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exist. The boundary of the topological insulator acts as a do-
main wall where P3 jumps from 1/2 to 0. In this semi-infinite
geometry, an image point magnetic monopole with flux g2 is
located at the mirror position (0, 0,−d), together with an im-
age electric point charge q2. Physically, the magnetic field of
such an image monopole configuration is induced by circu-
lating Hall currents on the surface, which are induced by the
electric field of the external charge. A similar effect has been
studied in the integer QH effect (Haldane and Chen, 1983).
Conversely, the electromagnetic field strength inside the topo-
logical insulator is described by an image magnetic monopole
g1 and electric charge q1 in the upper half-space, at the same
point as the external charge. The image magnetic monopole
flux and image electric charge (q1, g1) and (q2, g2) are given
by

q1 = q2 =
1

ε1

(ε1 − ε2)(1/µ1 + 1/µ2)− 4α2P 2
3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

q,

g1 = −g2 = − 4αP3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

q. (41)

Interestingly, by making use of electric-magnetic duality these
expressions can be simplified to more compact forms (Karch,
2009).
Moreover, interesting phenomena appear when we consider

the dynamics of the external charge. For example, consider a
2D electron gas at a distance d above the surface of the 3D
topological insulator. If the motion of the electron is slow
enough (with respect to the time scale !/m corresponding to
the TR symmetry breaking gap m), the image monopole will
follow the electron adiabatically, such that the electron forms
an electron-monopole composite, i.e. a dyon (Witten, 1979).
When two electrons wind around each other, each electron
perceives the magnetic flux of the image monopole attached
to the other electron, which leads to statistical transmutation.
The statistical angle is determined by the electron charge and
image monopole flux as

θ =
g1q

2!c
=

2α2P3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

. (42)

The image monopole can be detected directly by local
probes sensitive to small magnetic fields, such as scan-
ning superconducting quantum interference devices (scan-
ning SQUID) and scanning magnetic force microscopy
(scanning MFM) (Qi et al., 2009). The current due to
the image monopole can also be detected in princi-
ple (Zang and Nagaosa, 2010).

4. Topological Kerr and Faraday rotation

Another way to detect the TME effect is through the
transmission and reflection of polarized light. When lin-
early polarized light propagates through a medium which
breaks TR symmetry, the plane of polarization of the trans-
mitted light may be rotated, which is known as the Fara-
day effect (Landau and Lifshitz, 1984). A similar rotation
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FIG. 23 (a) Image electric charge and image magnetic monopole
due to an external electric point charge. The lower half-space is
occupied by a topological insulator (TI) with dielectric constant ε2
and magnetic permeability µ2. The upper half-space is occupied by
a topologically trivial insulator (e.g. vacuum) with dielectric con-
stant ε1 and magnetic permeability µ1. An electric point charge q
is located at (0, 0, d). Seen from the lower half-space, the image
electric charge q1 and magnetic monopole g1 are at (0, 0, d). Seen
from the upper half-space, the image electric charge q2 and mag-
netic monopole g2 are at (0, 0,−d). The red (blue) solid lines repre-
sent the electric (magnetic) field lines. The inset is a top-down view
showing the in-plane component of the electric field on the surface
(red arrows) and the circulating surface current (black circles). (b) Il-
lustration of the fractional statistics induced by the image monopole
effect. Each electron forms a “dyon” with its image monopole. When
two electrons are exchanged, a Aharonov-Bohm phase factor is ob-
tained, which is deter- mined by half of the image monopole flux,
independently of the exchange path, leading to the phenomenon of
statistical transmutation. From Qi et al., 2009.

