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0 Short Review of some Mathematics, Nomenclature and Notation

Vectors are often naively thought of as quantities defined at each point in three-dimensional space and endowed
with a magnitude and a direction, whereas a quantity with magnitude but without direction is called a scalar.
Whilst necessary, the mere possession of these two attributes is by no means sufficient for a quantity to qualify as
a vector. And a quantity described by a single number is not necessarily a scalar!

For the moment, let us note that neither magnitude nor direction depend on the choice of coordinate system.
This is obvious in the well-known geometric representation of vectors using arrows. When we use algebraic
expressions, wesometimes need a notation that makes no explicit reference to coordinate systems. After all,
vectors enter in many fundamental equations in physics, and these should not change just because we transform
from, say, Cartesian to spherical coordinates, or because the coordinate system has been rotated or translated. We
need a more sophisticated characterisation of vectors.

0.1 Vector Spaces

Definition 0.1. A vector space V is a (possibly infinite) set of objects that is closed under addition
and multiplication by a scalar:, ie. for which any two elements (vectors) u and v satisfy:

(a+b)(u+v) = (au+av +bu+bv) € V

Va, belements of some field; in what follows, we restrict these to be real. Also, (ab)u = a (bu).
This operation is both commutative and associative.

Definition 0.2. If VV is a subspace of V), ie. W C V, and if any w € W can be written as a linear
combination:

w = Zwo‘ eq (0.1)

of a set {e, € W}, then that set is said to span, or to be a set of generators of, JV.

If, furthermore, this set is linearly independent, in the sense that demanding that w = 0 forces all
coefficients w® in eq. (0.1) to vanish, then it is a basis of /. The number n of vectors in the largest
linearly independent set defines the dimension of WV, and we often write YW". Conversely, the number
of elements of every basis of W" is dimension n of W", and the sum in eq. (0.1) then runs from 1 to
n.

The set {e, } of basis vectors is said to be orthonormal if e, - eg = 1 if & = 5 and 0 otherwise. The
operation represented by the dot will be defined below.

The (real) coefficients w® in eq. (0.2) are called the components of the vector w in this basis. This
one-to-one correspondence between V" and R” can be represented by a n X 1 matrix:
w!
2

w
W —

wn

In eq. (0.1), the left-hand side is explicitly basis-independent; we shall call this notation index-free, or geo-
metric. The right-hand side, in so-called index notation, makes explicit reference to a basis even though, taken
as a whole, it must still be basis-independent because of the equality.. Both notations have advantages and disad-
vantages. Fluency in both is highly recommended.

Warning! w and its components are different beasts and should never be confused. Also, always remember
that the index on e, identifies the basis vector, not a component of the vector. 5
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Example 0.1. R", the set of all ordered n-tuples of real numbers is one of the most important vector
spaces.

One popular basis of R? is the Cartesian (rectangular, or standard) basis. Its three vectors are fixed
and attached to a point arbitrarily chosen as the origin (0, 0,0).

e =%x=1i= (100"
e =y =j= (0107 0.2)
es =2 =k = (0,0,1))

where the label T denotes the transpose.

0.1.1 Einstein’s notation for summed indices

Now is an appropriate time to introduce the Einstein summation convention: any index which occurs fwice in a
product term must be summed over. Thus, u#v, = u,v" = > i utv, = ulvy + u?vy 4+ u3vs. Such an index is
often called a dummy index and any letter can be used for it so long as that letter is not used for any other index
in the same product term!! Therefore, a dummy index appears twice and only twice in any product term.

Remaining indices, which appear only once, are called free indices. Example: in a®b” caugvﬁ , « and 3 are
dummy indices with summation implied, and v is a free index.

I am sure you have noticed that I have written some component indices as subscripts instead of superscripts.
What is the relationship between u® and u,? Well, in a Euclidean space with Cartesian coordinates, ie. one in
which the distance between infinitesimally close points can be written d1> = dz? + dy? + dz% + ..., we have
u® = ug! In the four-dimensional spacetime introduced in a proper relativistic treatment of electromagnetism,
this is no longer true, as we shall see later, and ©® and u,, will represent different types of components of the same
vector u.

