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Icicles are a ubiquitous and picturesque feature of cold winter weather. Their familiar

form emerges from a subtle interplay between the solidification dynamics of ice and the

gravity-driven flow of the thin water film flowing over their evolving surface. The latent

heat released by freezing is advected by the water film and ultimately carried away by the

surrounding sub-zero air, which is also flowing. Like many processes far from equilibrium,

icicle growth can exhibit nonlinear pattern formation. While scaling theory predicts that

icicles converge to ‘platonic’, self-similar shapes, natural icicles often exhibit regular ripple

patterns about their circumference, which are due to a morphological instability. This

thesis presents a comprehensive experimental study of icicles that sheds new light on the

dynamics of their growth and the origin of their form.

A table-top apparatus was designed and built for the controlled growth of icicles,

under different conditions of temperature, water supply rate, ambient air motion, and

water purity. Image analysis and Fourier methods were used to examine their morphology.

Contrary to theoretical expectations, ripples do not appear on icicles made from pure

water. Instead, ripples grow and travel on icicles made from salt solutions, even at

very low concentrations. The addition of non-ionic surfactant or dissolved gases does

not produce ripples, unless ionic impurities are also present. The ripple wavelength is

independent of time and growth conditions. The ripple amplification rate and traveling

velocity vary weakly with the ionic concentration, as do the tip and radial growth speeds

of the icicle. While the tip and radial growth also depend on the ambient temperature
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and input mass flux, the ripple dynamics is not correlated with extrinsic conditions. If the

ambient temperature or input mass flux is sufficiently low, the tip growth only advances

for a short period of time before it ceases. After cessation, the shape of the icicle deviates

increasingly from self-similarity. The most self-similar icicles are made from pure water

with the surrounding air gently stirred, whereas icicles made from impure water in still

air tend to grow multiple tips.
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Chapter 1

Introduction

Icicles are a ubiquitous feature of cold winter weather (Fig. 1.1). They are a favourite

subject of photographers and science enthusiasts alike, and their complex and beautiful

morphologies are familiar to everyone, at least outside the tropics. On the other hand,

the unwanted build-up of ice on the surfaces of power lines and airplane wings is a serious

engineering hazard [1–3]. In all cases, ice is formed when latent heat is transferred from

the growing surface to the surrounding air which is below freezing, and liquid water is

typically present only as a thin flowing film over the ice-water interface. The growth and

emergent form of ice structures result from a subtle interplay between the solidification

dynamics of ice [4–7] and the flow of the thin liquid film over its evolving surface [8].

Icicles form when cool water (e.g. melted snow) continuously drips from an overhang-

ing support (e.g. the edge of a roof) under subfreezing ambient conditions (Fig. 1.1(a)).

The basic growth mechanism of icicles, illustrated in Fig. 1.2, is well-known [9–17]. The

life of an icicle begins with a single pendant drop, either completely frozen or surrounded

by a thin shell of ice. An icicle can grow as long as water continues to flow over its

surface. The thin water film on the icicle surface is subject to gravitational and viscous

forces, as well as surface tension at the water-air interface. At the ice-water interface,

the water film is presumably at its freezing point; the rest of the water film is therefore

supercooled, since its temperature must decrease towards the subfreezing air. The icicle

grows laterally as latent heat is removed from the ice-water interface.

The tip of the icicle consists of thin, downward-growing ice crystals, within which
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(a) (b)

Figure 1.1: Natural icicles: (a) an array of icicles hanging from a rooftop on a cold
Canadian winter day; (b) centimetre-scale ripples on the surface of two icicles.

Lateral growth

Tip growth

icicle flowing 
water film

water column

pendant drop

Figure 1.2: Schematic of a vertical cross-section of a growing icicle (not to scale).
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incoming water can be drawn up by capillary action. This forms a narrow column of

liquid water, up to a few centimetres in length, that can be held up against its weight by

surface tension [12–15, 17]. The entrapped water can freeze internally; the internal ice-

water interface advances downward [14] or, once the lateral growth has stopped, radially

inward [13, 17]. Below this liquid core sits a pendant drop which periodically detaches

from the tip. If dissolved air is present in the feed water, it comes out of solution as the

water freezes, and air bubbles can be trapped within the icicle [11,13,15,17]. The latent

heat from the growing icicle is advected by the flowing water film and is ultimately carried

away by the surrounding air, via advection-diffusion, evaporation, or radiation [18], or

when the pendant drop falls off the icicle.

Besides the growth mechanism, another aspect of icicles that has been studied ex-

tensively is their crystalline structure [10, 11, 13, 19–24]. Early research, as summarized

by Dorsey in Ref. [24], did not provide definitive answers to the questions of the size

and orientation of icicle crystals. While Leydolt [19] and Hess [22] reported that icicles

were single crystals with their c-axes, i.e. the principal axes perpendicular to their basal

planes, pointing radially outward, McConnel and Kidd [21] observed that icicles con-

sisted of many small crystals with irregular orientations. The most significant work on

this subject was done by Laudise and Barns [10], who harvested about 60 natural icicles

and examined their horizontal and vertical cross sections between crossed polarizers. A

variation in crystal size, from less than 0.1 cm to more than 20 cm, was observed, and

in no case was the c-axis found to be aligned with the icicle axis. They concluded that

icicles are typically polycrystalline but may develop as single crystals if grown slowly and

steadily under ideal conditions.

In spite of the well-known processes of heat and mass transport involved, there exist

few quantitative models for the growth of icicles [14,16,25,26]. Makkonen [14] developed a

numerical model for the radial and vertical growth of pure water icicles; he approximated

the icicle as a circular cylinder and considered the heat balance at the walls and the

bottom of the cylinder. Instead of this global approach, Szilder et al. [25] treated the

icicle as a stack of infinitesimally thin cylindrical slices and studied the growth by solving

the energy and mass conservation for each slice. Chung et al. [16] additionally included
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salinity as a parameter, thus allowing for an understanding of the formation of saline

water icicles. A few sets of growth experiments [13, 16, 17, 27] had been reported which

verified some of the predictions in these theories. We have conducted the most extensive

and carefully-controlled experimental study on the growth of distilled and saline water

icicles. In this thesis, we present our data and compare it with past work.

While the models by Makkonen and Szilder et al. reproduced the familiar long and

thin form of icicles, they did not derive an expression for the shape. Short et al. [26],

who considered the problem from the perspective of a strict free-boundary approach,

did. By coupling fluid dynamics, heat transfer in the water film and the surrounding air,

and geometric principles, they derived an ordinary differential equation for the shape of

an ideal, uniformly growing icicle. The solution of the ODE is distinct from a simple

conical geometry; it is also parameter-free, which implies that icicles have a universal

shape. Away from the tip, icicle shapes are predicted to be self-similar and follow the

same asymptotic power law as that for the shape of stalactites [28, 29]. This theory had

previously been compared to eight images of natural icicles whose conditions of formation

were not controlled [26]. In this thesis, we perform the first direct test of the self-similarity

theory under controlled laboratory conditions.

In reality, icicles often deviate in interesting ways from any ideal, self-similar shape.

For example, they have been observed to bend or twist, grow thin spikes on their surface,

or split near the tip [30, 31]. The most fascinating of such deviations is the formation

of trains of uniform ripples around the circumference of the icicle [9, 11, 12, 16, 17, 30]

(Fig. 1.1(b)). These ripples have a wavelength of around 1 cm and are visually similar in

form to crenulations on stalactites [32]. They are due to a morphological instability that is

not contained in any of the aforementioned growth models, but have been investigated by

linear stability theory [33–39] and laboratory experiments [38, 40]. We have conducted

the largest and most carefully-controlled experimental study of icicle ripples. In this

thesis, we discuss our empirical results, which contradict all existing theories.

The thesis is organized as follows. Ch. 2 describes our icicle-growing apparatus and

experimental methods. Ch. 3, 4, and 5 focus on the growth, shape, and ripples of icicles

respectively. Ch. 6 summarizes the work and suggests future directions for this research.



Chapter 2

Experiment

2.1 Apparatus

To conduct controlled experiments on the growth and form of icicles, we designed and

built a table-top icicle-making machine. A schematic and photographs of the final version

are shown in Figs. 2.1 and 2.2 respectively. Icicles were grown below a sharpened support,

made from a wooden dowel with a 1.25 inch diameter and suspended by stiff wires, inside

a refrigerated box fixed on an optical bench. The box was made of four aluminum walls

embedded with vertical copper pipes (Fig. 2.2(b)). It had dimensions of 38×38×107 cm3

and was insulated with 10 cm of commercial foam insulation (Fig. 2.2(a)). To minimize

heat leak into the machine, plastic extensions were attached to the aluminum legs that

held up the walls, and all gaps and holes were sealed with duct tape.

The wall temperature was controlled by a commercial bath (Neslab Digital Plus RTE-

740), which circulated antifreeze through the pipes. The water supply was delivered

through Tygon and copper tubing to a nozzle above the support using a peristaltic pump

(Gilson Minipuls 3). A section of the copper tubing inside the machine was bundled

with a much larger one in which antifreeze was circulated by a second bath (Neslab

RTE-111). The temperature of the inlet nozzle was measured with a thermocouple and

feedback controlled by means of a computer-controlled heater. To prevent freezing of the

inlet pipe, the nozzle temperature was maintained slightly above 0 ◦C. The air inside the

icicle-growing box was stirred by eight small computer case fans (Vantec TF8025): four

5
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circulating 
bath

peristaltic
pump

water
reservoir

antifreeze

styrofoam
insulation

dripper
nozzle

rotating
support

unfrozen water

funnel
fan

Figure 2.1: Schematic of the icicle-growing apparatus.
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(a) (b)

(c) (d)

Figure 2.2: Images of the icicle-growing machine: (a) complete set-up of the apparatus;
(b) aluminum cold plate walls; (c) bird’s-eye view of the inside of the machine; (d) a tab
passing through the photo-interrupter.



Chapter 2. Experiment 8

at the top corners pointed straight down, and four at the bottom corners pointed straight

up. Water that dripped off the icicle was collected by an insulated warmed funnel and

drained out of the machine.

The growing icicle was imaged by a computer-controlled digital single-lens reflex

(DSLR) camera (Nikon D200) via a slot in the side of the box (Fig. 2.2(b)). The di-

mension of the slot was 63 × 12 cm2. The optical path to the camera was 1.1 m and

insulated with commercial foam (Fig. 2.2(a)). To avoid fogging, no windows were placed

between the camera and the icicle. The icicle was illuminated by a distributed white

light-emitting diode (LED) light source against a black cloth background.

Using a stepper motor, a timing belt, and a lazy susan bearing assembly (Fig. 2.2(c)),

we rotated the support to encourage axisymmetry and to allow all sides of the icicle to

be imaged. The nozzle was slightly off-axis from the rotating support, so the feed water

could reach the entire periphery of the support over one rotation. To image reproducible

views of the icicle, the rotational position of the support was indexed: tabs were machined

around the inner circumference of the rotating ring, and a photo-interrupter was installed

such that the camera could be triggered by LabVIEW to take a picture whenever a tab

passed through its slot (Fig. 2.2(d)). We used a function generator to control the stepper

motor and fixed the rotational period of the support at 4 minutes per revolution. The

air motion produced by this slow rotation was negligible compared to that produced by

the fans. Eight unique views of the icicle were imaged on each rotation.

2.2 Independent and dependent variables

With the experimental set-up described in Sec. 2.1, there are five parameters that can

be controlled directly: the coolant temperature of the circulating bath, the rotational

frequency of the peristaltic pump, the temperature along the water delivery passage,

the input voltage of the fan, and the type of water supplied. These correspond to the

following independent variables of our experiment: the ambient wall temperature, the

mass flux of the feed water, the input water temperature, the volumetric flow of the

surrounding air, and the composition or property of the feed water. In addition to taking
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pictures of the icicle growth, we collected data for the following dependent variables: the

temperature of the air, the relative humidity of the air, and the mass of the drip-off

water.

We used LabVIEW and the National Instruments SCXI system for most of the data

acquisition and control. Throughout the experiment, thermocouples were used to probe

the temperatures of the wall, the inlet nozzle, and the air. Three thermocouples, with

junctions located at 8 cm away from the wall and 7, 22, and 37 cm below the support,

were used for the air temperature measurement. The masses of the water reservoir and

the drip-off water were tracked using Ohaus electronic balances. The relative humidity

in the air was monitored by an Omega RH sensor. Fig. 2.3 shows typical time-series data

for these variables.

In Fig. 2.3, time zero corresponds to the start of the experiment, when the circulating

bath was set to the desired temperature. To prevent icicles from forming just yet, the

water supply rate was set to 6.4 g/min, and the inlet nozzle temperature was set to

20 ◦C. Using LabVIEW, we kept the inlet temperature at Tset by periodically identifying

its actual value Tactual (Fig. 2.3(a)) and changing the voltage V applied to a power resistor

attached to the nozzle accordingly (Fig. 2.3(d)): ∆(V2) = α×R×(Tset−Tactual), where

α = 0.01 is an empirically chosen constant, and R = 2.5 Ω is the resistance of the heater.

Some time after the ambient temperature reached equilibrium (at a time of 3.7 hours for

the run shown in Fig. 2.3), we refilled the water reservoir, drained the drip-off container,

reset both the input mass flux and the nozzle temperature to their desired values, and

initiated image acquisition.

In the remainder of this thesis, all measurements of temperature are defined to be the

mean of the data during the time period in which image analysis is performed, i.e. from

the initiation of icicle formation (at a time of 5.6 hours for the run shown in Fig. 2.3) to

the end of the experiment. Similarly, the water supply rate is defined to be the negative

of the slope of the reservoir mass time-series for this period, and the relative humidity is

defined to be the midrange of the data during this period.

An Omega HHF92A digital anemometer was used to measure the volumetric air flow

for various settings of the fan (Fig. 2.4(a)). Dividing the volume of the box by eight
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Figure 2.3: Typical time-series data for: (a) temperatures of the wall, inlet nozzle, and
air; (b) masses of the containers with feed water and drip-off water; (c) relative humidity
in the air; (d) voltage applied to the power resistor at the inlet nozzle. At t = 0, the
ambient wall temperature was set to its desired value. The dashed line at t = 3.7 hours
marks the time at which the water reservoir was refilled, the drip-off container was
drained, and the input mass flux and inlet nozzle temperature were set to their desired
values. The dashed line at t = 5.6 hours marks the initiation of icicle growth.
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Figure 2.4: Air flow vs. input fan voltage: (a) volumetric air flux from each fan; (b)
estimated time for all eight fans to circulate the air in the box once.

times this flux gives an estimate of the time it takes for the fans to circulate all of the

air enclosed in the box once (Fig. 2.4(b)). Of course, in runs for which the fans were

turned off, the forced air flow was 0. In all other cases, the air around the icicle may be

regarded as well-stirred, save for a thin boundary layer near the icicle and near the walls

of the box.

2.3 Water samples

Four main types of feed water were used: distilled water, Toronto tap water, salt solution,

and surfactant solution. The distilled water was supplied in bulk by Canadian Springs TM.

While it was much purer than tap water (Table 2.1), it was not near the limits of what

purity could be achieved [41]. The salt solution was a mixture of distilled water and

ACS reagent grade sodium chloride, supplied by Sigma-Aldrich. The surfactant solution

was a mixture of distilled water and Triton X-100 (i.e. t-Oct-C6H4-(OCH2CH2)xOH, x

= 9-10), a non-ionic surfactant, also supplied by Sigma-Aldrich; it was made via dilution

from a stock of 0.5 wt% Triton X-100. An Ohaus SP2001 balance was used for all mass

measurements during sample preparation, except for the minute masses of added NaCl,
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which was measured using a more precise Mettler AJ100 balance.

Table 2.1 shows the measured physical parameters for some of the water samples used.

The conductivity and composition of the samples were analyzed by the ANALEST lab

in the Department of Chemistry at the University of Toronto. Metal ion concentrations

were determined by inductively coupled plasma atomic emission spectrometry, using

Perkin Elmer Optima 7300DV. Anions were identified by ion chromatography, using

Perkin Elmer Series 200, Alltech Eris 1000HP, Alltech 550 Conductivity Detector, and

Phenomenex Star Ion 300 Column. Conductivities were measured using an Alltech 550

Conductivity Detector.

We measured the surface tension of distilled water, tap water, and surfactant solu-

tions using the capillary tube method at room temperature. A glass capillary tube was

immersed into each sample, and a cathetometer was used to identify the rise of the menis-

cus in the tube. The capillary rise is given by ∆h = 2γ/(ρgr), where γ is the liquid-air

surface tension, ρ is the liquid density, g is the acceleration due to gravity, and r is the

inner radius of the capillary [42]; the contact angle between the liquid surface and the

glass surface is assumed to be 0◦. Since g and r are both constant, we can estimate the

surface tension of surfactant solutions by comparing the product ρ × ∆h with that for

distilled water.

As expected, the surface tension of distilled water is reduced with the addition of

Triton X-100 (Fig. 2.5(a)). However, while our results follow the same trend as those

obtained using the Wilhelmy plate [43, 44] and de Noüy ring [45] methods, there is a

discrepancy between them (Fig. 2.5(a)). We attribute this discrepancy to adsorption

effects in the capillary tube measurements: as surfactant molecules stick to the inner

glass surface, the solution behaves as if it had a lower surfactant concentration. As will

be seen in Ch. 5, this discrepancy does not affect the conclusions of our study. Fig. 2.5(b)

shows the surface tension of salt solutions, calculated using Ref. [46]; it increases very

weakly with NaCl concentration over the range used in our experiments.

