwSdiWzwwATZmY3M7MmZMMf2PgrNhYaY2tr5984wBYCnuQmJ+fcm3vvCSJGlXacHyuztr6xuZXdzu3s7u0f2IdHTRXGEpMGDlko2wFShFFBGppqRtqRJIgHjLSCUXXqtx6JVDQUdT2OiM/RQNA+xUgbqWufF9zyg4epxIknOaxO4A2smyosql077xSdGeAqcVOSBylqXfvb64U45kRozJBSHdeJtJ8gqSlmZJLzYkUihEdoQDqGCsSJ8pPZPxN4ZpQe7IfSlNBwpv6dSBBXaswD08mRHqplbyr+53Vi3S/7CRVRrInA80X9mEEdwmk4sEclwZqNDUFYUnMrxEMkEdYmwpwJwV1+eZU0L4tuqVi6v8pXbtM4suAEnIIL4IJrUAF3oAYaAIMn8ALewLv1bL1aH9bnvDVjpTPHYAHW1y9TdZpb</latexit>

�18�C < T < �8�C



Air motion

Legs seem to be facilitated by a thick laminar 
boundary layer and suppressed by a thinner 
turbulent one.

Henceforth use gently turbulent air: Fans on.

<latexit sha1_base64="xUKFuvjor9cJm0uaBpGcLMisQqk=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyKrJ4k4MVjBPOAZA2zndlkyOzsOjMrhCU/4cWDIl79HW/+jZPHQUXBgoaiqpvurjAVXBvX/XAKS8srq2vF9dLG5tb2Tnl3r6mTTCFrYCIS1Q6pZoJL1jDcCNZOFaNxKFgrHF1O/dY9U5on8saMUxbEdCB5xJEaK7V997aLXGGvXPGq7gzkb1KBBeq98nu3n2AWM2lQUK07npuaIKfKcBRsUupmmqUUR3TAOpZKGjMd5LN7J+TIKn0SJcqWNGSmfp3Iaaz1OA5tZ0zNUP/0puJvXicz0XmQc5lmhkmcL4oyQUxCps+TPlcMjRhbQlFxeyvBIVUUjY2o9L8QmidVz6/616eV2sUijiIcwCEcgwdnUIMrqEMDEAQ8wBM8O3fOo/PivM5bC85iZh++wXn7BG6ej5U=</latexit>

60�

Icicles tend to form multiple 
growing tips if air is not stirred. 
“Legs” tend to emerge at         
angles, which suggests crystal 
structure is involved.



Tim Ingram, 
Aberdeen UK

Multiple tips are 
sometimes seen on 
natural icicles

Air motion



Growth Distilled water icicles
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R at 5 cm

below root

Length growth sometimes stops.  We call this 
cessation. Radius growth rate depends only 
weakly on temperature and input flow rate
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Cessation
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Cessation happens 
for low flow rate 
and temperature.

All icicles must 
undergo cessation 
eventually, for 
constant T and Q. 

These are just the 
ones that stop 
within the time of 
the experiment.

Distilled water icicles



Distilled water iciclesGrowth 
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Tip growth speed before cessation vs temperature and flow rate
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Distilled water iciclesGrowth 
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Radial growth speed at                  before cessation vs 
temperature and flow rate
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Cessation Impure water icicles

Remarkably, the tip advance of impure icicles accelerates 
before cessation, with higher concentrations beginning
acceleration sooner.
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Platonic icicle shape theory M. B. Short,  J. C. Baygents,  R. E. Goldstein,  
Phys. Fluids,  18, 083101 (2006).
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boundary 
layer
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The axisymmetric icicle is covered by a 
thin film of supercooled water, but the 
temperature drop across the water is 
negligible. Ice growth is limited by heat 
transfer across a laminar boundary layer 
in the air with thickness 

This is the result for a vertical heated plate. C is a 
dimensionless quantity of order 1 related to the Prandtl 
number Pr. This will be important later.
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Then, using the Stefan condition, the heat flux 
across the layer is
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Platonic icicle shape theory M. B. Short,  J. C. Baygents,  R. E. Goldstein,  
Phys. Fluids,  18, 083101 (2006).
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For a uniformly translating invariant shape:

Write          in terms of               and change to dimensionless variables      
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⇣ = z/aand gives a remarkable dimensionless ODE:

Universal invariant form, with no parameters

<latexit sha1_base64="ndwaXnRP6Ewur10iPBl4aGeZBRY="></latexit>

d⇢

d⇣
=

1q
⇣

1
2 � 1

<latexit sha1_base64="FiFh7r2KDbsmr/Fw2FKOiueeVMA=">AAACBHicdZDLSgMxGIUz9VbrbdRlN8EiuCrTWqouhIIblxXsBTrDkEkzbWgmE5JMoQwF3fgqblwo4taHcOfbmGkreD0Q+DjnD8l/AsGo0o7zbuWWlldW1/LrhY3Nre0de3evreJEYtLCMYtlN0CKMMpJS1PNSFdIgqKAkU4wusjyzphIRWN+rSeCeBEacBpSjLSxfLs49gfwHI791JUR1FRMoasoh64YUt8uOWXHqR6f1eBvqBjIVAILNX37ze3HOIkI15ghpXoVR2gvRVJTzMi04CaKCIRHaEB6BjmKiPLS2RJTeGicPgxjaQ7XcOZ+vZGiSKlJFJjJCOmh+pll5l9ZL9HhqZdSLhJNOJ4/FCYM6hhmjcA+lQRrNjGAsKTmrxAPkURYm94KpoTPTeH/0K6WK/Vy/apWajRu5nXkQREcgCNQASegAS5BE7QABrfgHjyCJ+vOerCerZf5aM5aVLgPvsl6/QAOjZgp</latexit>

vg = vtip sin�

which has solution
for small a

All lengths scale with this 
rather strange length:

Platonic icicle shape
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Fitting the shape

via a least-squares analysis to 
get the best-fit scaling factor    .a
Fitting over 100 icicles, we find 
that some icicles fit the theory 
to a very remarkable degree, 
while others do not .
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A. S. Chen and S. W. Morris, 
Phys. Rev. E 83, 026307 (2011). 
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R(z)

<latexit sha1_base64="9AnbifRpDCu/wLeUWUyhpvzqwwc="></latexit>
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For each icicle, the profile    
was fit to the theoretical shape:



distilled water tap water

Not-so-platonic icicles

Water purity is the main factor 
determining platonic-ness
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Temperature 
<latexit sha1_base64="9nlynC++5wq1OSYLzizip0vlqjA=">AAAB73icdVDLSsNAFL2pr1pfUZduBovgqiS1VN0VunFZwT6gjWUynbRDJ5M4MxFKKPgNblwo4tbfceffOGkr+Dxw4XDOvdx7jx9zprTjvFu5peWV1bX8emFjc2t7x97da6kokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9czv31LpWKRuNKTmHohHgoWMIK1kTrXPcIkQfW+XXRKjlM+Oa+g38Q1JEMRFmj07bfeICJJSIUmHCvVdZ1YeymWmhFOp4VeomiMyRgPaddQgUOqvHR27xQdGWWAgkiaEhrN1K8TKQ6VmoS+6QyxHqmfXib+5XUTHZx5KRNxoqkg80VBwpGOUPY8GjBJieYTQzCRzNyKyAhLTLSJqGBC+PwU/U9a5ZJbLVUvK8Va7W4eRx4O4BCOwYVTqMEFNKAJBDjcwyM8WTfWg/Vsvcxbc9Yiwn34Buv1A9xikEc=</latexit>�C

