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lattice QCD studies of 〈N |mss̄s|N〉

Perhaps dark matter is a WIMP (weakly-interacting massive particle).
WIMP detection requires knowledge of WIMP-nucleon interactions.

The low-energy limit of a spin-independent interaction is scalar.
The scalar coupling to strangeness in a nucleon has been a challenge for theory.

Lattice QCD can determine the necessary matrix element,

fs =
〈N |mss̄s|N〉

mN

either directly or via the Feynman-Hellman theorem:

ms〈N |s̄s|N〉 = ms
∂mN

∂ms

Recent lattice results indicate that fs is smaller than some previous estimates.
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lattice QCD studies of 〈N |mss̄s|N〉
Graph taken from Junnarkar and Walker-Loud, Phys Rev D87, 114510 (2013)

strange quarks (nf ¼ 2) are not included in the average.
To convert results from mshNj!ssjNi to fs, we use mN ¼
938:9 MeV. These results are displayed in Fig. 8.

For the scalar strange content of the nucleon, the current
state of results is such that a simple weighted average of
good (green star) results can not be performed in a mean-
ingful way. As can be seen in Fig. 8, there is good con-
sistency between most of the results. There are not a large
number of orange circle results, so we chose to include all
results in the average. Moreover, we believe despite their
red-square assignment, these results offer valuable infor-
mation which should not be ignored at this time.

A simple weighted average, using the quoted uncer-
tainties as the inverse weights, produces an unbelievably
small final uncertainty. This also ignores the fact that
systematic uncertainties are typically non-Gaussian, and
in the case of lattice QCD calculations, not cleanly sepa-
rable from the statistical uncertainties. Moreover, it does
not account for the quality of the results, judged using the
rubric of the FLAG working group. In an attempt to
include all these issues, the following ad hoc procedure
is used to perform a weighted average of all the results
(presented in Fig. 8):

(i) for each of the Nlatt ¼ 11 results, fi " !"
i , an inde-

pendent random sample is generated with a sample
size of Ndist ¼ 104, drawn from a uniform distribu-
tion between the quoted uncertainties,

for i in rangeðNlattÞ:
for j in rangeðNlattÞ:

fi;j ¼ random:uniformðfi % !%
i ; fi þ !þ

i Þ

(ii) for each random sample, a weighted average of all
results is performed, with weight

wi ¼ yi=!i; (29)

where !i is the symmetric uncertainty, !i ¼ 0:5 '
ð!þ

i þ !%
i Þ from a given result, and we arbitrarily

chose yi ¼ 1, 2, 3 for the red square, orange circle
and green star, respectively. An extra multiplicative
reduction of 0.5 is assigned to results which rely
heavily on SUð3Þ baryon "PT,

for j in rangeðNdistÞ:

!fj ¼
P

i wifi;jP
i0 wi0

:

The choice to weight with 1=!i instead of 1=!2
i is

partly motivated from the non-Gaussian behavior of
the systematic uncertainties that typically dominate
the lattice results.

(iii) the mean and 99% confidence intervals of the
resulting distribution are quoted, see Fig. 8.

A principal concern one should have about this average
is the choice of weights used, Eq. (29). To help judge the
stability of the average presented here, a variety of different
weights are chosen, and the subsequent averages are com-
pared and presented in Table VI. The different choices in
weights result in very consistent values. This is a statement
about the consistency of the values of fs from a variety of
lattice QCD calculations, and it is this striking consistency
that leads us to believe a lattice average with the present
results is meaningful (despite the shortcomings of most of
the individual results). The resulting lattice average, quoted
at the 99% confidence interval to be conservative, is

mshNj!ssjNi ¼ 40" 10 MeV; fs ¼ 0:043" 0:011:

(30)

As was first discussed in Refs. [10,21], there is now
compelling evidence from lattice QCD that the value of
the scalar strange content of the nucleon is substantially
smaller than previously estimated and does not play as
significant a role in dark-matter searches as previously
thought [5,6,8,12]. This has potential implications for the
importance of spin-dependent dark-matter searches as dis-
cussed in Ref. [11]. For a recent review of the lattice QCD