The apparatus, methods, and samples discussed in this chapter serve as the basis for

the experimental results presented in the next three chapters.
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Sample Main Concentration Conductivity Surface

impurities tension

Distilled Ca+2 0.037 mg/L 2 µS/cm 0.072 N/m

water K+ 0.026 mg/L

Na+ 0.014 mg/L

Ba+2 0.003 mg/L

Surfactant Triton X-100 200 mg/L 1.7 µS/cm See Fig. 2.5(a)

solution

(0.02 wt%)

Salt solution NaCl 80.0 mg/L 211 µS/cm See Fig. 2.5(b)

(0.008 wt%)

Toronto Ca+2 37.5 mg/L 419 µS/cm 0.071 N/m

tap water Na+ 10.7 mg/L

Mg+2 8.82 mg/L

K+ 1.66 mg/L

Si+2 1.22 mg/L

Cu+2 0.46 mg/L

SO−2
4 31.60 mg/L

Cl− 25.11 mg/L

NO−3 0.96 mg/L

F− 0.41 mg/L

Zn+2, V+2, < 0.2 mg/L

Ni+2, Ba+2,

Fe+2, Mn+2

Table 2.1: Measured compositions, conductivities, and surface tension of selected water
samples. The conductivities were measured at 35 ◦C.
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Figure 2.5: Surface tension vs. concentration for (a) Triton X-100 and (b) NaCl. In
(a): the data using the capillary tube method is ours; the data using the Wilhelmy
plate method is from Refs. [43] (Göbel et al.) and [44] (Phongikaroon et al.); the data
using the de Noüy ring method is from Ref. [45]. The data in (b) is from Ref. [46]. All
measurements were made at 25± 1 ◦C.
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Growth and cessation

In Ch. 1, the growth mechanism of icicles, which has been widely investigated [9–17], was

described. However, there exist few quantitative models for the evolution of icicles [14,16,

25,26], and the few sets of reported laboratory experiments on icicle growth [13,16,17,27]

were limited in their traversal of parameter space. Using the apparatus and methods

described in Ch. 2, we have conducted an extensive, carefully-controlled experimental

study on icicle growth. The primary objective of this chapter is to present our data

on how the icicle length, radius, and mass evolve in time and depend on the various

independent variables. A secondary goal of this chapter is to introduce a number of

physical quantities that are relevant to icicle formation – these are also collected in

Appendix A, and some will become important in later chapters.

This chapter begins with theoretical treatments of the thin water film flowing down

the icicle surface (Sec. 3.1) and the heat transfer mechanisms that lead to its growth

(Sec. 3.2). We then describe our edge detection algorithm, show time-series data for the

length and radius of lab-grown icicles, and compare their growth rates under varying

conditions (Sec. 3.3). Next, we determine the fraction of feed water that is consumed to

form the icicle, as well as the relative importance of the different heat transfer mechanisms

to the freezing (Sec. 3.4). We then investigate how icicle growth is affected by the addition

of salt to the water source and present results on saline water icicles (Sec. 3.5). Finally, we

consider the regime of icicle evolution in which the length no longer increases (Sec. 3.6);

in this thesis, the discontinuation of tip growth is referred to as ‘cessation.’

15
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3.1 Thin-film flow

In this section, we consider the flow of the thin water film on the surface of an icicle [8,26].

Since the water film thickness is much smaller than the typical icicle radius, the ice-water

interface can be approximated as a flat surface. Since the water film flow is much faster

than the radial growth of icicles, the consumption of water from the thin film to make

ice can be neglected.

The flow ~u = [u, v, w] of an incompressible Newtonian fluid of density ρ and kinematic

viscosity ν is governed by the Navier-Stokes equations:

D~u

Dt
=
∂~u

∂t
+ (~u · ∇)~u = −1

ρ
∇P + ν∇2~u+ ~g, (3.1)

∇ · ~u = 0, (3.2)

where t is time, P is pressure, and ~g is the acceleration due to gravity.

Using the coordinate system shown in Fig. 3.1, and assuming a steady flow solution

~u = [u(y), v(y), 0], Eq. 3.2 indicates that ∂v/∂y = 0, i.e. v is constant. The no-slip

condition implies v = 0 at y = 0, so v = 0 everywhere, i.e. ~u = [u(y), 0, 0]. Substituting

this into Eq. 3.1 gives:

0 = −1

ρ

∂P

∂x
+ ν

d2u

dy2
+ g cos θ, (3.3)

0 = −1

ρ

∂P

∂y
+ g sin θ. (3.4)

Integrating Eq. 3.4 gives P = ρgy sin θ + f(x). At the free surface, y is equal to the

water film thickness h, P is equal to the atmospheric pressure P0, so f(x) = P0−ρgh sin θ

and P = P0 + ρg(y − h) sin θ. Since P is independent of x, Eq. 3.3 becomes

d2u

dy2
= −g

ν
cos θ. (3.5)

Integrating Eq. 3.5 twice and enforcing no-slip and stress-free boundary conditions at the

ice-water and water-air interfaces respectively, i.e. u = 0 at y = 0 and νdu/dy = 0 at
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ice water
film air

x

y

g

h

�

u

Figure 3.1: Coordinate system for thin-film calculations. This figure is exaggerated and
not to scale; in particular, θ is close to 0 along most of the icicle.

y = h, we find a parabolic flow profile

u(y) =
g

2ν
y(2h− y) cos θ. (3.6)

If a cylindrical icicle has a radius R and the volumetric flow rate of its feed water is

Q0, then
Q0

2πR
=

∫ h

0

udy =
gh3

3ν
cos θ. (3.7)

Therefore, the thickness of the water film is given by

h =

(
3Q0ν

2πgR cos θ

)1/3

. (3.8)

We can also calculate the surface speed of the water film using Eq. 3.6:

us = u(y = h) =
gh2

2ν
cos θ. (3.9)

While these give good estimates near the root (i.e. top) of the icicle, their validity

diminishes towards the tip, where a pendant drop detaches periodically and the steady

flow assumption is certainly violated. As the water flows down the icicle, some converts
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into ice and some may evaporate, so the volumetric flux deviates further away from its

input value Q0.

3.2 Heat transfer

In this section, we consider the heat transfer at the tip and the walls of the icicle [4,14,25],

which leads to its growth in length and radius respectively. Internal freezing of the icicle

is not considered here. The heat balance at the surface of the pendant drop at the icicle

tip is given by

JTC + JTF = JTAD + JTE + JTR , (3.10)

where JTC is the heat flux associated with the cooling of the pendant drop before it falls

off, and JTF is the flux of latent heat from the tip growth. The three terms on the right

hand side are the heat flux due to advection-diffusion, evaporation, and thermal radiation

at the tip. Similarly, the total heat flux associated with the lateral growth is given by

JF = JAD + JE + JR. (3.11)

The subscripts in Eq. 3.11 have the same meanings as in Eq. 3.10. Here, since the water

film is so thin, the temperature change across the film is assumed to be negligible, i.e.

the heat flux through the ice-water interface is assumed to be the same as the heat flux

through the water-air interface.

In Makkonen’s model of icicle growth [14], the terms in Eq. 3.10 for tip growth are

parameterized as follows:

JTAD = HT∆TA, (3.12)

JTE = HT
v ∆ρv, (3.13)

JTR = σB(T 4
LA − T 4

A), (3.14)

JTC = WT cL∆Tp/Ap, (3.15)

JTF = Lf (dMT/dt)/Ap, (3.16)
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where HT is the convective heat transfer coefficient for the tip, ∆TA is the difference

between the temperature at the water-air interface TLA and the ambient air temperature

TA, HT
v is the evaporative heat transfer coefficient for the tip, ∆ρv is the difference

between the water vapour densities at the water-air interface and in the air, σB is the

Stefan-Boltzmann constant, WT is the mass flux of water arriving at the tip, cL is the

specific heat of water, ∆Tp is the temperature change of the pendant drop from its

formation to its detachment, Ap is the surface area of the pendant drop, Lf is the latent

heat of fusion of water, and dMT/dt is the mass growth rate of ice at the tip.

For the lateral growth, Makkonen [14] parameterized the terms in Eq. 3.11 as follows:

JAD = H∆TA, (3.17)

JE = Hv∆ρv, (3.18)

JR = σB(T 4
LA − T 4

A), (3.19)

JF = Lf (1− fL)(dM/dt)/Aw, (3.20)

where H and Hv are the convective and evaporative heat transfer coefficients for the

walls, fL is the liquid fraction of the growing ice surface, dM/dt is the mass growth rate

of ice at the walls, and Aw is the surface area of the walls. An ice surface growing under

a supercooled water film can do so dendritically, and some of the water can be trapped in

the dendritic ice matrix [14,47]; the (1− fL) factor in Eq. 3.20 accounts for this “spongy

ice” formation. Makkonen recently showed that fL is a material parameter [48].

The convective heat transfer coefficients HT and H can be written in terms of the

Nusselt number Nu and the thermal conductivity of air ΛA [4,14]. Based on engineering

data, the Nusselt number can be written as a phenomenological function of the Grashof

number Gr for free convection [14, 49, 50], or of the Reynolds number Re for forced

convection [4, 14, 51]. Gr involves the kinematic viscosity of air νA; Re depends on not

only νA but also the wind speed uA (see Table A.2).

Following Neufeld et al. [18], we use a simple scaling to relate the evaporative and
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convective heat transfer coefficients:

HT
v = (Lv/ρAcA)HT , (3.21)

Hv = (Lv/ρAcA)H, (3.22)

where Lv is the latent heat of vaporization of water, ρA is the density of air, and cA is

the specific heat of air. Assuming vapour is saturated at the water-air interface:

∆ρv = ρsat(TLA)−RHρsat(TA); (3.23)

ρsat(T ) = ρsat(Tm)
Tm
T

exp

[
− MLLv

R

(
1

T
− 1

Tm

)]
; (3.24)

ρsat is the saturated vapour density, RH is the relative humidity, Tm = 0 ◦C is the freezing

point of water, ML is the molar mass of water, and R is the gas constant.

Makkonen [14] approximated the pendant drop as a hemisphere with radius Rp and

formulated the remaining parameters associated with tip growth as follows:

WT = W0 −
dM

dt
− JEAw

Lv
, (3.25)

∆Tp = −
(

1

0.16

dR

dt

) 1
1.7

+

(
1

0.16

dL

dt

) 1
1.7

, (3.26)

Ap = 2πR2
p, (3.27)

dMT = ρI · dVT = ρI2πRpδT · dL, (3.28)

where W0 is the mass flux of water to the root, L and R are the length and radius of

the icicle, ρI is the density of ice, VT is the volume of ice grown at the tip, and δT is

the thickness of the downward growing ice crystals at the tip. As described by Eq. 3.25,

the mass flux decreases from the root to the tip as water freezes and evaporates along

the walls. In Eq. 3.26, the temperature change of the pendant drop is given by the

temperature of the water arriving at the tip subtracted by the mean temperature of the

pendant drop. Makkonen approximated both of these using an empirical relationship
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between the speed of ice growth and supercooling found by Hillig et al. [52]; each term

has a unit of ◦C, and dR/dt and dL/dt are in cm/sec. Using the above expressions for

Ap and dMT , we can write Eq. 3.16 as:

JTF = ρILf
δT
Rp

dL

dt
. (3.29)

To study the lateral growth, we shall depart from Makkonen’s global approach of forc-

ing a cylindrical form onto the icicle [14]. Instead, we use a local approach by considering

thin horizontal slices of the icicle, à la Szilder et al. [25]:

dMslice = ρ̃I · dVslice = ρ̃I · dL · d(πR2) = ρ̃I2πR · dL · dR, (3.30)

dAslice = 2πR · dL, (3.31)

where ρ̃I = fLρL + (1 − fL)ρI , ρL is the density of water, and Vslice is the volume of ice

grown on the walls of the slice. Replacing dM with dMslice and Aw with dAslice, Eq. 3.20

becomes:

JF = ρ̃ILf (1− fL)
dR

dt
. (3.32)

The analytical model presented here, which we have adapted from Refs. [14, 18, 25],

will be used in Secs. 3.4 and 3.5 to estimate the relative importance of the various heat

transfer mechanisms to the growth of our laboratory icicles.

3.3 Tip and lateral growth

In this section, we present experimental data for the tip and lateral growth of distilled

water icicles. As mentioned in Ch. 2, high-resolution digital images were taken during

the experiment. To analyze them, we first cropped each image to keep only the icicle; the

top of the crop window was chosen to be at the bottom of the wooden dowel from which

the icicle was grown. Next, we used MATLAB’s Sobel algorithm to detect the edge of

the icicle. The edge data x(y) from each image was then transformed into a profile R(z),

where z was defined as the vertical distance away from the tip, and the radius R was
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taken to be half the distance between the left and right edges of the icicle. Fig. 3.2 shows

an example of this procedure being applied to a typical image.

To convert pixels into centimetres, we took a picture of a meterstick placed below

the dowel, then we calculated a conversion factor by comparing the physical scale on

the meterstick with the number of image pixels across that same length. The conversion

factor varied slightly for different runs; it was on average 0.018 ± 0.001 cm/pixel, so a

36 cm icicle was about 2000 pixels long.

Fig. 3.3 shows time-series data, averaged over each rotation, for the length and radius

of a representative sample of icicles grown under different conditions of ambient wall

temperature and water supply rate. In both plots, time zero corresponds to the initiation

of icicle growth. Here, the radius R0 is always taken at the same height: 5 cm below the

root of the icicle, i.e. R0 = R(L − 5 cm). More precisely, R0 is the mean of the radius

measurements between z = L− 4.5 cm and z = L− 5.5 cm. Radii at other parts of the

icicle will be investigated in Sec. 3.6, while R along the entire length of the icicle will be

treated in Ch. 4. In general, the time evolution of icicles can be split into two regimes:

pre- and post-cessation. In the pre-cessation regime, the length of the icicle increases

with time, and pendant drops are observed to continually drip off its tip. After icicle

growth ceases at the tip, water is no longer observed to drip off the icicle.

To compare icicle growth under different conditions, we calculated a tip growth speed

and a lateral growth speed for each run. To obtain the former, we performed a linear fit

to L(t) and extracted the slope of the best-fit line. For runs in which cessation occurred,

the post-cessation data was excluded from the analysis. Similarly, we fit a line to the

rising R0(t) data over the first 2 hours and defined the radial growth speed as its slope.

These speeds are plotted in Figs. 3.4 and 3.5 against 4 independent variables: ambient

wall temperature, water supply rate, input water temperature, and surrounding air flux

due to each fan. The 4 panels within each figure have the same range on the vertical

axis. In cases where multiple experiments were conducted under the same conditions,

the averaged result is presented.

In general, the growth rates of the icicle length and radius both increase with decreas-

ing ambient temperature (Figs. 3.4(a) and 3.5(a)). On the other hand, as the input mass
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Figure 3.2: Application of the edge detection algorithm: (a) original image; (b) cropped
image; (c) detected left and right edges x(y); (d) icicle profile R(z).
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Figure 3.3: Time evolution of the (a) length and (b) radius of some distilled water icicles.
The colour-coded circles in the two panels correspond to the same set of experiments.
The legends show the ambient wall temperature and the water supply rate for each run.
In all experiments, the input water temperature was 3.0 ◦C, and the surrounding air
flux due to each fan was 0.95 m3/min. The error bars indicate the standard errors from
averaging over each rotation.
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Figure 3.4: Tip growth speeds of distilled water icicles vs. extrinsic conditions. The fixed
variables in each panel are: (a) water supply rate (as shown in the legend), input water
temperature (3.0 ◦C for all experiments), and air flux per fan (0.95 m3/min for all experi-
ments); (b) ambient wall temperature (as shown in the legend), input water temperature
(3.0 ◦C for all experiments), and air flux per fan (0.95 m3/min for all experiments); (c)
ambient wall temperature (−12.1 ◦C for all experiments), water supply rate (2.0 g/min
for all experiments), and air flux per fan (0.82 m3/min for all experiments); (d) ambient
wall temperature (−12.1 ◦C for all experiments), water supply rate (2.0 g/min for all
experiments), and input water temperature (3.0 ◦C for all experiments). Each colour
corresponds to one set of experiments with the same values of the fixed variables.
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Figure 3.5: Radial growth speeds of distilled water icicles vs. extrinsic conditions. The
fixed variables in each panel are: (a) water supply rate (as shown in the legend), input
water temperature (3.0 ◦C for all experiments), and air flux per fan (0.95 m3/min for
all experiments); (b) ambient wall temperature (as shown in the legend), input water
temperature (3.0 ◦C for all experiments), and air flux per fan (0.95 m3/min for all exper-
iments); (c) ambient wall temperature (−12.1 ◦C for all experiments), water supply rate
(2.0 g/min for all experiments), and air flux per fan (0.82 m3/min for all experiments); (d)
ambient wall temperature (−12.1 ◦C for all experiments), water supply rate (2.0 g/min
for all experiments), and input water temperature (3.0 ◦C for all experiments). Each
colour corresponds to one set of experiments with the same values of the fixed variables.
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flux is increased, the tip growth speed decreases (Fig. 3.4(b)), while the lateral growth

speed increases (Fig. 3.5(b)). However, not all of these trends are observed for high water

supply rates exceeding 2.0 g/min; in particular, the lateral growth speed decreases with

increasing input mass flux in this domain (Fig. 3.5(b)). All of these correlations are in

agreement with the model of Makkonen [14] and the experiments by Maeno et al. [13,17],

except Makkonen found that the lateral growth speed is “only slightly affected” by in-

put mass flux, and Maeno et al., who tried various water supply rates between 0.2 and

1.8 g/min, concluded the lateral growth speed “maintains almost similar values.” Fi-

nally, we find that the correlations of both growth speeds with input water temperature

and surrounding air flux are much less significant than those with ambient temperature

and input mass flux, at least in the parameter space that we explored (Figs. 3.4(c)-(d)

and 3.5(c)-(d)).

3.4 Mass of water consumption

There are two objectives to this section. The first is to determine how much of the feed

water freezes to form the icicle and how this percentage changes with time. The second

is to compute the heat transfer coefficients at the tip and at the sides of the icicle; doing

so will allow us to compare the contributions of the different heat transfer mechanisms

that lead to its growth.

