
Notes for the second lecture on
“The growth and morphology of icicles”

This pdf contains a few slides that were not shown in the actual lecture,
for lack of time.

This pdf contains live links which are underlined like this.

For data and movies, see the Icicle Atlas
https://www.physics.utoronto.ca/Icicle_Atlas

All papers, theses, reports etc on this topic are available at:
https://www.physics.utoronto.ca/nonlinear/papers_icicles.html

YouTube playlist.
Flickr images and movies of icicles.
Flickr images of the icicle machine.

Do not hesitate to contact me with any questions, ideas or whatever
Stephen Morris   patternphysics@gmail.com or sw.morris@utoronto.ca
https://www.physics.utoronto.ca/nonlinear/

https://www.physics.utoronto.ca/Icicle_Atlas/
https://www.physics.utoronto.ca/Icicle_Atlas
https://www.physics.utoronto.ca/nonlinear/papers_icicles.html
https://youtu.be/ZnLfNsPux7I?si=P9r_Ekz2Z-MbyLJM
https://www.flickr.com/photos/nonlin/sets/72157619114347064/
https://www.flickr.com/photos/nonlin/albums/72157650992122521/
mailto:patternphysics@gmail.com
mailto:sw.morris@utoronto.ca
https://www.physics.utoronto.ca/nonlinear/


Part 2: Ripples



Icicle ripples



Flickr photo by J. Hiebert

Icicle ripples

http://www.flickr.com/photos/jeremyhiebert/5353481540/


Ice stalagmite

An early 
experiment in 
which the 
funnel heater 
failed

Ice stalagmites

in a cave

Image: Julyan Cartwright



“Michelin Man” ring-like 
ridges are often seen on the 
surface of natural icicles.

Existing theory does not take any 
account of impurities.

N. Ogawa and Y. Furukawa, PRE, 66, 041202 (2002). 
K. Ueno, Phys. Fluids 19, 093602 (2007), 
and several other papers.

Ripples are always observed to have a wavelength
very close to 1 cm,  independent of
flow rate, undercooling etc.

Ripples not observed on distilled
water icicles.  They require small 
levels of impurities to form.
This was not realized until 
Chen’s experiments.

A. S-H. Chen and S.W. Morris,  
New J. Phys., 15, 103012 (2013).

Icicle ripples



Icicle ripples

• T.  Terada, “Stripe patterns 
in Nature” (1933). Observation.

•T.  Tozuka,  Kagaku, 8, 218 
(1938). Observation.

•S. Matsuda, MSc thesis 
(1997). Experiment.

• N. Ogawa, Y. Furukawa, Phys. 
Rev. E, 66, 041202 (2002). 
Theory. 

•K. Ueno et al., 7 theory 
papers.

Torahiko Terada



Icicle ripples  T.  Terada, “Stripe patterns in Nature” (1933).

Translation by Tom Gally, University of Tokyo

以上のものとは少し違った部類のものであるが、氷柱や鐘乳石が簡単な円錐形ま たは紡錘
形となる代わりに、どうかすると、表面に週期的の皺を生じ、その縦断 面の輪郭が波形と
なることがある。この原因についてもあまりよく知る人がない ようである。この場合にも
やはり表面を流下する液体の運動にある週期性があっ て、それがまた同時に氷結と融解、
あるいは析出と沈着との週期性を支配するも のである、とまでは想像しても悪くないであ
ろう。しかしこの場合にも熱的対流 が関係するか、それとも、単に流水層の渦層の器械的
不安定によるものであるか は、今後の詳細な実験的研究によってのみ決定さるべきであろ
う。

A somewhat different type of phenomenon from those mentioned above 
[waves on sand dunes, sinter deposits around geysers, etc.] is when 
icicles and stalactites, instead of taking simple cylindrical or 
conical shapes, form periodic wrinkles on their surfaces, with their 
longitudinal profiles forming waves. No one seems to understand much 
about the causes of those waves ... [The mechanism] can only be 
determined through in-depth experimental research.



Icicle ripples

Tozuka 1938• T.  Terada, “Stripe patterns 
in Nature” (1933). Observation.

•T.  Tozuka,  Kagaku, 8, 218 
(1938). Observation.

•S. Matsuda, MSc thesis 
(1997). Experiment.

• N. Ogawa, Y. Furukawa, Phys. 
Rev. E, 66, 041202 (2002). 
Theory. 

•K. Ueno et al., 7 theory 
papers.



Matsuda  M.Sc. thesis 1997.      He used tap water.

ice on a stick

wavelength histogram



Cave ripples:
crenulations

C. Camporeale
and L.  Ridolfi,  
Phys. Rev. Lett., 108, 
238501 (2012).

Ripples are also
common in cave 
formations



Icicle ripples

A. S-H. Chen and S.W. Morris,  New J. Phys., 15, 103012 (2013).
J. Ladan and S.W. Morris, New J. Phys., 23, 123017 (2021).
J. Ladan and S.W. Morris, Phys. Rev. E, 106, 054211 (2022).

In order to study the effect of concentration and impurity species, 
we systematically doped distilled water with the following:

Molal concentrations count all the dissociated ions.                  
We used sodium fluorescein dye both as an impurity and to 
visualize the flow of water.  Some runs also had TX100 surfactant 
added to change their surface tension.

1

Mol. weight van ’t Ho↵ Number

Species formula g/Mol Charge factor of icicles Author(s)

Sodium Chloride NaCl 58.4 1 2 129 Chen, Ladan
Sodium fluorescein (dye) Na2C20H12O5 376.3 2 3 49 Ladan

Sodium sulfate Na2SO4 142.04 2 3 17 Ladan
D-Glucose C6H12O6 180.2 0 1 5 Ladan

Cupric sulfate CuSO4 159.6 2 2 2 Ladan
Polyethylene glycol PEG3350 3350 0 1 2 Ladan

Ferrous sulfate FeSO4 151.9 2 2 1 Ladan
Triton X 100 C14H22O(C2H4O)n 647 0 1 20 Chen, Ladan
Surfactant

225



distilled water 40 mg NaCl per kg H2O 1.28 g NaCl per kg H2O

-12.3 deg C, 2.0 g/min Much less than Sea water: ~ 35 g NaCl per kg H2O



Distilled water, no NaCl

Fourier de-trended

Icicle topography vs time

NaCl doped icicles

Distilled water, with
no added NaCl



Distilled water, with
8.0 x 10-5 mass fraction NaCl

Fourier de-trendedNaCl doped icicles

Icicle topography vs time



Distilled water, with
1.28 x 10-3 mass
fraction NaCl

Fourier de-trendedNaCl doped icicles

Icicle topography vs time



Distilled water, with
1.28 x 10-3 mass
fraction NaCl

Fourier de-trended

8 rotational
views of the
same icicle

cm

NaCl doped icicles

Icicle topography vs time
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Measuring ripples

Chen measured icicle 
ripple amplitudes and 
wavelengths using a 
Fourier technique.

Pictures 8x per 
rotation give 16 edges 
every 8 minutes.

Amplitude is noisy, so 
rotational averages are 
used.

raw left edge detrended spectrum

NaCl doped icicles

Ripple wavelength is more tightly constrained than amplitude.



Amplitudes averaged over 1 rotation of icicle and over repeated runs.
t = 0 when icicle reaches 10 cm, topography data from top 10 cm only.

Growth and saturation of ripple amplitude vs time

NaCl doped icicles

<latexit sha1_base64="jzPZL0KZJdi48iqMzDiuxEt3SUA="></latexit>

T = �12.3 �C

Q = 2.0 g/min

wt/wt



Bubbling air through the distilled water for a long time does not
produce ripples.  All samples are likely saturated with dissolved air.

Growth and saturation of ripple amplitude vs time

NaCl doped icicles

<latexit sha1_base64="jzPZL0KZJdi48iqMzDiuxEt3SUA="></latexit>

T = �12.3 �C

Q = 2.0 g/min

wt/wt



Adding                       of a strong surfactant, Triton X, to distilled water does 
not produce ripples, even though the surface tension is reduced by 45%.

Growth and saturation of ripple amplitude vs time

NaCl doped icicles

<latexit sha1_base64="jzPZL0KZJdi48iqMzDiuxEt3SUA="></latexit>

T = �12.3 �C

Q = 2.0 g/min

wt/wt

<latexit sha1_base64="R28er1aKndvtcnfjbLY4Mmg/Sw4=">AAACBHicdVDJSgNBEO2JW4zbqMdcGoPgxTgTQ9RbwIvHCGaBJIaeTidp0rPQXWMIw4he/BUvHhTx6kd482/sSSK4Pih4vFdFVT0nEFyBZb0bqbn5hcWl9HJmZXVtfcPc3KopP5SUVakvfNlwiGKCe6wKHARrBJIR1xGs7gxPE79+xaTivncB44C1XdL3eI9TAlrqmNlCC7jLlG1dRvvF+BpHLeniERyMIO6YOStvWYXDkyL+TWxNEuTQDJWO+dbq+jR0mQdUEKWathVAOyISOBUszrRCxQJCh6TPmpp6RC9uR5MnYryrlS7u+VKXB3iifp2IiKvU2HV0p0tgoH56ifiX1wyhd9yOuBeEwDw6XdQLBQYfJ4ngLpeMghhrQqjk+lZMB0QSCjq3jA7h81P8P6kV8nYpXzov5srlm2kcaZRFO2gP2egIldEZqqAqougW3aNH9GTcGQ/Gs/EybU0Zswi30TcYrx8hpZg2</latexit>

2⇥ 10�4 wt/wt

<latexit sha1_base64="R28er1aKndvtcnfjbLY4Mmg/Sw4=">AAACBHicdVDJSgNBEO2JW4zbqMdcGoPgxTgTQ9RbwIvHCGaBJIaeTidp0rPQXWMIw4he/BUvHhTx6kd482/sSSK4Pih4vFdFVT0nEFyBZb0bqbn5hcWl9HJmZXVtfcPc3KopP5SUVakvfNlwiGKCe6wKHARrBJIR1xGs7gxPE79+xaTivncB44C1XdL3eI9TAlrqmNlCC7jLlG1dRvvF+BpHLeniERyMIO6YOStvWYXDkyL+TWxNEuTQDJWO+dbq+jR0mQdUEKWathVAOyISOBUszrRCxQJCh6TPmpp6RC9uR5MnYryrlS7u+VKXB3iifp2IiKvU2HV0p0tgoH56ifiX1wyhd9yOuBeEwDw6XdQLBQYfJ4ngLpeMghhrQqjk+lZMB0QSCjq3jA7h81P8P6kV8nYpXzov5srlm2kcaZRFO2gP2egIldEZqqAqougW3aNH9GTcGQ/Gs/EybU0Zswi30TcYrx8hpZg2</latexit>

2⇥ 10�4 wt/wt



Adding a small concentration of salt and the Triton X, does 
produce ripples, but somewhat smaller than those with just the salt.