<latexit sha1_base64="96b8H39+4BjIPGvY7LtD+JNeCb8=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4KpMa6m6K7hxWcE+oFOHTOZOG5rJDElGKEPVhX/FjQtF3Por3PlvTB+CzwOBj3NuSO7xYs6Utu13KzM3v7C4lF3OrayurW/kN7eaKkokhQaNeCTbHlHAmYCGZppDO5ZAQo9DyxucjvPWFUjFInGhhzF0Q9ITLGCUaGO5+Z3UkSGW4CcU/NE1dmifXZZdRyRuvmAXbbt8eFLBv6FkYKwCmqnu5t8cP6JJCEJTTpTqlOxYd1MiNaMcRjknURATOiA96BgUJATVTScrjPC+cXwcRNIcofHE/XojJaFSw9AzkyHRffUzG5t/ZZ1EB8fdlIk40SDo9KEg4VhHeNwH9pkEqvnQAKGSmb9i2ieSUG1ay5kSPjfF/0OzXCxVi9XzSqFWu53WkUW7aA8doBI6QjV0huqogSi6QffoET1Zd9aD9Wy9TEcz1qzCbfRN1usHg2mX7w==</latexit> re
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The scale factor  a
<latexit sha1_base64="Rq+I9scdRnMMxtTpK7wA5Rpfgtk="></latexit>

a theory =
g�a(�Ta)5
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<latexit sha1_base64="yLb5kJ+feSo/9Sp+iDOrwq1UZ8Y=">AAACA3icdZBNS8MwHMbT+TbnW9WbXoJDmCCjnWPqbeDF4wT3AmspaZZuYUlbklQYZbKLX8WLB0W8+iW8+W1Mtwm+PhD48Tz/kPwfP2ZUKst6N3ILi0vLK/nVwtr6xuaWub3TklEiMGniiEWi4yNJGA1JU1HFSCcWBHGfkbY/vMjy9g0RkkbhtRrFxOWoH9KAYqS05Zl7yEudY+gIDgOqxrelNEPMx/DIM4tW2bIqJ+dV+BtsDZmKYK6GZ745vQgnnIQKMyRl17Zi5aZIKIoZGRecRJIY4SHqk67GEHEi3XS6wxgeaqcHg0joEyo4db/eSBGXcsR9PcmRGsifWWb+lXUTFZy5KQ3jRJEQzx4KEgZVBLNCYI8KghUbaUBYUP1XiAdIIKx0bQVdwuem8H9oVcp2rVy7qhbr9cmsjjzYBwegBGxwCurgEjRAE2AwAffgETwZd8aD8Wy8zEZzxrzCXfBNxusH7YmXfg==</latexit> a
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<latexit sha1_base64="96b8H39+4BjIPGvY7LtD+JNeCb8=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4KpMa6m6K7hxWcE+oFOHTOZOG5rJDElGKEPVhX/FjQtF3Por3PlvTB+CzwOBj3NuSO7xYs6Utu13KzM3v7C4lF3OrayurW/kN7eaKkokhQaNeCTbHlHAmYCGZppDO5ZAQo9DyxucjvPWFUjFInGhhzF0Q9ITLGCUaGO5+Z3UkSGW4CcU/NE1dmifXZZdRyRuvmAXbbt8eFLBv6FkYKwCmqnu5t8cP6JJCEJTTpTqlOxYd1MiNaMcRjknURATOiA96BgUJATVTScrjPC+cXwcRNIcofHE/XojJaFSw9AzkyHRffUzG5t/ZZ1EB8fdlIk40SDo9KEg4VhHeNwH9pkEqvnQAKGSmb9i2ieSUG1ay5kSPjfF/0OzXCxVi9XzSqFWu53WkUW7aA8doBI6QjV0huqogSi6QffoET1Zd9aD9Wy9TEcz1qzCbfRN1usHg2mX7w==</latexit>

reduced �2
⌫

Putting in typical numbers, we find 
<latexit sha1_base64="S43/oSchoteOqEX+f8sok2SG/WA="></latexit>

a theory ⇠ 2⇥ 10�5 (cm)
so a is indeed very very small.

The values of a that 
emerge from fitting the 
shape are also very 
very small — roughly 
in the same ballpark.

