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We have studied the early time evolution of granular segregation patterns in a horizontal rotating
cylinder partially filled with a sand/salt mixture. The growth of concentration fluctuations starting
from premixed initial conditions was analyzed using Fourier techniques. In one mixture, we observed
generally merging dynamics in the segregated bands up to the onset of saturation. At the threshold
of saturation, we found a spectrum of wavelengths with a broad peak. The peak position was nearly
independent of the tube rotation rate. The overall growth rate of Fourier modes had a maximum
at a particular value of the angular rotation frequency. In a slightly different mixture, we observed
transient traveling waves when the larger grains were in the majority. We measured the wave speed
as a function of several parameters using presegregated initial conditions to launch waves of various

wavelengths.
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I. INTRODUCTION

Heterogeneous mixtures of granular materials tend to
segregate by size or shape under conditions where one
might naively expect mixing. In 1939, Oyama noticed
that a binary mixture of large- and small-grained sand
segregated into axial bands when tumbled in a horizontal
“drum mixer”. [1] After a hiatus of several decades, this
counterintuitive phenomenon has captured the attention
of many researchers, [2-15] and it has become something
of a standard problem in the study of granular materials.

The experiment is deceptively simple. In a typical ar-
rangement, equal amounts of two grain sizes, often of con-
trasting colors, are uniformly mixed and used to partly
fill a horizontal transparent tube. The tube is then ro-
tated about its long axis at a rotation rate which is suf-
ficient to cause the grains to stream smoothly. Axial
bands of segregation first appear after a few tens of rota-
tions and are faint at first, but intensify and saturate.
After a few hundred to a few thousand rotations, an
apparently stable array of axial bands of roughly equal
spacing is formed. Bands may merge or split on long
time scales, but the general tendency is towards merging
[5,7,13,15]. With very extended rotation time, some ex-
periments show that the bands exhibit a remarkably long
period of metastability, but eventually all merge and fi-
nally achieve complete segregation, where the two species
occupy opposite ends of the tube. [13]

The occurrence of axial segregation seems to require
that the dynamic angle of repose (roughly, the angle
of the flowing surface) be different for the two species
[5,6,10]. This has been taken to be evidence that the
geometry of surface flows is responsible for the segre-
gation. This observation has inspired theoretical mod-
els [6,9] that treat the onset of segregation as a kind of

reverse-diffusion driven instability in which initial con-
centration fluctuations are amplified.

Many researchers have studied the number of bands
that appear. It is claimed that more bands appear when
more small particles are used [5], and that more bands ap-
pear when the rotation rate is slower [7]. Recently, MRI
studies have shown that there exist subsurface bands that
may not be visible from the surface [11,12]. This suggests
that visual band counting may be missing some bands,
and casts doubt on a purely surface-driven segregation
mechanism. In some systems, the segregation also ap-
pears to be affected by coherent surface avalanche waves
[15] or fingering instabilities [20]. These would provide
non-diffusive mechanisms for axial segregation.

In this paper, we report our observations on the dy-
namics of segregation in a mixture of sand and salt in a
long pyrex tube. We have focussed on the very early
stages of the evolution, in an effort to shed light on
the nature of the instability that leads to segregation.
The primary improvements we made over previous ex-
periments were in control of the initial conditions and
improved resolution in the image processing and Fourier
analysis. By employing a very long tube, a larger num-
ber of bands can be studied, yielding Fourier peaks that
are well separated from dc and have good resolution. We
digitized images of the flowing surface and used averaging
and image-division techniques to observe faint bands.

We studied the initial growth of the bands by observ-
ing the exponential growth of Fourier modes. At the
threshold of saturation, we examined the spectrum of
preferred wavelengths of the band pattern. We measured
the rate at which the bands grew and identified the dom-
inant wavelength, as a function of the rotation rate of the
tube.

By composing images of the spacetime evolution of the
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FIG. 1. Histograms of sand and salt sizes in mixtures A
and B. Note the different scales.

surface contrast, we were able to discern transient trav-
eling waves [14] and other structures. In this paper, we
characterize the traveling wave speed as a function of
wavelength, rotation period, filled fraction of the tube,
and the relative proportions of the two granular com-
ponents. These traveling waves are surprizing because
they are not expected from any simple diffusion model of
segregation.