Growth and saturation of ripple amplitude vs time

NaCl doped icicles

<latexit sha1_base64="jzPZL0KZJdi48iqMzDiuxEt3SUA="></latexit>

T = �12.3 �C

Q = 2.0 g/min

wt/wt



Both ripple amplitude and growth rate increase with salt concentration,
but surfactant and dissolved air do not produce ripples by themselves.

Growth and saturation of ripple amplitude vs time

NaCl doped icicles

<latexit sha1_base64="jzPZL0KZJdi48iqMzDiuxEt3SUA="></latexit>

T = �12.3 �C

Q = 2.0 g/min

wt/wt



Composition of 
natural icicles

We collected about a dozen ripply “wild 
type”natural icicles and measured their 
conductivity.  Their impurity levels are 
consistent with ripply laboratory icicles.
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Growth speed of ripples vs concentration

Averaged over time after 1 hour of growth, top 10 cm

Growth speed increases very 
slowly with salt concentration, 
roughly like log(c).

NaCl doped icicles
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Growth speed of ripples vs radial growth speed

Ripple amplitude growth speed is correlated to radial growth speed.

Various conditions

NaCl doped icicles
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Wavelength of ripples during growth

Yellow = running average

The wavelength does not change as the ripples grow in amplitude

<latexit sha1_base64="jzPZL0KZJdi48iqMzDiuxEt3SUA="></latexit>

T = �12.3 �C

Q = 2.0 g/min

NaCl doped icicles



Wavelength of ripples vs concentration
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Wavelength is independent of 
concentration, and everything else, 
over a wide range of conditions.

NaCl doped icicles

Chen data using Fourier method

Average wavelength
<latexit sha1_base64="iOJKc3QRWIfGMXZ29FLOzut0Zeg=">AAACD3icdVBLSwMxGMz6rPW16tFLsCielt1aqh6EghePFewDukvJZrNtaJJdkqxQloI/wIt/xYsHRbx69ea/MX0IPgcCk5lvSL4JU0aVdt13a25+YXFpubBSXF1b39i0t7abKskkJg2csES2Q6QIo4I0NNWMtFNJEA8ZaYWD87HfuiZS0URc6WFKAo56gsYUI22krn3gh0jmPjOJCI3gGfQctwL9lEPXcT2Y+5JDzEddu2TubvnotAJ/E5OZoARmqHftNz9KcMaJ0JghpTqem+ogR1JTzMio6GeKpAgPUI90DBWIExXkk31GcN8oEYwTaY7QcKJ+TeSIKzXkoZnkSPfVT28s/uV1Mh2fBDkVaaaJwNOH4oxBncBxOTCikmDNhoYgLKn5K8R9JBHWpsKiKeFzU/g/aZYdr+pULyulWu1mWkcB7II9cAg8cAxq4ALUQQNgcAvuwSN4su6sB+vZepmOzlmzCnfAN1ivH5W0muc=</latexit>

�̄ = 1.04± 0.01cm



Ripple evolution	
with cessation
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<latexit sha1_base64="blDXfTa8YSbN+dyIkwQMTsI6Ni8="></latexit>

c = 3.2⇥ 10�2wt% NaCl

T = �13.6 �C

Q = 1.0 g/min

Ripples grow at first, but smooth 
out after cessation

NaCl doped icicles



middle one 
is  
run 
111024

The ripples climb 
the icicle for low
salt concentration

The ripples descend 
the icicle for high
salt concentration

Ripple motion

Low salt High salt
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Traveling
speed vs

concentration

Traveling speed
changes sign 
with impurity 
concentration.

Positive is
up the icicle,
negative is 
down.



Sectioned stalagmite by
Mirona Chirienko
Okinawa Institute
of Science and Technology

Stalagmite ripples

Ripples may also
move upward on
some cave 
formations



Wavelength is independent of 
molal concentration, for a diverse 
array of different species; it is
probably colligative

Ladan used a different “real space” peak finding algorithm 
to measure ripples, rather than a relying on Fourier.

Wavelength of ripples with various impurity species

Average wavelength
<latexit sha1_base64="tlu1usWoc5Y5ebd3sbIZSBefGFI=">AAACDnicdVC7SgNBFJ2NrxhfUUubwRCwWjYPoimEgI1lBPOAbAizs7PJkJnZZWZWCEvE3sZfsbFQxNbazr9xNong88CFwzn3cu89XsSo0o7zbmWWlldW17LruY3Nre2d/O5eW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJb6nSsiFQ3FpZ5EpM/RUNCAYqSNNMgXXQ/JxGVmwkdTeArrdqXuRtyxnRq8TlzJIefTQb5gBKdcqVfhb1IyJEUBLNAc5N9cP8QxJ0JjhpTqlZxI9xMkNcWMTHNurEiE8BgNSc9QgThR/WT2zhQWjeLDIJSmhIYz9etEgrhSE+6ZTo70SP30UvEvrxfr4KSfUBHFmgg8XxTEDOoQptlAn0qCNZsYgrCk5laIR0girE2CORPC56fwf9Iu26WaXbuoFhqNm3kcWXAADsERKIFj0ADnoAlaAINbcA8ewZN1Zz1Yz9bLvDVjLSLcB99gvX4A+VebOg==</latexit>

�̄ = 9.39± 0.06 mm



Wavelength of ripples with various impurity species

Normalized distribution of average wavelengths for 
various species show no significant differences.

Wavelength is
colligative



Max amplitude of ripples with various impurity species

Maximum amplitude reached for all temperature and flow 
rate conditions and various impurity species.

<latexit sha1_base64="ypOopUKqWeREDMBaj0IHKS3hp+U="></latexit>

�17.6�C < T < �7.6�C

12 g/min < Q < 3.2 g/min

Power law fit

         is also
colligative

<latexit sha1_base64="CysuEWZNjTzRarR2aeJNKNuEnIw=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWxrqXqrePFYwdbCdinZNNuGJtklmRXLUvBPePGgiFd/jTf/jdm2gp8PBh7vzTAzL4gFN+C6705uYXFpeSW/Wlhb39jcKm7vtE2UaMpaNBKR7gTEMMEVawEHwTqxZkQGgl0Ho/PMv75h2vBIXcE4Zr4kA8VDTglYyTvrpV0tsSS3k16x5JZdt3p0WsO/ScWSDCU0R7NXfOv2I5pIpoAKYoxXcWPwU6KBU8EmhW5iWEzoiAyYZ6kikhk/nZ48wQdW6eMw0rYU4Kn6dSIl0pixDGynJDA0P71M/MvzEghP/JSrOAGm6GxRmAgMEc7+x32uGQUxtoRQze2tmA6JJhRsSgUbwuen+H/SrpYr9XL9slZqNO5mceTRHtpHh6iCjlEDXaAmaiGKInSPHtGTA86D8+y8zFpzzjzCXfQNzusHk1mR4A==</latexit>
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Amax



Max amplitude of ripples with various impurity species

<latexit sha1_base64="+GAzdVUnECCvucnOjbbysQa0gH0="></latexit>

T = �14�C

Q = 3.0 g/min

Maximum amplitude reached for                                 
and various impurity species.

<latexit sha1_base64="1urwvKMTefKvzQCKE9JTtZH1CQo="></latexit>

T = �14�C Q = 3.0 g/min

Power law fit

         is also
colligative
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Amax<latexit sha1_base64="CysuEWZNjTzRarR2aeJNKNuEnIw=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWxrqXqrePFYwdbCdinZNNuGJtklmRXLUvBPePGgiFd/jTf/jdm2gp8PBh7vzTAzL4gFN+C6705uYXFpeSW/Wlhb39jcKm7vtE2UaMpaNBKR7gTEMMEVawEHwTqxZkQGgl0Ho/PMv75h2vBIXcE4Zr4kA8VDTglYyTvrpV0tsSS3k16x5JZdt3p0WsO/ScWSDCU0R7NXfOv2I5pIpoAKYoxXcWPwU6KBU8EmhW5iWEzoiAyYZ6kikhk/nZ48wQdW6eMw0rYU4Kn6dSIl0pixDGynJDA0P71M/MvzEghP/JSrOAGm6GxRmAgMEc7+x32uGQUxtoRQze2tmA6JJhRsSgUbwuen+H/SrpYr9XL9slZqNO5mceTRHtpHh6iCjlEDXaAmaiGKInSPHtGTA86D8+y8zFpzzjzCXfQNzusHk1mR4A==</latexit>