To begin, we plot time-series data for the mass of a representative sample of icicles

and the cumulative mass of their drip-off water (Fig. 3.6). It is possible to do this,

because we recorded the masses of the water reservoir and the drip-off container during

the experiment. In both plots, time zero corresponds to the initiation of icicle growth,

and the data has been averaged over every 4 minutes. The total mass of the water

supplied MS is set to 0 at t = 0 and increases linearly with time, since the input mass

flux W0 = dMS/dt is fixed during each experiment. The total mass of the drip-off water

MD is set to 0 at t = 0 and increases with time during icicle growth (Fig. 3.6(b)). The

icicle mass MI at each time is calculated by subtracting MS by MD; the small amount

of water lost due to evaporation is not taken into account here. Obviously, MI increases
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Figure 3.6: Time evolution of the mass of (a) some distilled water icicles and (b) their
drip-off. The colour-coded circles in the two panels correspond to the same set of experi-
ments. The legends show the ambient wall temperature and the water supply rate for each
run. In all experiments, the input water temperature was 3.0 ◦C, and the surrounding
air flux due to each fan was 0.95 m3/min.

with time as the icicle grows (Fig. 3.6(a)).

In Fig. 3.7, we compare the mass growth rates at t = 1 hr under different conditions.

More precisely, the rate is defined as the slope of the best-fit line to the MI(t) data

between 50 and 70 minutes after the initiation of icicle growth. In general, since both

dL/dt and dR0/dt increase with decreasing ambient temperature (Figs. 3.4(a) and 3.5(a)),

it is no surprise that the icicle mass grows faster at lower temperatures (Fig. 3.7(a)). On

the other hand, dL/dt increases while dR0/dt decreases as the input mass flux is decreased

(Figs. 3.4(b) and 3.5(b)); the net result is that at t = 1 hr, the icicle mass grows faster

if water is fed to its root more slowly (Fig. 3.7(b)). However, this is not true for all

times. Under otherwise identical conditions, the post-cessation mass of an icicle made

from a lower water supply rate (e.g. the cyan time-series in Fig. 3.6(a)) may increase

more slowly than the pre-cessation mass of an icicle made from a higher water supply

rate (e.g. the red time-series in Fig. 3.6(a)).
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Figure 3.7: Mass growth rates of distilled water icicles vs. extrinsic conditions. The fixed
variables in each panel are: (a) water supply rate (as shown in the legend), input water
temperature (3.0 ◦C for all experiments), and air flux per fan (0.95 m3/min for all experi-
ments); (b) ambient wall temperature (as shown in the legend), input water temperature
(3.0 ◦C for all experiments), and air flux per fan (0.95 m3/min for all experiments); (c)
ambient wall temperature (−12.1 ◦C for all experiments), water supply rate (2.0 g/min
for all experiments), and air flux per fan (0.82 m3/min for all experiments); (d) ambient
wall temperature (−12.1 ◦C for all experiments), water supply rate (2.0 g/min for all
experiments), and input water temperature (3.0 ◦C for all experiments). Each colour
corresponds to one set of experiments with the same values of the fixed variables.
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Figure 3.8: Time evolution of the mass flux ratio RM of some distilled water icicles. For
the runs in (a), the water supply rate was 1.4 g/min, and the legend shows the ambient
wall temperature. For the runs in (b), the ambient wall temperature was −14.9 ◦C, and
the legend shows the water supply rate. In all experiments, the input water temperature
was 3.0 ◦C, and the surrounding air flux due to each fan was 0.95 m3/min.

A better way to compare the mass growth of icicles is to define a dimensionless ratio

RM =
dMI/dt

dMS/dt
, (3.33)

where the time derivatives are instantaneous mass fluxes. This ratio indicates how much

of the feed water is frozen onto the icicle at a given time. Fig. 3.8 plots RM(t) for

some typical runs. Some conditions are not favourable for icicle formation (e.g. the

environment is too warm, the water supply rate is too high); in these cases, RM = 0

at all times. In all other cases, as time increases and the icicle gets longer, more and

more of the feed water gets consumed by the icicle, and less and less of it drips off.

During growth, the fraction of the input water that freezes to form the icicle increases

more rapidly for lower ambient temperatures (Fig. 3.8(a)) and lower water supply rates

(Fig. 3.8(b)). RM reaches 1 at cessation and remains at 1 after cessation; this means

once the length growth stops, all of the water supply is frozen onto the sides of the icicle

before reaching the tip.
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Value Value

ρL 1.000× 103 kg/m3 TLA 273.15 K

ρI 0.917× 103 kg/m3 Tm 273.15 K

ρA 1.29 kg/m3 ρsat(Tm) 4.85× 10−3 kg/m3

cA 1.005× 103 J/(kg·K) ML 18.015× 10−3 kg/mol

cL 4.210× 103 J/(kg·K) R 8.3145 J/(mol·K)

Lf 3.34× 105 J/kg fL 0.26

Lv 2.50× 106 J/kg δT 7.5× 10−5 m

σB 5.6704× 10−8 W/(m2·K4) Rp 2.45× 10−3 m

Table 3.1: Parameter values in heat transfer calculations for distilled water icicles. The
values of fL, δT , and Rp are taken from Ref. [14].

Next, we shift our focus to the second goal of this section: to estimate how much the

various heat transfer mechanisms are responsible for the increase in the mass of water

consumption. To achieve this, we first determine the heat transfer coefficients empirically

from our data. Using the model in Sec. 3.2, the convective heat transfer coefficient at

the walls of the icicle can be expressed as

H =
ρ̃ILf (1− fL)(dR/dt)− σB(T 4

LA − T 4
A)

∆TA + (Lv∆ρv)/(ρAcA)
, (3.34)

and the convective heat transfer coefficient at the tip can be expressed as

HT =
WT cL∆Tp/Ap + ρILf (δT/Rp)(dL/dt)− σB(T 4

LA − T 4
A)

∆TA + (Lv∆ρv)/(ρAcA)
. (3.35)

To compute these, we use the values in Table 3.1, as well as the following experimental

quantities: for advection-diffusion and evaporation, TA is the measured air temperature

(in Kelvin); for radiation, we let TA be the temperature at the walls of the apparatus (in

Kelvin); RH, which appears in ∆ρv, is the measured relative humidity; the radial and

tip growth speeds are dR0/dt and dL/dt as defined in Sec. 3.3; we approximate WT as

W0 − dMI/dt, where dMI/dt is as defined earlier in this section – here, mass transport

due to evaporation is accounted for, because we found MI by subtracting MS by MD.
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At the sides of our laboratory-grown icicles, the convective heat transfer coefficient

has a mean of 12± 2 W/(m2·K) (Fig. 3.9(a)). Since H is approximately constant across

a broad range of conditions, the heat transfer model for the lateral growth of icicles in

Sec. 3.2 is consistent with our data. Knowing H, we can compare the contributions

of the different heat transfer mechanisms to the lateral growth using Eqs. 3.17-3.19.

In Fig. 3.9(c), we plot the ratios JAD/Jtotal, JE/Jtotal, and JR/Jtotal, where Jtotal =

JAD + JE + JR, over the range of parameter space we traversed. The dominant heat

transfer mechanism controlling the lateral growth is advection-diffusion; the contributions

due to evaporation and radiation are also significant but secondary.

The convective heat transfer coefficient at the tip is higher than that at the sides; it

has a mean of 27± 3 W/(m2·K) (Fig. 3.9(b)). Since HT is approximately constant for a

wide range of tip growth speeds, the heat transfer model for the length growth of icicles

in Sec. 3.2 is consistent with our data. Using the values of HT and Eqs. 3.12-3.14, we find

the ratios JTAD/J
T
total, J

T
E/J

T
total, and JTR/J

T
total, where JTtotal = JTAD +JTE +JTR (Fig. 3.9(d)).

JTAD/J
T
total and JTE/J

T
total are slightly higher than JAD/Jtotal and JE/Jtotal, while JTR/J

T
total

is about a half of JR/Jtotal. In Fig. 3.9(d), we also plot the ratios JTC/J
T
total and JTF /J

T
total

using Eqs. 3.15 and 3.29. For a faster growing icicle, a higher fraction of JTtotal is associated

with its tip growth, and a smaller fraction is associated with the pendant drop cooling.

3.5 Effect of salinity

So far, we have focused on icicles made from distilled water. However, the water sources

for natural icicles often contain impurities; for example, marine icicles are formed from

saline water. In this section, we investigate how icicle growth is affected when small

amounts of salt are added to the feed water.

We begin by looking at how the model for the lateral growth of icicles in Sec. 3.2 is

changed by the addition of salt. The theory summarized here is adapted from the work of

Chung et al., who developed a numerical model for the growth of saline water icicles [16].

Following Sec. 3.2, we treat the icicle as a stack of thin horizontal slices. However, it is

no longer sensible to set the temperature at the sides of the different slices identically to
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Figure 3.9: Convective heat transfer coefficients at (a) the sides and (b) the tip of distilled
water icicles grown under various conditions. The contributions of advection-diffusion,
evaporation, and radiation in the (c) radial growth, (d) pendant drop cooling and tip
growth of these icicles.
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Figure 3.10: Time-series of the drip-off salinity of an icicle made from feed water with
0.1 wt% NaCl.

the freezing point of pure water. Since salt is rejected from ice as salt water freezes, the

salinity of the water film should increase as it flows towards the tip. We confirmed this

experimentally by tracking the ‘instantaneous’ salinity of the drip-off from a lab-grown

salty water icicle. A Vernier salinity sensor was placed inside a small tilted beaker, which

caught the drip-off water before it flowed into a larger container. Fig. 3.10 shows the

drip-off salinity, which indeed increased during icicle growth. As a result of freezing

point depression, not only must the icicle surface temperature be below 0 ◦C, it must

also decrease towards the tip — i.e. each cylindrical slice now has a different TLA.

Here, we consider only the part of the icicle near the root, where the salinity of the

water film is close to the salinity of the feed water. As in the case of distilled water icicles,

the conservation of energy and the various heat fluxes can be expressed by Eqs. 3.11, 3.17-

3.19, and 3.32. The convective heat transfer coefficient also has the same expression as

before, i.e. Eq. 3.34.

According to Chung et al. [16] and Makkonen [47], TLA and ∆ρv for saline water

icicles can be parameterized in the following way:

TLA = −54.0S − 600S3, (3.36)

∆ρv = ρSsat(TLA)−RHρsat(TA), (3.37)

ρSsat(T ) = (1− 0.537S)ρsat(T ), (3.38)
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where TLA has a unit of ◦C, S is the unitless mass fraction of salt in the water, ρSsat is

the saturated vapour density for saline water, and ρsat is the saturated vapour density

for pure water as defined in Eq. 3.24. Moreover, Lv and ρL are now functions of salt

concentration as well. Fig. 3.11 shows how TLA, Lv, and ρL vary with salinity over the

range covered in our experiments. This model assumes the temperature change across

the thin water film is negligible, salt is uniformly distributed across the film, and all of

the salt is rejected by freezing.

Next, we present experimental data for the growth of saline water icicles. Fig. 3.12

shows typical time-series for the length, radius, and mass of icicles grown from water

with varying salt concentrations under the same conditions. L, R0, MI , and RM were all

found using the same algorithms described in Secs. 3.3-3.4 for distilled water icicles. Like

distilled water icicles, the lengths of saline water icicles initially increase linearly with

time, and cessation is observed after a period of growth. However, as the salinity of the

feed water increases, the transition to cessation becomes less sharp (Fig. 3.12(a)). This is

in agreement with the work of Chung et al. [16], who computationally and experimentally

studied icicles made from brine with a salinity of 3 wt%.

Chung et al. found that the addition of salt to the feed water decreases the length and

mass growth rates of the resultant icicle [16]. We discovered that, in some cases, there

also exists a range of salt concentration for which the icicle length and mass grow faster

with increasing salinity (Fig. 3.12(a),(c),(d)). This occurs for very low salt concentrations

of less than 1 wt% and is clearer under conditions of fast growth. Above this threshold,

the growth rates decrease with increasing salinity (Fig. 3.12(a),(c),(d)). At sufficiently

high salinities, freezing point depression can cause TLA to become comparable to the

ambient temperature; in this limit, the heat flux is low and the ice growth is slow.

These results are also evident from Fig. 3.13, in which we plot the tip and radial

growth speeds of saline water icicles grown under various conditions. Here, dL/dt is

the slope of the best-fit line to the initial linear regime of the length time-series. More

precisely, this regime begins at t = 0 and ends when the slope decreases by more than

50 %. For consistency, the tip growth speeds of distilled water icicles in Sec. 3.3 were also

obtained using the same algorithm. As defined for distilled water icicles, the dR0/dt here
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Figure 3.11: Saline water properties vs. NaCl concentration: the freezing temperature
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in (c) are calculated using Ref. [46] at 0 ◦C.
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Figure 3.12: Time evolution of the (a) length, (b) radius, (c) mass, and (d) mass flux
ratio RM of some saline water icicles. The colour-coded symbols in the four panels
correspond to the same set of experiments. The legends show the NaCl concentration
of the feed water in each run. In all experiments, the ambient wall temperature was
−15.0 ◦C, the water supply rate was 1.3 g/min, the input water temperature was 2.2 ◦C,
and the surrounding air flux due to each fan was 1.05 m3/min.
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is the slope of the best-fit line to the radius time-series at 5 cm below the root during

the first 2 hours of growth. The salinity dependence of the radial growth speed follows a

similar trend as that of the tip growth speed.

Using our model and data for saline water icicles, the contributions of the various heat

transfer mechanisms to their radial growth can be determined. Assuming the phenomeno-

logical heat transfer coefficient H is unaffected by the salt added to the water source, we

set it to be the mean of the H values found for distilled water icicles (Fig. 3.9(a)) and

calculated the ratios JAD/Jtotal, JE/Jtotal, and JR/Jtotal using Eqs. 3.17-3.19. The rela-

tive contributions of advection-diffusion, evaporation, and radiation to the radial growth

of saline water icicles, plotted in Fig. 3.14(a), are comparable to those for distilled water

icicles (Fig. 3.9(c)); they are also fairly constant across growth conditions. By holding H

constant and using Eq. 3.34, we were able to estimate the fraction fL of the liquid film

that is incorporated into the “spongy” or “mushy” ice matrix. As shown in Fig. 3.14(b),

fL = 0.26, which was used in the model of distilled water icicles, is recovered for S = 0.

fL increases with salinity; this is in agreement with experiments by Wettlaufer et al. [53],

who measured the solid fraction, i.e. 1− fL, in the mushy layer of lab-grown sea ice.

3.6 Cessation of growth

In this section, we take a closer look at the cessation of icicle growth. In Sec. 3.3, we

found that distilled water icicles can suddenly stop growing at the tip. In Sec. 3.5, we

observed that the transition to cessation is less sharp for saline water icicles. In those

sections, we identified a time tL at which the initial linear growth of the icicle length

ends. tL was defined as the time at which the slope of L(t) decreases by more than 50 %;

the data before t = tL was used to calculate the linear tip growth speed dL/dt, while the

data after t = tL was excluded in this calculation. However, since not all icicles undergo

an abrupt cessation, tL is not always equivalent to the time of cessation. Here, we define

a cessation time tC as the time at which the slope of L(t) decreases to a value less than

1 cm/hr, which is one-fifth of the lowest dL/dt measured in the parameter space we

traversed.
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Figure 3.13: (a) Tip and (b) radial growth speeds of saline water icicles vs. feed water
salinity. The fixed variables are: ambient wall temperature, water supply rate, input
water temperature, and surrounding air flux due to each fan. Each colour corresponds
to one set of experiments with the same values of the fixed variables. The legends show
the values of the fixed variables for each set of experiments. The vertical dashed line in
each panel is a scale break, to the right of which salinity is plotted on a log scale.
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Figure 3.14: (a) The contributions of advection-diffusion, evaporation, and radiation in
the radial growth of saline water icicles made under various conditions. (b) The liquid
fractions of distilled and saline water icicles. The vertical dashed line in (b) is a scale
break, to the right of which salinity is plotted on a log scale.

In Fig. 3.15, tC − tL is shown for distilled and saline water icicles that meet the

cessation criterion and hence have a well-defined tC . As expected, this difference is

largest for icicles made from the saltiest water. It is likely that all lab-grown icicles

would eventually undergo cessation without experimental limitations, such as the height

of the icicle machine. In the following discussion, we shall consider cessation in the

context of our experiment — we say the growth of an icicle ceases if its speed of tip

growth drops to a value below 1 cm/hr prior to exceeding the viewing window of our

apparatus; an icicle does not undergo cessation if it grows beyond the bottom of the

viewing window. Of course, for runs that were ended while the icicle was still growing

steadily within the viewing window, no conclusions were made regarding their cessation.

The cessation of icicles was predicted by the models of Makkonen [14], Szilder et

al. [25], and Chung et al. [16]. Fig. 3.16 shows typical time-series data for ceasing ici-

cles from our experiments. As the addition of salt to the feed water causes the tip of

the resultant icicle to make a more gradual transition from linear growth to cessation

(Fig. 3.16(a)), its mass flux ratio RM = (dMI/dt)/(dMS/dt) also approaches 1 more
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Figure 3.15: Transition time from linear tip growth to cessation. The icicles here were
grown under different conditions. Since the length time-series was averaged over each
rotation, the resolution of the time axis is the rotational period: 4 minutes. The vertical
dashed line is a scale break, to the right of which salinity is plotted on a log scale.

slowly after a rapid initial rise (Fig. 3.16(c)). In other words, unlike distilled water icicles

which consume all the incoming water once the length growth has slowed down notice-

ably, pendant drops may continue to drip from saline water icicles after the tip growth

speed has decreased significantly. Fig. 3.16(b) shows the radius at various heights along

the icicle. After cessation, the radial growth at a given height can continue for some

period of time before decelerating and possibly coming to a halt; the latter occurs if all

of the feed water freezes before making its way there. The further away from the root of

the icicle, the sooner the radius stops growing.