This paper is organized as follows. In section II, we
describe the apparatus and experimental procedures. In
section ITI, we describe the detailed observations. Section
IV and V contain some discussion and a brief summary
of our conclusions.

II. EXPERIMENT

In this section we describe the apparatus, the experi-
mental procedures and the data acquisition and analysis.
The experiment was optimized for the quantitative obser-
vation of the early stages of segregation. Many param-
eters effect the details of the phenomena, and we were
only able to systematically explore a few of them.

A. the tube

The drum mixer consisted of a ~1 m long tube par-
tially filled with the granular mixture which was rotated
about its long axis at a constant angular frequency w us-
ing a computer-controlled stepper motor. The tube was
made as long and narrow as practical so that the num-
ber of bands was large. This maximized the resolution of
Fourier analysis, described below. Three different tubes
were used. Each had inner diameter 27 mm. Most of
the observations were made using one of two pyrex tubes
which had aspect ratios (length/diameter) of 40.6+0.2
and 38.64+0.2. The third tube was made of plastic, and
was only used to investigate charging effects. Friction
with the endcaps tends to produce segregation; we used
teflon-covered end plugs in an attempt to minimize this
effect.

The speed of the traveling waves we observed with
some mixtures was sensitive to the precise leveling of the
tube. Waves traveled downhill more quickly than uphill.
We leveled the tube to better than 0.1° by matching the
speeds of the left- and right-going waves.

B. the granular materials

The components of the granular material were selected
to maximize the color contrast between the two species.
By doing this, we were able to observe very faint bands.
This capability was especially important for studying the
traveling waves. The characteristics of the grains were by
far the most difficult parameters to specify and control.

The smaller black component was “hobby” sand, while
the larger white component was common table salt. [18]
Under magnification, we found that most of the salt
grains had a cubic crystalline shape and only a very small
fraction were irregularly shaped. The black sand grains,
on the other hand, were all somewhat rounded and were
very irregularly shaped. We also performed some tests
with light colored Ottawa test sand in place of the salt.
This sand was very rounded in shape.

Two different types of mixtures were used for the ex-
periments, which differed in the internal size distributions
of each component. These distributions are shown in Fig-
ure 1, and were determined using standard sieves. In all
cases, the sand was smaller than the salt. Mixture B had
a larger variety of particle sizes, and had larger salt grains
on average than mixture A. These sizes were selected to
be roughly similar to those used by Das Gupta et al. [5]

We define the size composition fraction ¢ to be the
volume of the salt component divided by the sum of the
volumes of the sand and salt components, where all vol-
umes were measured before mixing. Because of packing
effects, the volumes of mixtures were typically about 10%
smaller than the sum of the volumes of the unmixed com-
ponents. Thus, ¢ is not exactly equivalent to the volume



concentration of the salt in any mixture, but is exper-
imentally easier to specify and vary systematically. In
the runs described below, mixture A was used at a fixed
¢ = 0.50, while type B’s mixture ratio was varied be-
tween 0.33 and 0.79.

C. filling the tube

Filling the long tube with the mixture to the desired
amount was a nontrivial task. Any sort of pouring, flow-
ing or shaking operation causes segregation. We also
wanted to avoid nonuniformities in the initial filled vol-
ume fraction along the length of the tube.

The tube was filled by first gently placing the sand/salt
mixture in a U-shaped aluminum channel as long as the
tube, inserting it lengthwise into the tube, and then ro-
tating it to dump its contents in place. In most runs,
two such operations were used, corresponding to a filled
volume fraction 7 of 0.28 + 0.02. This quantity is nec-
essarily somewhat ill-defined, as packing effects, dilation
under shear and segregation all change the volume of the
granular mixture during the course of the experiment. In
some runs, we varied the filled volume fraction by filling
the tube with different numbers and sizes of U-shaped
channels. In these cases, we simply used the total mass
of material in the tube as a measure of the filled volume
fraction.

Mixture A with ¢ = 0.50 and n = 0.28 was used with
randomly premixed initial conditions for studies of the
dynamics of segregation into normal bands. The initial
conditions were prepared by manually mixing the grains
in small quantities and loading the tube as described
above. In spite of our best efforts to mix the ingredients,
there were typically still some concentration fluctuations
that were large enough to be visible to the eye.