Amax



Tip growth speed with various impurity species

<latexit sha1_base64="nL3YoK/FGVxcQH9hBZcdZmtf/uk=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgKWxiiHoLePEYwTxgs4TZyWwyZGZnmekNhCXgT3jxoIhXv8abf+NsEsFnQUNR1U13VxALbsB1353cyura+kZ+s7C1vbO7V9w/aBuVaMpaVAmluwExTPCItYCDYN1YMyIDwTrB+CrzOxOmDVfRLUxj5ksyjHjIKQEreZN+2tMSA49n/WLJLbtu9eyyhn+TiiUZSmiJZr/41hsomkgWARXEGK/ixuCnRAOngs0KvcSwmNAxGTLP0ohIZvx0fvIMn1hlgEOlbUWA5+rXiZRIY6YysJ2SwMj89DLxL89LILzwUx7FCbCILhaFicCgcPY/HnDNKIipJYRqbm/FdEQ0oWBTKtgQPj/F/5N2tVypl+s3tVKjcbeII4+O0DE6RRV0jhroGjVRC1Gk0D16RE8OOA/Os/OyaM05ywgP0Tc4rx/weJIc</latexit>vtip
         is also
colligative

<latexit sha1_base64="nL3YoK/FGVxcQH9hBZcdZmtf/uk=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgKWxiiHoLePEYwTxgs4TZyWwyZGZnmekNhCXgT3jxoIhXv8abf+NsEsFnQUNR1U13VxALbsB1353cyura+kZ+s7C1vbO7V9w/aBuVaMpaVAmluwExTPCItYCDYN1YMyIDwTrB+CrzOxOmDVfRLUxj5ksyjHjIKQEreZN+2tMSA49n/WLJLbtu9eyyhn+TiiUZSmiJZr/41hsomkgWARXEGK/ixuCnRAOngs0KvcSwmNAxGTLP0ohIZvx0fvIMn1hlgEOlbUWA5+rXiZRIY6YysJ2SwMj89DLxL89LILzwUx7FCbCILhaFicCgcPY/HnDNKIipJYRqbm/FdEQ0oWBTKtgQPj/F/5N2tVypl+s3tVKjcbeII4+O0DE6RRV0jhroGjVRC1Gk0D16RE8OOA/Os/OyaM05ywgP0Tc4rx/weJIc</latexit>vtip

<latexit sha1_base64="ypOopUKqWeREDMBaj0IHKS3hp+U="></latexit>

�17.6�C < T < �7.6�C

12 g/min < Q < 3.2 g/min

Tip growth speed is essentially independent of 
concentration for all temperature and flow rate 
conditions and various impurity species.



Tip growth speed with various impurity species

<latexit sha1_base64="nL3YoK/FGVxcQH9hBZcdZmtf/uk=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgKWxiiHoLePEYwTxgs4TZyWwyZGZnmekNhCXgT3jxoIhXv8abf+NsEsFnQUNR1U13VxALbsB1353cyura+kZ+s7C1vbO7V9w/aBuVaMpaVAmluwExTPCItYCDYN1YMyIDwTrB+CrzOxOmDVfRLUxj5ksyjHjIKQEreZN+2tMSA49n/WLJLbtu9eyyhn+TiiUZSmiJZr/41hsomkgWARXEGK/ixuCnRAOngs0KvcSwmNAxGTLP0ohIZvx0fvIMn1hlgEOlbUWA5+rXiZRIY6YysJ2SwMj89DLxL89LILzwUx7FCbCILhaFicCgcPY/HnDNKIipJYRqbm/FdEQ0oWBTKtgQPj/F/5N2tVypl+s3tVKjcbeII4+O0DE6RRV0jhroGjVRC1Gk0D16RE8OOA/Os/OyaM05ywgP0Tc4rx/weJIc</latexit>vtip
         is also
colligative

<latexit sha1_base64="nL3YoK/FGVxcQH9hBZcdZmtf/uk=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoPgKWxiiHoLePEYwTxgs4TZyWwyZGZnmekNhCXgT3jxoIhXv8abf+NsEsFnQUNR1U13VxALbsB1353cyura+kZ+s7C1vbO7V9w/aBuVaMpaVAmluwExTPCItYCDYN1YMyIDwTrB+CrzOxOmDVfRLUxj5ksyjHjIKQEreZN+2tMSA49n/WLJLbtu9eyyhn+TiiUZSmiJZr/41hsomkgWARXEGK/ixuCnRAOngs0KvcSwmNAxGTLP0ohIZvx0fvIMn1hlgEOlbUWA5+rXiZRIY6YysJ2SwMj89DLxL89LILzwUx7FCbCILhaFicCgcPY/HnDNKIipJYRqbm/FdEQ0oWBTKtgQPj/F/5N2tVypl+s3tVKjcbeII4+O0DE6RRV0jhroGjVRC1Gk0D16RE8OOA/Os/OyaM05ywgP0Tc4rx/weJIc</latexit>vtip

<latexit sha1_base64="+GAzdVUnECCvucnOjbbysQa0gH0="></latexit>

T = �14�C

Q = 3.0 g/min

Tip growth speed is essentially independent of concentration 
for                                      and various impurity species.

<latexit sha1_base64="1urwvKMTefKvzQCKE9JTtZH1CQo="></latexit>

T = �14�C Q = 3.0 g/min



Radial growth speed with various impurity species

<latexit sha1_base64="+GAzdVUnECCvucnOjbbysQa0gH0="></latexit>

T = �14�C

Q = 3.0 g/min

Radial growth speed increases with concentration for                                          
<latexit sha1_base64="1urwvKMTefKvzQCKE9JTtZH1CQo="></latexit>

T = �14�C Q = 3.0 g/min and various impurity species.

<latexit sha1_base64="5WJr4FzraUMuHMsdFyzRW0n2PSw=">AAAB6nicdVDLSsNAFL2pr1ofrbp0M1gEVyWppequ4MZlRfuANpTJdJIOnUzCzKRQQsEfcONCEbd+kTv/xklbweeBC4dz7uXee7yYM6Vt+93KrayurW/kNwtb2zu7xdLefltFiSS0RSIeya6HFeVM0JZmmtNuLCkOPU473vgy8zsTKhWLxK2extQNcSCYzwjWRrqZDIJBqWxXbLt6elFDv4ljSIYyLNEclN76w4gkIRWacKxUz7Fj7aZYakY4nRX6iaIxJmMc0J6hAodUuen81Bk6NsoQ+ZE0JTSaq18nUhwqNQ090xliPVI/vUz8y+sl2j93UybiRFNBFov8hCMdoexvNGSSEs2nhmAimbkVkRGWmGiTTsGE8Pkp+p+0qxWnXqlf18qNxt0ijjwcwhGcgANn0IAraEILCARwD4/wZHHrwXq2XhatOWsZ4QF8g/X6AdFTjpM=</latexit>vg
         
is also
colligative

<latexit sha1_base64="5WJr4FzraUMuHMsdFyzRW0n2PSw=">AAAB6nicdVDLSsNAFL2pr1ofrbp0M1gEVyWppequ4MZlRfuANpTJdJIOnUzCzKRQQsEfcONCEbd+kTv/xklbweeBC4dz7uXee7yYM6Vt+93KrayurW/kNwtb2zu7xdLefltFiSS0RSIeya6HFeVM0JZmmtNuLCkOPU473vgy8zsTKhWLxK2extQNcSCYzwjWRrqZDIJBqWxXbLt6elFDv4ljSIYyLNEclN76w4gkIRWacKxUz7Fj7aZYakY4nRX6iaIxJmMc0J6hAodUuen81Bk6NsoQ+ZE0JTSaq18nUhwqNQ090xliPVI/vUz8y+sl2j93UybiRFNBFov8hCMdoexvNGSSEs2nhmAimbkVkRGWmGiTTsGE8Pkp+p+0qxWnXqlf18qNxt0ijjwcwhGcgANn0IAraEILCARwD4/wZHHrwXq2XhatOWsZ4QF8g/X6AdFTjpM=</latexit>vg

[skip st]



The effect of varying surface tension

Ripple properties,                                    all 
appear to be (at least approximately) colligative.  
What happens if we dope with TX-100 surfactant , 
which should be non-colligative?    

<latexit sha1_base64="kfyEu1t6lwrOOY8T1FWZZIVGr20=">AAACE3icdVBNS8MwGE7n15xfU49egkMQGaOdY+pt4sXjBPcBaylplm1hSVuSdDjKxJ/gxb/ixYMiXr1489+YrhP8fCDwfLwheR8vZFQq03w3MnPzC4tL2eXcyura+kZ+c6spg0hg0sABC0TbQ5Iw6pOGooqRdigI4h4jLW94luStERGSBv6lGofE4ajv0x7FSGnLzR/YTA93URFen7qxLTjk6GqiFRylUtFwUkxU380XzJJplg9PKvA3sTRJUAAz1N38m90NcMSJrzBDUnYsM1ROjISimJFJzo4kCREeoj7paOojTqQTT3eawD3tdGEvEPr4Ck7drzdixKUcc09PcqQG8meWmH9lnUj1jp2Y+mGkiI/Th3oRgyqASUGwSwXBio01QVhQ/VeIB0ggrHSNOV3C56bwf9Isl6xqqXpRKdRqN2kdWbADdsE+sMARqIFzUAcNgMEtuAeP4Mm4Mx6MZ+MlHc0Yswq3wTcYrx87vJ4z</latexit>

�, Amax, vtip, vg

Recall that adding                        of TX-100 did 
not by itself trigger ripples.  So we made a series of 
fluorescein doped  icicles with                      of 
TX-100.