Since a is so small, 
we expect that we 
should be in the 
small a power law 
limit:

<latexit sha1_base64="BF5iE2qbzXdVFGtKzJ8ZS/bE6Ck=">AAACF3icdZDLSgMxGIUz9VbrbdSlm2AR6maYaUvVhVBw47KCvUCnlkyaaUMzF5KMUIcRH8KNr+LGhSJudefbmOlU8HogcPjOH5L/OCGjQprmu5abm19YXMovF1ZW19Y39M2tlggijkkTByzgHQcJwqhPmpJKRjohJ8hzGGk745M0b18SLmjgn8tJSHoeGvrUpRhJhfq6YfNRULKviET78BjaLkc4riZxJbmGU3oRZ6ySKJz09aJpmGa5clSFv42lTKoimKnR19/sQYAjj/gSMyRE1zJD2YsRlxQzkhTsSJAQ4TEakq6yPvKI6MXTvRK4p8gAugFXx5dwSr/eiJEnxMRz1KSH5Ej8zFL4V9aNpHvYi6kfRpL4OHvIjRiUAUxLggPKCZZsogzCnKq/QjxCqgapqiyoEj43hf+bVtmwakbtrFqs12+yOvJgB+yCErDAAaiDU9AATYDBLbgHj+BJu9MetGftJRvNabMKt8E3aa8fGCagWw==</latexit>
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a one parameter fit



Fit shape to a general power law
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<latexit sha1_base64="96b8H39+4BjIPGvY7LtD+JNeCb8=">AAACAnicdZBLSwMxFIUz9VXrq+pK3ASL4KpMa6m6K7hxWcE+oFOHTOZOG5rJDElGKEPVhX/FjQtF3Por3PlvTB+CzwOBj3NuSO7xYs6Utu13KzM3v7C4lF3OrayurW/kN7eaKkokhQaNeCTbHlHAmYCGZppDO5ZAQo9DyxucjvPWFUjFInGhhzF0Q9ITLGCUaGO5+Z3UkSGW4CcU/NE1dmifXZZdRyRuvmAXbbt8eFLBv6FkYKwCmqnu5t8cP6JJCEJTTpTqlOxYd1MiNaMcRjknURATOiA96BgUJATVTScrjPC+cXwcRNIcofHE/XojJaFSw9AzkyHRffUzG5t/ZZ1EB8fdlIk40SDo9KEg4VhHeNwH9pkEqvnQAKGSmb9i2ieSUG1ay5kSPjfF/0OzXCxVi9XzSqFWu53WkUW7aA8doBI6QjV0huqogSi6QffoET1Zd9aD9Wy9TEcz1qzCbfRN1usHg2mX7w==</latexit>

reduced �2
⌫

<latexit sha1_base64="1mbizrCLpjWXgswG0QLJ8Hdr1N0=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8hU0MUW8BLx4juEkgWcLsZDYZMju7zPQKIQT8Ay8eFPHqB3nzb5xNIvgsaCiquunuChIpDLruu7O0vLK6tp7byG9ube/sFvb2myZONeMei2Ws2wE1XArFPRQoeTvRnEaB5K1gdJn5rVuujYjVDY4T7kd0oEQoGEUred2AI+0Vim7JdSunF1Xym5QtyVCEBRq9wlu3H7M04gqZpMZ0ym6C/oRqFEzyab6bGp5QNqID3rFU0YgbfzI7dkqOrdInYaxtKSQz9evEhEbGjKPAdkYUh+anl4l/eZ0Uw3N/IlSSIldsvihMJcGYZJ+TvtCcoRxbQpkW9lbChlRThjafvA3h81PyP2lWSuVaqXZdLdbrd/M4cnAIR3ACZTiDOlxBAzxgIOAeHuHJUc6D8+y8zFuXnEWEB/ANzusHOryPYw==</latexit>