Mixture B with a range of ¢ and n was used for stud-
ies of the dynamics of the transient traveling waves. For
this purpose, presegregated initial conditions were pre-
pared for a series of runs. These were obtained by placing
thin partitions in the U-shaped channel and then alter-
nately filling each segment with one component of the
mixture. When the channel was full, the partitions were
removed and the tube was loaded as before. By varying
the position of the partitions, we could prepare any de-
sired wavelength of initial segregation, while holding the
size composition fraction ¢ nearly constant. To deter-
mine the exact value of ¢, the mixture was sieved after
each presegregated run. We used 100% presegregated
bands as initial conditions for our study, but any other
degree of presegregation could also be made by filling the
segments of the channel with suitably premixed material.

D. electrostatic and grinding effects

Given the highly insulating nature of all the compo-
nents, electrostatic effects must be carefully considered.
Charge transferred between the grains or onto the tube
can modify the segregation patterns by introducing long-
range forces. [19] Rubbing the exterior of the rotating
tube or repeated rapid pouring of the mixture when it
was outside the tube caused a few of the grains to stick
to glass surfaces. We monitored the humidity of the en-
closure surrounding the experiment with a hygrometer,
and it was found to vary from 18 - 34%. No sticking
due to static charging or humidity-dependent effects were
observed in normal runs, which lasted ~ 1 hr. In very
long runs, which we do not discuss here, static charge
did eventually build up enough that sticking became ap-
parent. To investigate the effect of charge on the tube,
we made a few runs using a plastic tube in place of the
pyrex one. With the plastic tube, charging effects were
much greater, but all of the same phenomena, including
the traveling waves, were observed. This indicates that
although charging effects may be present at some level
in the pyrex tube, they do not significantly effect our
results.

The grinding effect of repeated tumbling caused slow
but systematic changes in the quantitative behavior of
the mixtures, particularly of traveling waves. The salt
became progressively greyer in color as the polishing of
the grain’s surfaces made them more transparent. There
was also a tendency for the corners and edges of the salt
grains to become damaged, making the grains slightly
rounded. There was no obvious change in the sand com-
ponent with grinding. In no case was grinding sufficient
to cause any measurable change in the size distributions,
as determined by sieving. To avoid systematic effects, we
used mixtures that were “run-in” briefly to avoid initial
transients and then discarded them after ~ 10 hours of
tumbling.

E. image acquisition and analysis

During rotation, the surface brightness of the flowing
material was visualized using a monochrome CCD cam-
era that could image the entire length of the tube us-
ing a wide angle lens (focal length 3.7 mm). The tube
was uniformly lit by a single long fluorescent tube, which
was located just above it. The video signal was acquired
by a computer via an 8-bit frame grabber. The camera
was positioned so that it was pointed perpendicular to
the flowing surface. Only the portion of the video frame
covering the flowing surface was digitized. After acquisi-
tion, the resulting long rectangular image was corrected
in software for the geometrical distortion introduced by
the wide angle lens so that length measurements could
be accurately made. In this step, we also interpolated
the 400 pixel length of the array to 512 pixels, to
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FIG. 2. An example of the transient dynamics exhibited by
mixture A with premixed initial conditions, ¢ = 0.50, showing
band splitting, merging and disappearance.

facilitate later Fourier analysis. Spatial intensity vari-
ations introduced by nonuniform lighting were removed
by dividing by a reference image. Each rectangular im-
age was then spatially averaged across the height of the
streaming surface to produce a one-dimensional greyscale
array. Arrays taken at regular time intervals were stacked
to form spacetime images which recorded an entire run.
Calibration of the greyscale with respect to the local vol-
ume concentration of black sand indicates that, except
for low black concentrations (< 20%), the greyscale is,
to a good approximation, linearly related to the local
salt concentration.

The spacetime images were analyzed with one- and
two-dimensional Fourier transforms. A one-dimensional
Fourier transform, applied separately to each row (i.e.,
in the space direction only), was used to study the time
evolution of the Fourier modes over the course of a run.
Two-dimensional Fourier transforms of the whole space-
time image were used to analyze traveling wave states to
obtain wave speeds and for simple image processing to
extract left- and right-going waves.