Next, we check two hypotheses that Chung et al. [16] made about the cessation of

saline water icicles. Firstly, they predicted that icicles made from salt water continued

to drip after cessation. In Fig. 3.17, we plot the ratio of the drip-off mass flux to the

water supply rate, i.e. 1 − RM, for a representative sample of icicles made from water

of different salt concentrations. Here, time zero corresponds to the time of cessation tC .

While the two icicles made from water with salinities above 1 wt% continued to drip

after their tip growth speed became less than 1 cm/hr, the fraction of input water that

dripped off the other saline water icicles after their cessation was effectively zero.
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Figure 3.16: Time evolution of the (a) length, (b) radius, and (c) mass flux ratio RM of 3
ceasing icicles. The feed water salinity for each is shown at the top. For the distilled water
icicle: the ambient temperature was −17.5 ◦C, the water supply rate was 1.4 g/min, the
input water temperature was 3.0 ◦C, and the surrounding air flux due to each fan was
0.95 m3/min. For the two saline water icicles: the ambient temperature was −15.0 ◦C,
the water supply rate was 1.3 g/min, the input water temperature was 2.2 ◦C, and the
surrounding air flux due to each fan was 1.05 m3/min. In (b), the green, magenta,
cyan, and brown circles correspond to the radius at 5, 15, 25, and 35 cm below the root
respectively. The vertical dashed line in each plot marks the cessation time tC .



Chapter 3. Growth and cessation 43

0 0.5 1 1.5 2 2.5
0

0.05

0.1

0.15

0.2

0.25

Time after cessation (hours)

1
!

R
M

 

 

8.0 " 10!3 wt%
3.2 " 10!2 wt%
1.3 " 10!1 wt%
5.1 " 10!1 wt%
2.0 wt%
4.1 wt%

Figure 3.17: Ratio of drip-off to input mass flux after cessation. The legend indicates
feed water salinities. The icicles here were grown under different conditions.

Secondly, Chung et al. claimed that saline water icicles undergo cessation when the

tip temperature is equal to the ambient temperature. To test this, we probed the ‘instan-

taneous’ drip-off salinity SD during several experiments, using the methods described in

Sec. 3.5. Fig. 3.18 shows the results for three saline water icicles that underwent cessa-

tion. Before the initiation of icicle growth, the salinity of the drip-off water was equal

to that of the feed water. Consistent with our observation in Sec. 3.5, SD increased

during icicle growth. Since tC is defined as the time at which the length growth rate dips

below 1 cm/hr, the drip-off salinity may continue to increase for a while after t = tC .

After cessation, there was an obvious drop in the rate of increase of SD. In this regime,

1−RM ≈ 0 but dSD/dt 6= 0 for these runs; this was likely due to evaporation of the last

bit of drip-off water sitting inside the small tilted beaker after its influx had stopped.

For the three icicles in Fig. 3.18, which were made from 0.13, 0.20, and 0.50 wt%

NaCl solutions, the maximum salinities prior to the drop in dSD/dt were 0.25, 0.47,

and 1.05 wt% respectively. By substituting these into Eq. 3.36, we estimated their tip

temperature to be −0.14, −0.25, and −0.57 ◦C. However, the air surrounding these icicles

had a temperature of −9.7, −11.1, and −11.0 ◦C. Therefore, these icicles stopped growing

in length even though their tip temperature was significantly higher than their ambient

temperature. While we have refuted the hypothesis of Chung et al., it may hold true for
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Figure 3.18: Drip-off salinities before, during, and after the growth of 3 icicles made
from saline water of 0.13, 0.20, and 0.50 wt% under different conditions. The magenta
segment begins when the icicle starts growing and ends when it undergoes cessation.

higher feed water salinities — more experiments are needed to check this.

Finally, we identify growth conditions that make cessation occur at an earlier time.

Fig. 3.19 shows points in the parameter space of ambient temperature and input mass

flux for which the growth of our laboratory icicles ceased. Cessation occurred more

often when the water was supplied more slowly; in some cases, lowering the surrounding

temperature encouraged cessation. Cessation was more frequently observed for saline

water icicles than distilled water icicles. When salt was added to the feed water, some

resultant icicles ceased to elongate under conditions of ambient temperature and input

mass flux for which distilled water icicles continued to grow. The model of Szilder

et al. for pure water icicles [25] predicted that the time of cessation decreases as the

speed of tip growth increases. We confirmed this to be true for both distilled and saline

water icicles (Fig. 3.20(a)). Moreover, we found that the cessation length of an icicle,

L(tC) 6= L(tL) ≈ (dL/dt) × tL, and dL/dt are also inversely correlated, though icicles

made from water with salinities above 1 wt% deviated from this trend (Fig. 3.20(b)).

This concludes the chapter on the growth and cessation of icicles, in which we mea-

sured the tip and radial growth independently of each other. The icicle was treated as a

stack of thin cylindrical slices, and its radial growth was only probed at selected heights.

In the following chapter, we shift our focus to studying the global shape of icicles.
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Figure 3.19: Cessation occurrences for (a) distilled and (b) saline water icicles in the
parameter space of ambient wall temperature and water supply rate. The range of feed
water salinity in (b) was 1.0 × 10−3 to 4.1 wt%. Circles indicate that cessation was
observed during the experiment; crosses indicate that the icicle grew past the bottom of
the viewing window.
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Figure 3.20: (a) Cessation time tC and (b) the icicle length at t = tC , plotted against
the speed of tip growth. The legends indicate feed water salinities. The icicles here were
grown under different conditions.
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Self-similar shape

The models of Makkonen [14], Szilder et al. [25], and Chung et al. [16], discussed in Ch. 3,

provided various insights into icicle formation. In particular, their prediction that the

length of an icicle grows significantly faster than its radius implied the long and slender

form we’ve come to associate with icicles. However, these theories did not explicitly derive

a mathematical expression for their overall shape. The first analysis that did so was that

of Short et al. [26]. By considering the relevant physical mechanisms underlying icicle

growth and using a strict free-boundary approach, they made the remarkable prediction

that all icicles converge to a universal, self-similar shape. This prediction had previously

been compared to eight icicle images found on the Internet [26]. The main objective

of this chapter is to report on the first direct test of the self-similarity theory against

laboratory experiments.

This chapter begins with a summary of the theory by Short et al. [26] and its impli-

cations (Sec. 4.1). Next, we describe our methods for comparing this theory with data,

as well as observations from our preliminary, partially-controlled experiments (Sec. 4.2).

These observations motivate our fully-controlled experiments, the results of which are

presented in Sec. 4.3. It turns out that some icicles fit the theoretical prediction to

an uncanny degree, while others are poorly described by it; thus, an important goal

here is to identify the conditions under which icicles agree with or deviate from the

self-similarity theory. A fraction of our lab-grown icicles exhibit shapes that deviate so

far from self-similarity that they cannot be reasonably described by this theory; their

46



Chapter 4. Self-similar shape 47

Value Value

κL 1.4× 10−7 m2/s κA 1.9× 10−5 m2/s

νL 1.8× 10−6 m2/s νA 1.3× 10−5 m2/s

g 9.8 m/s2 βA 3.7× 10−3 K−1

Table 4.1: Parameter values in thin water film and air boundary layer calculations; both
are assumed to be at 0 ◦C.

non-ideal features are discussed in Sec. 4.4.

4.1 Theoretical context

In this section, we summarize the work of Short et al. [26], who derived a mathematical

expression that predicts the global shape of a uniformly advancing icicle.

Short et al. assumed all of the latent heat released from the icicle growth is conducted

across the thin water film; the advective heat transport down the water layer was ignored.

Using the parameter values in Table 4.1, we find the thickness and surface speed of the

water film (Eqs. 3.8 and 3.9) to be h = 5.6×10−5 m and us = 8.5×10−3 m/s for a typical

icicle radius of R = 10−2 m and a water supply rate of Q0 = 2 × 10−8 m3/s; θ = 0 is

assumed. The Péclet number (Table A.2) for the water film PeL = hus/κL = 3.4, where

κL is the thermal diffusivity of water; this indicates that advection is at least as important

as conduction, and hence the assumption of negligible advection is questionable. The

Reynolds number (Table A.2) for the water film ReL = hus/νL = 0.27, where νL is the

kinematic viscosity of water; this suggests its flow is laminar. In reality, both PeL and

ReL evolve with time, because for a given fixed Q0, h and us vary with R which increases

during icicle growth (Fig. 3.3); their typical time dependence is shown in Fig. 4.1.

Moreover, Short et al. assumed a calm growth environment. Thus, the heat transport

is affected by natural convection and governed by a rising boundary layer of warm air

around the icicle. This thermal boundary layer exists because the icicle surface is warmer

than its surrounding air, and it rises because of its buoyancy. In modelling the thickness

δ of this layer, they justified the usage of the natural convection boundary layer thickness
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Figure 4.1: Time dependence of the (a) thickness, (b) surface speed, (c) Péclet number,
and (d) Reynolds number of the thin water film on a typical lab-grown distilled water
icicle. The radial growth of this icicle, measured at 5 cm below its root, was shown by
the green data in Fig. 3.3(b).

for a flat, vertical, and isothermal plate [26,50]:

δ = C`

(
z

`

)1/4

, ` =

(
ν2
A

gβA∆TA

)1/3

, (4.1)

where C is a dimensionless constant of order unity which is related to the Prandtl number

of air, z is the vertical distance away from the tip, νA is the kinematic viscosity of air, g is

the acceleration due to gravity, βA is the volumetric thermal expansion coefficient of air,

and ∆TA is the difference between the surface temperature and the ambient temperature.

Since this approximation is unjustifiable near the tip of the icicle, the theory is not

expected to work there.

The peak speed of the warm air in the boundary layer [26, 50] is

up =
2

3

√
gβA∆TAz. (4.2)

Using the values in Table 4.1, we find δ = 3.1 × 10−3 m and up = 1.8 × 10−1 m/s for
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C = 1, z = 0.2 m, and ∆TA = 10 K. Thus, away from the tip of an icicle, the thermal

boundary layer is typically thicker than the water film but thinner than its radius. The

Reynolds number of the natural convection boundary layer ReA = δup/νA = 43, and its

Péclet number PeA = δup/κA = 29, where κA is the thermal diffusivity of air. Therefore,

compared to the thin water film, advective heat transport is more prevalent in the air

boundary layer, and the flow of the warm air is more likely to be unstable. Most of the

icicles in our experiments were grown under forced convection conditions, with a typical

wind speed of 2− 3 m/s, which is much higher than up; the thickness of their boundary

layer is likely to be smaller than that for icicles grown in still air [54].

Instead of accounting for the contributions from the various heat transfer mechanisms,

as we did in Ch. 3, Short et al. used Fourier’s law of heat conduction to approximate the

heat flux across the air boundary layer:

JA =
ΛA∆TA

δ
=

ΛA∆TA
C`

(
`

z

)1/4

, (4.3)

where ΛA is the thermal conductivity of air. Then, they derived the normal growth speed

of the icicle surface:

vg =
JA
LfρI

= vc

(
`

z

)1/4

, vc =
ΛA∆TA
LfρIC`

, (4.4)

where Lf is the latent heat of fusion of water and ρI is the density of ice.

After enforcing in Eq. 4.4 the condition for uniformly translating shapes, i.e. vg =

vt sin θ, where vt is the tip growth speed and θ is as shown in Fig. 3.1, and rewriting

trigonometric functions in terms of the slope of the icicle profile, they found the following

ordinary differential equation for the ideal shape of icicles:

dρ

dζ
=

1√
ζ1/2 − 1

, (4.5)

where ρ = R/a, ζ = z/a, and the common length scale factor is given by

a = `

(
vc
vt

)4

=
gβA(∆TA)5

ν2
A

(
ΛA

LfρICvt

)4

. (4.6)
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Figure 4.2: Theoretical prediction for the ideal icicle shape by Short et al. [26]. ζ ≥ 1 is
the dimensionless vertical distance away from the tip; ρ ≥ 0 is the dimensionless radius.

Eq. 4.5 can be solved exactly; its solution is

ρ(ζ) =
4

3

(
ζ

1
2 + 2

)√
ζ

1
2 − 1. (4.7)

Since all the physical details were absorbed into a, Eq. 4.7 is free of any parameters;

this implies there is a universality of shape amongst icicles. It is plotted in Fig. 4.2, which

shows that the ideal icicle shape is slightly convex and hence distinct from that of a cone.

This solution is predicted to be an attractor, i.e. all icicles should converge to this shape

as they grow. For a given icicle, the value of a determines the scaling of the ideal shape

that resembles its form. For large ζ, the predicted shape takes the form of a power law

ρ ∼ ζ3/4; in this sense, it is self-similar. Furthermore, Short et al. found that the shape

of stalactites exhibits this same asymptotic power law [28, 29], even though the growth

mechanisms of icicles and stalactites are vastly different; this explains the striking visual

resemblance between the two. A critical assessment of the icicle shape theory by means

of laboratory experiments is presented in the next three sections.

4.2 Preliminary observations

In this section, we discuss preliminary observations from our experiments on the shape

of icicles. These are primarily based on data collected prior to the completion of the

fully-controlled set-up described in Ch. 2. For example, in the earliest experiments, we
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grew icicles from crushed ice that was packed inside a large heated funnel; thus, the

input mass flux was uncontrolled. In another iteration of the apparatus, we made the

feed water travel through several feet of coiled copper tubing immersed in an ice-water

bath before it entered the icicle machine; this allowed us to partially control the input

water temperature. In addition to wood, cotton was used as a substrate in some runs.

The theory by Short et al., reviewed in Sec. 4.1, had previously been compared to eight

images of natural icicles found on the Internet [26]. Here, we test it against 106 images of

laboratory icicles grown from either distilled or Toronto tap water. Each picture is taken

prior to cessation and features a different icicle. For consistency, all icicles analyzed here

have a length of 25± 1 cm. Since the physical interpretation of a (Eq. 4.6) is somewhat

obscure, we shall simply treat it as a theory-independent overall scale parameter in the

fitting of lab-grown icicles.

Following the methods outlined in Sec. 3.3, we first detected the edge of each icicle

and converted it into a profile R(z). Then, using a Levenberg-Marquardt algorithm, we

fit the profile to the theoretical prediction, Eq. 4.7, to extract the scaling factor a that

gives the smallest reduced chi-squared. The reduced chi-squared is defined as

χ2
ν =

1

ν

N∑
i=1

(R̂i −Ri)
2

σ2
i

, (4.8)

where R̂i is the fit estimate of the icicle radius, Ri is the actual icicle radius, σi = 2 pixels

is the uncertainty associated with each measurement of Ri, N is the number of pixels

corresponding to the icicle length, ν = N − n − 1 is the number of degrees of freedom,

and n is the number of fit parameters, which is 1 in our case.

Fig. 4.3(a) shows the best-fit a and the reduced chi-squared from fitting the 106 icicle

profiles to Eq. 4.7. Since a is typically on the order of 10−5 to 10−3 cm, Eq. 4.7 reduces

to its small-a limit ρ(ζ) = (4/3)ζ3/4 away from the tip. In Fig. 4.4, we present data

representative of the two extremes we observed; for the sake of fair comparison, we only

chose from fits that gave a best-fit a ∼ O(10−4 cm). Fig. 4.4(a) shows an average plot of

five such icicles with the smallest χ2
ν ; Fig. 4.4(b) plots the five with the largest χ2

ν . As seen

in Fig. 4.4(a), some icicles fit the theoretical prediction to an impressive degree, at least
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away from the tip where it is expected to hold. On the opposite extreme, Fig. 4.4(b)

demonstrates that some icicles are poorly described by Eq. 4.7; these generally have

more complex shapes that are clearly not self-similar. Most icicles exhibit a degree of

agreement with the self-similarity theory that falls between these two extremes. In all

cases, χ2
ν > 1; this indicates the existence of real, systematic fluctuations of the icicle

shape from the simplistic, smooth prediction shown in Fig. 4.2.

As a theory-independent model, we also tried a two-parameter fit of the unscaled

icicle profile to an arbitrary power law R = αzβ. Fig. 4.3(b) plots the best-fit exponents

β against their corresponding reduced chi-squared. The mean χ2
ν is 12± 1 in Fig. 4.3(b)

and 22 ± 2 in Fig. 4.3(a). Thus, the arbitrary power law, as a purely empirical model,

generally does better at describing the shape data than the full solution of the self-

similarity theory. This is not surprising, since the former contains two parameters for

fitting, while the latter only has one. Icicles that fit well to the power-law model scatters

around β = 0.5; this suggests that the asymptotic 3/4 power law predicted by Short et

al. [26] is not robust.