0.1.2 Operations on 3-dim vectors in index and index-free notations

From the orthonormal property of the basis vectors, it can be shown that in Cartesian coordinates (and only in
these coordinates!), the following operations on 3-dim vectors are defined:

Index-free Index components | Properties
Addition: w=u-+vV w' =u' + vt commutative, distributive
Scalar product: | u-v = uv cos vy = u'v; commutative, distributive
Vector product: | w =u X v = (uvsin y)i | w; = ez-jkuj vk distributive
tensor product | U® v ut vl commutative, distributive

where u; = u’, the components of the vector u, only in a Euclidean space with a Cartesian basis. This means
that any index expression that contains components with subscripts will look more complicated in curvilinear
bases if we insists on expressing it in terms of vector components (u’) only! The relation between components
with superscripts and those with subscripts will be discussed near the end of the course. The symbol ;5. is defined
in the following subsection. Also, 7 is the angle between u and v, and 1 is a unit vector perpendicular to the
plane defined by u and v, and whose direction is given conventionally by the right-hand rule. The magnitude (or
norm) of a vector is simply u = (uiui)l/ 2: like 1, it is independent of the coordinate system in which the vector
components are expressed. Now, everything that pertains to three dimensional space in this course will assume
that it is Euclidean (no curvature, unlike for instance on a sphere), but often we will wish to work in a curvilinear

basis, so some care will have to be exercised.
6
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Note that the vector product is neither commutative nor associative. In fact, it is antisymmetric. Also, there is
no simple expression for the tensor product in terms of magnitude and angle.

0.1.3 Maeet your friend, the Levi-Civita symbol

The above expression for the vector product is much more compact than the one which uses a determinant. In three
dimensions the Levi-Civita symbol, ¢;;;, is defined as a 27-component object which obeys the following rules:

€ijk = — €jik = —€ikj
= €kij = €jki
The first line means that € is zero whenever any two of its indices are the same. Now, set €123 = 1 by

convention. Then the other non-vanishing components can only be 1 or —1. We say that the Levi-Civita symbol
is totally antisymmetric in its indices. Because of this all-important property, it has only six non-zero components,
and only one independent component

Using the above rules, it is easy to work out the Cartesian vector product. For instance, suppose you want
wy = w?. Seti = 2. Then the only values for j and & that give non-vanishing e components are 1 and 3. Set
j = 1; then k must be 3, again to have € non zero. This gives the first term in the sum. Now, set j = 3; then
k =1, giving the second and only other term in the sum. Thus, w? = wy = egq1ulv! + egrzulv? = Wl — ulvd.
In the same way, w! = u?v® — u3v?, and w® = u'v? — u?v!, and we have regained the familiar expression for
the components of the vector product. The third kind of product between two vectors, the tensor product, is most
easily written in component form. Indeed, u ® v can be represented by a 3 x 3 matrix whose elements are given
by u'v?. An antisymmetric version of this product, called the exterior product u A v, is easily constructed; it has
components u’v) — /v’ in any basis. In a Cartesian basis, these look like the components of the vector product,
except that they belong to an object with two indices (rank 2), not just one! The components of the 3-dim exterior
product and those of the vector product are said to be dual to each other, and are connected via the Levi-Civita
symbol: (u x v)! = (u x v); = 2€;;5(w/vF — uFv7) in a Cartesian basis.

What is also nice about this coordinate notation for the scalar and vector products is that it allows relations
involving them to be proved without sweat. Thus:

u-(vxw) = ez-jku’fu]wk
= whepuv’ (cyclic permutation of indices on ¢)

= w-(uxv).

Et voila! For comparison, you should try the method that works out all components explicitly.

It will happen that rwo €’s are multiplied, with one index summed over. No panic! Use the following (unproven)
rule:
ink __ Ign ngl
eijke = 52 5j - 52 (5]' . (03)

The index (here k) that gets summed over must appear in the same position on both €’s (which position does not
matter, because to go from one to the other, the permutation rules are applied twice, once to each €). Note how each
Jree index on the left-hand side also appears in each of the two terms on the right-hand side. This rule applies
to indices taken as algebraic symbols, not to particular values that they can take, as is obvious from the above
computation of the components of the vector product!