may occur for light reflected by a TR symmetry breaking
surface, which is known as the magneto-optical Kerr ef-
fect (Landau and Lifshitz, 1984). Since the bulk of the topo-
logical insulator is TR invariant, no Faraday rotation will oc-
cur in the bulk. However, if TR symmetry is broken on the
surface, the TME effect occurs and a unique kind of Kerr and
Faraday rotation is induced on the surface. Physically, the
plane of polarization of the transmitted and reflected light is
rotated because the electric field E0(r, t) of linearly polarized
light generates a magnetic field B(r, t) in the same direction,
due to the TME effect. Similarly as for the image monopole
effect, the Faraday and Kerr rotation angles can be calculated
by solving Maxwell’s equations with the modified constituent
equations (40). In the simplest case of a single surface be-
tween a trivial insulator and a semi-infinite topological insu-
lator [Fig. 24(a)], the rotation angle for light incident from
the trivial insulator is given by (Karch, 2009; Maciejko et al.,
2010; Qi et al., 2008; Tse and MacDonald, 2010)

tan θK =
4αP3

√

ε1/µ1

ε2/µ2 − ε1/µ1 + 4α2P 2
3

, (43)

tan θF =
2αP3

√

ε1/µ1 +
√

ε2/µ2

, (44)

where ε1, µ1 are the dielectric constant and magnetic perme-
ability of the trivial insulator, and ε2, µ2 are those of the topo-
logical insulator.

http://www.physics.utoronto.ca/~kburch/
http://www.physics.utoronto.ca/~kburch/


www.physics.utoronto.ca/~kburch/

FutureOpticsExfoliation TopologyPhases

Marijuana Fermions

Topology

Theory: 
M.Z. Hasan & C.L. Kane, RMP 82, 3045 (2010)
J. Moore, Nature 464, 194 (2010).
XL Qi & SC Zhang arXiv:1008.2026

Pr
es

su
re

-
-
--

-

-

Temperature

Anyons
28

exist. The boundary of the topological insulator acts as a do-
main wall where P3 jumps from 1/2 to 0. In this semi-infinite
geometry, an image point magnetic monopole with flux g2 is
located at the mirror position (0, 0,−d), together with an im-
age electric point charge q2. Physically, the magnetic field of
such an image monopole configuration is induced by circu-
lating Hall currents on the surface, which are induced by the
electric field of the external charge. A similar effect has been
studied in the integer QH effect (Haldane and Chen, 1983).
Conversely, the electromagnetic field strength inside the topo-
logical insulator is described by an image magnetic monopole
g1 and electric charge q1 in the upper half-space, at the same
point as the external charge. The image magnetic monopole
flux and image electric charge (q1, g1) and (q2, g2) are given
by

q1 = q2 =
1

ε1

(ε1 − ε2)(1/µ1 + 1/µ2)− 4α2P 2
3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

q,

g1 = −g2 = − 4αP3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

q. (41)

Interestingly, by making use of electric-magnetic duality these
expressions can be simplified to more compact forms (Karch,
2009).
Moreover, interesting phenomena appear when we consider

the dynamics of the external charge. For example, consider a
2D electron gas at a distance d above the surface of the 3D
topological insulator. If the motion of the electron is slow
enough (with respect to the time scale !/m corresponding to
the TR symmetry breaking gap m), the image monopole will
follow the electron adiabatically, such that the electron forms
an electron-monopole composite, i.e. a dyon (Witten, 1979).
When two electrons wind around each other, each electron
perceives the magnetic flux of the image monopole attached
to the other electron, which leads to statistical transmutation.
The statistical angle is determined by the electron charge and
image monopole flux as

θ =
g1q

2!c
=

2α2P3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

. (42)

The image monopole can be detected directly by local
probes sensitive to small magnetic fields, such as scan-
ning superconducting quantum interference devices (scan-
ning SQUID) and scanning magnetic force microscopy
(scanning MFM) (Qi et al., 2009). The current due to
the image monopole can also be detected in princi-
ple (Zang and Nagaosa, 2010).