ITII. RESULTS

We observed radial segregation, end segregation, axial
segregation and transient traveling waves, under various
experimental conditions. The latter two were studied in
detail and are described in the following sections. Except
for traveling waves [14], all of these effects have previously
been observed in other experiments. [3-7,9,10,12]

For our system, radial segregation occurs rapidly, on
a time scale of ~ 10 rotations. We cannot observe this

directly, but it is evident from a change in the overall sur-
face color as a portion of the smaller black component
migrates to the axis of rotation. As in many previous
studies, we also observed the formation of end segregated
bands that were also composed of the smaller black com-
ponent. These formed in spite of our teflon-covered end
plugs. However, if a white salt band was started against
an end cap in a presegregated run, then the band stayed
white. The end segregated bands formed more quickly
than other bands, but did not subsequently change over
the duration of the run.

A. the formation of normal bands

In order to study the growth and saturation of normal
bands, we used mixture A at a fixed composition ¢ = 0.50
and filled volume fraction n = 0.28. The angular rotation
frequency w was varied between 1.57 and 8.38 rad/s. This
interval covers essentially the entire range over which the
mixture streams smoothly down the flowing surface. At
lower w, intermittent avalanching is observed, while for
larger w, the mixture spends part of each rotation air-
borne. A run typically lasted for 600 seconds, with 5
seconds elapsing between image acquisitions. We used
only premixed initial conditions. A spacetime image of
a sample run is shown in Figure 2. Several images are
averaged together to form each line of the picture.

The first faint axial segregation bands can be seen af-
ter just a few tens of rotations. These bands usually
intensified until the black bands saturated at 100% con-
centration. Since earlier radial segregation carries smaller
black sand to the axis of rotation, it seems likely that the
saturated black bands seen on the surface consist only of
that species all the way through. On the other hand, the
apparently saturated white bands probably still contain
a black core that is not visible from the surface. In the
following, we will focus on the dynamics of the growth of
the black bands.

At the highest rotation rates, w > 7rad/s, the black
bands apparently saturate but do not reach 100% con-
centration. The bands stayed faint. Apparently the ran-
domizing diffusive effects of high rotation rates limit the
final concentration of the bands. On the other extreme,
at very low rotation rates, w < 1.6 rad/s, the time to sat-
uration sometimes exceeded our observation time. Bands
do not all saturate at the same time. If an area has a high
local black concentration at the start of a run, saturation
is reached earlier there.

Saturated black bands are metastable over several
thousand rotations. They were never observed to split.
Only a few merging events were observed between satu-
rated bands, and they occurred very slowly. Saturated
black bands can sometimes be seen to absorb unsaturated
ones. The traveling waves discussed in the next section
also tend to be absorbed by saturated bands.

Before saturation, bands exhibit more interesting
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FIG. 3. The exponential growth of the total power in the
Fourier spectrum vs. time measured in rotation periods. The
loss of exponentiality corresponds to appearance of saturated
bands. Here w = 3.59 rad/s.

dynamics. Bands can appear and disappear, and they
can merge and split. Examples are shown in Figure 2.
Fourier spectra with multiple modes with no one mode
dominant are common. The growth of the total power
in the Fourier spectrum is well-described as being ini-
tially exponential, as illustrated in Figure 3. We omit the
power in the first 5 Fourier bins to eliminate the dc com-
ponent. The total power ceased to grow exponentially
at the same time as saturated bands appeared. Figure
4 shows the exponential growth rate of the total power
vs. w. We express the growth rate in units of the ro-
tation period in order to eliminate the obvious tendency
for growth to be faster for larger w. Interestingly, the
growth per tube rotation appears to reach a maximum
at w ~ 4 rad/s.

To look for characteristic spacings of the saturated
bands, the Fourier spectra were examined at the onset
of saturation, for various w. The onset of saturation
was determined by the loss of exponentiality of the total
power. Examining the Fourier spectra before saturation
is not particularly informative as the relative strengths
of Fourier modes change rapidly due to band dynamics.
The spectra at saturation are noisy; to get some insight,
we simply averaged together spectra for all w in the range
1.57 - 8.38 rad/s. Each spectrum was normalized by di-
viding by the total power outside dc before being included
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FIG. 5. The Fourier spectrum at the onset of saturation,
averaged over the various w.

in the average. Figure 5 shows the result. There is a clear
peak near a band spacing of 50 mm. There is a rather
broad range of growing modes about this peak, however,
with the hint of other peaks.