0.2 Review of Differential Calculus in Three Dimensions

In physics, as in many other pursuits, we are chiefly interested in how things change in space or time. In one
dimension, the change of a (scalar) function, f(x), when its argument changes by dx, is df = (df/dz)dx, where
7
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df/dx is the slope of f at x. Ask a similar question in three dimensions, namely, what is the change df (x)(u) of
a function f(x) in the direction of a vector, u, under an infinitesimal change of its argument in a Cartesian basis?
The answer is straightforward:

df(x)(u) = v'd;f (0.4)

where 0; f = 0f /02", the partial derivatives of f(x) in index notation, can be viewed as the Cartesian components
of an object called the gradient of f, whose vector version is usually denoted by V f. Only in a Cartesian basis
are the components of this gradient also 0; f, that is:

Vf=%0,f+90,f +20.f 0.5)

In index-free notation, we can write the directional change of the function V f - u. If u is a vector in the plane
tangent at some point to a curve over which f remains constant, then the gradient must be perpendicular to that
plane. Also, the change in the function is maximum in the direction of V f.

If V f can be viewed as vector, what then is V? It is a vector operator, the gradient operator, which can be
treated as a vector with the understanding that it acts on f.

Besides acting on scalar fields, the gradient operator can also act on vectors. Thus, V can act on:
* ascalar f to yield a vector: V f, with components J; f (gradient of f);

* a vector u to yield a scalar: V - u, or 0;u’ (divergence of u);

* a vector to yield a vector: V x u, with components €/ kc?j uy, (curl of u).

Once again, the expressions written in index notation are only valid in a Cartesian basis!

The front cover of Jackson contains useful product rules for V. EXERCISE: if you wish to sharpen your
index-manipulation skills, you can try proving some or all those product rules using index notation.

Applying V yet again to the gradient, divergence, and curl yields:
1. the Laplacian of V - (V f) = V2f, or 9;0 f in index notation and in a Cartesian basis,
2. Vx(Vf)=0,
3. V(V -u),
4. V- (Vxu)=0,
5. Vx(Vxu)=V(V-u)-Vu
(2), (4), and (5) are identities, in the sense that they provide no information whatsoever about f and u, respectively,

since they are always satisfied. Identity (5) just gives two equivalent ways of writing the same thing, and is best
viewed as a definition of V*u.

The only really useful quantity involving second-order spatial derivatives is the Laplacian (1).

0.3 Review of Integral Calculus

Three important theorems govern integrals of gradients, divergences, and curls:

b
1. Gradient theorem: / (Vf)-dl= f(b) — f(a);

Y a
line



Lecture Notes on Graduate Electrodynamics 2020

2. Curl theorem (Stokes): /(V X u)-da= j{u -dl

surface line

3. Divergence theorem (Green, Gauss): / V- udlz = j{ u-da.

volume surface

By convention the surface element da is a vector normal to the surface and points outward when the surface
is closed; in the curl theorem, it points in the direction of the thumb when the other fingers of your right hand curl
around the direction of circulation in the line integral.

Some of the integrals in the curl and divergence theorems have names: ¢ u - dl is called the circulation of u

line
around a closed path, whereas [ u - da is called the flux of u through a surface.
surface

Notice that in each of the theorems, the left-hand side is, loosely speaking, the integral of the derivative of an
object over a (one-, two-, or three-dimensional) region, whereas the right-hand side is the integral of the object
over the boundary of the same region. The three theorems are just particular forms of a fundamental theorem
in differential geometry. As a consequence, when a region (line interval, 2-dimensional surface) is embedded in
a higher-dimensional space, as is the case in the gradient and curl theorems, the integrals on the left are equal to
integrals over any region which has the same boundary! Furthermore, when these regions are closed, the right-hand
side vanishes.

Since 55 V f-dl = 0, it follows that any vector field u which is the gradient of some scalar field must have
zero circulation around any closed path: § u - dl = 0. We say that u is conservative. The converse also holds: if
$ u-dl = 0 for any closed path in a region, Stoke’s theorem demands that V x u = 0 at all points in the region,
and u must be the gradient of some scalar function (I omit the proof since it is rather fussy). The most useful
statement that emerges from the discussion in this paragraph is that if V x u = 0 over a simply-connected region
(no doughnuts or surfaces with holes!), u is conservative and there exists a scalar field f such that u = V f.

