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+ Introduction to Abraham vs. Minkowski

* Two experiments (one done, one begging)

* Quantum matter: He-McKellar-Wilkens phase

“ Proposal for optical HMW experiment



Optical forces on matter

Kepler (1619), Maxwell (1862), Lebedev (1900), Nichols & Hull (1901)

comet tails solar sails optical tweezers optical spanners
laser cooling optical lattices optomechanics
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Momentum of light in vacuum

Energy flux in electromagnetic field:

S=—"FEXxXH=ZEFE xB / Lo Poynting vector

Amount of energy in cylinder of unit area and length cis | S|

m Energy density in cylinder = IS /c
‘ =g Momentum density = Energy density /c=S/c?

>

C

Momentum density: ~ § = E xH / C2

In amedium? E,D, B, H.....



Light in a medium: Abraham vs Minkowski

Max Abraham

1875-1922

Hermann Minkowski £ |
/i

1864-1909

MOMENTUM DENSITY of light in a medium:

gi=E xH/c gy =D XB

H. Minkowski, Nachr. Ges. Wiss. Gottn. Math.-Phys. K. 53, (1908).
M. Abraham, Rend. Circ. Matem. Palermo 28, 1 (1909).

Origin of controversy is the difficulty of separating electromagnetic field from matter.

N.B. other forms have been proposed, e.g. Einstein & Lieb g = ¢k x B



7 /
gA:ExH/62 n—.c/.c gy =D xB
refractive index
p = hko/n p = nhko

Momentum is a classical effect but it is useful to consider a volume with a single photon:
1

Energy is on average shared equally between electric and magnetic parts:

/dV %B.H: L :/dV %D.E

2
C
VxE=-2 E, B o e(nke=ut) nkE ~ wB E~—-B=¢B
n
/dVB.H:hw /dVD.E:hw
T BH /w : D.E hw
divide by n c: /dV e multiply by n/c : /dV el
B.H EH hk
/ch’ = :/dV o /dVD'Bc:/dVD.B:nhk’

C



Light in a medium

Abraham

Momentum density:

g4 = E X H/62
p = hky/n

“particle picture”

¢ C
D =mc = m—
n

Einstein: F = ch

e E
—p =

c2n  nc

Rlancle™ Br—"hcls

: Abraham vs Minkowski

Minkowski

Momentum density:

gM:DXB
p:nhko

“wave picture”
de Broglie: P = h/)\

In medium: A — A / n
k — nk

U. Leonhardt, Nature 444, 823 (2006).
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Previous experiments...
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Recoil of mirror suspended in fluid : Pt
Ashkin and Dziedzic, Phys.

Jones and Richards, Proc. R. Soc. London, Rev. Lett. 30, 139 (1973)
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Torque on disk: constant axial B-
field, time varying radial E-field

Walker, Lahoz, and Walker,
Can. J. Phys. 53,2577 (1975)

q\o) Zhang, She, Peng, and Leonhardt, New J. Phys. 17, 053035 (2015)
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T'wo atomic experiments

» Diffraction of atoms by light (Minkowski)
* Centre of mass motion of an atom in a light pulse (Abraham)



Kapitza-Dirac scattering of atoms by light

laser

A

Ap, = 2nhk
or 2hk /n
?

k

laser

Standing wave of laser light diffracts atoms

P.L. Kapitza and P.A.M. Dirac, Proc. Cambridge Philos. Soc. 29,297 (1933) ;  P.L. Gould, G.A. Ruff, and D.E. Pritchard, PRL 56, 827 (1986)
(Stimulated Compton scattering of electrons light) (Diffraction of atoms by light)



Experiment: Kapitza-Dirac with a BEC

k endi
PRL 94, 170403 (2005) PHYSICAL REVIEW LETTERS mAYZ(l)t(l)gS

Photon Recoil Momentum in Dispersive Media

Gretchen K. Campbell, Aaron E. Leanhardt,* Jongchul Mun, Micah Boyd, Erik W. Streed,
Wolfgang Ketterle, and David E. Pritchard’

5 8-

_— = . Onhk

W -2nhk
- T > Release from Trap
Image in TOF
~+——600 us
~ 5ps 5 us

Result seems to support Minkowski.