<latexit sha1_base64="R28er1aKndvtcnfjbLY4Mmg/Sw4=">AAACBHicdVDJSgNBEO2JW4zbqMdcGoPgxTgTQ9RbwIvHCGaBJIaeTidp0rPQXWMIw4he/BUvHhTx6kd482/sSSK4Pih4vFdFVT0nEFyBZb0bqbn5hcWl9HJmZXVtfcPc3KopP5SUVakvfNlwiGKCe6wKHARrBJIR1xGs7gxPE79+xaTivncB44C1XdL3eI9TAlrqmNlCC7jLlG1dRvvF+BpHLeniERyMIO6YOStvWYXDkyL+TWxNEuTQDJWO+dbq+jR0mQdUEKWathVAOyISOBUszrRCxQJCh6TPmpp6RC9uR5MnYryrlS7u+VKXB3iifp2IiKvU2HV0p0tgoH56ifiX1wyhd9yOuBeEwDw6XdQLBQYfJ4ngLpeMghhrQqjk+lZMB0QSCjq3jA7h81P8P6kV8nYpXzov5srlm2kcaZRFO2gP2egIldEZqqAqougW3aNH9GTcGQ/Gs/EybU0Zswi30TcYrx8hpZg2</latexit>

2⇥ 10�4 wt/wt

<latexit sha1_base64="MbAtwIFVdVhYFtL5LjnSnur2EiU=">AAAB/XicdZBLSwMxFIUz9VXrqz52boJFcGOdaUvVXcGNywr2Ae1YMmmmhmYeJHcsdRj1p7hxoYhb/4c7/43pQ/B5IPBxzg25OU4ouALTfDdSM7Nz8wvpxczS8srqWnZ9o66CSFJWo4EIZNMhignusxpwEKwZSkY8R7CG0z8Z5Y0rJhUP/HMYhsz2SM/nLqcEtNXJblnmRbxfTG5w3JYeHsDBAJJONmfmTbNQPC7h32BpGCmHpqp2sm/tbkAjj/lABVGqZZkh2DGRwKlgSaYdKRYS2ic91tLoE48pOx5vn+Bd7XSxG0h9fMBj9+uNmHhKDT1HT3oELtXPbGT+lbUicI/smPthBMynk4fcSGAI8KgK3OWSURBDDYRKrnfF9JJIQkEXltElfP4U/w/1Qt4q58tnpVylcjepI4220Q7aQxY6RBV0iqqohii6RvfoET0Zt8aD8Wy8TEZTxrTCTfRNxusHy66VPw==</latexit>

10�3 wt/wt

This is enough to reduce the surface tension by at 
least 50%. 

I will talk about what we can learn from 
the dye later.  Meanwhile, I think you will 
agree that the effect on the ripple 
wavelength is not tooooo obvious ….

<latexit sha1_base64="ENYbWajQwb0iyQHuG+IS1nLFsc4="></latexit>

T = �13.7�C

Q = 2.5 g/min

4.18 mM/kg Fl. dye

2⇥ 10�2 wt% TX100



The following slide contains a correction. The version I presented in the 
lecture assumed all the error bars for the wavelengths of the TX100/
Fluorescein runs were equal.  In fact, they vary significantly.  The new 
version uses properly weighted averages and the correctly weighted 
standard deviation of the mean.

See also the discussion at the start of the third lecture.

For reference, here are the raw data:



The effect of varying surface tension

All the TX-100/Fluorescein doped icicles 
are below the mean wavelength. 

<latexit sha1_base64="tlu1usWoc5Y5ebd3sbIZSBefGFI=">AAACDnicdVC7SgNBFJ2NrxhfUUubwRCwWjYPoimEgI1lBPOAbAizs7PJkJnZZWZWCEvE3sZfsbFQxNbazr9xNong88CFwzn3cu89XsSo0o7zbmWWlldW17LruY3Nre2d/O5eW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJb6nSsiFQ3FpZ5EpM/RUNCAYqSNNMgXXQ/JxGVmwkdTeArrdqXuRtyxnRq8TlzJIefTQb5gBKdcqVfhb1IyJEUBLNAc5N9cP8QxJ0JjhpTqlZxI9xMkNcWMTHNurEiE8BgNSc9QgThR/WT2zhQWjeLDIJSmhIYz9etEgrhSE+6ZTo70SP30UvEvrxfr4KSfUBHFmgg8XxTEDOoQptlAn0qCNZsYgrCk5laIR0girE2CORPC56fwf9Iu26WaXbuoFhqNm3kcWXAADsERKIFj0ADnoAlaAINbcA8ewZN1Zz1Yz9bLvDVjLSLcB99gvX4A+VebOg==</latexit>

�̄ = 9.39± 0.06 mm

Convinced!?

<latexit sha1_base64="wKY/bUaG5ogVZzpYsS+V0PRasbw="></latexit>

�̄TX100 = 8.6± 0.2 mm

<latexit sha1_base64="eHru8YmESd13e3OJSTQioUbleGA=">AAACDnicbVA9SwNBEN2LXzF+nVraLIaAVbgTiTZCwMYygvmAXDjm9jbJkt27Y3dPCMeJvY1/xcZCEVtrO/+Nm49CEx8MPN6bYWZekHCmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqTiVhDZJzGPZCUBRziLa1Exz2kkkBRFw2g5GVxO/fUelYnF0q8cJ7QkYRKzPCGgj+XbFU2wgwM+8AGTmcTMZQp5fOlWndo8zTwosRO7bZSNMgZeJOydlNEfDt7+8MCapoJEmHJTquk6iexlIzQineclLFU2AjGBAu4ZGIKjqZdN3clwxSoj7sTQVaTxVf09kIJQai8B0CtBDtehNxP+8bqr7F72MRUmqaURmi/opxzrGk2xwyCQlmo8NASKZuRWTIUgg2iRYMiG4iy8vk9Zp1a1Vazdn5Xr9YRZHER2hY3SCXHSO6ugaNVATEfSIntErerOerBfr3fqYtRaseYSH6A+szx8EbZx8</latexit>

��̄ = 0.06 mm

Need more data!

One data point (the one in the movie) at the highest concentration is 
significantly below:

<latexit sha1_base64="QoYh4FDd9xW39QNEnB0t/v4gy1o="></latexit>

� = 7.5± 0.6 mm ! 2.7 �

<latexit sha1_base64="LMk3T4nvRB2/O/rKPFX5a1+A3rY=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDVkSjttF0LRjcsK9gGdoWTStA1NZoYkI5ShLvwVNy4UcetnuPNvTB+Cih4IHM45l5t7gpgzpRH6sDIrq2vrG9nN3Nb2zu5efv+gpaJEEtokEY9kJ8CKchbSpmaa004sKRYBp+1gfDnz27dUKhaFN3oSU1/gYcgGjGBtpF7+6BxWbeR4sYDIRsW71JMCCjHt5QvIdoqoUqsYo1Quo2JplqjUXORCx0ZzFMASjV7+3etHJBE01IRjpboOirWfYqkZ4XSa8xJFY0zGeEi7hoZYUOWn8wOm8NQofTiIpHmhhnP1+0SKhVITEZikwHqkfnsz8S+vm+hB1U9ZGCeahmSxaJBwqCM4awP2maRE84khmEhm/grJCEtMtOksZ0r4uhT+T1pF23Ft97pUqF8s68iCY3ACzoADKqAOrkADNAEBU/AAnsCzdW89Wi/W6yKasZYzh+AHrLdP/nOUzg==</latexit>

= 8.01± 0.02 mm

<latexit sha1_base64="GPYP/Ne9Ig/Hhx5hpLhbmE7GIPU=">AAACAHicdVDLSgMxFM34rPVVdeHCTbAIroZMX2MXQtGNywr2AW0pmTRtQ5OZIckIZRgX/oobF4q49TPc+Tdm2goqeiBwOOdcbu7xQs6URujDWlpeWV1bz2xkN7e2d3Zze/tNFUSS0AYJeCDbHlaUM582NNOctkNJsfA4bXmTy9Rv3VKpWODf6GlIewKPfDZkBGsj9XOH59C1y8VuKCCyUfEu7koBhUj6uTyynQJyq64xSuUyKpTShFutoAp0bDRDHixQ7+feu4OARIL6mnCsVMdBoe7FWGpGOE2y3UjREJMJHtGOoT4WVPXi2QEJPDHKAA4DaZ6v4Uz9PhFjodRUeCYpsB6r314q/uV1Ij0868XMDyNNfTJfNIw41AFM24ADJinRfGoIJpKZv0IyxhITbTrLmhK+LoX/k2bBdip25bqUr10s6siAI3AMToEDXFADV6AOGoCABDyAJ/Bs3VuP1ov1Oo8uWYuZA/AD1tsnCY+U1Q==</latexit>

= 7.53± 0.03 mm



Ripple theory Overview, history

• The first attempt to explain icicle ripples as a linear 
instability was N. Ogawa and Y. Furukawa, Phys. Rev. E 66, 
041202 (2002) who assumed pure water.  

• This motivated K. Ueno to write a long series of papers, 
including K. Ueno, M. Farzaneh, S. Yamaguchi and H. Tsuji,  
Fluid Dyn. Res., 42, 025508 (2010) which criticizes and 
attempts to improve upon Ogawa.  Ueno used the same 
physical model, and assumes pure water, but makes 
different assumptions about certain boundary conditions.

• Ladan Ph.D. thesis (2023) generalized Ueno’s model to 
include impurities.

• Recently, M. G. Worster, J. Eng. Math, 145, 15 (2024) 
presented a critical review of Ogawa et al and Ueno et al, 
correcting errors and deriving new results for pure water.



Ripple theory

Base state

Velocity

Temperature

Concentration

Perturbation

All theories assume the icicle is axis-
symmetric and covered by a thin flowing film 
of thickness h ~ 0.1 mm. 
The water film is supercooled by a         
very small amount   

         

<latexit sha1_base64="5zG+zocFXNFb14LM7czGMnhGxlE=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgRBy1gBAxJLkfqSmqhyXKe1aieR7YCqKMws/AoLAwix8gNs/A1umgFajnSl43Pule89XsSoVJb1bSwtr6yurRc2iptb2zu75t5+W4axwKSFQxaKrockYTQgLUUVI91IEMQ9Rjre+HLqd+6IkDQMmmoSEZejYUB9ipHSUt8sOVeEKQSb/cQRHN6n0JGUw9rZQ/bmN2mlb5atipUBLhI7J2WQo9E3v5xBiGNOAoUZkrJnW5FyEyQUxYykRSeWJEJ4jIakp2mAOJFukt2SwiOtDKAfCl2Bgpn6eyJBXMoJ93QnR2ok572p+J/Xi5V/7iY0iGJFAjz7yI8ZVCGcBgMHVBCs2EQThAXVu0I8QgJhpeMr6hDs+ZMXSfukYlcr1dvTcv0ij6MADkEJHAMb1EAdXIMGaAEMHsEzeAVvxpPxYrwbH7PWJSOfOQB/YHz+AEwfmfU=</latexit>

�Tw ⇠ 75 mK.

