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I. Ab Initio Simulations of 

Materials at High Pressure 



Focus: Characterization of the Interior of 
Solar and Extrasolar Giant Planets�

n=1018 cm-3 n=1026 cm-3 Density 

Solar GP: Jupiter, Saturn 

Te
m

pe
ra

tu
re

 (K
) 



�
�

The fundamental laws necessary for the 
mathematical treatment of a large part of 
physics and the whole of chemistry are thus 
completely known, and the difficulty lies only in 
the fact that application of these laws leads to 
equations that are too complex to be solved.�
 �

Paul Dirac (1929): �



�
�

The fundamental laws necessary for the 
mathematical treatment of a large part of 
physics and the whole of chemistry are thus 
completely known, and the difficulty lies only in 
the fact that application of these laws leads to 
equations that are too complex to be solved 
EXACTLY. �

Paul Dirac (1929): �



n=1018 cm-3 n=1026 cm-3 

1) Path integral Monte Carlo for T>5000K�
�

Te
m

pe
ra

tu
re

 (K
) 



New	
  Path	
  Integral	
  Monte	
  Carlo	
  Simula5ons	
  of	
  
Heavier	
  Elements	
  Aid	
  Fusion	
  Capsule	
  Design	
  

Driver,	
  Militzer,	
  Phys.	
  Rev.	
  Le>.	
  (2012).	
  

ICF Hohlraum� ICF Capsule�



Comparison of  Ab initio Simulations with Shock Wave Experiments 

K.	
  Driver	
  et	
  al.	
  Proc.	
  Nat.	
  
Acad.	
  Sci.	
  107	
  (2010)	
  9519	
  	
  

Quantum Monte Carlo Calculations of  SiO2 Phases at Mantle Pressures 

Not	
  associated	
  with	
  global	
  
seismic	
  disconHnuity	
  

Hydrogen	
  
Militzer	
  et	
  al.,	
  Phys.	
  Rev.	
  Le>.	
  

(2000,	
  2001,	
  2011)	
  

Helium	
  
Militzer	
  

PRL	
  (2006),	
  PRB	
  (2009)	
  

Liquid	
  MgSiO3	
  
Militzer	
  

Submi>ed	
  (2012)	
  



1) Path integral Monte Carlo for T>5000K�
2) Density functional molecular dynamics below�

Born-Oppenheimer approx. 
MD with classical nuclei:    

F = m a  
Forces derived DFT with 
electrons in the instantaneous 
ground state.  
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What is meant by first-principles simulations?  

Schrödinger equation:�

Look for an antisymmetric solution (Pauli exclusion): �

Methane - molecular orbitals �

  

€ 

−
2

2m
 
∇ 2 ψ( r ) + V ( r ) ψ( r ) = E ψ( r )

Simulation of molecular hydrogen �



Comparison	
  of	
  molecular	
  and	
  metallic	
  hydrogen	
  

Molecular hydrogen	

 Metallic hydrogen	





Jupiter’s Composition 

Guillot et al. (Jupiter book, 2002, chap.3 ) 

Composition on the surface (solar): 

H 0.742 0.736 Ne    0.00023(3) 0.0018 

He 0.231(4) 0.249 P < 0.00007 0.00001 

C 0.009(2) 0.0029 S 0.00091(6) 0.00050 

N < 0.012 0.00085 Ar < 0.00015 0.00007 

O < 0.0035 0.0057 “Z” 0.027 0.015 



The Size of Jupiter’s Core  
is uncertain 

Guillot et al. (Jupiter book, 2002, chap.3 ) 

 
 

Different �
helium�
concentration �

 
A)  Typical models by Guillot et al.: Mcore = 0−7 ME 

 

B) We derived a model: Mcore = 14−18 ME   
 
 
 
 



Juno Mission  
launched successfully August 2011 

Mission	
  Timeline:	
  
• 	
  Launch	
  -­‐	
  August	
  2011	
  
• 	
  Earth	
  flyby	
  gravity	
  assist	
  -­‐	
  October	
  2013	
  
• 	
  Jupiter	
  arrival	
  -­‐	
  July	
  2016	
  
• 	
  End	
  of	
  mission	
  (deorbit)	
  -­‐	
  October	
  2017	
  



Jupiter’s Interiors 

Guillot et al. (Jupiter book, 2002, chap.3 ) 

