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Optical forces on matter

optical tweezerscomet tails

Kepler (1619), Maxwell (1862), Lebedev (1900), Nichols & Hull (1901)

solar sails

laser cooling optical lattices optomechanics

optical spanners



Momentum of light in vacuum

Poynting vector

Energy flux in electromagnetic field:

S = E⇥H = E⇥B/µ0

Momentum density:

Amount of energy in cylinder of unit area and length c is |S|

c

Energy density in cylinder = |S|/c

Momentum density = Energy density/c= S/c2 

g = E⇥H/c2

In a medium?      E, D, B, H…..



Light in a medium: Abraham vs Minkowski
Max Abraham Hermann Minkowski

H. Minkowski, Nachr. Ges. Wiss. Göttn. Math.-Phys. Kl. 53, (1908).  
M. Abraham, Rend. Circ. Matem. Palermo 28, 1 (1909). 

gM = D⇥B

MOMENTUM DENSITY of light in a medium:

gA = E⇥H/c2

Origin of controversy is the difficulty of separating electromagnetic field from matter.

1875-1922 1864-1909

N.B. other forms have been proposed, e.g. Einstein & Lieb g = ✏0E⇥B



Z
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2
(D.E+B.H) = ~!

Momentum is a classical effect but it is useful to consider a volume with a single photon:

Energy is on average shared equally between electric and magnetic parts:

Z
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refractive index



Light in a medium: Abraham vs Minkowski
Abraham

E = mc2

! p =
E

c2
c

n
=

E

nc

Einstein:

E = ~ckPlanck:

“particle picture” 

Momentum density:

gA = E⇥H/c2

Minkowski

p = h/�de Broglie:

� ! �/nIn medium:

“wave picture”

gM = D⇥B
Momentum density:

p = ~k0/n p = n~k0

U. Leonhardt, Nature 444, 823 (2006).

p = mc0 = m
c

n

k ! nk
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Previous experiments…

Jones and Richards, Proc. R. Soc. London, 
Ser. A 221, 480 (1954)

Minkowski

Ashkin and Dziedzic, Phys. 
Rev. Lett. 30, 139 (1973)

Liquid surface bulges out: Minkowski
Bulges in: Abraham

Minkowski

Recoil of mirror suspended in fluid

Abraham

Walker, Lahoz, and Walker, 
Can. J. Phys. 53, 2577 (1975)

Torque on disk: constant axial B-
field, time varying radial E-field

Zhang, She, Peng, and Leonhardt, New J. Phys. 17, 053035 (2015)

Abraham



Two atomic experiments

• Diffraction of atoms by light (Minkowski)
• Centre of mass motion of an atom in a light pulse (Abraham)



Kapitza-Dirac scattering of atoms by light

Standing wave of laser light diffracts atoms

atoms

laser

laser

2n~k
2~k/nor

?

k

k

�p? =

P.L. Kapitza and P.A.M. Dirac, Proc. Cambridge Philos. Soc. 29, 297 (1933) ;       P.L. Gould, G.A. Ruff, and D.E. Pritchard, PRL 56, 827 (1986)   
(Stimulated Compton scattering of electrons light) (Diffraction of atoms by light)



Experiment: Kapitza-Dirac with a BEC

Result seems to support Minkowski. 



Force on an atom due to a light pulse

Dielectric “medium” is a 
single atom:

D = ✏
0

E+ d�(r� r
atom

)

Which way does atom recoil?

B = µ0H



Lorentz force on induced dipole

F = q

✓
E(x1)�E(x2) +

d(x1 � x2)

dt
⇥B

◆

Lorentz force on a single charged particle:
F = q

✓
E+

dx

dt
⇥B

◆

Lorentz force on a neutral dipole:

⇡ q

✓
[(x1 � x2).r]E(x) +
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dt
⇥B

◆

= [d.r]E+ ḋ⇥B where:
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d

+ -

Lorentz force acting on the internal current [J.P. Gordon, Phys. Rev. A 8, 14 (1973)]gradient force

µ0S



Force on an atom due to a light pulse
D = ✏

0

E+ d�(r� r
atom

)

Fi = d · @

@xi
E+

@

@t

(d⇥B)i
Lorentz force on 
induced dipole 

B = µ0H

gradient force +         -2 x (gradient force)   !

�P =

Z
Fdt / change in field strength/ time gradient force acts

For static EM field configurations (typical cold atom expts.) the 
gradient force dominates, but not here. 