FIG. 8 (color online). Comparison and average of lattice QCD
calculations of fs as described in the text. Only values that have
been extrapolated to the physical quark masses are used. Results
that quote mshNj!ssjNi are normalized by mN ¼ 938:9 MeV to
convert to fs. The quoted uncertainties are taken as the statistical
and systematic uncertainties added in quadrature from a given
reference. nf ¼ 2þ 1 indicates a dynamical strange quark as
well as up and down. SUð3Þ is used to indicate results that rely
heavily on SUð3Þ baryon "PT. Some results are excluded for
various reasons but displayed to demonstrate their consistency:
[29] was updated in [30], the nf ¼ 2 results [22,24] were not
averaged with the nf ¼ 2þ 1, the results in [25] were prelimi-
nary and not extrapolated to the physical pion mass, the results in
[26,36] are preliminary and only exist in a conference proceed-
ings. All excluded results are presented as quoted in the litera-
ture, with no attempt to perform chiral extrapolations.
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lattice QCD studies of 〈N |mss̄s|N〉
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strange quarks (nf ¼ 2) are not included in the average.
To convert results from mshNj!ssjNi to fs, we use mN ¼
938:9 MeV. These results are displayed in Fig. 8.

For the scalar strange content of the nucleon, the current
state of results is such that a simple weighted average of
good (green star) results can not be performed in a mean-
ingful way. As can be seen in Fig. 8, there is good con-
sistency between most of the results. There are not a large
number of orange circle results, so we chose to include all
results in the average. Moreover, we believe despite their
red-square assignment, these results offer valuable infor-
mation which should not be ignored at this time.

A simple weighted average, using the quoted uncer-
tainties as the inverse weights, produces an unbelievably
small final uncertainty. This also ignores the fact that
systematic uncertainties are typically non-Gaussian, and
in the case of lattice QCD calculations, not cleanly sepa-
rable from the statistical uncertainties. Moreover, it does
not account for the quality of the results, judged using the
rubric of the FLAG working group. In an attempt to
include all these issues, the following ad hoc procedure
is used to perform a weighted average of all the results
(presented in Fig. 8):

(i) for each of the Nlatt ¼ 11 results, fi " !"
i , an inde-

pendent random sample is generated with a sample
size of Ndist ¼ 104, drawn from a uniform distribu-
tion between the quoted uncertainties,
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for j in rangeðNlattÞ:
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(ii) for each random sample, a weighted average of all
results is performed, with weight

wi ¼ yi=!i; (29)

where !i is the symmetric uncertainty, !i ¼ 0:5 '
ð!þ

i þ !%
i Þ from a given result, and we arbitrarily

chose yi ¼ 1, 2, 3 for the red square, orange circle
and green star, respectively. An extra multiplicative
reduction of 0.5 is assigned to results which rely
heavily on SUð3Þ baryon "PT,

for j in rangeðNdistÞ:

!fj ¼
P

i wifi;jP
i0 wi0

:

The choice to weight with 1=!i instead of 1=!2
i is

partly motivated from the non-Gaussian behavior of
the systematic uncertainties that typically dominate
the lattice results.

(iii) the mean and 99% confidence intervals of the
resulting distribution are quoted, see Fig. 8.

A principal concern one should have about this average
is the choice of weights used, Eq. (29). To help judge the
stability of the average presented here, a variety of different
weights are chosen, and the subsequent averages are com-
pared and presented in Table VI. The different choices in
weights result in very consistent values. This is a statement
about the consistency of the values of fs from a variety of
lattice QCD calculations, and it is this striking consistency
that leads us to believe a lattice average with the present
results is meaningful (despite the shortcomings of most of
the individual results). The resulting lattice average, quoted
at the 99% confidence interval to be conservative, is

mshNj!ssjNi ¼ 40" 10 MeV; fs ¼ 0:043" 0:011:

(30)

As was first discussed in Refs. [10,21], there is now
compelling evidence from lattice QCD that the value of
the scalar strange content of the nucleon is substantially
smaller than previously estimated and does not play as
significant a role in dark-matter searches as previously
thought [5,6,8,12]. This has potential implications for the
importance of spin-dependent dark-matter searches as dis-
cussed in Ref. [11]. For a recent review of the lattice QCD