 
 

Different �
helium�
concentration �

Which processes can introduce inhomoge-
neities into Jupiter’s gas envelope? 
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Jupiter’s Interiors 

Guillot et al. (Jupiter book, 2002, chap.3 ) 

 
 

Different �
helium�
concentration �

Which processes can introduce inhomoge-
neities into Jupiter’s gas envelope? 
•  first order phase transition from 

molecular to metallic hydrogen 
•  helium rain 
•  core erosion 

 
 
 
 



II. Helium Rain 
on Jupiter 



Galileo Entry Probe found: Helium and 
Neon depleted in Jupiter’s  Atmosphere 



Why does Saturn cool so slowly? 
Observed Excess in Luminosity  

 

Model for Saturn consistently predict too fast cooling rates (by ~2 Gyrs) 

Jupiter’s cooling rate is in agreement with model predictions  

Fortney, Hubbard 
Icarus (2003)�



 
Can hydrogen and helium become 

immiscible? Helium rain inside Saturn?  

Mixing free energy ΔGmix(P,T):	


	


	



€ 

ΔGmix(x)=G(x)−x GHe−(1−x)GH

G(P,T)=E+PV-TS  Main difficulty is to calculate the mixing entropy!	





 
Now we have good theoretical evidence for  

hydrogen-helium immiscibility in Saturn �

G(P,T)=E+PV-TS  Main difficulty is to calculate the mixing entropy!	
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Gibbs Free Energy Calculations with 
Thermodynamic Integration 
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Where does neon given the choice between a hydrogen and helium 
rich phase? G(P,T)=E+PV-TS	



FDFT −FCL = dλ VDFT −VCL λ
0

1

∫

V (λ) =  (1−λ)VDFT  −  λVCL

1.  Determine density for given and P and T�
2.  Construct a system with classical force 

that closely resembles the DFT forces. We 
construct pair potentials using the force 
matching method.�

3.  Running simulation with mixed forces: �

4.  Compute the classical free energies.�



Neon prefers a helium droplet over 
the hydrogen-rich fluid 
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Gibbs free energy calculation for neon  
insertion in hydrogen and helium 
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Neon depletion is consistent with 
helium depletion in Jupiter 
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dXNe

dt
= XHe exp

ΔG
kBT

# 

$ 
% 

& 

' 
( 
dXHe

dt

Roulston and Stevenson (1995)�
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XHe
0 − XHe

1 =1.2%
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Quantitative agreement between: 
•  1.2% reduction in helium from solar. 
•  9-fold reduction in neon from solar. 
•  ΔG=−2.35eV at 5000K 









Why grew the giant plants so large while 
all terrestrial planets stayed small?  

Because they form beyond the ice line.  



III. New Phases 
of Water Ice 



Properties of the Water Molecule  

+             + �

- -       �



Why is Water Denser Than Ice? 

Other examples where liquid is denser than the solid: �
silicon, gallium, germanium, antimony, bismuth, plutonium�



Phase Diagram of water ice  

100 1000 10000 

Pressure (GPa) 

Ice X 

Ice 1h has negative Clapeyron slope: �

€ 

dTmelt
dP

=
Vliquid −Vsolid

Sliquid − Ssolid
=
ΔV < 0
ΔS > 0

< 0

G(P,T)=E+PV-TS	





The Ice in Your Freezer is Hexagonal: 
Ice 1h 



Ice II is rhombohedral  
(Unit cell angles α=β=γ=90°) 

100 1000 10000 

Pressure (GPa) 

Ice X 



Ice VI is a self-clathrate 

100 1000 10000 

Pressure (GPa) 

Ice X 



Pauling’s Ice Rules 

1)  Every oxygen atom has two covalent bonds�

2) Every oxygen atom has two hydrogen bonds (tetrahedral 
coordination)�

3) In between two oxygen atoms, there can only be one H 
atom.�

4) Dipole moment of the unit cell should be zero.�

�



Ice VII (proton-disordered) and  
Ice VIII (proton-ordered)  
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Ice X 



Ice VII (proton-disordered) and  
Ice VIII (proton-ordered)  

100 1000 10000 

Pressure (GPa) 