The quality of the fit to both models, as measured by χ2
ν , has a clear dependence

on the purity of the feed water. In Fig. 4.3(a), the mean χ2
ν is 15 ± 2 for distilled

water icicles and 37 ± 4 for tap water icicles. In Fig. 4.3(b), the mean χ2
ν is 5 ± 1 for

distilled water icicles and 28 ± 3 for tap water icicles. Their morphological differences

are apparent from casual inspection. Fig. 4.5 shows time-lapse photographs of two icicles

grown under identical conditions, except one was made from distilled water and the other

from Toronto tap water. Tap water icicles tend to have bulgier upper bodies than their

distilled counterparts, which are generally closer to the predicted monotonic shape. Tap

water icicles also exhibit a much more prominent ripple pattern on their surface, the

subject of Ch. 5. In fact, it was this observation that prompted us to conduct controlled

experiments on saline water icicles. Moreover, tap water icicles are generally cloudier in

appearance than distilled water icicles; this may reflect the presence of impurities in tap

water, which can alter the water freezing process.
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Figure 4.3: Results of fitting profiles of 106 laboratory icicles, made from either distilled
or Toronto tap water, to: (a) Eq. 4.7, (b) an arbitrary power law R = αzβ. Note the
difference in the scales on the horizontal axes.
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Figure 4.4: Average plots of the profiles of: (a) five icicles that fit best to the theoretical
prediction, (b) five icicles that fit most poorly to the theoretical prediction. The green
dots in the background are the raw data, the red dots in the foreground are the average
data, and the blue curve indicates the theoretical prediction.
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Figure 4.5: Photographic time-series of two icicles grown from different sources under
otherwise identical conditions: (a) was made with distilled water; (b) was made with
Toronto tap water. The temperature of the stirred air was −6.8 ◦C, the input mass flux
was 2.6 g/min, and the input water temperature was 3.2 ◦C. The times shown are the
times elapsed since the initiation of icicle growth.
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4.3 Controlled experiments

In the previous section, observations from our preliminary, partially-controlled experi-

ments were reported. We found that while some profiles of lab-grown icicles fit extremely

well to the theoretical prediction of Short et al. [26], some deviated far from it. In par-

ticular, we noticed a correlation between the degree of agreement and the purity of the

water supply. Moreover, for a given type of feed water, the reduced chi-squared from the

fit spanned a wide range (Fig. 4.3(a)); this suggests there are other factors that affect how

‘platonic’ the icicle shape is. In this section, we dig deeper to investigate the time evolu-

tion of the icicle shape, its dependence on the impurity level of the feed water, and how

it is affected by various extrinsic factors. The results here are based on time-series data

collected from our fully-controlled experiments, done using the apparatus and methods

described in Ch. 2.

As before, we performed edge detection on each icicle image to extract the profile

R(z), which was then fit to Eq. 4.7 via a least-squares analysis to determine the best-fit

scaling factor a. Fig. 4.6(a)-(b) show typical pre-cessation time-series of the best-fit a

and the reduced chi-squared from fitting profiles of distilled water icicles. a(t) begins

with an initial transient during which the predicted icicle shape is fit to a frozen droplet

or a short ice tube; it is only after this period that a becomes relevant in the present

context. After the transient, a maintains a relatively constant value, as one would expect,

since every parameter in Eq. 4.6 is constant or approximately so prior to cessation. For

uniformly advancing icicles, the reduced chi-squared from the fit does not vary much

before cessation either. However, after cessation, the shapes of distilled water icicles

deviate increasingly from the prediction of the self-similarity theory (Fig. 4.6(c)). For

saline water icicles, this increasing deviation may begin well before cessation (Fig. 4.6(d)).

To examine the degree of agreement between theory and experiment under different

conditions, we again picked out data corresponding to growing icicles with a length of

25 ± 1 cm. Within the parameter space we traversed, the quality of fit shows no sys-

tematic dependence on the ambient temperature (Fig. 4.7(a)), input water temperature

(Fig. 4.7(c)), or surrounding air flux (Fig. 4.7(d)). It does, however, show a clear depen-
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Figure 4.6: Time evolution of the (a) best-fit a and (b)-(d) χ2
ν from the icicle shape fit.

(a)-(c) are from fitting distilled water icicles: the colour-coded circles correspond to the
same set of experiments; the legends show the ambient wall temperature and the water
supply rate for each run; in all experiments, the input water temperature was 3.0 ◦C,
and the surrounding air flux due to each fan was 0.95 m3/min. (d) is from fitting saline
water icicles: the legend shows the feed water salinity for each run; in all experiments, the
ambient wall temperature was −15.0 ◦C, the water supply rate was 1.3 g/min, the input
water temperature was 2.2 ◦C, and the surrounding air flux due to each fan was 1.05
m3/min. (a)-(b) show pre-cessation data only. (c)-(d) include post-cessation data; each
vertical dashed line marks the time of cessation for the time-series of the same colour.
The error bars indicate the standard errors from averaging over each rotation.
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Value Value

g 9.8 m/s2 ΛA 2.43× 10−2 W/(m·K)

βA 3.7× 10−3 K−1 Lf 3.34× 105 J/kg

νA 1.3× 10−5 m2/s ρI 0.917× 103 kg/m3

Table 4.2: Parameter values in shape scaling factor calculations.

dence on the input mass flux — the faster the water is supplied, the further the resultant

icicle deviates from the theoretically predicted shape (Fig. 4.7(b)). The reduced chi-

squared from the fit also rises above the norm for the highest feed water salinities, above

1 wt% (Fig. 4.8). This is qualitatively consistent with our earlier observation that tap

water icicles generally had less ‘platonic’ shapes than distilled water icicles, though the

impurity level in our tap water was only ∼ 10−2 wt% (Table 2.1). Fig. 4.9 shows visually

how the icicle morphology changes with the water supply rate and the feed water salinity.

As these parameters are increased, the shape deviates from not only self-similarity, but

also axisymmetry.

Next, we compare the best-fit parameter afit with the theoretical prediction atheory.

The latter was calculated from Eq. 4.6, using the parameter values in Table 4.2, C = 1,

and the measured ∆TA and vt for each run. Fig. 4.10 shows data for 106 distilled and

saline water icicles grown in our controlled experiments under various conditions. Because

a becomes more irrelevant as the icicle profile deviates further from the self-similarity

theory, 9 icicles with χ2
ν > 30 are excluded in this figure. While afit and atheory are

positively correlated, most theoretical values for the scaling factor are 2 to 3 orders of

magnitude less than their actual values (Fig. 4.10(a)). Since the unspecified constant of

order unity C in Eq. 4.6 is raised to the 4th power, setting C = 0.2 would bring afit and

atheory into agreement.

Finally, we determine how a depends on icicle growth speeds in our experiments.

Eq. 4.6, from the theory of Short et al. [26], suggests there is a power-law relationship

between a and the ratio of the lateral growth speed to the tip growth speed, i.e. a =

d(vg/vt)
p, where d is a characteristic length scale and p is an exponent. Taking the log

on both sides, we get log(a) = log(d) + p log(vg/vt). In Fig. 4.10(b), log(afit) is plotted
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Figure 4.7: Deviation from the ideal icicle shape vs. extrinsic conditions. All results are
from fitting distilled water icicles. The fixed variables in each panel are: (a) water supply
rate (as shown in the legend), input water temperature (3.0 ◦C for all experiments), and
air flux per fan (0.95 m3/min for all experiments); (b) ambient wall temperature (as
shown in the legend), input water temperature (3.0 ◦C for all experiments), and air flux
per fan (0.95 m3/min for all experiments); (c) ambient wall temperature (−12.1 ◦C for
all experiments), water supply rate (2.0 g/min for all experiments), and air flux per fan
(0.82 m3/min for all experiments); (d) ambient wall temperature (−12.1 ◦C for all exper-
iments), water supply rate (2.0 g/min for all experiments), and input water temperature
(3.0 ◦C for all experiments). Each colour corresponds to one set of experiments with the
same values of the fixed variables.
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Figure 4.8: Deviation from the ideal icicle shape vs. feed water salinity. The fixed
variables are: ambient wall temperature, water supply rate, input water temperature, and
surrounding air flux due to each fan. Each colour corresponds to one set of experiments
with the same values of the fixed variables. The legend shows the values of the fixed
variables for each set of experiments. The vertical dashed line is a scale break, to the
right of which salinity is plotted on a log scale.

against log(vg/vt), where afit is in centimetres, and vg and vt are taken to be the measured

radial and tip growth speeds for each run. Indeed, a linear relationship is found, which

is a strong test for the existence of a power law. The best-fit line through this data has a

slope of 2.4 and a y-intercept of −0.95. Thus, the exponent p = 2.4, and the characteristic

length d = 1.1 × 10−3 m, which is roughly the thickness of the thermal boundary layer

around the icicle, calculated in Sec. 4.1. In contrast, Eq. 4.6 gives p = 4 and d = z, the

vertical distance away from the tip. This disagreement between theory and experiment

is further evidence that the scaling model of Short et al. [26] is not robust.

4.4 Non-ideal features

A fraction of our lab-grown icicles exhibited non-ideal features which were sufficiently

pronounced that their shapes could not be reasonably described by the self-similarity

theory.
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Figure 4.9: Icicle morphology vs. (a) water supply rate and (b) feed water salinity. The
icicles in (a) were made from distilled water; the ambient wall temperature was −14.9 ◦C.
For the icicles in (b), the ambient wall temperature was −13.7 ◦C, and the water supply
rate was 2.3 g/min. In all experiments, the input water temperature was 3.0 ◦C, and the
surrounding air flux due to each fan was 0.95 m3/min.
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Figure 4.10: Experimental vs. theoretical values of the shape scaling factor. In (b), afit

is in cm, and the dashed line is the best-fit line.
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For example, icicles can twist (Fig. 4.11(a)) due to a vigorous, repetitive flow of the

surrounding air. These are distinct from icicles that bend (Fig. 4.11(b)), another type

of deviation from axisymmetry. Bent icicles are caused by irregular, non-axisymmetric

water distribution or wind effects. We found that icicles tend to bend towards the side

on which the feed water flows down. Past experiments by Maeno et al. [30, 31] showed

that icicles bend towards the leeward direction, and the angle of deviation from the

vertical increases with the speed of the wind. Bending and twisting were frequently

observed in early iterations of our experiments, which had a non-rotating icicle support

and strong, asymmetric air-stirring. These effects were minimized in the final design of

the apparatus, described in Ch. 2, by placing the fans in a symmetric configuration and

limiting their speed, as well as rotating the support and positioning the feed water nozzle

slightly off-axis from it to encourage even water distribution.

Thin, needle-like spikes were sometimes seen to extend from the icicle surface in

random directions, but only after the cessation of its growth. As discussed in Sec. 3.6,

the thin water film on the icicle surface begins to freeze from the bottom up after cessation

(Fig. 3.16). If any water is trapped under ice, the pressure from its expansion as it freezes

can push it out through small gaps in the ice; once the water is ejected, it may freeze

rapidly to form a spike [30, 31]. The spike circled in Fig. 4.11(c) is about 1 cm long and

1 mm wide. To allow icicles with such spikes to be included in the data analysis, we added

a de-spiking operation to our edge-tracing algorithm: the horizontal edge coordinate at

a given height was ignored if it deviated more than 3 mm, i.e. about 16 pixels, from that

identified in the row one pixel above it.

An unexpected but not uncommon non-ideal feature of our lab-grown icicles was

multiple tips (Fig. 4.11(d)-(e)). It is the result of a branching process, which begins with

the formation of a small protrusion on the surface of an icicle, usually within a couple of

centimetres above the tip and at an angle between 0 and 90◦ from the downward axis.

Once the protrusion becomes a secondary source of pendant drops falling from the icicle,

an icicle with multiple tips will form. Each of the tips continues to grow as they share

the incoming water supply. Fig. 4.11(f) shows the typical evolution for the initiation of

a multi-tipped icicle.
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(a) (b) (c) (d) (e)

(f)
Figure 4.11: Non-ideal features of lab-grown icicles: (a) is a twisted icicle; (b) is a bent
icicle; (c) shows an icicle with a thin spike extending from its surface; (d)-(e) are multi-
tipped icicles; (f) shows time-series photographs of the initiation of a multi-tipped icicle
grown on a piece of string (time interval: 10 min).
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Of the 250 icicles we grew under various conditions, 56 had multiple tips. The presence

or absence of air motion around the growing icicle was strongly correlated with the

probability that branches will develop. Of the 22 runs conducted with the air-circulating

fans off, multiple tips were observed in 15 runs (i.e. 68 %); of the 228 icicles grown when

the air was stirred, multiple tips were observed in 41 runs (i.e. 18 %). Considering only

the runs for which the fans were turned on, the addition of impurities to the feed water

increased the likelihood of branching. In windy conditions, only 3 of the 73 distilled

water icicles (i.e. 4 %) grew multiple tips, while 38 of the 155 impure water icicles (i.e.

25 %) grew multiple tips. Multiple tips formed on 71 % of the impure water icicles

grown in still air. As will be discussed in Ch. 5, the presence of impurities in the feed

water can encourage the formation of protrusions on the icicle surface and hence increase

the probability of branching. A theoretical explanation for the correlation between the

branching of icicles and their surrounding air motion remains to be formulated.

This concludes the chapter on the global shape of icicles, in which we tested the self-

similarity theory of Short et al. [26] against experimental data. Icicles grown in still air

had a high probability of forming multiple tips; this contradicts the natural convection

assumption of the theory. Even under forced convection conditions, the profiles of most

laboratory icicles deviated significantly from the theoretically predicted shape. The de-

gree of deviation increased with the input rate and impurity level of the feed water. The

emergence of ripples, which also contributed to deviation from the self-similar shape, is

the subject of the next chapter.
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Rippling instability

The second law of thermodynamics dictates that the entropy of an isolated system never

decreases [55, 56]. Yet, from the periodic wind-blown sand ripples in deserts, to the

complex, intricate patterns of snowflakes, to the spots on leopards and the stripes on

zebras, self-organizing systems that evolve towards order are ubiquitous in Nature [57–60].

It is not that the second law is violated, but these pattern-forming systems are not

isolated. Energy flow in and out of a system allows it to lower its entropy [55, 56]. An

icicle, too, is an open system. During the non-equilibrium growth of icicles, water is

continually supplied to their roots and dripped off from their tips, and latent heat is

transferred from the icicle to its surrounding air and drip-off water. The emergence of

“Michelin Man”-like ripples on the surface of icicles (Fig. 1.1(b)) is an example of pattern

formation and the focus of this chapter.

Icicle ripples are due to a morphological instability that is not contained in the growth

models outlined in Ch. 3 or the self-similarity theory discussed in Ch. 4. However,

they have been investigated by linear stability theory [33–39] and laboratory experi-

ments [38,40]. All past ripple measurements were made on either natural icicles [9,30,40]

or laboratory icicles grown from an unspecified water source [38, 40]. In their growth

experiments on distilled water icicles, Maeno et al. [30] mentioned it was “difficult” to

produce ripply ones. In their growth experiments on marine icicles, Chung et al. [16] com-

mented on the “pronounced ribs” being a characteristic that distinguished saline water

icicles from pure water ones. Here, we report on our experimental study of icicle rip-
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ples, which is the largest and most controlled one to date, and the first to systematically

explore the role of added ionic impurities in the instability.

This chapter has three sections. In Sec. 5.1, we explain how we analyze our data

on icicle ripples and discuss preliminary observations from our partially-controlled ex-

periments. These observations motivate our fully-controlled experiments, the results of

which are presented in Sec. 5.2. In Sec. 5.3, we review existing theoretical analyses of

icicle ripples and compare our data with their predictions. We find that the ripple pat-

tern commonly seen on natural icicles is rarely observed on lab-grown icicles made from

distilled water. Contrary to theoretical expectations, the addition of non-ionic surfactant

to the feed water, which reduces its surface tension, does not produce growing ripples.

Instead, growing ripples emerge on icicles made from water with a sufficient amount of

dissolved ionic impurities. Based on our experimental findings, we propose fundamental

ways in which existing theories on the rippling instability of icicles should be modified.

5.1 Preliminary observations

In this section, we discuss observations of icicle ripples that were made during our pre-

liminary experiments on the morphology of icicles, conducted prior to the completion of

the fully-controlled set-up described in Ch. 2. In Sec. 4.2, we noticed that compared to

distilled water icicles, tap water icicles exhibited a much more prominent ripple pattern

on their surface (Fig. 4.5). A particularly good sample of such ripples was found on a

long finger of ice that fortuitously formed when the drain of the refrigerated box froze.

A cylindrical finger grew from the bottom upward and bridged the whole height of the

apparatus. The rotation of the icicle support was turned off. As the tap water contin-

ued to flow down the exterior of the finger, an extensive pattern of ripples was formed.

Fig. 5.1 shows photographic time-series of the ice finger.

To visualize the evolution of the ripples more clearly, we applied the image processing

algorithm outlined in Sec. 3.3 to the time-series photographs, and we filtered the x(y) data

(Fig. 3.2(c)) for each edge to get the ripple positions xrip(y). The filtering consisted of

subtracting a background shape, which was obtained by smoothing x(y) using a moving
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Figure 5.1: Photographic time-series of a tap water ice finger, 33 cm long. The surround-
ing air was gently stirred by fans and had a temperature of −10.4 ◦C.

average with a span of y = 1 cm. The filter de-emphasized topographical features,

such as the bulges in Fig. 4.5(b), that had longer length scales than typical ripples,

which have been shown previously [9, 30, 38, 40] to have wavelengths near 1 cm. This

choice of de-trending filter is also consistent with the wavelengths of all the prominent

ripple patterns observed on the lab-grown icicles in the present study. Fig. 5.2 shows

a space-time plot of xrip(y) for the left edge of the ice finger in Fig. 5.1. Like natural

icicles [9,30,40], these ripples had a wavelength of approximately 1 cm. They climbed the

ice at a speed of millimetres per hour during growth, in qualitative agreement with the

prediction by Ueno et al. [34–39]. The upward motion was sometimes locally interrupted

by the appearance of new ripples, ripple mergers, and other dynamics.

Next, we applied the same ripple extraction operations to growing icicles. Fig. 5.3

shows the x(y) and xrip(y) for the left edges of two lab-grown icicles, one made from

distilled water and the other from tap water. To characterize their ripples, we took

the Fourier transform of the spatial series xrip(y) for the top 10 cm of the left and
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Figure 5.2: Space-time plot of the ripples along the left edge of the ice finger in Fig. 5.1.
xrip, indicated by the colour, is plotted as a function of y and time, where y is 0 at the top
of the finger and decreases towards the bottom. The dashed line is a horizontal reference
and shows that the centimetre-scale ripples moved slightly upward during growth.
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right edges, spliced together peak-to-peak. The rightmost plots in Fig. 5.3 show the

resulting power spectra. We defined the ripple amplitude A as the value of the maximum

amplitude in the spectrum, with a small offset subtracted. The offset was determined

from fitting a Lorentzian function plus a positive constant parameter to the spectral data

through the point of the maximum amplitude. We defined the ripple wavelength λ as

that corresponding to the point of the maximum amplitude; its error was given by the

half-width at half maximum of the Lorentzian fit. This analysis gives the amplitude and

wavelength of the most dominant Fourier mode of the ripple pattern. Isolated bumps on

the icicle surface with a length scale comparable to that of ripples may contribute to the

power of the peak. Since distilled water icicles are not perfectly smooth, they still have

a broad but weak Fourier spectrum after de-trending.