For each w, we also examined the spectra to ascertain
which Fourier mode, if any, dominated. As there were
sometimes multiple peaks of almost equal size, centre-of-
mass wavelengths were also obtained to more accurately
take the spread into account. The centre-of-mass was
obtained over a range of wavenumbers from just above
dc to twice the wavenumber of the highest peak. The
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result is shown in Figure 6. It shows that, to a first ap-
proximation, the selected wavelength of the axial bands
is independent of w.

B. transient traveling waves

Under certain conditions, mixture B exhibited travel-
ing waves during the transient that precedes the forma-
tion of the usual stationary axial bands. Here we review
this puzzling phenomenon, which was first described in
Ref. [14], and make some further observations.

Traveling wave transients occur only in a restricted
region of the parameter space in which axial segregation
is found. Outside this region, one finds generally merging
transients like those shown in Fig. 2. Our objective
was to determine, as far as possible, which parameters
are important for the existence of wave-like transients
and which are not. Surprisingly, the size composition
fraction ¢ turns out to be an important parameter. We
varied ¢ over the range 0.33 - 0.79 in mixture B, while w
and 1 were held constant. The waves were not observed
unless ¢ > 0.55, and, for a given wavelength, their speed
increased with ¢. [14] Large ¢ corresponds to mixtures
rich in the larger salt component. The traveling waves
obey a well-defined dispersion relation. On the other
hand, we show below that the traveling waves are rather
insensitive to variations in w or 7.

With premixed initial conditions and ¢ ~ 0.6, patches
of spontaneous left- and right- traveling waves are ob-
served, which eventually give way to the usual station-
ary bands. The waves have a preferred wavelength of 45
4+ 5 mm. The waves move at nearly constant velocities
in either direction and usually pass through each other

with little or no interaction, until band formation, which
has been occurring in parallel, grows strong enough to
interfere with and destroy them. The traveling waves are
dissipated in the vicinity of black bands which are satu-
rated at 100% sand. All these features are illustrated in
Fig. 1(a) of Ref. [14].

In order to study homogeneous regions of the travel-
ing waves, we employed presegregated initial conditions
in which a chosen wavelength was launched all along the
length of the tube. The resulting uniform traveling waves
pass through each other to form a standing wave which
persists for several oscillations before it is disrupted by
stationary band formation. Figure 7 shows a spacetime
image of a portion of such a standing wave near the cen-
tre of the tube. The ends of the tube act as sinks but
not sources of the counterpropagating components of the
standing wave. This is made clear by Fourier filtering
the standing waves to extract their left- and right-going
components. An example of this analysis is shown in
Fig. 1(c) of Ref. [14], which shows the entire length of
the tube.
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FIG. 7. Standing waves produced by a presegregated initial
condition for w = 4.841 rad/s and ¢ = 0.67. Only a portion
of the tube is shown.

In order to study how the traveling velocity varies
with wavelength, numerous runs were performed with
¢ = 0.67, n = 0.28, w = 4.841 rad/s and different pre-
segregated initial wavelengths. The velocities of the re-
sulting waves were measured by locating the times when
the standing waves pass through zero. To avoid early
transients and later nonlinear effects, we used only the
positions of the first few zero-crossing times. [14] We also
measured the speeds of some spontaneous waves occur-
ring with premixed initial conditions at these values of
w, ¢ and n to confirm that they were similar to the
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FIG. 8. The dispersion relation for traveling waves at tube
rotation frequency w = 4.841 rad/s and ¢ = 0.67. The
solid symbols indicate presegregated initial conditions. The
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tial conditions, with speeds found from Fourier peaks (open
square), and averages of slopes in spacetime images (open
circle).

presegregated waves. The speeds of spontaneous waves
were estimated from the slopes of their worldlines in
spacetime images, and by extracting the positions of
peaks in 2D Fourier transforms of spacetime images. Fig-
ure 8 shows the dispersion relation obtained from velocity
and wavelength measurements.