FIG. 8 (color online). Comparison and average of lattice QCD
calculations of fs as described in the text. Only values that have
been extrapolated to the physical quark masses are used. Results
that quote mshNj!ssjNi are normalized by mN ¼ 938:9 MeV to
convert to fs. The quoted uncertainties are taken as the statistical
and systematic uncertainties added in quadrature from a given
reference. nf ¼ 2þ 1 indicates a dynamical strange quark as
well as up and down. SUð3Þ is used to indicate results that rely
heavily on SUð3Þ baryon "PT. Some results are excluded for
various reasons but displayed to demonstrate their consistency:
[29] was updated in [30], the nf ¼ 2 results [22,24] were not
averaged with the nf ¼ 2þ 1, the results in [25] were prelimi-
nary and not extrapolated to the physical pion mass, the results in
[26,36] are preliminary and only exist in a conference proceed-
ings. All excluded results are presented as quoted in the litera-
ture, with no attempt to perform chiral extrapolations.
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ASSESSING RELIABILITY:

Were u,d quarks light enough?
Was the continuum limit taken?
Was the ∞ volume limit taken?

room for significant improvement
room for improvement
meets strictest constraints
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strange quarks (nf ¼ 2) are not included in the average.
To convert results from mshNj!ssjNi to fs, we use mN ¼
938:9 MeV. These results are displayed in Fig. 8.

For the scalar strange content of the nucleon, the current
state of results is such that a simple weighted average of
good (green star) results can not be performed in a mean-
ingful way. As can be seen in Fig. 8, there is good con-
sistency between most of the results. There are not a large
number of orange circle results, so we chose to include all
results in the average. Moreover, we believe despite their
red-square assignment, these results offer valuable infor-
mation which should not be ignored at this time.

A simple weighted average, using the quoted uncer-
tainties as the inverse weights, produces an unbelievably
small final uncertainty. This also ignores the fact that
systematic uncertainties are typically non-Gaussian, and
in the case of lattice QCD calculations, not cleanly sepa-
rable from the statistical uncertainties. Moreover, it does
not account for the quality of the results, judged using the
rubric of the FLAG working group. In an attempt to
include all these issues, the following ad hoc procedure
is used to perform a weighted average of all the results
(presented in Fig. 8):

(i) for each of the Nlatt ¼ 11 results, fi " !"
i , an inde-

pendent random sample is generated with a sample
size of Ndist ¼ 104, drawn from a uniform distribu-
tion between the quoted uncertainties,

for i in rangeðNlattÞ:
for j in rangeðNlattÞ:
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(ii) for each random sample, a weighted average of all
results is performed, with weight
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where !i is the symmetric uncertainty, !i ¼ 0:5 '
ð!þ

i þ !%
i Þ from a given result, and we arbitrarily

chose yi ¼ 1, 2, 3 for the red square, orange circle
and green star, respectively. An extra multiplicative
reduction of 0.5 is assigned to results which rely
heavily on SUð3Þ baryon "PT,

for j in rangeðNdistÞ:

!fj ¼
P

i wifi;jP
i0 wi0

:

The choice to weight with 1=!i instead of 1=!2
i is

partly motivated from the non-Gaussian behavior of
the systematic uncertainties that typically dominate
the lattice results.

(iii) the mean and 99% confidence intervals of the
resulting distribution are quoted, see Fig. 8.

A principal concern one should have about this average
is the choice of weights used, Eq. (29). To help judge the
stability of the average presented here, a variety of different
weights are chosen, and the subsequent averages are com-
pared and presented in Table VI. The different choices in
weights result in very consistent values. This is a statement
about the consistency of the values of fs from a variety of
lattice QCD calculations, and it is this striking consistency
that leads us to believe a lattice average with the present
results is meaningful (despite the shortcomings of most of
the individual results). The resulting lattice average, quoted
at the 99% confidence interval to be conservative, is

mshNj!ssjNi ¼ 40" 10 MeV; fs ¼ 0:043" 0:011:

(30)

As was first discussed in Refs. [10,21], there is now
compelling evidence from lattice QCD that the value of
the scalar strange content of the nucleon is substantially
smaller than previously estimated and does not play as
significant a role in dark-matter searches as previously
thought [5,6,8,12]. This has potential implications for the
importance of spin-dependent dark-matter searches as dis-
cussed in Ref. [11]. For a recent review of the lattice QCD