(Barnett & Hinds 2009)



Answer: Abraham!
D = ✏

0

E+ d�(r� r
atom

)

Fi = d · @

@xi
E+

@

@t

(d⇥B)i
Lorentz force on 
induced dipole 

B = µ0H

Z
gMd3r =

Z
gAd

3r + d⇥B(r
atom

)

dxB term is responsible for difference between Abraham and Minkowski

p = ~k0/np = n~k0

Lorentz force predicts Abraham. Check: total momentum (atom+field) is conserved; 
if dxB term dropped from Lorentz force on atom then momentum is added to light

gM > gA

gM = [✏
0

E+ d�(r� r
atom

)]⇥ µ
0

H = gA + d⇥B �(r� r
atom

)



Implications for Campbell et al.

Assume linear response: d = ↵E

d⇥B = ↵E⇥B

= ↵µ0S

where S = (E⇥B)/µ0

Poynting vector

In the experiment by Campbell et al. S = 0 and so gM = gA

Z
gMd3r =

Z
gAd

3r + d⇥B(r
atom

)

Abraham and Minkowski momenta are the same!



canonical vs kinetic momentum

total momentum
conserved

pM
atom

+

Z
gMd3r = pA

atom

+

Z
gAd

3r

p
atom

+

Z
gMd3r = M ṙ

atom

+

Z
gAd

3r

Lembessis, Babiker, Baxter and Loudon, Phys. Rev. A. 48, 1594 (1993)

Blount, Bell Telephone Laboratories technical memorandum 38139–9 ︎unpublished ︎ (1971)



Lagrangian: kinetic vs. canonical momentum

charged particle in EM field:

neutral electric dipole:

Wilkens, Phys. Rev. Lett. 72, 5 (1994);     Wei, Han, & Wei, Phys. Rev. Lett. 75, 2071 (1995). 

Lcharge =
1

2
mẋ

2 + qẋ ·A� q�

L

dipole

=
1

2
mẋ

2 + d · (E+ ẋ⇥B)

pi =
@L

@ẋi
= mẋi + qAi

V
dipole

= �d ·Ewhere:

p
atom

= M ṙ
atom

� d⇥B(r
atom

)
canonical kinetic

E

motion

= E+ ẋ⇥B

@L

@ẋ
=



Map between charge and dipole
charged particle

Be↵ ⌘ r⇥Ae↵ =
1

q
r⇥ (B⇥ d)

Define effective fields:

Ee↵ ⌘ �r�e↵ � @Ae↵

@t
=

1

q


r(d ·E)� @

@t
(B⇥ d)

�

d ·E $ �(q�)e↵B⇥ d $ (qA)e↵

neutral electric dipole
L

dipole

=
1

2
mẋ

2 + d · (E+ ẋ⇥B)

Lcharge =
1

2
mẋ

2 + qẋ ·A� q�



Force on atom in a plane wave
Assume plane wave laser beam: r⇥ (B⇥ d) = 0

F
atom

= qE
e↵

Assume linear response:

F = qEe↵ = r
⇣↵
2
E2

⌘
+ ↵

@

@t
(E⇥B)

Ee↵ ⌘ �r�e↵ � @Ae↵
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1

q


r(d ·E)� @

@t
(B⇥ d)

�

Note that for structured light: r⇥ (B⇥ d) 6= 0

Be↵ = 0

d = ↵E



Quantum Matter: He-McKellar-Wilkens phase

Aharonov-Bohm effect Phys. Rev. A 115, 485 (1959)

�AB = (q/~)
I

A(r) · dr

Force on electron is zero: B = r⇥A = 0

Phase of electron ѱ is not zero:

A
solenoid

/ 1

r
�̂outside:

Measured:  
Chambers, Phys. 

Rev. Lett.  5, 3 
(1960).



The Aharonov-Casher phase

AB effect AC effect

�AC = (~c2)�1

I
[E(r)⇥ µ] · dr

Aharonov & Casher Phys. Rev. Lett. 53, 319 (1984).

Neutral magnetic dipole moving in purely radial electric field

Measured: Cimmino et al, Phys. Rev. Lett. 63, 380 (1989)



The He-McKeller-Wilkens phase

�HMW = ~�1

I
[B(r)⇥ d] · dr

Neutral electric dipole moving in a STATIC radial magnetic field

He & McKellar, Phys. Rev. A 47, 3424 (1993), Wilkens, Phys. Rev. Lett. 72, 5 (1994), Wei, Han, & 
Wei, Phys. Rev. Lett. 75, 2071 (1995), Horsley & Babiker Phys.Rev. Lett. 95, 010495 (2005)…

Horsley & Babiker Wilkens

Seems to require a straight line of magnetic monopoles…

Same “dxB” origin as Abraham vs Minkowski!