Green’s Identities (section J1.8)

By putting u = fVyg, where f and g are scalar fields, in the divergence theorem, we can use the seventh
product rule inside Jackson’s front cover to show Green’s first identity:

[ uvre+ v ods = § 754 ©6)
volume surface

where 0/0n is the derivative in the direction normal and outward to the surface enclosing the volume. Next, we
can write the first identity with f and g interchanged, subtract, and prove Green’s second identity, sometimes
(including by Jackson) confusingly called Green’s theorem:

2 2 3. _ dg of
/(ng—gi)d:E: j{ < %—g%> da (0.7)

volume surface

Green’s identities will be very useful when we review boundary-value problems and introduce Green function
methods.

0.4 Vectors in Curvilinear Coordinates

Other than Cartesian bases, the two most useful types of coordinate system are spherical and cylindrical.
In a spherical system, the components of a position vector are one distance and two angles, (r, 8, ¢), illustrated
in fig. J3.1. The transformations from spherical fo Cartesian position coordinates are:

x = rsin 0 cos ¢, y = rsin 6 sin ¢, z=rcos 6 (0.8)
9
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Beware: mathematicians often use ¢ as the polar angle and  for the azimuthal angle in spherical coordinates!
This is certainly the case in the symbolic manipulation software Maple when it knows that it is working in those
coordinates.

As for the inverse transformations, the most useful ones relate the unit vectors:

r = Xsin 6 cos ¢ + ¥ sin 0 sin ¢ + Z cos 6
é:icos@cos¢+§rcosﬁsin¢—Zsin@ (0.9)
¢ = —%ksin¢ + § cos ¢

How are the spherical and Cartesian components of a vector u related? We can always write:
Uu=1u,X+uyy+u,2
:qu"—l-ueé—l-u(bqg
Insert the above expressions for the spherical unit vectors in u, = - U = Uz - X + Uyt -y +u, T -z,

ug = 0 -u, and Up = (ﬁ -u, where u is given in terms of u, u, and u, and work out the scalar products to obtain
the transformation law:

Uy sin 6 cos ¢ sin 0 sin ¢  cos 0 Uy
ug | = | cos 6 cos ¢ cos0singp —sin 6 Uy (0.10)
Ugp —sin ¢ cos ¢ 0 Uy

The inverse transformation can be computed either by inverting the matrix or by working out u, = x-Q, u, = y-u,
and u, = Z - u, with u given this time in terms of u,, ug and ugs. If u were dependent on the coordinates, ie.
if it were a vector field, the coordinates themselves would also have to be transformed. EXERCISE: transform
u(z,y,z) = (—-2,-1,3), where (z,y, z) = (2,—1,0), to a spherical basis.

It is not hard to see that the infinitesimal displacement vector is given in spherical coordinates by:
dl = dri + (rd6) + (r sin 0de)d (0.11)

and that the volume element is just the product of the infinitesimal displacements in the three orthogonal directions:
d3z = r2sin §drdfde¢. There is no general expression for the surface element, da, as this depends on its
orientation in space.

Once we know the form of dl in spherical coordinates (or any other system for that matter) it is easy to find
the components of the gradient of a scalar field f. Just write:

df = (0.f)dr + (0pf)d0 + (0pf)dep (chain rule)
= Vf-dl (coordinate-free form)
Working out the last line after inserting the above expression for dl gives:
1 1
(V) = 0.1, (V1)o = ~00f, (Vo = ~ogOel 012

from which one reads off the components of the gradient operator V.

One might think that the divergence and the curl of a vector can now be easily found. Not quite! Unlike in
a Cartesian basis, the unit vectors of a spherical basis are not fixed at the origin; rather, they are attached to the
particular point where our vector is defined. As soon as we move away from this point, the set of basis vectors
changes its orientation unless the motion is in the radial direction. So we expect that, unlike in a Cartesian basis,
the spherical unit vectors will have non-zero spatial derivatives. These can be calculated easily from the above
expressions relating (&,0, @) to (x,y, z). In tabular form, we get:

10
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£ ] &
Oy 0 0 0
Do 7 —f 0

04 psinl Pcosh —isinf—0 cosd

Now it is a straightforward—if somewhat tedious—exercise to calculate the divergence’ of a vector u in
spherical coordinates. Expand:

1

rsin 6

~ 1 ~ ~ ~
Vou = <f‘(9r+9—(99+¢ 8¢>'(f’ur+0u9+¢u¢)
r
using the product rule for derivatives and the table above. You can then put the five terms you will get in the elegant
form:

1 9 1 .
V- u = ﬁar(r up) + en [Op(sin O ug) + 8¢’LL¢] (0.13)

An even more tedious calculation yields the expression for V x u given inside the back cover of Jackson.