An interesting feature of the dispersion relation is that
the waves do not travel when presegregated below a cer-
tain cutoff wavenumber. We refer to these as “frozen”
bands. The following observations indicate a possible ex-
planation for this behavior. When the rotation is started,
there is a brief relaxation phase during which the ini-
tially sharp presegregated dark bands become diffuse and
narrower as the material near the black/white interfaces
mixes. It seems that traveling waves occur only when
this mixing is sufficient to completely submerge the ini-
tial presegregated black bands. For wavelengths which
do not travel, it was found that the central portion of
the black bands remained 100% sand. Salt cannot move
through such pure regions of sand, and thus broad sand
bands cannot travel. The appearance, immobility and
stability of these frozen black bands suggests that they
are similar to the 100% segregated bands that eventu-
ally grow up spontaneously and halt the traveling wave
transient regime.

The transition region between frozen bands and travel-
ing waves is difficult to pin down experimentally. In this
vicinity we find that some bands remain frozen, while
others travel a short distance, but merge when they en-
counter another band (Figure 9). These mergings appear
to be similar to the late-stage absorption of traveling
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FIG. 9. Band merging, followed by frozen behavior near
the knee in the dispersion relation for traveling waves, for
w = 4.841 rad/s and ¢ = 0.67. Only a portion of the tube is
shown.
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waves by 100% segregated bands, seen at shorter wave-
lengths.

Using the greyscale as a measure of the local concen-
tration, we can examine the amplitude linearity of the
traveling waves. Their amplitude is quickly damped away
with rotation, as shown in Fig. 10(a). Despite this large
change in amplitude, their velocity is constant, as shown
in Fig. 10(b). Thus, the waves are remarkably linear.
This is also indicated by the fact that waves traveling in
opposite directions pass through each other with little or
no distortion, i.e., they obey superposition. The merging
behavior seen in Fig. 9 can be interpreted as due to a
loss of linearity near the transition from traveling waves
to frozen bands. The existence and velocity of the trav-
eling waves are robust over a wide range of filled volume
fractions 7, as shown in Fig. 11. The wave speed is es-
sentially constant, even when 7 is changed by a factor
of two. The accessible range of 7 is limited by the ten-
dency of the material to slip along the walls of the tube
for small 77, and the need to leave enough free volume to
fill the tube using the U-shaped channel at large 7.

We have also measured the traveling wave speeds as
a function of the angular frequency of rotation w. We
found that bands in a presegregated run freeze for w >
5.464 rad/s, but travel for smaller w. Fig. 12 shows the
wave speed vs. the period of rotation T' = 27 /w. When
velocity is expressed in terms of distance traveled per
rotation period, we find that wave speeds do not have a
strong dependence on 7.

To check for momentum effects, we stopped the rota-
tion of the tube during the propagation of a standing
wave, and then restarted it when all grain motion had



(a) 600

Amplitude
squared 400
(arbitrary 300

units) 200 \

200 400 600 800 1000 1200

time (s)

(b) 0.14 |

S oa2f

e (.t -

£

E o[ 4 '

E o1

et

o |

& 008 |

0.06 [
| | |
0 20 40 60 80

Standing wave amplitude squared (arbitrary units)

FIG. 10. (a) The amplitude of a standing wave vs. time.
(b) The speed of the left- and right-going components of
the traveling wave, vs. the peak amplitude squared. Here,
w = 4.841 rad/s and ¢ = 0.67.

ceased. This did not significantly alter the behavior of
the waves, which continued to travel once the rotation
restarted.

We examined how the traveling wave phenomenon de-
pends on the details of the two size distributions and
on grain shape. In general, almost any change in either
of these quantities causes the traveling waves to change
or disappear altogether. Substitution of the cubical salt
component with the same size distribution of rounded
Ottawa sand resulted in segregation but had transients
with no traveling waves. Similarly, even the rather minor
rounding effect that prolonged grinding has on the salt
grains eventually results in the disappearance of the trav-
eling waves. Variations of the internal size distribution
of either of the components of mixture B has a similar
effect. These observations suggest that traveling waves
occupy only a small portion of the parameter space over
which segregation itself exists.
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C. other traveling structures

Some other interesting dynamical objects can be ob-
served in mixture B. Fig. 13 shows a “fountain” band
which sent out traveling waves in both directions. The
fountain appears to constantly send out traveling waves
that disappear as they near the 100% segregated bands
on either side. If the 100% segregated bands indeed ab-
sorb traveling waves, then it is possible that, eventually,
the fountain would become depleted and cease. However,
that did not happen during the ~ 2000 rotations that we
followed the evolution of the fountain. The fountain oc-
curred spontaneously in a presegregated run; it is not
known how to reproducibly make one.
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FIG. 13. “The fountain”: a persistent source of traveling
waves which was stable over several thousand rotations.
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FIG. 14. Two pulses of traveling waves emerging from a
locally presegregated initial condition. Spontaneous traveling
waves and stationary bands are also evident.