Force on an atom due to a light pulse

PRL 102, 050403 (2009) PHYSICAL REVIEW LETTERS ¢ Py $000

Momentum Exchange between Light and a Single Atom: Abraham or Minkowski?

E.A. Hinds
Centre for Cold Matter, Imperial College, Prince Consort Road, London SW7 2AZ, United Kingdom

Stephen M. Bamett

SUPA, Department of Physics, University of Strathclyde, Glasgow G4 ONG, United Kingdom
(Received 17 November 2008; published 3 February 2009)

L

e

Dielectric “medium” is a
T .
single atom:

Laser —-wwwwwljlﬂ |

atom

o D =¢E+ddr — ratom)
B

Z

= puoH
plane-wave light pulse

— *

Which way does atom recoil?



Lorentz force on induced dipole

Lorentz force on a single charged particle: F = ¢ (E + Ccll_}t( X B)

dt

e
Lorentz force on a neutral dipole: F = ¢ (E(xl) — E(x2) + X2 %) % B>
—+ =

~ ([0 - %) VB0 + T2 « B)

dt
= [d.V]|E + d x B where: d = aE = g(x; — x32)
= ([EV]E +E x B) version 1
Using: (E.V)E = %VE2 —EXx(VXxE) and VXE=-0B/0i:
1 il //\,UOS
[l e =i a(E X B)] version 2

gradient force Lorentz force acting on the internal current [J.P. Gordon, Phys. Rev. A 8, 14 (1973)]



Force on an atom due to a light pulse

(i D = ¢B + d3(r ~ Taton)
Laser | -
| ‘ \” atom B = uoH

plane-wave light pulse

Lorentz force on F,=d- J E | g (d X B)i

induced dipole 0x; Ot \
gradient force 1 -2 x (gradient force) ! (Barnett & Hinds 2009)
NP = / Fdt x time gradient force acts x change in field strength

For static EM field configurations (typical cold atom expts.) the
gradient force dominates, but not here.




Answer: Abraham!

| H‘,\* ‘‘‘‘‘ C D = ¢E + di(r — Fagom)
"/‘ som B = uoH

Lorentz force on s 0 | 9,
induced dipole Fy=d 8:137;E 'at (d X B)z

gy = leoE 4+ dé(r — ratom)] X poH=ga +d X B (r — ratom)

/gMdST = /gAdBT +d X B(ratom) — gm > gA
p = nfk] S

dxB term is responsible for difference between Abraham and Minkowski

Lorentz force predicts Abraham. Check: total momentum (atom-+field) is conserved;
if dxB term dropped from Lorentz force on atom then momentum is added to light



Implications for Campbell et al.

/gMdBT == /gAdgT -+ d x B(ratom)

1 1 Assume linear response: d = aE
W +2nhk

s = = .Onhk - dxB=coE xB
> — —_— - g
< T > Releasg from Trap P
L eo0ps _IlmagelnTOF where S — (E X B)/IU()
Sus S5us =
SRR —_— Poynting vector

In the experiment by Campbelletal. § = () andso &M = SA

Abraham and Minkowski momenta are the same!



canonical vs kinetic momentum

week ending

PRL 104, 070401 (2010) PHYSICAL REVIEW LETTERS 19 FEBRUARY 2010

S

Resolution of the Abraham-Minkowski Dilemma

Stephen M. Barnett

Department of Physics, SUPA, University of Strathclyde, Glasgow G4 ONG, United Kingdom
(Received 7 October 2009; published 17 February 2010)

The dilemma of identifying the correct form for the momentum of light in a medium has run for a
century and has been informed by many distinguished contributions, both theoretical and experimental.
We show that both the Abraham and Minkowski forms of the momentum density are correct, with the
former being the kinetic momentum and the latter the canonical momentum. This identification allows us
to explain why the experiments supporting each of the rival momenta gave the results that they did. The
inclusion of dispersion and absorption provides an interesting subtlety, but does not change our
conclusion.