In Ladan’s generalization, an impurity 
concentration C is included, with input 
value

<latexit sha1_base64="LdypMRWlRb5rjPbkDGexqL/W0cs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqsdiLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzQHbX0w8Hhvhpl5QcKZ0o7zbVU2Nre2d6q7tb39g8Oj+vFJV8WpJNQjMY9lP8CKciaop5nmtJ9IiqOA014wa+d+74lKxWLxqOcJ9SM8ESxkBGsjee2RY9dG9YZjOwXQOnFL0oASnVH9aziOSRpRoQnHSg1cJ9F+hqVmhNNFbZgqmmAywxM6MFTgiCo/K45doAujjFEYS1NCo0L9PZHhSKl5FJjOCOupWvVy8T9vkOrw1s+YSFJNBVkuClOOdIzyz9GYSUo0nxuCiWTmVkSmWGKiTT55CO7qy+uke2W7Tbv5cN1o3ZVxVOEMzuESXLiBFtxDBzwgwOAZXuHNEtaL9W59LFsrVjlzCn9gff4AXYSNwQ==</latexit>

C0.

free
surface

The ice surface is given an infinitesimal 
perturbation
where            is a (complex) growth rate. 

<latexit sha1_base64="IEPWNP9htk+11R+Z8k5LbLWR/ZE=">AAACEHicbZA9SwNBEIb3/IzxK2ppsxhEQQl3ImojiDaWEUwM5GKY20ySJXsf7M6J4chPsPGv2FgoYmtp57/xLkmh0RcWHt6ZYXZeL1LSkG1/WVPTM7Nz87mF/OLS8spqYW29asJYC6yIUIW65oFBJQOskCSFtUgj+J7CG693kdVv7lAbGQbX1I+w4UMnkG0pgFKrWdhxkYCfcrcLlGQ8cPc53iayd8/3uGtkxwdOg3yzULRL9lD8LzhjKLKxys3Cp9sKRexjQEKBMXXHjqiRgCYpFA7ybmwwAtGDDtZTDMBH00iGBw34duq0eDvU6QuID92fEwn4xvR9L+30gbpmspaZ/9XqMbVPGokMopgwEKNF7VhxCnmWDm9JjYJUPwUQWqZ/5aILGgSlGWYhOJMn/4XqQck5Kh1dHRbPzsdx5Ngm22K7zGHH7IxdsjKrMMEe2BN7Ya/Wo/VsvVnvo9YpazyzwX7J+vgGdYGbmw==</latexit>

⌘ = ⌘̂ eikx+�t

<latexit sha1_base64="u4XV5I9S6acvPKYf7QIYovPjr6s=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv3AdinZNNuGJtklyQpl6b/w4kERr/4bb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hY6bGv2Ujg6uS8NChX3Jo7B1olXk4qkKM5KH/1hxFJBJWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LJRZU++n84hk6s8oQhZGyJQ2aq78nUiy0norAdgpsxnrZy8T/vF5iwms/ZTJODJVksShMODIRyt5HQ6YoMXxqCSaK2VsRGWOFibEhZSF4yy+vkvZFzavX6veXlcZNHkcRTuAUquDBFTTgDprQAgISnuEV3hztvDjvzseiteDkM8fwB87nD2sWkBw=</latexit>

�(k)

<latexit sha1_base64="LjfG/ejDx7nfkoJE2EVNwKrcXRo=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiQi1WVRFy4r9AVtCJPppB06MwkzN5YS+yluXCji1i9x59+YPgTr48CFwzn3cg8niAU34DgfVm5ldW19I79Z2Nre2d2zi/tNEyWasgaNRKTbATFMcMUawEGwdqwZkYFgrWB4NfVbd0wbHqk6jGPmSdJXPOSUQCb5drF7zQQQXPfTrpZ4NCn4dsktOzNg5xf5skpogZpvv3d7EU0kU0AFMabjOjF4KdHAqWCTQjcxLCZ0SPqsk1FFJDNeOos+wceZ0sNhpLNRgGfq94uUSGPGMsg2JYGB+elNxb+8TgLhhZdyFSfAFJ0/ChOBIcLTHnCPa0ZBjDNCqOZZVkwHRBMKWVtLJfxPmqdlt1Ku3J6VqpeLOvLoEB2hE+Sic1RFN6iGGoiiEXpAT+jZurcerRfrdb6asxY3B2gJ1tsnKTmTTg==</latexit>

�Tw

Solving the time independent Navier-
Stokes and incompressibility equations 
with standard boundary conditions, gives 
a 4th order Orr-Sommerfeld equation for 
the perturbed stream function. This can 
be used to find the perturbed position of 
the free surface 

<latexit sha1_base64="UMq1NBATqM4NWW4Z5ajn/3IWWNs=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQBSXsikQbIWhjGcFcIBvD7GSSDJm9MHNWEpb1DWx8FRsLRWwt7XwbZ5MtNPrDwMd/zuHM+d1QcAWW9WXk5uYXFpfyy4WV1bX1DXNzq66CSFJWo4EIZNMlignusxpwEKwZSkY8V7CGO7xM6407JhUP/BsYh6ztkb7Pe5wS0FbH3HdGHJ9jZ0Ag1pg4R5jdxnw4wofYUbzvEQzJfanQMYtWyZoI/wU7gyLKVO2Yn043oJHHfKCCKNWyrRDaMZHAqWBJwYkUCwkdkj5rafSJx1Q7nhyU4D3tdHEvkPr5gCfuz4mYeEqNPVd3egQGaraWmv/VWhH0ztox98MImE+ni3qRwBDgNB3c5ZJREGMNhEqu/4rpgEhCQWeYhmDPnvwX6sclu1wqX58UKxdZHHm0g3bRAbLRKaqgK1RFNUTRA3pCL+jVeDSejTfjfdqaM7KZbfRLxsc3bJ2blQ==</latexit>

⇠ = ⇠̂ eikx+�t .

<latexit sha1_base64="PPYtLOqsxdQ+0wr+6VhsWGwmOE8=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0iitnorevHYgmkLbSib7aRdu9mE3Y1QSn+BFw+KePUnefPfuP0QquiDgcd7M8zMC1POlHacTyu3srq2vpHfLGxt7+zuFfcPGirJJAWfJjyRrZAo4EyAr5nm0EolkDjk0AyHN1O/+QBSsUTc6VEKQUz6gkWMEm2kut8tllzbmQE7tuN5zplniFupXF24+NsqoQVq3eJHp5fQLAahKSdKtV0n1cGYSM0oh0mhkylICR2SPrQNFSQGFYxnh07wiVF6OEqkKaHxTF2eGJNYqVEcms6Y6IH67U3Fv7x2pqPLYMxEmmkQdL4oyjjWCZ5+jXtMAtV8ZAihkplbMR0QSag22RSWQ/ifNDzbLdvl+nmper2II4+O0DE6RS6qoCq6RTXkI4oAPaJn9GLdW0/Wq/U2b81Zi5lD9APW+xftn40M</latexit>

U

<latexit sha1_base64="7O5tiH56FSKK6Lf98RXWlihrALo=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRRW90Vu3FZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/j9CFU0QMXDufcy733BAlnSjvOp5VbWV1b38hvFra2d3b3ivsHTRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fo9rUbz1QqVgs7vU4oX6EB4KFjGBtpLtaz+kVS67tzIAc2/E858wzxK1Uri5c9G2VYIF6r/jR7cckjajQhGOlOq6TaD/DUjPC6aTQTRVNMBnhAe0YKnBElZ/NTp2gE6P0URhLU0Kjmbo8keFIqXEUmM4I66H67U3Fv7xOqsNLP2MiSTUVZL4oTDnSMZr+jfpMUqL52BBMJDO3IjLEEhNt0iksh/A/aXq2W7bLt+el6vUijjwcwTGcggsVqMIN1KEBBAbwCM/wYnHryXq13uatOWsxcwg/YL1/AfXRjZ0=</latexit>

C0



the only t dependence

Ripple theory

In dimensionless form, the Orr-Sommerfeld equation for the perturbed 
stream function depends on the Reynolds and Weber numbers:

Ueno pure water case

where U is the surface velocity of 
the base state shear and      is the 
surface tension.

<latexit sha1_base64="Za2AY9kWNCLQyiW+4sCAc9Auqck=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBrVq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPin2PIA==</latexit>�

The idea is to use this flow to drive a steady-state advection diffusion 
equation for the temperature

<latexit sha1_base64="1bqd+yI/jpfCeCwPXm+U56WstQQ=">AAACH3icbVBNS8NAEN3Ur1q/qh69LBbBU0mKVC9C0YvHCv2CppbNdtIu3WzC7qZQQv6JF/+KFw+KiLf+G7dtDtr6YODx3gwz87yIM6Vte2blNja3tnfyu4W9/YPDo+LxSUuFsaTQpCEPZccjCjgT0NRMc+hEEkjgcWh74/u5356AVCwUDT2NoBeQoWA+o0QbqV+suhOgiev5OE5dOgi1K4jHCW7gW+z6ktDESRNXBrgOKV56TxXc6BdLdtleAK8TJyMllKHeL367g5DGAQhNOVGq69iR7iVEakY5pAU3VhAROiZD6BoqSACqlyz+S/GFUQbYD6UpofFC/T2RkECpaeCZzoDokVr15uJ/XjfW/k0vYSKKNQi6XOTHHOsQz8PCAyaBaj41hFDJzK2YjohJRZtICyYEZ/XlddKqlJ1qufp4VardZXHk0Rk6R5fIQdeohh5QHTURRc/oFb2jD+vFerM+ra9la87KZk7RH1izH6JcohU=</latexit>

~u ·rT =
1

Pe
r2T where                             is the Péclet number.      