Ice X 



Ice XIII, XIV, and XV all discovered by 
proton ordering (by adding KOH) 



Phase Diagram of water ice  

100 1000 10000 

Pressure (GPa) 

Ice X 

Ice X: the highest pressure phase seen in experiments.�



Phase Diagram of water ice 

100 1000 10000 

Pressure (GPa) 

Ice X Ice  
Pbcm 

(theory) 

Pbcm phase predicted with ab initio simulations by Benoit et al. (1996) �



Phonon instability leads to new phase of 
water ice at 7.6 megabar 

Militzer and Wilson, PRL 105 (2010) 195701 �



Extended Phase Diagram of Water Ice 
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Improved Structural Search Methods revealed  
six additional ice structures at yet higher pressures 

P21 symmetry 

Name/Symmetry	
   Author,Year	
   	
  Pressure	
  
(Mbar)	
   #mol.	
  

Ice X (Pn-3m) Polian,1984 0.44 2  
Pbcm Benoit, 1996 3 4 
Pbca Militzer, Wilson, 2010 7.6 8 
I-42d Wang, 2011 8.1 8 

P21 

McMahon,2011 11.7 4 

Ji, 2011 11.4 4 

Wang, 2011 14 4 
Hermann, 2011 11.7 4 

P21/c Ji, 2011 19.6 8 

C2/m 
(metallic) 

McMahon, 2011 56.2 2 
Hermann, 2011 60 2 

P21/m Zhang, Militzer, 2012 135 4 
I4/mmm Zhang, Militzer, 2012 330 2 

Ji	
  et	
  al.,	
  PRB,	
  84,	
  220105(R)	
  (2011).	
  	
  
Hermann	
  et	
  al.,	
  PNAS	
  109,	
  745	
  (2011)	
  
Zhang,	
  Wilson,	
  Driver,	
  Militzer,	
  arXiv:1209.3448	
  

Militzer,	
  Wilson,	
  PRL	
  105,	
  195701	
  (2010).	
  	
  
Wang	
  et	
  al.,	
  Nature	
  Commun.,	
  2,	
  563	
  (2011).	
  	
  
McMahon,	
  PRB	
  84,	
  220104(R)	
  (2011).	
  



IV. Is Ice Stable 
in Cores of  

Giant Planets? 



Is the interface between ice and metallic 
hydrogen stable in giant planet cores?   
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Analysis of Gibbs Free Energy differences 
shows ice erosion is an  entropy driven process 
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Computer simulations predict erosion of 
icy cores in Saturn and Jupiter   
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Erosion of other core materials: 
silicates and iron �

MgSiO3	
  dissociates	
  into	
  SiO2	
  and	
  MgO	
  	
  
at	
  11	
  Mbar	
  (Umemoto,	
  2006):	
  	
  

1:100000

1:100

1:1000

1:10000

1:100

1:100000Ice stable�

Wilson,	
  Militzer,	
  Phys.	
  Rev.	
  Le>.	
  (2012)	
  

MgO	
  dissolves	
  in	
  Jupiter	
  
and	
  hot	
  exoplanets	
  but	
  
maybe	
  not	
  in	
  Saturn.	
  	
  



Implications of our Core-Erosion 
Calculations for Jupiter and Saturn �

Three	
  core-­‐erosion	
  scenarios:	
  
•  Rapid	
  in	
  Jupiter	
  and	
  Saturn:	
  homogenized	
  envelops,	
  core	
  were	
  

much	
  bigger	
  originally	
  
•  Slow	
  in	
  J	
  &	
  S:	
  inefficient	
  up-­‐convec5on,	
  gravity	
  wins,	
  Juno	
  

cannot	
  dis5nguish	
  a	
  slowly	
  eroding	
  core	
  and	
  a	
  stable	
  one	
  	
  
•  Fast	
  in	
  J,	
  slow	
  in	
  S:	
  This	
  could	
  explain	
  the	
  difference	
  in	
  core	
  size	
  

in	
  the	
  Guillot	
  models	
  for	
  J	
  and	
  S.	
  	
  	
  	
  	
  	
  	
  

Recent	
  core	
  erosion	
  model	
  using	
  double-­‐diffusive	
  convecHon:	
  
	
  Leconte	
  and	
  Chabrier,	
  A&A	
  (2012)	
  



The End 