�

<latexit sha1_base64="KG9QqmtU2IyEBHnC9pv119bOf/Q=">AAAB+3icdZBLSwMxFIUzPmt9jXXpJlgEV2WmlqoLoeDGZRX7gM5Y7qSZNjTzIMmIdSj4S9y4UMStf8Sd/8ZMW8HngcDHOTfk5ngxZ1JZ1rsxN7+wuLScW8mvrq1vbJpbhaaMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3vA0y1vXVEgWhZdqFFM3gH7IfEZAaatrFi7wCXaAxwPAt1eORxV0zaJVsqzywXEF/wZbQ6YimqneNd+cXkSSgIaKcJCyY1uxclMQihFOx3knkTQGMoQ+7WgMIaDSTSe7j/GednrYj4Q+ocIT9+uNFAIpR4GnJwNQA/kzy8y/sk6i/CM3ZWGcKBqS6UN+wrGKcFYE7jFBieIjDUAE07tiMgABROm68rqEz5/i/6FZLtnVUvW8UqzV7qZ15NAO2kX7yEaHqIbOUB01EEE36B49oidjbDwYz8bLdHTOmFW4jb7JeP0ADVSUPw==</latexit>

R = ↵z�

a 2 parameter fit

The general power law, being a 2 parameter fit, gives a tighter fit to 
the data that the one-parameter platonic shape.

But the best fit for the 
power     clusters 
nearer to 1/2 than the 
expected 3/4.

<latexit sha1_base64="1mbizrCLpjWXgswG0QLJ8Hdr1N0=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8hU0MUW8BLx4juEkgWcLsZDYZMju7zPQKIQT8Ay8eFPHqB3nzb5xNIvgsaCiquunuChIpDLruu7O0vLK6tp7byG9ube/sFvb2myZONeMei2Ws2wE1XArFPRQoeTvRnEaB5K1gdJn5rVuujYjVDY4T7kd0oEQoGEUred2AI+0Vim7JdSunF1Xym5QtyVCEBRq9wlu3H7M04gqZpMZ0ym6C/oRqFEzyab6bGp5QNqID3rFU0YgbfzI7dkqOrdInYaxtKSQz9evEhEbGjKPAdkYUh+anl4l/eZ0Uw3N/IlSSIldsvihMJcGYZJ+TvtCcoRxbQpkW9lbChlRThjafvA3h81PyP2lWSuVaqXZdLdbrd/M4cnAIR3ACZTiDOlxBAzxgIOAeHuHJUc6D8+y8zFuXnEWEB/ANzusHOryPYw==</latexit>

�

tighter scale on this axis than previous



The scale factor  a
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Direct comparison of             and <latexit sha1_base64="Dh0csoZ4b5XXef5edlShkfc2yss=">AAAB9XicdZBNS8MwHMbT+Tbn29Sjl+AQPEhpZ5nzNvDicYJ7gbWONEu3sCQtSaqMMvBjePGgiFe/ize/jek2QUUfCDw8zz/kn1+YMKq043xYhaXlldW14nppY3Nre6e8u9dWcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxf5H3nlkhFY3GtJwkJOBoKGlGMtIluUD/zT6AvOYyonvbLFceuea5XrUPHdmbKjes5p+fQXSQVsFCzX373BzFOOREaM6RUz3USHWRIaooZmZb8VJEE4TEakp6xAnGigmy29RQemWQAo1iaIzScpd9vZIgrNeGhmeRIj9TvLg//6nqpjupBRkWSaiLw/KEoZVDHMEcAB1QSrNnEGIQlNbtCPEISYW1AlQyEr5/C/027ars1u3blVRqN+zmOIjgAh+AYuOAMNMAlaIIWwECCB/AEnq0769F6sV7nowVrgXAf/JD19gknHJK3</latexit>a fit
<latexit sha1_base64="GiqB+SnMeX7qxeRxI4pEPftQ6kY=">AAAB+nicdZBNS8MwHMbT+TbnW6dHL8EheJDSzjLnbeDF4wQ3B1spaZZuYWlTklQpdeAX8eJBEa9+Em9+G9Ntgoo+EHh4nn/IP78gYVQq2/4wSkvLK6tr5fXKxubW9o5Z3e1KngpMOpgzLnoBkoTRmHQUVYz0EkFQFDByHUzOi/76hghJeXylsoR4ERrFNKQYKR35ZhX5+eB4ICKoxoSLbAp9s2ZbDddx601oW/ZMhXFc++QMOoukBhZq++b7YMhxGpFYYYak7Dt2orwcCUUxI9PKIJUkQXiCRqSvbYwiIr18tvoUHupkCEMu9IkVnKXfb+QokjKLAj0ZITWWv7si/KvrpypsejmNk1SRGM8fClMGFYcFBzikgmDFMm0QFlTvCvEYCYSVplXREL5+Cv833brlNKzGpVtrte7nOMpgHxyAI+CAU9ACF6ANOgCDW/AAnsCzcWc8Gi/G63y0ZCwQ7oEfMt4+ASrvlF4=</latexit>a theory