M 3 A 3
ol gMd e D gAd pr  total momentum
conserved

Patom 1 gMdg’r = Mi'atom I gAdgr

\

Blount, Bell Telephone Laboratories technical memorandum 38139-9 unpublished (1971)
Lembessis, Babiker, Baxter and Loudon, Phys. Rev. A. 48, 1594 (1993)



Lagrangian: kinetic vs. canonical momentum

1
.9 :
charged particle in EM field: Lcharge — §m$ EE gx - A — C]¢
0L :
- = —— — TR =F AL
85132'
B :
neutral electric dipole: Ldipole — §m:17 +d - (E =D, e B)
where: Vdipole = _d 5 E Emotion = E _I_ X X B
Wilkens, Phys. Rev. Lett. 72, 5 (1994); Wei, Han, & Wei, Phys. Rev. Lett. 75, 2071 (1995).
0L :
- a— = | Patom|= Mra,tom —d X B(ratom)
X

canonical kinetic



Map between charge and dipole

o .
Lcharge — §m$2 + gx - A — q¢ charged particle

1
Ldipole — ime +d- (E e e B) neutral electric dipole

B xd < (qA)en d-E < —(qd)est
Define effective fields: aA | 7 8 =
eff
E.g = — Vo, === d-E)— —(Bxd

qd |
Bsg =V XAg=-Vx(Bxd)




Force on atom in a plane wave

Assume plane wave laser beam: |/ X (B X d) — = B )

OAcg 1] 9, ]
Ee = : s d E)— —(B d
ff v¢ ft ot q _v( ) at( X )_
- Fatom = quff
Assume linear response: d = oE

G
. F:quﬂ:v(%Ez) +a-(E x B)

Note that for structured light: 7% (B X d) # 0 a‘)‘

R —



(Quantum Matter: He-McKellar-Wilkens phase

Aharonov-Bohm effect  Phys. Rev. A 115, 485 (1959)

Electron F lnter‘r;fgeigehnce
beam
Measured:
Chambers, Phys.
Rev. Lett. 5,3
F1c. 2. Schematic experiment to demonstrate interference (1960).
with time-independent vector potential.
| =
Borce oilelectrontiszeios s B —Ne ¢ A — () outside: Asolenoid X —@
r

Phase of electron  is not zero:  ®AB = (q/h) ]{A(r) - dr



T'he Aharonov-Casher phase

Neutral magnetic dipole moving in purely radial electric field

G+++ +\r-+\+-+<+ +)

—
~

—
o

~

AB effect AC effect

dna =) %[E(r) X p] - dr

Aharonov & Casher Phys. Rev. Lett. 53, 319 (1984).
Measured: Cimmino et al, Phys. Rev. Lett. 63, 380 (1989)



The He-McKeller-Wilkens phase

Neutral electric dipole moving in a STATIC radial magnetic field

_ | s N
Horsley & Babiker |

Wilkens

| FIG. 1. Geometry of the interferometric experiment.

| | Shown is the “Dirac sheet” with the two vertical edges ef-

! | fectively realizing two oppositely charged lines of magnetic

| | monopoles. The “Dirac strings” (flux lines) which connect

) the two edges leave a hole for the interferometric path. The

| interferometric plane is orientated perpendicular to the mag-
net poles and the electric dipole moment of the interfering
particles.

OHMW = et 7{ [B(r) X d] - dr Same “dxB” origin as Abraham vs Minkowski!

He & McKellar, Phys. Rev. A 47, 3424 (1993), Wilkens, Phys. Rev. Lett. 72, 5 (1994), Wei1, Han, &
Wei, Phys. Rev. Lett. 75, 2071 (1995), Horsley & Babiker Phys.Rev. Lett. 95, 010495 (2005)...

Seems to require a straight line of magnetic monopoles...