FIG. 8 (color online). Comparison and average of lattice QCD
calculations of fs as described in the text. Only values that have
been extrapolated to the physical quark masses are used. Results
that quote mshNj!ssjNi are normalized by mN ¼ 938:9 MeV to
convert to fs. The quoted uncertainties are taken as the statistical
and systematic uncertainties added in quadrature from a given
reference. nf ¼ 2þ 1 indicates a dynamical strange quark as
well as up and down. SUð3Þ is used to indicate results that rely
heavily on SUð3Þ baryon "PT. Some results are excluded for
various reasons but displayed to demonstrate their consistency:
[29] was updated in [30], the nf ¼ 2 results [22,24] were not
averaged with the nf ¼ 2þ 1, the results in [25] were prelimi-
nary and not extrapolated to the physical pion mass, the results in
[26,36] are preliminary and only exist in a conference proceed-
ings. All excluded results are presented as quoted in the litera-
ture, with no attempt to perform chiral extrapolations.
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putting dark matter directly on the lattice

Dark matter is a BSM particle. Suppose it comes with a new strong interaction.

SU(2) gauge theory with 2 fundamental fermions is a minimal example.
— contains a dark matter candidate.
— produces electroweak symmetry breaking.
— accommodates a 125 GeV scalar.

Dynamical symmetry breaking, SU(4)→Sp(4), gives 5 Goldstone bosons:

Ūγ5D
D̄γ5U

1√
2
(Ūγ5U − D̄γ5D)

 eaten by W± and Z

UT (−iσ2C)γ5D
Ū(−iσ2C)γ5D̄

T

} either light asymmetric dark matter (technicolor limit)
or Higgs+heavier dark matter (little Higgs limit)
or an interpolation between these two limits
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observing the Goldstone bosons in Nc=Nf=2

The expected behavior, m2
Π ∝ mq for small mq, is observed.

These plots apply to all five Goldstone bosons.

Lewis,Pica,Sannino, Phys Rev D85, 014504 (2012)
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← A finite volume effect.
[Hietanen,Lewis,Pica,Sannino JHEP 07(2014)116]
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observing light hadrons in Nc=Nf=2

Hietanen,Lewis,Pica,Sannino JHEP 07(2014)116

0

0.2

0.4

0.6

0.8

m
Π2

V = 32x16
3

V = 32
4

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
m

q

0

0.04

0.08

0.12

f Π

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
am

q

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

am

0 0.05 0.1 0.15 0.2 0.25
am

q

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

am

m
ρ

m
A

β = 2.0 β = 2.2

mV

mA

β = 2.2



9/22

relationships among Goldstone vector form factors in Nc=Nf=2
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recalling resonance saturation in QCD

Lattice simulations with mU 6= mD are expensive
(photon hitting a vacuum loop doesn’t cancel),

but with mU = mD the dark matter form factor vanishes.

What to do?
Notice that vector meson dominance relates TU to TD in the large Nc limit
(and is successful for Nc = 3 QCD):

Fπ+ ≈ 2

3

(
m2
ρ

m2
ρ +Q2

)
+

1

3

(
m2
ρ

m2
ρ +Q2

)
FK+ ≈ 2

3

(
m2
ρ

m2
ρ +Q2

)
+

1

3

(
m2
φ

m2
φ +Q2

)

FK0 ≈ −1

3

(
m2
ρ

m2
ρ +Q2

)
+

1

3

(
m2
φ

m2
φ +Q2

)

We will test this VMD behaviour in SU(2) simulations with mU = mD.

outgoing

outgoingincoming
meson meson

photon

photon

meson
incoming

meson



11/22

observing resonance saturation in Nc=Nf=2

Hietanen,Lewis,Pica,Sannino, arXiv:1308.4130
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dark matter scattering by photon exchange in Nc=Nf=2

The coupling is due to the charge radius,

LB = ie
dB
Λ2
φ∗
←→
∂µφ ∂νF

µν

and we can calculate explicitly,

dB
Λ2

= lim
Q2→0

1

Q2

(
1

2

m2
ρU

m2
ρU

+Q2
− 1

2

m2
ρD

m2
ρD

+Q2

)
=
m2
ρU
−m2

ρD

2m2
ρU
m2
ρD

Therefore

Λ = mρ and dB =
mρU −mρD

mρ

The cross section for scattering from a proton is

σγp =
µ2

4π

(
8παdB

Λ2

)2

where µ =
mφmN

mφ +mN

Given mφ > mN and |dB| < 1, we find σγp < 2.3× 10−44 cm2 .
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adding the exchange of a composite Higgs

The dark matter candidate couples to a composite Higgs as follows:

δL =
d1

Λ
h∂µφ

∗∂µφ+
d2

Λ
m2
φhφ

∗φ

We expect d1 and d2 to be of order unity.