We considered only ripples in the uppermost 10 cm, because ripples farther down had

had less time to grow and may grow under more impure conditions due to the exclusion

of impurities by ice formation higher up. As mentioned in Sec. 3.3, the resolution of our

digital images was typically around 0.018 cm per pixel; thus, to detect the edge of one side

of a 10 cm segment of the icicle required about 550 measurements. Since we determined

the ripple amplitude and wavelength using both the left and right edges, the ripple

analysis of a single image was based on about 1100 edge detection measurements. The

entire algorithm for the extraction and analysis of ripples had been tested on simulated

icicle images with a resolution comparable to that of actual data; two examples of these

tests are shown in Fig. 5.4. The algorithm yielded the correct known ripple amplitudes

and wavelengths of the simulated icicles. The image resolution was not a limiting factor

for the ripple measurement.

We also tested the algorithm on simulated data of an icicle with a random noise

(Fig. 5.5). Again, the de-trending filter took out topographical features with length

scales greater than 1 cm. Even though no ripples were present on this icicle, the Fourier

spectrum of its de-trended edge data exhibited a peak with an amplitude of nearly half a

pixel close to λ = 1 cm; this was due to random deviations from the background shape of

the icicle. Taking such systematic fluctuations into consideration, a reasonable floor for

resolving the ripple amplitude is approximately 1 pixel. Therefore, in the subsequent dis-
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Figure 5.3: Ripple extraction and analysis of actual icicle data: (a) is a distilled water
icicle; (b) is a tap water icicle. From left to right: the icicle image; the detected left edge
(red) and its background shape (black); the ripple coordinates for the left edge (green);
the Fourier spectrum of the ripple coordinates for the top 10 cm of the left and right
edges, spliced together peak-to-peak (cyan). The magenta curve in the rightmost plot is
a Lorentzian fit through the point of the maximum amplitude. Results of the analysis:
(a) A = 0.5 pixels, λ = 43± 7 pixels; (b) A = 3.0 pixels, λ = 50± 2 pixels.
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Figure 5.4: Ripple extraction and analysis of simulated icicle data. Each simulated icicle
has a length of 556 pixels, i.e. 10 cm with our typical image resolution of 0.018 cm/pixel.
(a) is Eq. 4.7 with a = 10−4 cm; (b) is (a) plus a sine wave with an amplitude of 2 pixels,
a wavelength of 50 pixels, and a random phase. From left to right: the icicle image; the
detected left edge (red) and its background shape (black); the ripple coordinates for the
left edge (green); the Fourier spectrum of the ripple coordinates for the left and right
edges, spliced together peak-to-peak (cyan). The magenta curve in the rightmost plot
of (b) is a Lorentzian fit through the point of the maximum amplitude; the analysis
accurately gives A = 2.0 pixels and λ = 50± 1 pixels.
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Figure 5.5: Ripple extraction and analysis of simulated icicle data with a random noise.
Its shape is Fig. 5.4(a) plus normally-distributed random fluctuations, with a mean of 0
and a variance of 2 pixels, along the length of the icicle; it has no ripples.

cussion, we refer to measurable ripples as those with an amplitude greater than 0.02 cm.

We are mainly interested in ripple patterns that have amplitudes significantly above this

detection limit.

Fig. 5.6 shows the results of the ripple analysis performed on images of 106 laboratory

icicles, grown from either distilled or tap water under various conditions. The measured

wavelength was typically close to 1 cm, regardless of feed water type. The wavelength

of the lowest-amplitude data tended to deviate from 1 cm, because the point of the

maximum amplitude in the Fourier spectrum was close to the noise floor. The wavelength

of higher-amplitude data could also exceed 1 cm, if the filtered icicle topography still

contained features that had longer length scales and were more prominent than ripples.

In agreement with direct observation (Fig. 4.5), distilled water icicles had no or barely

measurable ripples. If ripples were detected on distilled water icicles, they generally

had much smaller amplitudes than the ripples on tap water icicles. In Fig. 5.6, the
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mean of the amplitude measurements is 0.014 ± 0.004 cm for distilled water icicles and

0.032± 0.014 cm for tap water icicles.

According to Ueno et al. [34–39], surface tension effects at the liquid-air interface,

neglected in the self-similar shape theory [26], play an important role in the rippling

instability of icicles. Their theory, which will be reviewed in Sec. 5.3, predicts that ripples

grow faster on icicles made from feed water with lower surface tensions. As discussed

in Sec. 2.3, we measured the surface tension of our distilled and tap water using the

capillary tube method. The distilled water had a surface tension of 0.0718±0.0003 N/m,

while the tap water had a surface tension of 0.0709± 0.0003 N/m. Therefore, our direct

observation that tap water icicles exhibit more prominent ripples than distilled water

icicles is not qualitatively inconsistent with the theory of Ueno et al. However, the

difference between the surface tension of distilled and tap water seems too small to

account for this observation.

We also measured the compositions and conductivities of our water samples. The im-

purity level of the tap water was much higher than that of the distilled water (Table 2.1).

Furthermore, we collected and analyzed melted snow that eventually produced ripply

natural icicles. Its conductivity was 30 µS/cm. The metals with the highest concentra-

tions were calcium (2.42 mg/L) and sodium (1.83 mg/L), and the anion with the highest

concentration was chloride (3.56 mg/L). Overall, the melted snow had a higher impurity

level than distilled water but was purer than Toronto tap water (Table 2.1). Therefore,

it is possible that the amount of dissolved ionic impurities in the feed water is linked to

the ripple amplification on icicles. Another potential trigger of the rippling instability

is dissolved gases, which are presumably abundant in both tap water and melted snow.

In the next section, we systematically investigate how surface tension, dissolved ionic

impurities, and dissolved gases are correlated with the growth of icicle ripples.

5.2 Controlled experiments

In the previous section, observations from our preliminary, partially-controlled experi-

ments were described. The main finding was that distilled water icicles had no or barely
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Figure 5.6: Results of the ripple analysis for 106 laboratory icicles, made from either
distilled or Toronto tap water under various conditions.



Chapter 5. Rippling instability 75

measurable ripples, while most tap water icicles had prominent ripples with amplitudes

considerably above their resolution limit. The theory of Ueno et al. [34–39] claims that

the ripple growth is related to surface tension effects. However, it is also possible that

the rippling instability is dependent on the amount of dissolved ionic impurities or gases

in the feed water. In this section, we report results from our fully-controlled experiments,

in which we systematically studied the dependence of the characteristics of icicle ripples

on feed water properties, as well as other control parameters. Comparison with existing

theories will be made in Sec. 5.3.

First, we focus on comparing icicles made from feed water with different compositions,

grown under otherwise identical conditions: an ambient wall temperature of −12.3 ±

0.2 ◦C, a water supply rate of 2.0 g/min, an input water temperature of 3.0±0.3 ◦C, and

a volumetric air flux of 0.95 ± 0.03 m3/min per fan. Fig. 5.7 displays three such icicles

made from distilled water plus varying amounts of NaCl. Even from direct inspection,

there are notable differences between them. The distilled water icicle is close to the self-

similar shape discussed in Ch. 4 and has a relatively smooth surface. When a sufficient

amount of salt is added to the water supply, clear ripples emerge on the surface of the

icicle, and its overall form deviates from self-similarity and possibly also axisymmetry.

As the feed water salinity is increased, the shape of the resultant icicle becomes more

distorted, and its ripples become less sinusoidal.

Fig. 5.8 shows space-time plots of the ripple topography for the right edges of these

three icicles; the evolution of xrip(y) is plotted for a fixed rotational position. While some

small topographical features are found on the distilled water icicle, the two saline water

icicles exhibit a much more pronounced and extensive pattern of ripples, which appear in

a patchy way and sometimes grow quickly to a saturated amplitude. The largest features

on the saltiest icicle grow to a few millimetres in amplitude. Slow upward ripple motion,

which was previously observed on the ice finger (Fig. 5.2), can be seen in parts of the

ripple patches.

Fig. 5.9 shows the time evolution of the ripple amplitude and wavelength for icicles

made from feed water with varying salinity. These were obtained for each image using

the same methods as described in Sec. 5.1. Here, time zero corresponds to the time
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(a) (b) (c)

Figure 5.7: Images of three icicles grown under identical conditions: an ambient wall
temperature of −12.3 ◦C, a water supply rate of 2.0 g/min, an input water temperature
of 3.0 ◦C, and a volumetric air flux of 0.95 m3/min per fan. (a) was made with distilled
water; (b) was made with distilled water plus (8.0±0.2)×10−3 wt% NaCl; (c) was made
with distilled water plus (1.28± 0.02)× 10−1 wt% NaCl.



Chapter 5. Rippling instability 77

(a) (b) (c)

Figure 5.8: Space-time plots showing the evolution of the ripple topography, viewed from
one fixed rotational position, for the right edges of the three icicles shown in Fig. 5.7.
xrip, indicated by the colour, is plotted as a function of y and time, where y is 0 at the top
of the icicle and decreases towards the bottom. The border of the white region follows
the downward growth of the icicle tip.
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when the icicle reached 10 cm in length, and the data has been averaged over each half-

rotation, which consists of 4 unique views; thus, each data point is based on about 4400

edge detection measurements. The amplitudes in Fig. 5.9(a) are smaller than typical

amplitudes within the ripple patches in Fig. 5.8, because the Fourier analysis included

regions of the icicle with small or no ripples. The error bars, estimated from the standard

errors of the averaging sample, are larger for saltier icicles; this reflects the progressive

loss of axisymmetry as the feed water salinity was increased.

As seen in Fig. 5.9(a), throughout the growth of the distilled water icicle with no added

salt, the amplitude of its residual topographic features that survived the de-trending fil-

ter remained below the resolution limit. In contrast, icicles made from sufficiently saline

water exhibited clear ripples, whose amplitudes increased to values significantly above

the resolution limit before saturating. While measurable ripples were not found on the

distilled water icicle, they became apparent at a remarkably low feed water salinity of

2.0 × 10−3 wt%, i.e. only 20 mg of salt per litre of water. The ripples on saltier icicles

grew faster to higher amplitudes. Some ripples were observed to decay after their am-

plitudes had peaked or plateaued; an example of a saline water icicle whose ripples grew

then decayed is shown in Fig. 5.10. The error-weighted mean of the ripple wavelengths

for the saline water icicles in Fig. 5.9(a) is plotted as a function of time in Fig. 5.9(b);

its time average is 0.985 ± 0.004 cm. Even while the ripples were growing, they main-

tained an approximately constant wavelength; this implies that the ripple wavelength is

independent of the ripple amplitude.

To compare the ripples on icicles grown under diverse conditions, we calculated their

growth speed dA/dt and time-averaged wavelength λ̄. To obtain the former, we performed

a linear fit within the linear growth regime of a smoothed A(t), defined to be from t = 0

to the time at which its slope decreased by more than 50 %; λ̄ was found for the same

regime. The results of modelling the initial rise in A(t) as an exponential growth will be

presented in Sec. 5.3. In Fig. 5.11(a), dA/dt is plotted as a function of the feed water

salinity for several sets of conditions. As the salinity was increased from zero, ripples grew

more rapidly; the increase in dA/dt was approximately logarithmic, which was extremely

weak. Like the tip and radial growth speeds (Fig. 3.13), the growth speed of the ripples
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Figure 5.9: Time-series of the (a) amplitude and (b) wavelength of the ripples on icicles
made from feed water of various salinities. The colour-coded circles in the two panels
correspond to the same set of experiments. The legends show the feed water salinity for
each run. In all experiments, the ambient wall temperature was −12.3 ◦C, the water
supply rate was 2.0 g/min, the input water temperature was 3.0 ◦C, and the surrounding
air flux due to each fan was 0.95 m3/min. Time zero corresponds to the time when
the icicle reached 10 cm in length. The error bars in (a) indicate the standard errors
from averaging over each half-rotation. The errors in (b) were estimated using the half
widths at half-maximum of the best Lorentzian fits to the Fourier spectra of the ripple
coordinates (Fig. 5.3). The yellow line in (b) shows the error-weighted mean of the
wavelength data as a function of time.
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Figure 5.10: Ripple growth and decay on a saline water icicle: (a) amplitude time-series,
(b) photographic time-series. The ambient wall temperature was −13.6 ◦C, the water
supply rate was 1.0 g/min, the input water temperature was 3.0 ◦C, the surrounding air
flux due to each fan was 0.82 m3/min, and the feed water salinity was 3.2 × 10−2 wt%.
Time zero corresponds to the time when the icicle reached 10 cm in length. The error
bars in (a) show the standard errors from averaging over each half-rotation. The tip
growth of this icicle ceased at t = 1.1 hr, well before its ripples began to decay.
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decreased and became more scattered above 1 wt%. On the other hand, λ̄ remained

robustly independent of the feed water salinity, as shown in Fig. 5.11(b), though the most

prominent features in the filtered topography of the saltiest icicles all had wavelengths

that exceeded 1 cm. The global mean of λ̄ in Fig. 5.11(b) is 1.04± 0.01 cm.

To quantitatively characterize the ripple motion on an icicle for a fixed rotational

position, we followed the peaks of three randomly selected ripples in time, starting when

the icicle reached 10 cm in length, and calculated a velocity vrip by averaging the slopes

of the best-fit lines through the peak position time-series. The magnitude of vrip gives

a characteristic ripple traveling speed, and its sign indicates the dominant direction of

motion. Two applications of this procedure are illustrated in Fig. 5.12.

In Fig. 5.13, vrip is plotted as a function of the feed water salinity for several sets

of conditions. Here, the data has been averaged over each rotation, which consists of

8 unique views, so each point is based on 24 velocity measurements; the error bars

show the standard errors of the mean. Below about 0.05 wt%, ripples climbed the icicle

consistently at speeds of millimetres per hour (e.g. Figs. 5.8(b) and 5.12(a)), like the

ripples on the tap water ice finger shown in Fig. 5.2. Above 0.05 wt%, uniform upward

ripple motion was less frequently observed, as the ripple dynamics became more complex

(e.g. Figs. 5.8(c) and 5.12(b)). Some ripples moved nonlinearly, and different ripples on

the same icicle may travel in opposite directions, as in Fig. 5.12(b); this could result in

a negative vrip with a large uncertainty.

Given the sensitive dependence of the ripple dynamics on dissolved impurities, it is

natural to examine the effect of dissolved gases. All of the water used in our experiments

had been exposed to air and presumably contained some concentration of dissolved oxy-

gen and other gases. Thus, we grew icicles from distilled water that had air bubbled

through it for 12 hours, which may therefore be assumed to be saturated, or possibly su-

persaturated, with dissolved gases. Fig. 5.14(a) shows a typical time-series of their ripple

amplitude. Icicles made from deliberately aerated distilled water were indistinguishable

from those made using our standard distilled water; in particular, no measurable rip-

ples were found in either case. We conclude from this that dissolved gases alone are

insufficient to trigger the rippling instability.
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Figure 5.11: (a) Growth speeds and (b) time-averaged wavelengths of icicle ripples vs.
feed water salinity. The fixed variables are: ambient wall temperature, water supply
rate, input water temperature, and surrounding air flux due to each fan. Each colour
corresponds to one set of experiments with the same values of the fixed variables. The
legends show the values of the fixed variables for each set of experiments. The vertical
dashed line in (a) is a scale break, to the right of which salinity is plotted on a log scale.
The horizontal dashed line in (b) indicates the global mean of λ̄.
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(a) (b)

Figure 5.12: Each space-time plot shows the evolution of the ripple topography, viewed
from one fixed rotational position, for the top 10 cm of the right edge of a saline water
icicle. The feed water salinity was 4.0×10−3 wt% for (a) and 6.4×10−2 wt% for (b). The
crosses follow the peaks of 3 randomly selected ripples in time, starting when the icicle
reached 10 cm in length. The dashed lines are best linear fits through the crosses; the
mean of their slopes gives a characteristic ripple traveling velocity vrip. The magnitude
of vrip is the characteristic ripple traveling speed; the sign of vrip indicates the dominant
direction of motion: positive means upward, and negative means downward.
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Figure 5.13: Ripple traveling velocities vs. feed water salinity. The fixed variables are:
ambient wall temperature, water supply rate, input water temperature, and surrounding
air flux due to each fan. Each colour corresponds to one set of experiments with the
same values of the fixed variables. The legend shows the values of the fixed variables for
each set of experiments. The dashed line marks vrip = 0.
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As mentioned earlier, some existing theories on icicle ripples [34–39] predict that the

water-air surface tension is an important parameter for the instability. To test this, we

used the non-ionic surfactant Triton X-100 to vary the surface tension of the feed water.

As shown in Table 2.1, Triton X-100 has a negligible effect on the conductivity of the

solution. Icicles were grown from distilled water mixed with sufficient Triton X-100 to

reduce its surface tension by more than 45 % (Fig. 2.5(a)). Fig. 5.14(a) shows a typical

time-series of their ripple amplitude. Again, these icicles exhibited no measurable ripples,

like the icicles made from distilled water with no added surfactant. Thus, reduced surface

tension alone does not cause ripples to grow. When Triton X-100 was added to a saline

water source that produced ripply icicles, the ripples on the resultant icicles decayed at

an earlier time (Fig. 5.14(b)).