Using presegregated initial conditions, it is straight-
forward to launch pulses. Fig. 14 shows the evolution
of one such pulse, which was prepared by laying down
three bands, two white and one black, of 100% preseg-
regated material in an otherwise premixed background
with ¢ = 0.67. When the rotation was begun, each of the

two prepared white bands pulled in black sand on their
outer boundaries, and proceeded to travel away from each
other. These two waves appear to be accompanied by
fainter, co-traveling waves on their sides. It would be in-
teresting to systematically study various kinds of pulses
and their interactions.

IV. DISCUSSION

In the absence of a general theory of granular matter,
any explanation of axial segregation must be developed
heuristically. Since the grains are more-or-less locked in
solid rotation for most of the rotation period, models
have naturally focussed on identifying sorting processes
occurring in the dilated, flowing surface layer. In the
simplest picture, the surface is characterized by a sin-
gle number, the dynamic angle of repose 6. It is readily
observed in most segregating mixtures that axial segre-
gation results in a modulation of the surface slope along
the axis of the tube. [4,5,10,9] Thus, one assumes that
0 depends on both w and the local concentration ¢, and
seeks a dynamical equation for c. [6] In one dimension,
the conservation of sand implies the continuity equation

8tC = —8ZJ, (41)

where z is the axial coordinate of the tube and J(c, z,t)
is the axial concentration current. The current J is as-
sumed to have the form

J = (8- D)d.c, (4.2)

where D > 0 is the usual Fick diffusion coefficient and
B(c, z) depends on the difference in the dynamic angles
of repose of the two components. If 8 > D, Eqn. 4.1 is
a diffusion equation with a negative diffusion coefficient,
so that initial concentration fluctuations grow.

Several observations support this general approach.
Das Gupta et al. [5] and Hill et al. [10] have observed
that segregation stops, and mixing occurs, when w is such
that the difference in 6 between the two species is zero.
Segregation is also observed in two-dimensional poured
piles [22], where it has been explained by various models
based on differing angles of repose. [23,24]

An elaborate theory of axial segregation based on an-
gle of repose effects has been proposed by Zik et al. [9] in
which an expression for 8(c) o« ¢(1 — ¢) was derived from
geometrical considerations and continuity. Although this
model has its successes, such as obtaining an S-shaped
cross-sectional profile of the flowing sand that is qualita-
tively similar to experimental observation, it can do no
more than indicate that an instability occurs. Without
nonlinear terms, it cannot make any prediction about
the saturation or preferred wavelength of the band pat-
tern. However, if we assume that saturation effects with
a short-wavelength cut-off eventually limit the growth
of the fluctuations, it follows that axial segregation pro-
ceeds in a manner analogous to spinoidal decomposition.



The initial stages exhibit an exponential growth phase,
followed by a slow merging of nearly 100% segregated
bands. This is qualitatively what we observe.

Our data suggest that there exists a fastest growing
fluctuation, and it has a wavelength of about 50mm, or
about twice the tube diameter. This wavelength is essen-
tially independent of w, while its growth rate is a maxi-
mum for w ~ 4rad/s.

The irreversible evolution of the bands favours merging
and will result in complete segregation after a sufficiently
long time. Such behavior has been observed in some mix-
tures: after two weeks of rotation, Chicharro et al. [13]
reached a fully segregated configuration in which the two
species each occupied one end of the tube. They also
observed that the almost regular initial spacing of the
bands was surprisingly metastable, however. Other ex-
periments [15] have clearly observed late-stage dynamics
in which segregation is not complete.