We find that              and       
are positively correlated but                                     

<latexit sha1_base64="4FCq1RqUCU9Z/F3txiGtxA8MDAM=">AAAB+nicbZDLSgMxGIUzXmu9TXXpJlgEF1JmRKrLghuXFewFOsOQSTNtaC5DklGGseCLuHGhiFufxJ1vY3pZaOuBwMc5f8ifE6eMauN5387K6tr6xmZpq7y9s7u371YO2lpmCpMWlkyqbow0YVSQlqGGkW6qCOIxI514dD3JO/dEaSrFnclTEnI0EDShGBlrRW4FRUVwFigOzZBIlY9h5Fa9mjcVXAZ/DlUwVzNyv4K+xBknwmCGtO75XmrCAilDMSPjcpBpkiI8QgPSsygQJzospquP4Yl1+jCRyh5h4NT9faNAXOucx3aSIzPUi9nE/C/rZSa5Cgsq0swQgWcPJRmDRsJJD7BPFcGG5RYQVtTuCvEQKYSNbatsS/AXv7wM7fOaX6/Vby+qjcbTrI4SOALH4BT44BI0wA1oghbA4AE8g1fw5jw6L8678zEbXXHmFR6CP3I+fwDt6pQ0</latexit>a theory
<latexit sha1_base64="jjEN5BXWbXuNe1L6tQ0/WgpIoQQ=">AAAB9XicdZBLSwMxFIXv1Fetr6pLN8EiuJAyU0vVXcGNywr2AZ2xZNJMG5rJDElGKUPBn+HGhSJu/S/u/Ddm2go+DwQ+zrkhN8ePOVPatt+t3MLi0vJKfrWwtr6xuVXc3mmpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x+dZ3n7hkrFInGlxzH1QjwQLGAEa2Nd417qHiFXhihgetIrluyybVeOz6roNzgGMpVgrkav+Ob2I5KEVGjCsVJdx461l2KpGeF0UnATRWNMRnhAuwYFDqny0unWE3RgnD4KImmO0Gjqfr2R4lCpceibyRDrofqZZeZfWTfRwamXMhEnmgoyeyhIONIRyipAfSYp0XxsABPJzK6IDLHERJuiCqaEz5+i/6FVKTu1cu2yWqrX72Z15GEP9uEQHDiBOlxAA5pAQMI9PMKTdWs9WM/Wy2w0Z80r3IVvsl4/ADgFksM=</latexit>a fit

that               is 2 or 3 
orders of magnitude smaller 
than        , taking C = 1.

<latexit sha1_base64="4FCq1RqUCU9Z/F3txiGtxA8MDAM=">AAAB+nicbZDLSgMxGIUzXmu9TXXpJlgEF1JmRKrLghuXFewFOsOQSTNtaC5DklGGseCLuHGhiFufxJ1vY3pZaOuBwMc5f8ifE6eMauN5387K6tr6xmZpq7y9s7u371YO2lpmCpMWlkyqbow0YVSQlqGGkW6qCOIxI514dD3JO/dEaSrFnclTEnI0EDShGBlrRW4FRUVwFigOzZBIlY9h5Fa9mjcVXAZ/DlUwVzNyv4K+xBknwmCGtO75XmrCAilDMSPjcpBpkiI8QgPSsygQJzospquP4Yl1+jCRyh5h4NT9faNAXOucx3aSIzPUi9nE/C/rZSa5Cgsq0swQgWcPJRmDRsJJD7BPFcGG5RYQVtTuCvEQKYSNbatsS/AXv7wM7fOaX6/Vby+qjcbTrI4SOALH4BT44BI0wA1oghbA4AE8g1fw5jw6L8678zEbXXHmFR6CP3I+fwDt6pQ0</latexit>a theory