4. Topological Kerr and Faraday rotation

Another way to detect the TME effect is through the
transmission and reflection of polarized light. When lin-
early polarized light propagates through a medium which
breaks TR symmetry, the plane of polarization of the trans-
mitted light may be rotated, which is known as the Fara-
day effect (Landau and Lifshitz, 1984). A similar rotation
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FIG. 23 (a) Image electric charge and image magnetic monopole
due to an external electric point charge. The lower half-space is
occupied by a topological insulator (TI) with dielectric constant ε2
and magnetic permeability µ2. The upper half-space is occupied by
a topologically trivial insulator (e.g. vacuum) with dielectric con-
stant ε1 and magnetic permeability µ1. An electric point charge q
is located at (0, 0, d). Seen from the lower half-space, the image
electric charge q1 and magnetic monopole g1 are at (0, 0, d). Seen
from the upper half-space, the image electric charge q2 and mag-
netic monopole g2 are at (0, 0,−d). The red (blue) solid lines repre-
sent the electric (magnetic) field lines. The inset is a top-down view
showing the in-plane component of the electric field on the surface
(red arrows) and the circulating surface current (black circles). (b) Il-
lustration of the fractional statistics induced by the image monopole
effect. Each electron forms a “dyon” with its image monopole. When
two electrons are exchanged, a Aharonov-Bohm phase factor is ob-
tained, which is deter- mined by half of the image monopole flux,
independently of the exchange path, leading to the phenomenon of
statistical transmutation. From Qi et al., 2009.

may occur for light reflected by a TR symmetry breaking
surface, which is known as the magneto-optical Kerr ef-
fect (Landau and Lifshitz, 1984). Since the bulk of the topo-
logical insulator is TR invariant, no Faraday rotation will oc-
cur in the bulk. However, if TR symmetry is broken on the
surface, the TME effect occurs and a unique kind of Kerr and
Faraday rotation is induced on the surface. Physically, the
plane of polarization of the transmitted and reflected light is
rotated because the electric field E0(r, t) of linearly polarized
light generates a magnetic field B(r, t) in the same direction,
due to the TME effect. Similarly as for the image monopole
effect, the Faraday and Kerr rotation angles can be calculated
by solving Maxwell’s equations with the modified constituent
equations (40). In the simplest case of a single surface be-
tween a trivial insulator and a semi-infinite topological insu-
lator [Fig. 24(a)], the rotation angle for light incident from
the trivial insulator is given by (Karch, 2009; Maciejko et al.,
2010; Qi et al., 2008; Tse and MacDonald, 2010)

tan θK =
4αP3

√

ε1/µ1

ε2/µ2 − ε1/µ1 + 4α2P 2
3

, (43)

tan θF =
2αP3

√

ε1/µ1 +
√

ε2/µ2

, (44)

where ε1, µ1 are the dielectric constant and magnetic perme-
ability of the trivial insulator, and ε2, µ2 are those of the topo-
logical insulator.
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exist. The boundary of the topological insulator acts as a do-
main wall where P3 jumps from 1/2 to 0. In this semi-infinite
geometry, an image point magnetic monopole with flux g2 is
located at the mirror position (0, 0,−d), together with an im-
age electric point charge q2. Physically, the magnetic field of
such an image monopole configuration is induced by circu-
lating Hall currents on the surface, which are induced by the
electric field of the external charge. A similar effect has been
studied in the integer QH effect (Haldane and Chen, 1983).
Conversely, the electromagnetic field strength inside the topo-
logical insulator is described by an image magnetic monopole
g1 and electric charge q1 in the upper half-space, at the same
point as the external charge. The image magnetic monopole
flux and image electric charge (q1, g1) and (q2, g2) are given
by

q1 = q2 =
1

ε1

(ε1 − ε2)(1/µ1 + 1/µ2)− 4α2P 2
3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

q,

g1 = −g2 = − 4αP3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

q. (41)