In the negative-diffusion model, segregation is accom-
plished by diffusive differential surface transport down
axial gradients of the angle of repose. It is clear from
various experiments that this picture is highly simplis-
tic, however. It ignores the radially segregated core of
the smaller component which lies below the surface. Re-
cent MRI experiments [11,12] have imaged the core, and
shown that subsurface segregated bands exist, which pre-
sumably cannot be due to purely surface sorting. Trans-
port to and from the core can be driven by the same
mechanism which drives the fast radial segregation. This
mechanism has been elucidated in a series of experiments
[25] and simulations [26] on the simpler case of two-
dimensional drums partly filled with disks. While it is
not at all obvious how material in the core might move
axially, it is clear that the core represents a reservoir of
material which is coupled to the surface via a channel
which is not taken into account in the negative-diffusion
model.

The traveling waves we observed in mixture B when
¢ is sufficiently large are also irreconcilable with the
negative-diffusion model. It is not possible to support
bidirectional, linear traveling waves in a one dimensional
pde which is first order in time. No such equation can de-
scribe counter-propagating waves which together form a
standing wave, as we observe. This is most easily seen by
considering the moment when the standing wave passes
through zero as an initial condition for the rest of its evo-
lution. Obviously, the subsequent motion must depend
on a momentum-like quantity which is specified at that
instant as well as on the zero displacement initial condi-
tion. Since equations which are first order in time lack
any analog of momentum initial conditions, they cannot
be sufficient. Such waves are not, however, inconsistent
with first order dynamics in more dimensions, or, for ex-
ample, with coupled first order equations. Such equations
might arise in models in which the core is taken into ac-
count, or which involved a more realistic two-dimensional
surface.

Collective motions of the grains provide another mech-
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anism which might affect transport in a non-diffusive
way and cause momentum-like terms in the concentra-
tion dynamics. In experiments with homogeneous sand
[16,17], oscillatory cellular instabilities of the streaming
surface and undulations modes of the lower contact have
been observed. These occurred on a timescale compara-
ble to one rotation period and are associated with waves
of avalanching propagating axially along the flowing sur-
face. The time-scale of our traveling concentration waves
we observed is at least 100X longer. In other experiments
[15], long sequences of avalanche waves are clearly cor-
related to segregation. The avalanche waves can have
a strong effect on slow axial segregation phenomena in
mixtures where one component exhibits avalanche waves
and the other does not. This is true despite the very large
separation of timescales involved. So far as we can deter-
mine, none of these avalanche waves are present in our ex-
periment, although they are conceivably present at some
amplitude which is too small to detect visually. Stopping
and starting the tube rotation did not prevent the con-
tinued propagation of the traveling waves, but this only
interrupts the instantaneous momentum of the grains and
does not necessarily mean that avalanche waves are not
involved. Very thin layers of sand, corresponding to filled
volume fractions n &~ 0.01 have been discovered [20] to
have a rich dynamical behavior which is reminiscent of
that of fluids in a similar configuration [21]. Various
collective modes are observed, including traveling waves.
Thus, it seems possible that non-diffusive transport due
to subtle collective motions of the grain may couple to
the concentration field and give rise to some of the trav-
eling wave effects we observe. This possibility deserves
further investigation.

V. SUMMARY AND CONCLUSION

We studied the initial growth and saturation of pat-
terns of axial segregation of a binary granular mixture
in a rotating tube. By Fourier techniques, we followed
the mode structure of the pattern as it emerged from
random, premixed initial conditions. We measured the
growth rates of various modes and determined that the
system experiences initially exponential growth across
a broad spectrum of modes peaked at a wavelength of
50mm. This preferred wavelength was largely indepen-
dent of rotation rate. We have also found that the overall
growth rate of structures varies with rotation rate, with
a maximum at w ~4 rad/s.

In addition to normal axial segregation, we have fur-
ther examined the phenomenon of transient traveling seg-
regation waves that occurred in certain mixtures. We
have measured the velocity of the traveling waves and its
dependence on the size composition fraction, the wave-
length, the rotational frequency and the filled volume
fraction. We have found transitions from traveling to
stationary bands as a function of some of these param-



eters. Between the traveling regime and the stationary
regime, we find merging behavior. We established the
amplitude linearity of the waves. We have also observed
traveling pulses and sources.

The rich phenomenology of axial segregation presents
many opportunities for quantitatively testing models of
granular segregation.
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