The cross section for scattering from a proton is
fp︷ ︸︸ ︷

σp =
µ2

4π

(
(d1 + d2)fmNm

2
φ

m2
HmφvEWΛ

+
8παdB

Λ2

)2

where µ =
mφmN

mφ +mN︸ ︷︷ ︸
fn

The Higgs to nucleon coupling is parametrized by f ∼ 0.3.

This cross section is thus a function of mφ and dB. Compare to experiment. . .
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comparison of Nc=Nf=2 to experiments

Hietanen,Lewis,Pica,Sannino, arXiv:1308.4130
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scalar couplings in Nc=Nf=2
Detmold,McCullough,Pochinsky, arXiv:1406.4116
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dark nuclei in Nc=Nf=2
Detmold,McCullough,Pochinsky, arXiv:1406.4116

For scattering states, ∆E(L) ∝ 1/L3 + . . ..

For bound states, ∆E(L) = − γ
2

2µ

[
1 +

12Ĉ

γL
e−γL

]

Bound states are observed for JP = 1+ in N∆ and NN∆ and perhaps NNN∆:
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(This study uses mρ/2 < mπ < mρ and fπ = 246 GeV.)
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Event rate for XENON100 from a Nc=3 dark matter model
Appelquist et al (LSD collab), Phys Rev D88, 014502 (2013)
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Caution: 〈r2
E〉neutron ≈ experiment/10. Decreasing mq might clarify this.
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hadron mass spectrum in Nc = 4 dark matter model
Appelquist et al (LSD collab), Phys Rev D89, 094508 (2014)

This is a quenched exploration. It has mf ∼ Λ4.
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bounds on fermion-Higgs coupling in Nc = 4 dark matter model
Appelquist et al (LSD collab), Phys Rev D89, 094508 (2014)

This is a quenched exploration. It requires mPS > 100 GeV due to LEP.
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Lattice spacing, volume, and some range of mPS/mV were studied.
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phase structure of SO(4) with 2 fermions
Hietanen,Pica,Sannino,Søndergaard, Phys Rev D87, 034508 (2013)

Lattice dark matter beyond SU(N): step one is to explore the phases.

This study uses 2 (Wilson) Dirac fermions in the vector representation.
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Surprising Polyakov multi-phase phenomenon
not observed for larger volumes.
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hadron masses in SO(4) with 2 fermions
Hietanen,Pica,Sannino,Søndergaard, Phys Rev D87, 034508 (2013)

Expected global symmetry breaking is SU(4)→SO(4). Therefore 9 Goldstones.
The isospin=0 Goldstone boson is the dark matter candidate.
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lattice studies of dark matter
randy.lewis@yorku.ca

1. Lattice QCD studies of 〈N |mss̄s|N〉.
collected in Junnarkar and Walker-Loud, Phys Rev D87, 114510 (2013)

2. Putting the dark matter directly on the lattice:
• SU(2) gauge theory. Lewis,Pica,Sannino, Phys Rev D85, 014504 (2012)

Hietanen,Lewis,Pica,Sannino JHEP 07(2014)116
Hietanen,Lewis,Pica,Sannino, arXiv:1308.4130
Detmold,McCullough,Pochinsky, arXiv:1406.2276 and 1406.4116

• SU(3) gauge theory. Appelquist et al (LSD collab), Phys Rev D88, 014502 (2013)

• SU(4) gauge theory. Appelquist et al (LSD collab), Phys Rev D89, 094508 (2014)

• SO(4) gauge theory. Hietanen,Pica,Sannino,Søndergaard, Phys Rev D87, 034508 (2013)

All of this is just the beginning. . .