<latexit sha1_base64="jjEN5BXWbXuNe1L6tQ0/WgpIoQQ=">AAAB9XicdZBLSwMxFIXv1Fetr6pLN8EiuJAyU0vVXcGNywr2AZ2xZNJMG5rJDElGKUPBn+HGhSJu/S/u/Ddm2go+DwQ+zrkhN8ePOVPatt+t3MLi0vJKfrWwtr6xuVXc3mmpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x+dZ3n7hkrFInGlxzH1QjwQLGAEa2Nd417qHiFXhihgetIrluyybVeOz6roNzgGMpVgrkav+Ob2I5KEVGjCsVJdx461l2KpGeF0UnATRWNMRnhAuwYFDqny0unWE3RgnD4KImmO0Gjqfr2R4lCpceibyRDrofqZZeZfWTfRwamXMhEnmgoyeyhIONIRyipAfSYp0XxsABPJzK6IDLHERJuiCqaEz5+i/6FVKTu1cu2yWqrX72Z15GEP9uEQHDiBOlxAA5pAQMI9PMKTdWs9WM/Wy2w0Z80r3IVvsl4/ADgFksM=</latexit>a fit

Since C is raised to the 4th 
power in the expression for 
a, this discrepancy could be 
removed by taking C = 0.2 .

<latexit sha1_base64="Rq+I9scdRnMMxtTpK7wA5Rpfgtk="></latexit>

a theory =
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The scale factor  a Direct test of the scaling of  
<latexit sha1_base64="Dh0csoZ4b5XXef5edlShkfc2yss=">AAAB9XicdZBNS8MwHMbT+Tbn29Sjl+AQPEhpZ5nzNvDicYJ7gbWONEu3sCQtSaqMMvBjePGgiFe/ize/jek2QUUfCDw8zz/kn1+YMKq043xYhaXlldW14nppY3Nre6e8u9dWcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxf5H3nlkhFY3GtJwkJOBoKGlGMtIluUD/zT6AvOYyonvbLFceuea5XrUPHdmbKjes5p+fQXSQVsFCzX373BzFOOREaM6RUz3USHWRIaooZmZb8VJEE4TEakp6xAnGigmy29RQemWQAo1iaIzScpd9vZIgrNeGhmeRIj9TvLg//6nqpjupBRkWSaiLw/KEoZVDHMEcAB1QSrNnEGIQlNbtCPEISYW1AlQyEr5/C/027ars1u3blVRqN+zmOIjgAh+AYuOAMNMAlaIIWwECCB/AEnq0769F6sV7nowVrgXAf/JD19gknHJK3</latexit>a fit

<latexit sha1_base64="dbN7OBkd0jy6c51ZW7EpLse45rs="></latexit>

atheory = `
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<latexit sha1_base64="aiNJVrb9RIARZ/1cx6IyA3EsSu4="></latexit>

vg = vc
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<latexit sha1_base64="a9qdXBy48APJZLUkh+qfFZ7Xq9s="></latexit>

atheory = z
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<latexit sha1_base64="cLah94cSn61ZDD6IWlc5/6eYmVA="></latexit>

afit = D

✓
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So we test the power law

We find D = 0.11 cm (a constant) and p = 2.4,                                        
not D = z (not a constant) and p = 4.  Theoretical scaling does not hold.
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A different experiment

M. Demmenie et al, Phys. Rev. Applied 19, 024005 (2023).

Grew icicles with ultra 
pure “milli-Q” water with 
impurity concentration of 

about 10x more pure 
than our distilled water 
at
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5.6 µM/kg .
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(30� 50) µM/Kg .

They fit to a cone and 
saw deviations from 
platonic-ness for the 
lowest concentrations.