Interestingly, by making use of electric-magnetic duality these
expressions can be simplified to more compact forms (Karch,
2009).
Moreover, interesting phenomena appear when we consider

the dynamics of the external charge. For example, consider a
2D electron gas at a distance d above the surface of the 3D
topological insulator. If the motion of the electron is slow
enough (with respect to the time scale !/m corresponding to
the TR symmetry breaking gap m), the image monopole will
follow the electron adiabatically, such that the electron forms
an electron-monopole composite, i.e. a dyon (Witten, 1979).
When two electrons wind around each other, each electron
perceives the magnetic flux of the image monopole attached
to the other electron, which leads to statistical transmutation.
The statistical angle is determined by the electron charge and
image monopole flux as

θ =
g1q

2!c
=

2α2P3

(ε1 + ε2)(1/µ1 + 1/µ2) + 4α2P 2
3

. (42)

The image monopole can be detected directly by local
probes sensitive to small magnetic fields, such as scan-
ning superconducting quantum interference devices (scan-
ning SQUID) and scanning magnetic force microscopy
(scanning MFM) (Qi et al., 2009). The current due to
the image monopole can also be detected in princi-
ple (Zang and Nagaosa, 2010).

4. Topological Kerr and Faraday rotation

Another way to detect the TME effect is through the
transmission and reflection of polarized light. When lin-
early polarized light propagates through a medium which
breaks TR symmetry, the plane of polarization of the trans-
mitted light may be rotated, which is known as the Fara-
day effect (Landau and Lifshitz, 1984). A similar rotation
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FIG. 23 (a) Image electric charge and image magnetic monopole
due to an external electric point charge. The lower half-space is
occupied by a topological insulator (TI) with dielectric constant ε2
and magnetic permeability µ2. The upper half-space is occupied by
a topologically trivial insulator (e.g. vacuum) with dielectric con-
stant ε1 and magnetic permeability µ1. An electric point charge q
is located at (0, 0, d). Seen from the lower half-space, the image
electric charge q1 and magnetic monopole g1 are at (0, 0, d). Seen
from the upper half-space, the image electric charge q2 and mag-
netic monopole g2 are at (0, 0,−d). The red (blue) solid lines repre-
sent the electric (magnetic) field lines. The inset is a top-down view
showing the in-plane component of the electric field on the surface
(red arrows) and the circulating surface current (black circles). (b) Il-
lustration of the fractional statistics induced by the image monopole
effect. Each electron forms a “dyon” with its image monopole. When
two electrons are exchanged, a Aharonov-Bohm phase factor is ob-
tained, which is deter- mined by half of the image monopole flux,
independently of the exchange path, leading to the phenomenon of
statistical transmutation. From Qi et al., 2009.

may occur for light reflected by a TR symmetry breaking
surface, which is known as the magneto-optical Kerr ef-
fect (Landau and Lifshitz, 1984). Since the bulk of the topo-
logical insulator is TR invariant, no Faraday rotation will oc-
cur in the bulk. However, if TR symmetry is broken on the
surface, the TME effect occurs and a unique kind of Kerr and
Faraday rotation is induced on the surface. Physically, the
plane of polarization of the transmitted and reflected light is
rotated because the electric field E0(r, t) of linearly polarized
light generates a magnetic field B(r, t) in the same direction,
due to the TME effect. Similarly as for the image monopole
effect, the Faraday and Kerr rotation angles can be calculated
by solving Maxwell’s equations with the modified constituent
equations (40). In the simplest case of a single surface be-
tween a trivial insulator and a semi-infinite topological insu-
lator [Fig. 24(a)], the rotation angle for light incident from
the trivial insulator is given by (Karch, 2009; Maciejko et al.,
2010; Qi et al., 2008; Tse and MacDonald, 2010)

tan θK =
4αP3

√

ε1/µ1

ε2/µ2 − ε1/µ1 + 4α2P 2
3

, (43)

tan θF =
2αP3

√

ε1/µ1 +
√

ε2/µ2

, (44)

where ε1, µ1 are the dielectric constant and magnetic perme-
ability of the trivial insulator, and ε2, µ2 are those of the topo-
logical insulator.
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