<latexit sha1_base64="ANj+ORkVL5H28wr7IRGF5v+3d9Q=">AAACFHicbVBNS8NAEN34WetX1KOXxSIIQklEqxeh6MVjBdMWmhA22027dDcJuxulhPwIL/4VLx4U8erBm//GbZqDtj4YeLw3w8y8IGFUKsv6NhYWl5ZXVitr1fWNza1tc2e3LeNUYOLgmMWiGyBJGI2Io6hipJsIgnjASCcYXU/8zj0RksbRnRonxONoENGQYqS05JvHmSs4bJEcXkI3FAhnzjDP3BFKEuQX3kOeQ1dSDs98s2bVrQJwntglqYESLd/8cvsxTjmJFGZIyp5tJcrLkFAUM5JX3VSSBOERGpCephHiRHpZ8VQOD7XSh2EsdEUKFurviQxxKcc80J0cqaGc9Sbif14vVeGFl9EoSRWJ8HRRmDKoYjhJCPapIFixsSYIC6pvhXiIdDRK51jVIdizL8+T9kndbtQbt6e15lUZRwXsgwNwBGxwDprgBrSAAzB4BM/gFbwZT8aL8W58TFsXjHJmD/yB8fkDEpqeOg==</latexit>

Pe =
Uh

w
⇠ 5

<latexit sha1_base64="26deGPOzTn5UQ0tx7FCHGqF9jYQ="></latexit>

Pe S

V̄ +

d⌘

dt

�
= �rT |y=⌘

<latexit sha1_base64="DrSmVhH8VfhfL9toQRBS8HH0QgE="></latexit>

S =
L

Cp�Tw
⇠ 1000Stefan condition

Stefan number

with

In this picture, the ripples grow because the secondary flow carries latent heat 
away from the peaks, causing them to grow faster.  Nothing happens in the air or 
inside the ice.  It is not a Mullins-Sekerka type Laplace instability with the ripples 
sticking out into the cold outside air. Gibbs-Thompson is neglected.

<latexit sha1_base64="kOkm3zJBZyV3R0TN5g3R0GrnmOg=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqexKqV6EohePVdy20F1KNs22oUl2SbJCWfYBvPgqXjwo4tUH8ObbmG33oK0DgWFmPr58E8SMKm3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSExcHLFI9gKkCKOCuJpqRnqxJIgHjHSDyXXudx+IVDQS93oaE5+jkaAhxUgbaVCtpZ7k8I5k8BJ6oUQ4dcdZ6okkg56iHNr1RsWk7Lo9A1wmTkFqoEB7UP3yhhFOOBEaM6RU37Fj7adIaooZySpeokiM8ASNSN9QgThRfjo7JoMnRhnCMJLmCQ1n6u+JFHGlpjwwSY70WC16ufif1090eOGnVMSJJgLPF4UJgzqCeTNwSCXBmk0NQVhS81eIx8hUok1/eQnO4snLpHNWd5r15m2j1roq6iiDI3AMToEDzkEL3IA2cAEGj+AZvII368l6sd6tj3m0ZBUzh+APrM8fgi2aAA==</latexit>

Re =
Uh

⌫
⇠ 0.4

<latexit sha1_base64="pkD/qjsFsqfsGLpdEpfdzNZZP7o=">AAACG3icbVDLSsNAFJ34rPUVdelmsAhuLEkp1Y1QdOOygmkLTVom00k7dCYJMxOhhPyHG3/FjQtFXAku/BsnbRbaeuDCmXPuZe49fsyoVJb1baysrq1vbJa2yts7u3v75sFhW0aJwMTBEYtE10eSMBoSR1HFSDcWBHGfkY4/ucn9zgMRkkbhvZrGxONoFNKAYqS0NDBrqSs47JAMXkE3EAjr9ziCTr8Gx1nqjhDnKIOupBzaVj89r2flgVmxqtYMcJnYBamAAq2B+ekOI5xwEirMkJQ924qVlyKhKGYkK7uJJDHCEzQiPU1DxIn00tltGTzVyhAGkdAVKjhTf0+kiEs55b7u5EiN5aKXi/95vUQFl15KwzhRJMTzj4KEQRXBPCg4pIJgxaaaICyo3hXiMdIJKR1nHoK9ePIyadeqdqPauKtXmtdFHCVwDE7AGbDBBWiCW9ACDsDgETyDV/BmPBkvxrvxMW9dMYqZI/AHxtcPUFWftg==</latexit>

We =
⇢U2h

�
⇠ 10�4



“There are only 3 problems
in fluid mechanics:
Boundary conditions,
boundary conditions 
and boundary conditions!”

Ripple theory: boundary conditions

G. I. Taylor 
(who probably never said this)



<latexit sha1_base64="gMJtwGSdHeyRP+vTddL48nH0xVk=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapip2upCKLpxWcE+sB1KJs20oZnMkGSEMvQv3LhQxK1/486/MdNWqKIHLpyccy+59/gxZ0o7zqeVW1peWV3Lrxc2Nre2d4q7e00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+aPrzG89UKlYJO70OKZeiAeCBYxgbaT7UY+gS+TYTqVXLLm2M0X2Lpedk7IhbrV6ceaib6sEc9R7xY9uPyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMdQgUOqvHS68QQdGaWPgkiaEhpN1cWJFIdKjUPfdIZYD9VvLxP/8jqJDs69lIk40VSQ2UdBwpGOUHY+6jNJieZjQzCRzOyKyBBLTLQJqbAYwv+kWbbdil25PS3VruZx5OEADuEYXKhCDW6gDg0gIOARnuHFUtaT9Wq9zVpz1nxmH37Aev8CdRePfw==</latexit>

kc = 0.06

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k
<latexit sha1_base64="fUXDCtVQH+yIdlsM5zXfbHgiFrw=">AAACAXicdVDLSsNAFJ34rPVVdSO4GSyCq5DUWutCKLpxWcE+oAllMpm0Q2eSMDMRSmg3/oobF4q49S/c+TdO2ggqemDgcM653LnHixmVyrI+jIXFpeWV1cJacX1jc2u7tLPbllEiMGnhiEWi6yFJGA1JS1HFSDcWBHGPkY43usr8zh0RkkbhrRrHxOVoENKAYqS01C/tO0yHfQQvoG2Zp9PUERxyPjH7pbJl1qp2tVKHlmnNkBG7ap2cQztXyiBHs196d/wIJ5yECjMkZc+2YuWmSCiKGZkUnUSSGOERGpCepiHiRLrp7IIJPNKKD4NI6BcqOFO/T6SISznmnk5ypIbyt5eJf3m9RAV1N6VhnCgS4vmiIGFQRTCrA/pUEKzYWBOEBdV/hXiIBMJKl1bUJXxdCv8n7Ypp18zaTbXcuMzrKIADcAiOgQ3OQANcgyZoAQym4AE8gWfj3ng0XozXeXTByGf2wA8Yb594hJWn</latexit>

� = 10.5 mm.

<latexit sha1_base64="2tmVTj2O/5e/LYIigG0fef0q9Bw=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxWsB/QLks2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6G7mt8dUaRbLRzNJqC/wQLKIEWys5Pc0GwgcqMooIBdBqexW3TnQKvFyUoYcjaD01evHJBVUGsKx1l3PTYyfYWUY4XRa7KWaJpiM8IB2LZVYUO1n86On6NwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UxPd+BmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PRhuAtv7xKWpdVr1atPVyV67d5HAU4hTOogAfXUId7aEATCDzBM7zCmzN2Xpx352PRuubkMyfwB87nDzsVkcM=</latexit>

�r(kc)Then the real part of     peaks at <latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�
<latexit sha1_base64="f8cvPe7m/uXswxUQSvbeLyXQg88=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFewHtkvJprNtaDa7JFmhLP0XXjwo4tV/481/Y9ruQasPQh7vzTAzL0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDPz24+oNI/lvZkk6Ed0KHnIGTVWehj3GbkibtWt9csV+81B/hIvJxXI0eiXP3uDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzTeekhOrDEgYK/ukIXP1Z0dGI60nUWArI2pGetmbif953dSEl37GZZIalGwxKEwFMTGZnU8GXCEzYmIJZYrbXQkbUUWZsSGVbAje8sl/Seus6tWqtbvzSv06j6MIR3AMp+DBBdThFhrQBAYSnuAFXh3tPDtvzvuitODkPYfwC87HNzw3j1c=</latexit>

kc = 0.06with                  which corresponds to a 
fastest growing ripple at 

      has an imaginary part              which corresponds to an upward traveling ripple.
<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�

<latexit sha1_base64="pexpYdU4VMPoq8HhKzMmHahjm9E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgcPRS8eK9gPaELZbDft0t1N2N0IJfRvePGgiFf/jDf/jZs2B219MPB4b4aZeWHCmTau++2U1tY3NrfK25Wd3b39g+rhUUfHqSK0TWIeq16INeVM0rZhhtNeoigWIafdcHKX+90nqjSL5aOZJjQQeCRZxAg2VvJ9zUYCDxi6Qe6gWnPr7hxolXgFqUGB1qD65Q9jkgoqDeFY677nJibIsDKMcDqr+KmmCSYTPKJ9SyUWVAfZ/OYZOrPKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7x+aqLrIGMySQ2VZLEoSjkyMcoDQEOmKDF8agkmitlbERljhYmxMVVsCN7yy6ukc1H3GvXGw2WteVvEUYYTOIVz8OAKmnAPLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fxKWQ3g==</latexit>

�i < 0

Ripple theory Ueno pure water case

The temperature equation turns out to 
be a second order parabolic cylinder 
equation.  What boundary conditions 
shall we use for T ?

K. Ueno, M. Farzaneh, S. Yamaguchi and H. Tsuji,  Fluid Dyn. Res., 42, 025508 (2010)

BUT: this choice leaves             unconstrained.  Ueno shows that the ice-water 
interface deviates from                  by about               .
Ueno rationalizes that this must be a non-equilibrium effect.