A word of caution: although one uses a Cartesian basis to derive it, the identity V x (V xu) = V(V-u)—V?2u
does hold in any coordinate system. But it is of limited interest in any basis other than Cartesian, because of the
term V2u. Although V?u = (V2u, )X + (V2u,)§ + (V2u,)Z, it is not equal to (V2u,)# + (V3ug)0 + (VZug) b,
because the derivatives of the unit vectors are non-zero. In fact, V2u is best evaluated from the identity.

Clearly, divergences and curls of vetors are much more complicated in spherical (and cylindrical) bases than
in Cartesian ones. Why then bother with non-Cartesian bases? Because in some important situations, those with a
symmetry, these awful expressions collapse down to very simple ones. In spherical coordinates, for instance, any
vector without angular dependence, and therefore spherically symmetric, will have a one-term divergence and zero
curl, just by inspection of the relevant expressions.

Consider the vector field /72, which plays a very important rdle in electromagnetism. Its divergence in
spherical coordinates is very simple to calculate: it vanishes everywhere except at r = 0, where #/72 diverges. By
contrast, more work is needed to find the same result in a Cartesian basis, with 2 = 22 + y2 + 22. The problem
at 7 = 0 is not an artefact of the spherical coordinates since /7% diverges in any basis. How do we know what the
divergence is at the origin then? Well, if we integrate it over a sphere of radius R centered at the origin and use the
divergence theorem to convert the volume integral to the flux of /72 through the spherical surface, we get 47 for
this flux, no matter how small we choose R!. This non-zero result can therefore only come from the origin since
we know that the divergence vanishes everywhere else. But how should we write the divergence at the origin?

0.5 Dirac delta-*“function”

A very useful object in physics (and invented by P.A.M. Dirac, a physicist trained as an engineer) is the Dirac
delta-function, §(z), which is zero everywhere on the z-axis, except at x = 0 where it is infinite. Clearly. this
is not a function in the ordinary sense; to a mathematician, it belongs to a class of objects called distributions. In
spite of its strange behaviour, it can be represented in terms of perfectly mundane objects. In one dimension:

5(x) = lim ~3m9r _ 1 / ke df;

g—oo T X 2

—0o0

For those who know such things, it is much simpler first to identify the non-zero components g;; of the metric tensor for spherical
coordinates which are the coefficients of the dr?, d§? and d¢? terms in the norm of the line element given by eq. (0.11), computing V9
where g = r*sin? 6 is the determinant of the diagonal g;; matrix, and using the very general formula for the divergence of a vector u in

any space and any basis: 9;(y/gu’)/\/9g.
11
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from which it is obvious that the §-function has units of inverse x.

The integral of the delta-function over its whole range is well defined: [*_ () dz = 1. Since f(z)d(z — a)
is for all practical purposes f(a)d(xz — a), it follows that:

fla) = /_00 f(z)é(x — a)dx (0.14)

for any “well-behaved” function f(z). Thus, the delta-function can be used to pick out a particular value of a
function.

Another useful property:
1

dax) = Tal o(x) (0.15)
a
These properties are readily extended to the 3-dimensional delta-function, (x) = §(z)d(y)d(2). Indeed, we
have:

F(xo) = / F(x)5(x — x0)d5z

all space

See p. 26 in Jackson for other useful properties of the §-function, in particular, the important representation:

Sz —a) = ! elh(@=2") g, (0.16)

2r [

The result of problem 1.2 is also important in spherical or cylindrical coordinates!