So it appears that icicles can be platonic if they are 
pure enough (distilled) but not too pure (milli-Q).



Are icicles platonic?

PRO:

Conclusion: qualified success

You decide!

• Some icicles do fit the platonic form, if the water is pure enough 
(but not too pure).

• The very small value of a more-or-less agrees with theory            
(if ones takes C = 0.2). 

CON: • The theory relies heavily on the scaling of a laminar boundary layer, 
but the icicles can be approximately platonic even for turbulent air.

• Fitting the shape with a 2 parameter power law gives a power of 
about 1/2 instead of the expected 3/4, for small a.

• a does not scale properly with                 It fits to a pure power law. 

• a is absurdly small and its physical interpretation is obscure.

•         is not modeled physically the way      is. It is treated as a 
geometric parameter to enforce a uniformly translating shape with                                 
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vg = vtip sin� . In reality, there is physics there.



Fin



A melting cylinder of ice

J. A. Neufeld, R. E. Goldstein and M. G. Worster, J. Fluid Mech., 647, 287 (2010).



XVIII. ON A YOUTH KILLED BY THE FALL  
OF A PIECE OF ICE.

Just where the gate near the portico of Agrippa is always dripping with 
water,1 and the slippery pavement is wet with constant showers, a mass of 
water, congealed by winter's cold, fell upon the neck of a youth who was 
entering the damp temple, and, when it had inflicted a cruel death on the 
unfortunate boy, the weapon melted in the warm wound it had made. What 
cruelties does not Fortune permit? Or where is not death to be found, if you, 
waters, turn cut-throats?

Death by icicle

Martial, Epigrams. Book 4.

First reported by the roman epigrapher
Martial around 100 AD.

and Mythbusters: Can icicles be deadly?

See also  Die Hard 2 (1990),

https://youtu.be/PMigmTy0OXY?si=jXePq-IIXPT-794h&t=1905
https://youtu.be/JdgFpPKxal0


The Icicle Atlas
Run 120206
The image at the left shows the final state of this run.

Conditions

Wall temperature: -12.30 C
Air temperature: -9.85 C
Water flow rate: 1.9767 g/min
Water type: Canadian Springs (TM) distilled water
Salt concentration: 8.00e-03 wt %
Surfactant concentration: no added surfactant
Input nozzle temperature: 1.02 C
Fan flux: 0.82 m^3/min per fan
Support rotation: indexed support rotation with 8 tabs
Support rotation rate: 4.06 min/rot
Relative humidity: 81.6 %
Scale of raw images: 54.640 pixel/cm

Movies
Raw movie with rotation (browser friendly Quicktime)
Raw movie with rotation (large Quicktime download)
Raw movie for each tab separately (browser friendly Quicktime)
Raw movie for each tab separately (large Quicktime download)

Still images
Browse raw images
Zip file of all the raw images for this run (large file)

Browse cropped and background subtracted images
Zip file of all the cropped and background subtracted images for this
run (large file)
Spacetime images of ripples: [tab 1] [tab 2] [tab 3] [tab 4] [tab 5] [tab
6] [tab 7] [tab 8]

Associated files
Zip file of detected edges, ripples and shape.
Zip file of various timeseries data files.

Back to Icicle Atlas data page.
Back to the icicle rogues gallery page.

An open access
dataset containing 237
icicles measured by
Antony Chen

~230k images
and > 400 movies,
available under
Creative Commons 4.0 
license

(John Ladan’s data is 
             not yet included)

[ link ]

The Icicle Atlas

http://www.physics.utoronto.ca/~smorris/Icicle_Atlas/index.html


The Icicle Atlas: A rogues gallery of icicles
Click on any image to be taken to the homepage of that run.

               

               

[ link ]

http://www.physics.utoronto.ca/~smorris/Icicle_Atlas/index.html


The Icicle Atlas
made it into 
the New York Times

on March 16, 2015

[link]

Fame

https://www.nytimes.com/2015/03/17/science/why-icicles-look-the-way-they-do.html