<latexit sha1_base64="DuweHWEeMc6VnaduqfnrOCa0Kfg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVDdCsRuXFfqCJobJdNIOnZmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkTRpV2nG+rsLK6tr5R3Cxtbe/s7tn7B20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wlF96nceiFQ0Fk09TojP0UDQiGKkjRTYR82Aw2vo3HuYSpx5ksP6JLDLTsWZAS4TNydlkKMR2F9eP8YpJ0JjhpTquU6i/QxJTTEjk5KXKpIgPEID0jNUIE6Un82un8BTo/RhFEtTQsOZ+nsiQ1ypMQ9NJ0d6qBa9qfif10t1dOVnVCSpJgLPF0UpgzqG0yhgn0qCNRsbgrCk5laIh0girE1gJROCu/jyMmmfV9xqpXp3Ua7d5HEUwTE4AWfABZegBm5BA7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifP9+SlDw=</latexit>

Tm = 0�C
<latexit sha1_base64="BjXzT/IhtKR/Y7Ryci4vGF2JOcM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4ColI9Vj0InipYD+gCWWz3bRLdzdhdyOUUH+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6WcaeN5387K6tr6xmZpq7y9s7u3Xzk4bOkkU4Q2ScIT1YmwppxJ2jTMcNpJFcUi4rQdjW6mfvuRKs0S+WDGKQ0FHkgWM4KNlQLP9Z/yQAkk7ia9StVzvRnQMvELUoUCjV7lK+gnJBNUGsKx1l3fS02YY2UY4XRSDjJNU0xGeEC7lkosqA7z2c0TdGqVPooTZUsaNFN/T+RYaD0Wke0U2Az1ojcV//O6mYmvwpzJNDNUkvmiOOPIJGgaAOozRYnhY0swUczeisgQK0yMjalsQ/AXX14mrXPXr7m1+4tq/bqIowTHcAJn4MMl1OEWGtAEAik8wyu8OZnz4rw7H/PWFaeYOYI/cD5/ABN6kRU=</latexit>

0.1 mK

<latexit sha1_base64="7Cy9vaIkfSWwTlVWJnKurZJ1BcQ=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFZIqtS6EohuXFfqCNJTJdNIOnTyYuRFC7Ge4caGIW7/GnX/jtA2o1QMXDufcy733eLHgCizr0yisrK6tbxQ3S1vbO7t75f2DjooSSVmbRiKSPY8oJnjI2sBBsF4sGQk8wbre5Gbmd++ZVDwKW5DGzA3IKOQ+pwS05LQeBll61WdApoNyxTLrVvXyzMKWac3xTeycVFCO5qD80R9GNAlYCFQQpRzbisHNiAROBZuW+oliMaETMmKOpiEJmHKz+clTfKKVIfYjqSsEPFd/TmQkUCoNPN0ZEBirZW8m/uc5Cfh1N+NhnAAL6WKRnwgMEZ79j4dcMgoi1YRQyfWtmI6JJBR0SiUdgr388l/SqZp2zazdnVca13kcRXSEjtEpstEFaqBb1ERtRFGEHtEzejHAeDJejbdFa8HIZw7RLxjvX5qCkXw=</latexit>

T |y=⌘

Ueno chooses to fix both BCs at the 
free water surface:

and
<latexit sha1_base64="NcDxQh5paLCY4eXNkeZSZ5KJhyo=">AAACA3icdVDLSsNAFJ34rPVVdaebwSK4CkkNfSwKRTcuK/QFbQiT6aQdOpOEmYlQY8GNv+LGhSJu/Ql3/o3Th6CiBy4czrmXe+/xY0alsqwPY2l5ZXVtPbOR3dza3tnN7e23ZJQITJo4YpHo+EgSRkPSVFQx0okFQdxnpO2PLqZ++5oISaOwocYxcTkahDSgGCktebnDxq2Xjqu9G6LQBFZhw0t7gkNExcTL5S2zVCoXnDK0TMspVAq2JrZTsSpn0DatGfJggbqXe+/1I5xwEirMkJRd24qVmyKhKGZkku0lksQIj9CAdDUNESfSTWc/TOCJVvowiISuUMGZ+n0iRVzKMfd1J0dqKH97U/Evr5uooOymNIwTRUI8XxQkDKoITgOBfSoIVmysCcKC6lshHiKBsNKxZXUIX5/C/0mrYNpFs3jl5Gvnizgy4Agcg1NggxKogUtQB02AwR14AE/g2bg3Ho0X43XeumQsZg7ADxhvn+GHl7Y=</latexit>

T |y=⇣ = Tair
<latexit sha1_base64="W3gNy1rom+O9zOlDOoh3VI1b0nY="></latexit>

�(n̂ ·r)T |y=⇣ = J



Ripple theory Ladan generalization to impure water

The only new physics needed to account for impurities is freezing point depression.  
This is plausible because 

<latexit sha1_base64="mm3bzIHBswl1DmvQc0KOKF7q96U=">AAACBnicbVDLSgMxFM34rPU16lKEYBFc1UyVWnfFunBZoS/oDEMmTdvQZGZIMkoZunLjr7hxoYhbv8Gdf2P6ALV64MLhnHu5954g5kxphD6thcWl5ZXVzFp2fWNza9ve2W2oKJGE1knEI9kKsKKchbSumea0FUuKRcBpMxhUxn7zlkrForCmhzH1BO6FrMsI1kby7QMBKz46ca8o1xjW/NSVAt6NoKuYgI5v51C+hAoXpwiiPJrgmzgzkgMzVH37w+1EJBE01IRjpdoOirWXYqkZ4XSUdRNFY0wGuEfbhoZYUOWlkzdG8MgoHdiNpKlQw4n6cyLFQqmhCEynwLqv5r2x+J/XTnS35KUsjBNNQzJd1E041BEcZwI7TFKi+dAQTCQzt0LSxxITbZLLmhCc+Zf/kkYh7xTzxZuzXPlyFkcG7INDcAwccA7K4BpUQR0QcA8ewTN4sR6sJ+vVepu2LlizmT3wC9b7F85Ul3U=</latexit>

mC0/�Tw ⇠ 1
slope mwhere m is the slope of the liquidus line.

But now J accounts for all forms of heat transfer and the BC for the 
perturbed temperature is a mixed Robin BC:

<latexit sha1_base64="yx+C9wbz6YjjxPWPxhJald/ew08="></latexit>

J ⇠ [T + �(n̂ ·r)T ]|y=⇣

We must have two T BCs:
<latexit sha1_base64="Li0sx5z9hbO5UDSTySaiIe3+f1c=">AAACCnicbVDLSgMxFM34rPU16tJNtAhuLJkqtS4KxW5cVugL2jJk0rQNTWaGJCMMY9du/BU3LhRx6xe4829MH1CtHrhwOOde7r3HCzlTGqEva2l5ZXVtPbWR3tza3tm19/brKogkoTUS8EA2PawoZz6taaY5bYaSYuFx2vCG5bHfuKNSscCv6jikHYH7PusxgrWRXPuoeu8mcbFNNR7BIqy6Ap5BActz1bUzKFtAuatzBFEWTTAnzoxkwAwV1/5sdwMSCeprwrFSLQeFupNgqRnhdJRuR4qGmAxxn7YM9bGgqpNMXhnBE6N0YS+QpnwNJ+rPiQQLpWLhmU6B9UAtemPxP68V6V6hkzA/jDT1yXRRL+JQB3CcC+wySYnmsSGYSGZuhWSAJSbapJc2ITiLL/8l9VzWyWfztxeZ0vUsjhQ4BMfgFDjgEpTADaiAGiDgATyBF/BqPVrP1pv1Pm1dsmYzB+AXrI9vdiWZgg==</latexit>

T |y=⌘ = Tm �mC|y=⌘
<latexit sha1_base64="W3gNy1rom+O9zOlDOoh3VI1b0nY="></latexit>

�(n̂ ·r)T |y=⇣ = J

ice-water:

water-air:

J. A. Neufeld, R. E. Goldstein and M. G. Worster, J. Fluid Mech. 647, 287 (2010).
J. Ladan Ph.D. thesis (2023).

<latexit sha1_base64="6J/b8d2IOokZaoXZPrB4TSeH6D4="></latexit>

~u ·rC =
1

PeLe
r2C

<latexit sha1_base64="4xnvlM3GV4C+sqg5+5ZZEtSEFu8="></latexit>

C


V̄ +

d⌘

dt

�
= �rC|y=⌘

<latexit sha1_base64="hg47wJmFWSGkexkX/fT8pQkvXyc=">AAACEnicbVA9SwNBEN3zM8avU0ubxSBoE+5Eok0gmMYygolCLoS5zZ5Z3Ns7dueEeOY32PhXbCwUsbWy89+4+Sj8ejDweG+GmXlhKoVBz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Nlkkwz3mSJTPRlCIZLoXgTBUp+mWoOcSj5RXhdH/kXN1wbkahzHKS8E8OVEpFggFbquvt7QR8wD8KIqmHAegkGCkIJ+7R+180H1eCWIwxplXpdt+SVvTHoX+JPSYlM0ei6H0EvYVnMFTIJxrR9L8VODhoFk3xYDDLDU2DXcMXbliqIuenk45eGdNcqPRol2pZCOla/T+QQGzOIQ9sZA/bNb28k/ue1M4yOO7lQaYZcscmiKJMUEzrKh/aE5gzlwBJgWthbKeuDBoY2xaINwf/98l/SOij7lXLl7LBUO5nGUSDbZIfsEZ8ckRo5JQ3SJIzck0fyTF6cB+fJeXXeJq0zznRmi/yA8/4FzwWc7Q==</latexit>

(n̂ ·r)C|y=⇣ = 0
<latexit sha1_base64="g9guSLqtAJmMUFRlfrwIX0octvU=">AAACBnicbVDLSgMxFM34rPU16lKEYBFc1RmR6kYo6sKFiwr2AZ2hZNK0DU0yIckIZagbN/6KGxeKuPUb3Pk3pu0stPXAhcM593LvPZFkVBvP+3bm5hcWl5ZzK/nVtfWNTXdru6bjRGFSxTGLVSNCmjAqSNVQw0hDKoJ4xEg96l+O/Po9UZrG4s4MJAk56graoRgZK7XcvTRQHN6QITyHQR9JiY6u4AMMNOXQ91puwSt6Y8BZ4mekADJUWu5X0I5xwokwmCGtm74nTZgiZShmZJgPEk0kwn3UJU1LBeJEh+n4jSE8sEobdmJlSxg4Vn9PpIhrPeCR7eTI9PS0NxL/85qJ6ZyFKRUyMUTgyaJOwqCJ4SgT2KaKYMMGliCsqL0V4h5SCBubXN6G4E+/PEtqx0W/VCzdnhTKF1kcObAL9sEh8MEpKINrUAFVgMEjeAav4M15cl6cd+dj0jrnZDM74A+czx9JeZcZ</latexit>

Le = /D ⇠ 10
Lewis number

Solve:

no flux

impurity rejection

L. Talini lecture



Linear theory gives a growth rate that diverges at large 
wavenumber, even for pure water.  It does not have a peak.  
It is insensitive to the impurity concentration.