Now we know our divergence of the previous section: V - (x/x3) = 476(x). This vanishes V x # 0 and has a
volume integral over all space equal to 47, consistent with the flux calculated above. More generally:

x—x ,
where the differentiation is with respect to x, x’ being fixed. Now since V(1/R) = —(x — x')/R3, where

R = |x — X/|, we immediately find a result that will prove very useful:

V2 <#> = —47nd(x — %) (0.18)

[x — x|

0.5.1 Helmholtz theorem

The Helmholtz theorem asserts that a vector function F(x) that vanishes at infinity faster than 1/|x — x/| is
uniquely determined over space if its divergence and curl are known. In that case:

F =Vu+Vxw (0.19)

where
1 [V -FX)

u(x) = 0 d3a’ w(x) = —

CAr Ix — x
and it is understood that the integration must extend over all space.

Also, vector fields whose curl vanishes everywhere in a simply-connected space can be written as the gradient
of some scalar field, the latter being determined only up to a constant. Similarly, vector fields whose divergence
vanishes everywhere in a simply-connected space (/72 is not one of them!) can be written as the curl of some
vector, the latter being determined only up to the gradient of a scalar.

12
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0.6 Expansion of Functions in a Complete Set of Orthonormal Functions (section J2.8)

We will be interested in classes of functions with two important properties. First, they are separable, that is,
written as products of functions, each depending on only one coordinate, in some coordinate system. Secondly,
these functions—call them f(§), where £ is some coordinate—can be expanded over sets of functions U,,(§) which
are (see also pp. 67-69 in Jackson):

1. complete: f(§) = chUn(é’) Vf(&), which means that the U,, (§) must satisfy:
n=1

D UL EUa) = 8¢ ~¢) (0.20)
n=1
2. orthonormal over some interval (a,b):

b
/ Un(§) Un(§) d€ = 6mn 0.21)

which allows to find the expansion coefficients:

b
en = / Uz (€) £(€) de 0.22)

When the interval (a, b) is infinite, (—o0, 00), some complete and orthonormal sets may become continuous. A
well-known example is the discrete set over the interval (—a/2,a/2):

1 . 2
Un(§) = %elk"g (kn = %n, n integer)
defining the Fourier series expansion:
1 « .
FE) = = D enehs

\/anz—oo
1 a2 / ikn&" q¢t

e = —= (&) e e dg (0.23)

\/a —a/2

When a — oo, the sum over modes becomes an integral over k, and the Fourier series goes over to a Fourier
integral:

L TP

1 & i
Alk) = = / fe)e " ae (0.24)
with:
2i / =R qe = §(k — k) (orthonormality)
7T —0o
QL/ k=€) qf = §(€-¢) (completeness) (0.25)
m —0o0

13
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0.7 Solution of the Laplace Equation in Rectangular Coordinates (sections J2.9-2.11)

Perhaps the most useful method of solving the Laplace equation, V2® = 0, is to express its solutions as expansions
over sets of orthonormal functions (see section 0.6 above, or section J2.8). To solve the equation, we must decide
first on our coordinate basis. It is an arbitrary choice, but a non-trivial one as it can make the difference between
success and failure. It should be guided by the shape of the closed surface over which the boundary conditions
(B.C.) are given. We shall consider flat and spherical surfaces in turn.

With flat boundaries, especially if they are mutually perpendicular, it makes eminent sense to use a rectangular
basis oriented along the surfaces. This allows the B.C. to be written in their simplest form.

We seek separable solutions of the form ®(x,y,z) = X(x)Y(y)Z(z). To find out if and under which
conditions this ansatz works, substitute this form for ® into V2® = §2® + 85@ + 92® and divide by ® to obtain:

L Lo Lo _
deX(:L') + Yde(y) + ZdzZ(z) =0

Each additive term depends on only one coordinate. Since the coordinates can take arbitrary values inside the
volume considered, the equation can be satisfied only if each term is constant, giving the three ordinary differential
equations:

& X(x) = ®X(2),  Y(y) = F°Y(y),  d2Z(2) = ¥*Z(2) (0® + 82 +7%=0)
with (not completely general!) solutions:

X(x)=Ae + Be™ ™
Y(y)=Ce" +De P (0.26)
Z(2) = F eVt | o=V 2

where o2 and 52 are constants, and the constants A, B, etc., must be determined from the B.C. If this can be
done with some linear superposition of each of X, Y, and Z, then the product of these superpositions will be the
solution.