Observation of the He-McKellar-Wilkens phase

Observed for static electric and magnetic fields 
by S. Lepoutre,  A. Gauguet, G. Trénec, M. 
Buchner & J. Vigué, Phys. Rev. Lett. 109, 
120401 (2012). 

Geometric phase: depends only on path taken, not on speed 

7Li
capacitor ~ 800 V
B~ 20 mT
𝜑HMW ~ 40 mrad

Note:  1 mrad corresponds to λ/10,000  = 1-10 femtometers!



Optical HMW phase?

�optical
HMW =

↵µ0

~

I
S(r) · dr

S

�dyn(tint) =
1

~

Z tint

0

✓
mv2

2
+ d ·E

◆
dt

 / e(i/~)
R
Ldt = ei[�dyn(tint)+�optical

HMW ]

Note: this is different to 
the NIST experiments 
where an LG-beam + G-
beam generates a 
rotation in a BEC: 
Andersen et al, PRL 97, 
170406 (2006).

Two gaussian 
beams

One Laguerre-
Gauss beam

Atom interferometer



Estimation of magnitude of optical HMW phase

�HMW = ~�1

I
[B(r)⇥ d] · dr ⇠ B d l

~
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=
E d l

~c

B = E/c
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1

300

~1m
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Summary
• Abraham	
  and	
  Minkowski	
  were	
  both	
  right:	
  kine5c	
  vs	
  

canonical	
  momentum.	
  
• Difference	
  depends	
  on	
  Poyn5ng	
  vector.	
  
• Abraham-­‐Minkowski	
  is	
  classical	
  physics….but	
  connected	
  

to	
  a	
  (quantum)	
  geometric	
  phase:	
  op5cal	
  version	
  of	
  the	
  
He-­‐McKellar-­‐Wilkens	
  phase.	
  

• An	
  atomic	
  interferometer	
  might	
  be	
  able	
  to	
  measure	
  this	
  
phase.	
  

• More	
  exo5c	
  behaviour	
  when	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ……	
  r⇥ (B⇥ d) 6= 0



Laser configurations

A B

C D



Canonical vs kinetic momentum

Z
gMd3r =

Z
gAd

3r + d⇥B(r
atom

)

Lembessis, Babiker, Baxter and Loudon, Phys. Rev. A. 48, 1594 (1993)

p
atom

+

Z
gMd3r = M ṙ

atom

+

Z
gAd

3r

where: p
atom

= M ṙ
atom

� d⇥B(r
atom

)
canonical kinetic

total momentum
conservedpM

atom

+

Z
gMd3r = pA

atom

+

Z
gAd

3r



Canonical vs kinetic momentum
gM = D⇥BMomentum density: gA = E⇥H/c2

D = ✏
0

E+ d�(r� r
atom

) B = µ0H

For a dielectric “medium” consisting of a single atom:

Z
gMd3r =

Z
gAd

3r + d⇥B(r
atom

)

Thus    [Lembessis et al, Phys. Rev. A. 48, 1594 (1993)] : 

p
atom

+

Z
gMd3r = M ṙ

atom

+

Z
gAd

3r

where: p
atom

= M ṙ
atom

� d⇥B(r
atom

)
canonical kinetic



He-McKellar-Wilkens phase: electric dipole moving in B-field

Aharonov-Bohm phase: �AB = (q/~)
I

A(r) · dr

�HMW = ~�1

I
[B(r)⇥ d] · drHMW phase: (neutral electric dipole moving in a 

STATIC magnetic field)

He & McKellar, Phys. Rev. A 47, 3424 (1993), Wilkens, Phys. Rev. Lett. 72, 5 (1994), Wei, Han, & 
Wei, Phys. Rev. Lett. 75, 2071 (1995), Horsley & Babiker Phys.Rev. Lett. 95, 010495 (2005)…

Horsley & Babiker Wilkens

Seems to require a straight line of magnetic monopoles…

�AC = (~c2)�1

I
[E(r)⇥ µ] · dr

HMW is dual to the 
Aharonov-Casher phase:

Phys. Rev. Lett. 53, 319 (1984).