An “ultraviolet catastrophe” — no short wavelength cutoff.

k corresponding
to 1 cm

Ripple theory Ladan generalization to impure water



The growth rate is sensitive to the surface tension, but only if 
you change We by orders of magnitude. It seems to reach only a 
local peak for an unphysically large surface tension.

An “ultraviolet catastrophe” — no short wavelength cutoff.

Ripple theory Ladan generalization to impure water



Ripple theory Ladan generalization to impure water

ice free
<latexit sha1_base64="Fj3sHVH4K9FYdGi+vrbBy4EJc5I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqjcLXjxWaGuhDWWy3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWnQA1E1yyluFGsE6iGEaBYA/B+HbmPzwxpXksm2aSMD/CoeQhp2is1OlJDASSZr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK+qHq1au3+slK/yeMowgmcwjl4cAV1uIMGtICCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx+AmI+g</latexit>

rT
<latexit sha1_base64="sfLlSTjVPctCdTiUdP5gvQMQl1w=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRG8GvHhMIC9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIbm1vbO/ndwt7+weFR8fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvP6HSPJINM43RD+lI8iFn1Fip3ugXS27ZXYCsEy8jJchQ6xe/eoOIJSFKwwTVuuu5sfFTqgxnAmeFXqIxpmxCR9i1VNIQtZ8uDp2RC6sMyDBStqQhC/X3REpDradhYDtDasZ61ZuL/3ndxAxv/ZTLODEo2XLRMBHERGT+NRlwhcyIqSWUKW5vJWxMFWXGZlOwIXirL6+T1lXZq5Qr9etS9S6LIw9ncA6X4MENVOEBatAEBgjP8ApvzqPz4rw7H8vWnJPNnMIfOJ8/slSM4A==</latexit>

T
<latexit sha1_base64="PoNUyzvhMOV27z3bdN+Sh0l/+lQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqjcLXjxWMG2hDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bN20OWn0w8Hhvhpl5YSqFQdf9ckpr6xubW+Xtys7u3v5B9fCobZJMM+6zRCa6G1LDpVDcR4GSd1PNaRxK3gknt7nfeeTaiEQ94DTlQUxHSkSCUbSS30+NqAyqNbfuLkD+Eq8gNSjQGlQ/+8OEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tg5ObPKkESJtqWQLNSfEzMaGzONQ9sZUxybVS8X//N6GUbXwUyoNEOu2HJRlEmCCck/J0OhOUM5tYQyLeythI2ppgxtPnkI3urLf0n7ou416o37y1rzpoijDCdwCufgwRU04Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xtcpI5m</latexit>

 
<latexit sha1_base64="43kkG4vehiEc6TylfjN+YGOQ6TY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqjcLvXisYj+gDWWznbRLN5uwuxFK8R948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTRuZ3HlFpHssHM03Qj+hI8pAzaqx03ygNyhW36s5BVomXkwrkaA7KX/1hzNIIpWGCat3z3MT4M6oMZwKfSv1UY0LZhI6wZ6mkEWp/Nr/0iZxZZUjCWNmShszV3xMzGmk9jQLbGVEz1steJv7n9VITXvszLpPUoGSLRWEqiIlJ9jYZcoXMiKkllClubyVsTBVlxoaTheAtv7xK2hdVr1at3V1W6jd5HEU4gVM4Bw+uoA630IQWMAjhGV7hzZk4L86787FoLTj5zDH8gfP5A8zfjOM=</latexit>

CThe insensitivity to impurities can 
be traced to the size of the 
coupling terms between T and C in 
the model.

After a careful scaling analysis, we 
find that the coupling scales as 

<latexit sha1_base64="ZeBAkRTnfyXgdzdI/ytgF4dWAF0=">AAACBnicbVDLSgMxFM34rPU16lKEYBFc1RmR6s6CGxcuKtoHdIaSSTNtaJIZkoxQhunGjb/ixoUibv0Gd/6NaTsLbT1wuYdz7iW5J4gZVdpxvq2FxaXlldXCWnF9Y3Nr297ZbagokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDK7GfvOBSEUjca+HMfE56gkaUoy0kTr2QepJDm9IdpJ6GDF4l8GRpygfQafsuB27ZNoEcJ64OSmBHLWO/eV1I5xwIjRmSKm268TaT5HUFDOSFb1EkRjhAeqRtqECcaL8dHJGBo+M0oVhJE0JDSfq740UcaWGPDCTHOm+mvXG4n9eO9HhhZ9SESeaCDx9KEwY1BEcZwK7VBKs2dAQhCU1f4W4jyTC2iRXNCG4syfPk8Zp2a2UK7dnpeplHkcB7INDcAxccA6q4BrUQB1g8AiewSt4s56sF+vd+piOLlj5zh74A+vzByJ1l58=</latexit>

Le/S ⇠ 0.01

The effect of freezing point 
depression is intrinsically small.  
Too small to have much effect on 
the growth rate (which diverges for 
large k for physical boundary 
conditions anyway).

J. Ladan Ph.D. thesis (2023).



Ripple theory Worster reformulation for pure water

Worster reconsiders previous 
pure water models and 
completely reformulates the 
problem using lubrication and 
thin-film equations, avoiding 
Navier Stokes.

<latexit sha1_base64="/rd+onp/Z/gDVgamcIja0OrqJdY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9WbBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1FipMe6Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP1TCM9w==</latexit>

k

must be stabilized by 
Gibbs-Thompson

He develops a series of models for 
increasing influence of advection, 
measured by Pe.  

M. G. Worster, J. Eng. Math, 145, 15 (2024).

He points out Ueno’s “unphysical, mathematical” boundary conditions.

<latexit sha1_base64="cC8HwUsMehI7mMaOL6s4I6iFYHM=">AAACIHicbVBNS8MwGE7n15xfVY9egkPwNNoxNi/iwIvHCe4D1jLSNN3CkrYkqTLK+k+8+Fe8eFBEb/przLYedPOBwJPned83eR8vZlQqy/oyCmvrG5tbxe3Szu7e/oF5eNSRUSIwaeOIRaLnIUkYDUlbUcVILxYEcY+Rrje+nvndeyIkjcI7NYmJy9EwpAHFSGlpYDZSR3DYIlN4CWswyzJH0OFIISGih9kVOkwP8xF0JOWwms3LOZ8OzLJVseaAq8TOSRnkaA3MT8ePcMJJqDBDUvZtK1ZuioSimJFpyUkkiREeoyHpaxoiTqSbzhecwjOt+DCIhD6hgnP1d0eKuJQT7ulKjtRILnsz8T+vn6jgwk1pGCeKhHjxUJAwqCI4Swv6VBCs2EQThAXVf4V4hATCSmda0iHYyyuvkk61Ytcr9dtauXmVx1EEJ+AUnAMbNEAT3IAWaAMMHsEzeAVvxpPxYrwbH4vSgpH3HIM/ML5/ADgOowo=</latexit>

Pe = 4 ! � ⇠ 2 mm

<latexit sha1_base64="ZjheHNBKY/oVNPuGmm8wyocs1IM="></latexit>

Pe = 1 ! � ⇠ 3 mm

<latexit sha1_base64="VaAm8mNU9orp8GEzfcJCVkb9960="></latexit>

Pe = 0 ! � ⇠ 5.5 mm
He finds instabilities with various 
wavelengths, with the largest Pe only 
being stabilized by an “unexpectedly 
large” Gibbs-Thompson effect 
(which was previously thought to be 
negligible).



CaCO3 water

U
�g

Contrast with stalactite
ripple theory

C. Camporeale and L.  Ridolfi,  
Phys. Rev. Lett., 108, 238501 (2012).

[Ca2+]
[CO2]

[HCO�
3 ]

CO2

CaCO3

CaCO3

Growth limited by
the analog of the Stefan
condition:

⇠ @

@z
[Ca2+]

��
z=0flux

equilibrium with airBoundary conditions 
are analogous to Ueno’schemistry

CaCO3

See Anne Mongruel's talk for details



Status of linear stability theory of ripples

• Ueno et al find an instability for pure water with the 
“right” 1cm wavelength, but only by using unphysical 
boundary conditions on the temperature across the 
water film.

• Using physical boundary conditions and freezing point 
depression for impure water, Ladan finds a divergent 
growth rate and insensitivity to concentration.

• Worster used a thin film formulation for pure water and 
finds a series of too-small wavelength instabilities 
ultimately stabilized by Gibbs Thompson.

We have no satisfactory stability analysis that accounts for 
the ripples and their dependence on impurities.



Fin