Observation of the He-McKellar-Wilkens phase

Observed for static electric and magnetic fields

(a)
. 3 by S. Lepoutre, A. Gauguet, G. Trénec, M.
g iteraction. = . Buchner & J. Vigué, Phys. Rev. Lett. 109,
T « 120401 (2012).
y);T_E M1 1
(b) — V””i’,_lv - capacitor ~ 800 V
100umI...(.....0.\./ ................... peeeennnenssnnnnssnans 1 » BN 20 mT
[\OV ................ .j?yg:. ................ ov/J) D 40 mrad
48mm

Geometric phase: depends only on path taken, not on speed

Note: 1 mrad corresponds to A/10,000 = 1-10 femtometers!



Optical HMW phase?

e 1/tim (m“2+d E)dt
W oc (/M) [ Lt _ gilBayn (tine) o5 bl o b
optica 8707y
le\t/IWI o = S(I’) - dr

Atom interferometer
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Estimation of magnitude of optical HMW phase

BaL .

dumw = A %[B(r) x d] - dr

h hc
| = length of interaction region ~1m Bl / C
9% QRHIE
O e e e e e e e = B () =Rabi frequency
or, s
B 0p = Wi — Wg
25a1 0L I' = decay rate ~ 10° s71

[ e [ Ve
Rl e o ke BT o

OHMW = can achieve mrad



Summary

* Abraham and Minkowski were both right: kinetic vs
canonical momentum.

 Difference depends on Poynting vector.

* Abraham-Minkowski is classical physics....but connected
to a (quantum) geometric phase: optical version of the
He-McKellar-Wilkens phase.

* An atomic interferometer might be able to measure this
phase.

* More exotic behaviour when V x (B xd) #0 ...

G

B —



Laser configurations

AL_=j> B_=j>

(e—— —

C D
e e ——

o e



Canonical vs kinetic momentum

M B et 3 total momentum
Patom i /gMd ' = Patom s /gAd 2 conserved

Patom 1 /gMdST — Mi'atom == /gAdST

Lembessis, Babiker, Baxter and Loudon, Phys. Rev. A. 48, 1594 (1993)



Canonical vs kinetic momentum

Momentum density: &N — DxB gA = ExH / 62

For a dielectric “medium” consisting of a single atom:

D = ¢E 4+ dé(r — ratom) B = uoH
» /gMdST = /gAdgr +d X B(ratom)

Thus [Lembessis et al, Phys. Rev. A. 48, 1594 (1993)] :

Patom T /gMdgr s Mi'atom S /gAdgr

where: | Patom|= Mfatom —d X B(ratom)

canonical kinetic




He-McKellar-Wilkens phase: electric dipole moving in B-field

Aharonov-Bohm phase: ¢aB = (q¢/h) 7{ A(r) - dr

== neutral electric dipole moving in a
A i B 1 5 >< . Tr ( p g
HMW phase: PrMw = i 7{[ (r) xd]-d STATIC magnetic field)

He & McKellar, Phys. Rev. A 47, 3424 (1993), Wilkens, Phys. Rev. Lett. 72, 5 (1994), Wei1, Han, &
Wei, Phys. Rev. Lett. 75, 2071 (1995), Horsley & Babiker Phys.Rev. Lett. 95, 010495 (2005)...

Seems to require a straight line of magnetic monopoles...

S N

Wilkens HMW is dual to the
Aharonov-Casher phase:

Horsley & Babiker | |

i | ‘g"i_:"—/: '
R -
P | ! ,//—'\\ \ 2 — 1
Lt dac = (h?) ™" PIE() x ] - dr
- —— R | I R \j_-‘.:;" -
, FIG. 1. Geometry of the interferometric experiment.
[ | Shown is the “Dirac sheet” with the two vertical edges of-
1 ' fectively realizing two oppositely charged lines of magnetic Phys. RGV. Lett. 53, 3 19 (1984)
, monopoles. The “Dirac strings” (flux lines) which connect
=t the two edges leave a hole for the interferometric path. The

interferometric plane is orientated perpendicular to the mag-
net poles and the electric dipole moment of the interfering
particles.