Next, we compare the ripples on salty icicles made from water of the same salinity but

under different conditions. As shown in Figs. 5.15 and 5.16, neither their growth speed nor

their traveling velocity is obviously dependent on the ambient temperature, water supply

rate, input water temperature, or surrounding air flux. Therefore, we assert that the feed

water salinity is the most significant control parameter in the growth and motion of icicle

ripples. The ripple wavelength, which was previously found to be independent of the

feed water salinity (Fig. 5.11(b)), is not systematically correlated with extrinsic growth

conditions either (Fig. 5.17). The global means of the data in Figs. 5.15, 5.16, and 5.17

are dA/dt = 0.018± 0.001 cm/hr, vrip = 0.23± 0.03 cm/hr, and λ̄ = 1.01± 0.01 cm.

Finally, in Fig. 5.18, we plot the ripple growth speeds of 102 salty icicles, made from

water of various salinities and under different conditions, against their radial growth

speeds, which were calculated using the methods described in Sec. 3.3. A positive corre-

lation is found, i.e. the ripples on faster-growing icicles tend to grow faster too. A linear

fit through the data gives dA/dt = m × (dR0/dt) + b, where m = (7.8 ± 0.5) × 10−2

and b = (−2.3 ± 0.3) × 10−2 cm/hr. This line does not pass through the origin, which

suggests that there may be a threshold for the radial growth speed below which ripples

do not grow; this threshold would be dR0/dt = 0.30± 0.04 cm/hr.
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Figure 5.14: Time-series of the amplitude of the ripples on icicles made from various
solutions. The legends indicate the water source of each icicle; the NaCl and Triton X-100
were dissolved in distilled water. For all experiments in (a), the ambient wall temperature
was −12.3 ◦C, the water supply rate was 2.0 g/min, the input water temperature was
3.0 ◦C, and the surrounding air flux due to each fan was 0.95 m3/min. For all experiments
in (b), the ambient wall temperature was −12.1 ◦C, the water supply rate was 2.0 g/min,
the input water temperature was 3.0 ◦C, and the surrounding air flux due to each fan was
0.82 m3/min. Time zero corresponds to the time when the icicle reached 10 cm in length.
The error bars indicate the standard errors from averaging over each half-rotation.
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Figure 5.15: Ripple growth speeds of saline water icicles vs. extrinsic conditions. The
fixed variables in each panel are: (a) water supply rate, input water temperature, air flux
per fan, and feed water salinity; (b) ambient wall temperature, input water temperature,
air flux per fan, and feed water salinity; (c) ambient wall temperature, water supply rate,
air flux per fan, and feed water salinity; (d) ambient wall temperature, water supply rate,
input water temperature, and feed water salinity. Each colour corresponds to one set of
experiments with the same values of the fixed variables. The legends show the values of
the fixed variables for each set of experiments.
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Figure 5.16: Ripple traveling velocities of saline water icicles vs. extrinsic conditions. The
fixed variables in each panel are: (a) water supply rate, input water temperature, air flux
per fan, and feed water salinity; (b) ambient wall temperature, input water temperature,
air flux per fan, and feed water salinity; (c) ambient wall temperature, water supply rate,
air flux per fan, and feed water salinity; (d) ambient wall temperature, water supply rate,
input water temperature, and feed water salinity. Each colour corresponds to one set of
experiments with the same values of the fixed variables. The legends show the values of
the fixed variables for each set of experiments.
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Figure 5.17: Ripple wavelengths of saline water icicles vs. extrinsic conditions. The fixed
variables in each panel are: (a) water supply rate, input water temperature, air flux per
fan, and feed water salinity; (b) ambient wall temperature, input water temperature, air
flux per fan, and feed water salinity; (c) ambient wall temperature, water supply rate, air
flux per fan, and feed water salinity; (d) ambient wall temperature, water supply rate,
input water temperature, and feed water salinity. Each colour corresponds to one set of
experiments with the same values of the fixed variables. The legends show the values of
the fixed variables for each set of experiments.
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Figure 5.18: Ripple vs. radial growth speeds for 102 icicles made from water of various
salinities and under different conditions. The magenta line is the best linear fit.

5.3 Theoretical discussion

In this section, we review existing theories on the rippling instability of icicles and discuss

how our experimental observations contradict their predictions. Based on the inconsis-

tencies, we identify fundamental problems with the theories and suggest ways in which

they may be resolved.

The first attempt to explain the formation of icicle ripples via a quantitative theory is

by Ogawa et al. [33], who performed a linear stability analysis of ice growth under a water

film that is flowing down a semi-infinite inclined ice ramp. The base state for the flow

of the water film is the parabolic profile derived in Sec. 3.1, i.e. Eq. 3.6, and its thermal

base state is a linear temperature gradient across the film. Ogawa et al. calculated the

responses of the flow and temperature fields to an infinitesimal, sinusoidal topographic

perturbation, with a variable wavenumber k, of the ice-water interface. These responses

can in turn react back on the perturbation itself.

Two important approximations were made. The long-wavelength approximation re-

tained up to the first order of the dimensionless wavenumber µ = kh, where h is the

thickness of the water film. This is a valid approximation, because for typical values

of the ripple wavelength λ = 2π/k = 1 cm and water film thickness h = 5.6 × 10−5 m
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(Sec. 4.1), µ = 0.035 which is small. The quasi-static approximation neglected the time

dependence of the perturbed flow and temperature fields, and is also justified because

their time scales are much shorter than the slowly evolving ice topography.

The Stefan condition, which relates the growth of ice to the heat flux across its surface,

was used to determine the amplification rate and traveling velocity of the perturbation,

each as a function of k. Ogawa et al. [33] find that perturbations with a wide range

of wavenumbers have positive amplification rates and hence are linearly unstable. The

wavelength of the most unstable mode, i.e. the mode with the highest amplification

rate, emerges as a result of two competing effects: heat transport in the air encourages

protrusions at the ice-water interface to grow faster, while heat transport in the flowing

water film smoothes out temperature gradients at the ice-water interface, thus inhibiting

the instability. The motion of all unstable modes, including the most unstable mode, is

predicted to be downward.

Ueno et al. [34–39] carried out a similar linear stability analysis, but with some

differences. One of the boundary conditions for the amplitude of the perturbed stream

function, governed by an Orr-Sommerfeld equation, contains a term (µ3Re/We)ξk [36],

where ξk is the amplitude of the perturbed water-air interface, and Re and We are the

Reynolds and Weber numbers, defined in Table A.2. Since this is a third-order term

in µ, Ogawa et al. [33] neglected it on the basis of the long-wavelength approximation.

However, as pointed out by Ueno et al. [34–39], this term is not negligible, because

the Weber number is very small, which indicates that surface tension effects may be

important. Under typical conditions, we find Re = 0.27 and We = 5.6 × 10−5 for the

thin water film, and thus µ3Re/We = 0.21, which is indeed higher than O(µ).

By keeping the term with the Weber number, Ueno et al. [34–39], in effect, took into

account the role of the surface tension, which acts on the water-air interface as a restoring

force and influences its shape, in the instability at the ice-water interface. Conversely, the

wavenumber of the disturbed ice-water interface affects the magnitude of the restoring

force term and hence the shape of the water-air interface. For instance, if the surface

tension effect is sufficiently large, the water-air interface tends to be flat against the

disturbed ice-water interface, and this contributes to the stabilization of the ice-water
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interface. This is in contrast with the theory of Ogawa et al. [33], which erroneously

neglected the term involving the surface tension and assumed the two perturbed interfaces

always have the same amplitude. Consequently, surface tension appears as a parameter in

the predictions of Ueno et al. [34–39] for the amplification rate, wavelength, and traveling

velocity of the ripples, but not in the predictions of Ogawa et al. [33]. Other differences

exist between the two theories, such as the choice of thermal boundary conditions, which

will be discussed later in this section.

Both of these theories [33–39] predict growing ripples on pure water icicles. More

precisely, since these theories are linear, the ripple growth is predicted to be exponential.

No ripple growth, exponential or otherwise, is found on pure water icicles in our experi-

ments (Fig. 5.9(a)). No theory has considered the effect of impurities and thus been able

to predict the salt concentration dependence of the ripple growth shown in Fig. 5.11(a).

Moreover, the theory of Ueno et al. [34–39] does not correctly account for the effect of

surface tension, with or without added salt or surfactant.

In Ref. [36], Ueno’s predicted dispersion relation between the amplification rate σr of

the perturbation and its wavenumber k is given explicitly:

σr(k) = v̄gk −
1

12

(
Pehγh

ρLg

)
v̄gk

4, (5.1)

where v̄g is the mean growth speed of the icicle surface, Peh is the Péclet number for heat

transport in the liquid film as defined in Sec. 4.1, γ is the surface tension at the liquid-air

interface, h is the liquid film thickness given by Eq. 3.8, ρL is is the liquid density, and g

is the acceleration due to gravity. From Eq. 5.1, the wavenumber kc of the most unstable

mode and its amplification rate can be derived:

kc =

(
3ρLg

Pehγh

)1/3

, σr(kc) =
3

4
v̄gkc ∼ γ−1/3. (5.2)

An increase in the surface tension is thus predicted to result in a weak decrease in the

ripple amplification rate.

The effect of added salt on the surface tension is much too small and of the wrong
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Figure 5.19: The natural log of the ripple amplitude for 3 saline water icicles, grown under
identical conditions, is plotted as a function of time. Each grey line is a best-fit line to
the part of the amplitude time-series that can be reasonably modelled as an exponential
growth. The slope of the best-fit line gives an estimate for the ripple amplification rate.

sign to account for the amplification of the ripples. In Fig. 5.19, the natural log of

the ripple amplitude for 3 saline water icicles is plotted as a function of time. In this

plot, exponentially growing ripples are characterized by a straight line with a positive

slope; this slope gives an estimate for the rate at which the ripples amplify. While the

initial evolution of the ripple amplitude in Fig. 5.19 can be reasonably described by an

exponential growth, this ceases to be the case after about an hour. The cessation of the

exponential amplitude growth is caused by nonlinear effects and thus not predicted or

explained by any linear theory.

To measure the amplification rate of the ripples during their exponential growth, we

performed a linear fit to the ln(A) time-series between t = 0 and the time at which its

slope decreased by more than 50 %. It is important to note that the ripple amplification

rate σr is a different quantity than the ripple growth speed dA/dt defined in Sec. 5.2.

The former is found from an exponential fit to A(t) and has a unit of [1/time]; the latter

is obtained from a linear fit to A(t) and has a unit of [length/time]. Nevertheless, they

are obviously related and are, in fact, positively correlated, as shown in Fig. 5.20(a).
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Figure 5.20: (a) Ripple amplification rate vs. ripple growth speed for 69 icicles made from
saline water of various concentrations under different conditions. (b) Ripple amplification
rate vs. feed water salinity: each colour corresponds to one set of experiments with the
same values of the fixed variables, which are as shown in the legend of Fig. 5.11(a); the
dashed line is the best linear fit to the data points, barring those in the dashed box.

Over the range of salt concentrations in Fig. 5.20(b), the surface tension increases by

0.4 % [46], while the measured amplification rate increases by a factor of 5. The addition

of surfactant, which greatly lowers the water-air surface tension, produces no measurable

ripples (Fig. 5.14(a)) and hence no increase in their amplification rate. These observations

contradict the γ−1/3 dependence of Eq. 5.2.

Next, we compare the ripple amplification rates, wavelengths, and traveling velocities

predicted by Ogawa et al. [33] and Ueno [36] directly against the measured values from

our saline icicle experiments. The results are shown in Figs. 5.21, 5.22(a), and 5.22(b)

respectively. The predictions of both Ogawa et al. and Ueno depend on the following

parameters: the water supply rate W0, the radial growth speed dR/dt of the icicle, the

acceleration due to gravity g, and the density ρL, thermal diffusivity κL, and kinematic

viscosity νL of the feed water. Ueno’s predictions additionally depend on the surface

tension γ, as well as the thermal conductivities of ice ΛI and water ΛL. To calculate the

predictions, which are made for pure water icicles, we use the values of W0 and dR0/dt
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Value Value

W0 2.0 g/min ρL 1.00× 103 kg/m3

dR0/dt 0.51 cm/hr κL 1.36× 10−7 m2/s

S 8.0× 10−3 wt% νL 1.79× 10−6 m2/s

g 9.8 m/s2 γ 7.56× 10−2 N/m

ΛI 2.22 W/(m·K) ΛL 0.57 W/(m·K)

Table 5.1: Typical parameter values in the calculation of the theoretical predictions by
Ogawa et al. [33] and Ueno [36]. The values of ρL, κL, νL, γ, and ΛL, which vary with
the salinity S of the water, are estimated at 0 ◦C using Ref. [46].

from our experiments, and the salinity-dependent values of ρL, κL, νL, γ, and ΛL from

Ref. [46]. The values of these parameters under typical experimental conditions are given

in Table 5.1.

The predicted values of the ripple wavelength λ (Fig. 5.22(a)) are smaller than our

measurements in nearly all cases. Nevertheless, both theories predict λ better than a

naive, direct application of the Mullins-Sekerka theory [61, 62], which is commonly used

to explain morphological instabilities that arise at solidification fronts. In the Mullins-

Sekerka theory for a pure substance such as water, the wavelength of the most unsta-

ble mode emerges from a competition between the Laplace instability and the Gibbs-

Thomson effect. The Laplace instability is a destabilization mechanism that enhances

thermal diffusion at the parts of the solid-liquid interface that protrude into the liquid,

which is supercooled, and the Gibbs-Thomson effect is a depression of the melting tem-

perature that varies with the curvature of the interface. The curvature of the ripples on

icicles are too small for the Gibbs-Thomson effect to be significant [26,33,36]. Moreover,

the Mullins-Sekerka theory assumes the liquid is semi-infinite, whereas the water layer

on the icicle is thin, much more so than its typical radius. Under typical experimental

conditions, the Mullins-Sekerka theory predicts a wavelength of λMS = 0.006 cm, which

is substantially smaller than the typical ripple wavelength observed on laboratory icicles.

The predictions of Ogawa et al. [33] and Ueno [36] for the ripple amplification rate

σr (Fig. 5.21) are higher than and not of the same order of magnitude as the values

estimated from our data. While the theories do capture the observed positive correlation
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Figure 5.21: Theoretical predictions by Ogawa et al. [33] and Ueno [36] vs. experimental
data for the ripple amplification rate of 69 icicles made from saline water of various
concentrations under different conditions. The dashed curve represents perfect agreement
between theory and experiment.
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Figure 5.22: Theoretical predictions by Ogawa et al. [33] and Ueno [36] vs. experimental
data for the ripple (a) wavelength and (b) traveling velocity of the same 69 icicles as in
Fig. 5.21. The dashed lines represent perfect agreement between theory and experiment.
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between the growth of icicles and their ripples, they do not predict our experimentally

determined, or any, dependence of σr on the feed water salinity. Deviation between

theory and experiment is again found, in most cases, for the ripple traveling velocity vrip

(Fig. 5.22(b)). Ueno [36] predicts that icicle ripples always climb upward, while Ogawa et

al. [33] predict the opposite direction of motion. In reality, as seen in Fig. 5.13, icicle

ripples can travel both up or down, depending on the feed water salinity, which is not

accounted for in either theory.

A theory of the rippling instability that is consistent with all the experimental facts

must, at the very least, include the advection and diffusion of both heat and salt in the

water film. This would introduce a second Péclet number Pes for salt, in addition to

the previously defined Peh for heat. These dimensionless numbers indicate the relative

importance of the diffusion and advection of heat and salt in the water film. Pes is given

by hus/D, where D = 1.6× 10−9 m2/s is the diffusion coefficient of NaCl in water [63],

and is about 300 for typical values of the water film thickness h and surface speed us,

which were calculated in Sec. 4.1. Thus, the salt transport in the water film is dominated

by advection, with the salt behaving almost as a non-diffusing passive tracer. In Sec. 4.1,

we found Peh = hus/κL = 3.4 under typical conditions; Pes � Peh reflects the fact that

salt diffuses much more slowly than heat.

While some physical insight can be obtained from such dimensional arguments, it

is not straightforward to generalize the existing ripple theories to include the effect of

salt. The main difficulty lies in the boundary conditions. The boundaries of the water

film are its two surfaces — one is contact with ice, and the other with air. The salt

is excluded as the ice grows, and its concentration field is advected and diffused by the

flowing water film. Unlike heat, salt cannot escape into the surrounding air. Salt also has

no direct effect on the temperature in the interior of the water film, or at the water-air

interface. The only place it can have a direct physical effect is at the ice-water interface,

where the presence of salt reduces the freezing temperature via equilibrium freezing point

depression and possibly kinetic effects.

The theory of Ueno et al. [34–39] does not impose a boundary condition on the

temperature at the ice-water interface. Instead, two thermal boundary conditions are
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imposed at the water-air interface. The first is the continuity of heat flux, i.e. the

derivative of the temperature field; this is required by the conservation of energy. The

second, which sets the temperature of the water-air interface at a fixed value, amounts

to an ad hoc ‘closure’ assumption. With these two conditions prescribed at the water-air

interface, no further boundary condition is needed for the temperature at the ice-water

interface. As a result, there is no boundary condition available that can be linked to the

salt concentration.

Ueno et al. [38] have shown that if, within their theoretical framework, the second

thermal boundary condition is moved to the ice-water interface, where it would seem

natural to set the temperature equal to the freezing point, the resulting amplification rate

σr(k) diverges as k →∞. This divergence is caused by the lack of a physical mechanism

at the ice-water interface to provide a cut-off for small-wavelength disturbances. The

‘closure’ assumption by Ueno et al. [34–39], in effect, evades this by employing the surface

tension at the opposite, water-air interface to cut off small-wavelength disturbances and

prevent the divergence of σr(k). However, under this assumption, there is no simple way

to include a coupling of the salt concentration and temperature at the ice-water interface

to account for the effect of salt. Imposing physically realistic boundary conditions will

be essential to the formulation of a successful ripple theory.

Furthermore, in the theory of Ueno et al. [34–39], the ice is simply treated as a solid

with a nonzero thermal diffusivity. However, as alluded to in Sec. 3.2, the ice-water

interface is unstable to the formation of dendrites when freezing proceeds into a super-

cooled water layer. This is, in fact, an example of the aforementioned Mullins-Sekerka

instability [61, 62], and the λMS calculated earlier gives an estimate for the spacing of

the dendrites. Ice that grows dendritically at small scales may not merely be a passive

solid. A significant fraction of liquid water can be trapped between the advancing den-

drites (Fig. 3.14(b)), resulting in ice that is not solid but “spongy” [7, 14, 47, 48]. In

the presence of salt, the “spongy ice” becomes an even more complex “mushy layer,”

in which both heat and salt may be transported by the porous medium-like flow of its

liquid phase [7,64–66]. While it is known that very small amounts of impurities can have

important effects on freezing at the small scale, such as in premelting phenomena [67,68],
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the stability of a mushy layer under a thin, flowing water film has not been well-studied.

A deeper understanding of this may explain our observed effect of impurities on the

formation of icicle ripples.



Chapter 6

Conclusion

A comprehensive experimental study on the growth and form of icicles has been presented

in this thesis. In this chapter, we summarize the work and discuss some future directions.

We designed and constructed a table-top apparatus for growing laboratory icicles with

unprecedented control. Icicles were grown below a sharpened wooden support suspended

inside an insulated, refrigerated box. The support was slowly rotated to encourage ax-

isymmetry and to allow all sides of the icicle to be imaged. The ambient temperature

was controlled by a commercial bath, which circulated antifreeze through the walls of the

box. The water supply was delivered by a peristaltic pump to a temperature-controlled

nozzle, which was placed slightly off-axis from the rotating support to promote even wa-

ter distribution. The air could be stirred by fans in the box. Using this apparatus, we

grew 250 icicles under a broad range of conditions. A variety of feed water was used,

including distilled water, tap water, and solutions with different concentrations of NaCl,

an ionic salt, and Triton X-100, a non-ionic surfactant. The growing icicles were imaged

by a digital camera, and image analysis was used to probe the icicle morphology. The

icicle mass was estimated from the difference between the masses of the input and drip-off

water, which were measured by electronic balances.

In Ch. 3, we reported the most extensive study ever conducted on the growth of

laboratory icicles. We found that as the icicle length and radius grew under a given set

of conditions, the fraction of the feed water that was consumed by the icicle also increased

with time, while the amount of unfrozen water that dripped off its tip decreased with time.

99
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The tip and radial growth speeds, as well as the rate at which the feed water consumption

increased, were inversely correlated with the ambient temperature. The growth rates of

both the icicle length and the water consumption decreased with increasing input mass

flux. While the radial growth speed also decreased with increasing input mass flux above

2 g/min, it increased with the input mass flux below this threshold — this observation

is not in agreement with past work [13, 14, 17, 25], which found either a much smaller or

no correlation between the radial growth speed and the water supply rate.

Using a heat balance model, adapted from Refs. [14, 18, 25], we calculated the heat

transfer coefficients for our laboratory icicles. We determined that the dominant heat

transfer mechanism controlling their growth was advection-diffusion in the air; the con-

tributions due to evaporation and radiation were also significant but secondary. If the

ambient temperature or water supply rate was sufficiently high, icicles could not be

formed. If the ambient temperature or water supply rate was sufficiently low, the tip

growth of the icicle advanced only for a short period of time before it ceased. Both the

time of cessation and the icicle length at that time were inversely correlated with the

speed of tip growth prior to cessation. After cessation, all of the incoming water froze

onto the sides of the icicle before reaching the tip. The radial growth at a given height

could also come to a halt if all of the water was consumed before making its way there;

the closer to the tip, the earlier this occurred.

Adding salt to the feed water changed the growth speeds and cessation behaviours

of the resultant icicles. For feed water salinities above 1 wt%, the icicle growth speeds

decreased with increasing salinity. Below 1 wt%, however, the icicle grew more quickly

when more salt was added to the water. The salinity of the drip-off water from a saline

icicle increased during its growth. With salt present in the feed water, the tip of the

resultant icicle made a more gradual transition from linear growth to cessation, and

cessation occurred under conditions of ambient temperature and input mass flux for

which distilled water icicles continued to grow. Contrary to the prediction of Chung et

al. [16], our lab-grown saline icicles ceased to elongate long before their tip temperature

reached the ambient temperature. Unlike distilled water icicles, drip-off continued after

cessation for icicles made from sufficiently saline water.



Chapter 6. Conclusion 101

A recent theory [26] suggests that icicles converge to a universal, self-similar shape.

In Ch. 4, we performed the first direct test of this theory against experiments. While

some profiles of lab-grown icicles fit remarkably well to the theoretically predicted shape,

many others deviated significantly from it. The degree of deviation was not correlated

with temperature. Rather, it was dependent on the input rate and impurity level of the

feed water, and the air motion around the icicle. The faster the water was supplied,

the further the resultant icicle deviated from self-similarity and axisymmetry. For a

sufficiently low water supply rate, the most ‘platonic’ icicles were grown from distilled

water with the air gently stirred; however, after cessation, their shape also deviated from

the theory, increasingly so with time. Icicles grown in strong wind conditions were often

bent or twisted, while icicles grown in still air often formed multiple tips; the latter

observation contradicts the natural convection assumption of the theory [26]. Icicles

made from tap and saline water, too, were more likely to grow multiple tips, as well as

lateral topographical features such as bulges, wings, and ripples, all of which contributed

to deviation from the self-similar shape. We conclude that the self-similarity theory [26]

is only partially successful, at best, in predicting the shape of icicles.

Icicle ripples are an example of pattern formation. In Ch. 5, we presented the first

experimental study on the relationship between their dynamics and water purity. Existing

linear stability analyses [33–39] predict exponentially growing ripples on distilled water

icicles; these were not observed. Instead, when small amounts of salt were added to

the feed water, the resultant icicles exhibited clear, sinusoidal-like ripples. Using Fourier

methods to extract and analyze the ripples, we found measurable ripple growth at a

remarkably low salinity of 0.002 wt%. The ripples on saltier icicles grew faster to higher

amplitudes. The ripple growth speed increased very weakly with the feed water salinity;

this dependence is not predicted by existing theories [33–39]. While the initial evolution

of the ripples could be reasonably described by an exponential growth, this ceased to be

the case once their amplitude had saturated. The ripples may decay after their amplitude

had peaked or plateaued. The amplitude saturation and decay are nonlinear phenomena

and thus not predicted by any linear theory [33–39].

Dissolved gases alone did not cause ripples to form without salt also being present.
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Dissolving surfactant in distilled water to greatly reduce its surface tension did not pro-

duce ripples. On the other hand, adding a pinch of salt, which increased the surface

tension slightly, led to faster ripple growth. These observations contradict the theory of

Ueno et al. [34–39], which predicts that an increase in the surface tension results in a

weak decrease in the ripple amplification rate. While the ripples on faster-growing saline

icicles generally grew faster, we found no obvious correlation between the ripple dynam-

ics and extrinsic growth conditions. The ripples always maintained an approximately

constant wavelength of 1 cm, even when they were growing. The wavelength was also

robustly independent of the feed water salinity. Below a salinity of 0.05 wt%, the ripples

climbed up the icicle consistently at speeds of millimetres per hour. Above 0.05 wt%,

ripples on the same icicle often travelled in opposite directions, and the motion was of-

ten nonlinear. Collectively, these experimental results point to the crucial importance of

ionic impurities in the rippling instability of icicles.

No existing theory of the rippling instability [33–39] accounts for the effect of ionic

impurities. A theory that is consistent with all the experimental facts must include

the advection and diffusion of both heat and salt in the water film. It is not trivial

to generalize the existing theories to include the effect of salt. The temperature at the

ice-water interface is presumably equal to the freezing point of water, which is depressed

by the presence of salt. However, when this boundary condition is imposed, there is no

cut-off for small-wavelength disturbances, and the ripple amplification rate diverges as

the wavelength approaches zero. Moreover, ‘wet’ ice growth under supercooled water is

subject to the Mullins-Sekerka instability. While our data indicates that a significant

fraction of water is trapped in the resulting dendritic ice matrix, no ripple theory [33–39]

has considered the heat and salt transport in this “mushy layer” between the ice and

the water. Doing so, with physically accurate boundary conditions, may explain our

observed effect of ionic impurities on the ripple dynamics.

A complete theory of icicle morphology would incorporate not only ripple formation,

but also tip growth and shape. Such a model may answer further questions raised by our

experiments, such as under what conditions saline icicles undergo cessation, why there

is a positive correlation between their various growth speeds and the feed water salinity,
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and why icicles are more likely to develop multiple tips if they grow in still air.

As shown in this thesis, icicle formation is influenced by many physical parameters.

Experimentally, more of the parameter space can be explored. In particular, icicles can

be grown from an even wider variety of solutions that exhibit different thermodynamic

properties. For instance, the freezing kinetics can be changed by using different types

of salt. Most of the icicles we made from solutions containing both salt and surfactant

grew multiple tips early on. Based on the data that could be analyzed, we determined

that the surfactant caused the ripples on saline icicles to decay at an earlier time. More

experiments should be conducted, possibly on ramps or long cylindrical substrates, to

study in more detail the coupled effect of ionic impurities and surface tension. In addition

to morphological analysis, measuring the evolving composition of the solid phase of the

icicle and its drip-off water will likely reveal further insights into the mechanism of the

rippling instability.

Icicles are arguably the simplest natural manifestation of the general phenomenon

of ‘wet’ ice growth, where water from the atmosphere or the sea is delivered by some

combination of gravity, wind-driven flow, and spray [69, 70]. Mitigating the hazards of

ice build-up on aircrafts, ships, power lines, and other structures is an important branch of

engineering [1–3]. Even otherwise innocent icicles amount to unwanted reverse lightning

rods if they form on high-voltage equipment [71]. The study of icicles may elucidate

some aspects of ice morphology and stability that are relevant to practical ice accretion

problems, and vice versa.

Furthermore, there is an intriguing similarity between icicles and stalactites. Like

icicles, stalactites are covered with a thin flowing liquid film during their growth, and have

been hypothesized to converge to a universal, self-similar shape [28,29]. More remarkably,

the shapes of icicles and stalactites are predicted to exhibit the same asymptotic power

law [26], even though stalactites are formed by a much different process involving CO2

dissolution and CaCO3 precipitation. The crenulations on stalactites [32] also bear a close

resemblance to the ripples on icicles. Whether there exists some universal mechanism

linking these two deceptively simple examples of natural pattern formation remains an

interesting open question.



Appendix A

Nomenclature

Table A.1: Physical quantities associated with icicle for-

mation.

Physical quantity Unit

R Icicle radius m

L Icicle length m

z Vertical distance away from the tip m

h Thickness of the liquid film m

δ Thickness of the air boundary layer m

Rp Radius of the pendant drop m

δT Crystal thickness at the tip m

a See Eq. 4.6 m

A Ripple amplitude m

λ Ripple wavelength m

Ap Surface area of the pendant drop m2

Aw Surface area of the icicle walls m2

MS Mass of water supplied kg

MI Mass of icicle kg

MD Mass of water dripped off kg

TLA Temperature at the liquid-air interface K

TA Ambient air temperature K

∆TA TLA − TA K

Tm Freezing point of water K

Continued on next page . . .
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Table A.1 – continued from previous page

Physical quantity Unit

∆Tp Temperature change in the pendant drop K

vg Growth speed normal to the icicle surface m/s

vt Growth speed of the icicle tip m/s

vrip Ripple traveling speed m/s

W0 Mass flux of water arriving at the root kg/s

WT Mass flux of water arriving at the tip kg/s

dMT/dt Mass growth rate of ice at the tip kg/s

dM/dt Mass growth rate of ice at the walls kg/s

Q0 Volumetric flux of water arriving at the root m3/s

dVT/dt Volumetric growth rate of ice at the tip m3/s

dV/dt Volumetric growth rate of ice at the walls m3/s

J Heat flux J/(m2·s)
ρ R/a –

ζ z/a –

RM (dMI/dt)/(dMS/dt) –

σr Ripple amplification rate 1/s

kc Ripple wavenumber 1/m

S Salinity of liquid –

ρL Density of liquid kg/m3

νL Kinematic viscosity of liquid m2/s

κL Thermal diffusivity of liquid m2/s

ΛL Thermal conductivity of liquid W/(m·K)

ML Molar mass of liquid kg/mol

Lf Latent heat of fusion J/kg

Lv Latent heat of vaporization J/kg

cL Specific heat of liquid J/(kg·K)

ρsat Saturated vapour density (pure water) kg/m3

ρSsat Saturated vapour density (saline water) kg/m3

P Liquid pressure N/m2

us Surface speed of the liquid film m/s

γ Surface tension at the liquid-air interface N/m

D Diffusivity of salt in the liquid m2/s

ρA Density of air kg/m3

νA Kinematic viscosity of air m2/s

Continued on next page . . .
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Table A.1 – continued from previous page

Physical quantity Unit

κA Thermal diffusivity of air m2/s

ΛA Thermal conductivity of air W/(m·K)

cA Specific heat of air J/(kg·K)

βA Volumetric thermal expansion coefficient of air K−1

H Convective heat transfer coefficient W/(m2·K)

Hv Evaporative heat transfer coefficient W·m/kg

RH Relative humidity %

P0 Atmospheric pressure N/m2

uA Wind speed m/s

up Peak flow speed in the air boundary layer m/s

fL Liquid fraction of the growing ice surface –

ρI Density of ice kg/m3

ρ̃I fLρL + (1− fL)ρI kg/m3

ΛI Thermal conductivity of ice W/(m·K)

g Acceleration due to gravity m/s2

σB Stefan-Boltzmann constant W/(m2·K4)

R Gas constant J/(mol·K)

In the table of dimensionless numbers below: L is a characteristic length (in m), H is

the convective heat transfer coefficient (in W/(m2·K)), Λ is the fluid thermal conductivity

(in W/(m·K)), g is the gravitational acceleration (in m/s2), β is the volumetric thermal

expansion coefficient (in 1/K), Ts and Tb are the surface and bulk temperatures (in K),

ν is the fluid kinematic viscosity (in m2/s), U is a characteristic speed (in m/s), κ is the

fluid thermal diffusivity (in m2/s), D is the mass diffusion coefficient (in m2/s), ρ is the

fluid density (in kg/m3), and γ is the fluid surface tension (in N/m).
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Table A.2: Dimensionless numbers associated with icicle

formation.

Definition

Nusselt number Nu = LH/Λ

Grashof number Gr = gβ(Ts − Tb)L3/ν2

Reynolds number Re = LU/ν

Prandtl number Pr = ν/κ

Péclet number for heat transport Peh = LU/κ

Péclet number for mass transport Pem = LU/D

Weber number We = ρLU2/γ



Appendix B

Contributions

The following peer-reviewed publications are based on the content in this thesis:

• A. S. Chen and S. W. Morris. Experiments on the morphology of icicles. Phys.

Rev. E, 83(026307), 2011.

• A. S. Chen and S. W. Morris. On the origin and evolution of icicle ripples. New J.

Phys., 15(103012), 2013.

I have also presented parts of this work at the following conferences:

• GRC on oscillations and dynamic instabilities in chemical systems, 2008 (poster)

• Dynamics days US, 2009 (talk)

• GRC on nonlinear science, 2009 (poster)

• AGU Fall meeting, 2009 (poster)

• CAP congress, 2010 (talk)

• Nonlinear dynamics and fluid instabilities in the 21st century, 2011 (poster)

• APS DFD meeting, 2011 (talk)

• CAP congress, 2012 (talk)

• Dynamics days US, 2013 (talk)

• Flows and patterns conference, 2013 (poster)

108



References

[1] G. Poots. Ice and Snow Accretion on Structures. Research Studies Press, 1996.

[2] M. Farzaneh (ed.). Atmospheric Icing of Power Networks. Springer, 2008.

[3] R. W. Gent, N. P. Dart, and J. T. Cansdale. Aircraft icing. Phil. Trans. R. Soc. A,
358(1776):2873–2911, 2000.

[4] F. P. Incropera, D. P. DeWitt, T. L. Bergman, A. S. Lavine. Introduction to Heat
Transfer. Wiley, 2007.

[5] G. S. H. Lock. The Growth and Decay of Ice. Cambridge, 1990.

[6] S. H. Davis. Theory of Solidification. Cambridge, 2001.

[7] G. K. Batchelor, H. K. Moffat, and M. G. Worster (ed.). Perspectives in Fluid
Mechanics. Cambridge, 2002.

[8] D. J. Acheson. Elementary Fluid Dynamics. Oxford, 1990.

[9] H. Hatakeyama and S. Nemoto. A note on the formation of horizontal stripes on
icicles. Geophys. Mag., 28:479–484, 1958.

[10] R. A. Laudise and R. L. Barns. Are icicles single crystals? J. Cryst. Growth,
46:379–386, 1979.

[11] C. A. Knight. Icicles as crystallization phenomena. J. Cryst. Growth, 49:193–198,
1980.

[12] I. W. Geer. The not-so-ordinary icicle. Weatherwise, 34(6):257–259, 1981.

[13] N. Maeno and T. Takahashi. Studies on icicles I: general aspects of the structure
and growth of an icicle. Low Temp. Sci. Ser. A, 43:125–138, 1984.

[14] L. Makkonen. A model of icicle growth. J. Glaciol., 34(116):64–70, 1988.

[15] J. Walker. Icicles ensheathe a number of puzzles: just how does the water freeze?
Sci. Am., 258:114–117, 1988.

[16] K. K. Chung and E. P. Lozowski. On the growth of marine icicles. Atmosphere-
Ocean, 28(4):393–408, 1990.

109



References 110

[17] N. Maeno, L. Makkonen, K. Nishimura, K. Kosugi, and T. Takahashi. Growth rates
of icicles. J. Glaciol., 40(135):319–326, 1994.

[18] J. A. Neufeld, R. E. Goldstein, and M. G. Worster. On the mechanisms of icicle
evolution. J. Fluid Mech., 647:287–308, 2010.
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