Example 0.2. A two-dimensional example

Many boundary-value problems can be reduced to two-dimensional problems, where the potential
does not change along (say) the z direction, being entirely determined in terms of x and y. Then
®(x,y) = X (x)Y (y), and o> = — 2. Unlike Jackson in section J2.10, however, I make no educated
guess about the sign of o2, in order to show you how it comes out in the wash.

In this example ®(0,y) = 0 and ®(a,y) = 0. The first condition forces B = —A, so that
d(z,y) = A(CePY + De V) (e — e~*). The second condition demands that e2** = 1, which
cannot be satisfied if « is real and non-zero. But it is satisfied if « = ik, with & = nw/a (n an
integer). Absorbing the overall constant A into C' and D, recalling that 32> = —a? = —k? > 0, and
implementing ®(x, c0) — 0, we have the solution:

D, (x,y) = e FYsin kyx (kn, =nm/a, n>0)

At this point we realise that it is impossible to fit the other B.C., ®(z,0) = V, with just this solution
for arbitrary values of x. The only way to save the situation is to construct a more general solution,
making use of the linearity of the Laplace equation and the fact that any positive integer n gives a
solution to write:

O(z,y) = Z Ape "Ysin k,x

n=1

14



Lecture Notes on Graduate Electrodynamics 2020

The B.C. now takes the form V = Y °° , A, sin k,x, an expansion over the complete orthonormal
set {sin k,x}. From this, we determine the (Fourier) coefficients A,, = (2/a) [, V sin k,a dz. There
comes: W ) - ]
O(z,y) = — — e "™/ sin(nrx/a) = — tan”! <M> (0.27)
77

T A sinh(7y/a)

where the last equality is derived on pp. 74-75 in Jackson.

Example 0.3. Three-dimensional extension

In section J2.9, Jackson looks at the case of a hollow rectangular box with dimensions (a,b,¢) in
the (x,y,2z) directions, with all sides at zero potential, except for the side z = c¢. Going back to the
3-dimensional solution of eq. (0.26), we can move more quickly by noting that a? and 5% may be
chosen to be negative and dropping overall constants in each of the three functions.

Then the vanishing of the potential at x+ = 0 and y = 0 forces both X and Y to be sines, while
the conditions at x = a and y = b demand that o,, = nw/a, and 5, = nn/b, so that V., =
7 (n?/a® + m?/b*)/? and the condition at z = 0 is satisfied if Z is a sinh. Then:

O(x,y,2) = Z Apm sin(nmx/a) sin(nmy/b) sinh(ypm2) (0.28)
n,m=1

with the Fourier coefficients A,,,,, determined by imposing ®(z,y,c) = V(x,y).

0.8 Laplace and Helmholtz Equations in Spherical Coordinates (sections J3.1, J3.2, J3.5, J9.6)

The Laplacian operator is ubiquitous in physics. To study it, we first separate it into two convenient parts by
introducing the self-adjoint vector operators —iV and L = —ix x V, or L; = —ieijk;nj 9%, where €;jk 18 the
completely antisymmetric Levi-Civita symbol, and summation over repeated indices is implied. With the identity:
eijkeim” = 0;"0," — 0;"0;", the scalar product of L with itself is, in Cartesian coordinates:

L-L = —eje™ 270" 2,0, = —27 (0j + 2,00 — 30, — 2,0°0;) = —ala;00 + 27 0; + 270;2%0,
Extracting the Laplacian and reverting to coordinate-free notation, there comes with z7 = r2:
5 L2 1
V2=~ 4 20, + 0,(r )] (029)
r2 oy

The distance r to the origin can be expressed in any coordinates we wish, yet this expression wants to single out
the direction along x = r 11 from the other two. Also, it would be nice if L only involved derivatives in directions
perpendicular to .. This is most easily realised in a spherical coordinate system, since its radial coordinate natu-
rally correpsonds to the direction along x; the other two coordinates are angular. By transforming the Cartesian
components of L to spherical coordinates (r, 8, ¢), we obtain:

L, = —i(y0, — 20y) = —i(—sin¢gdy — cotf cos$dy)

Ly, = —i(20, — 20.) = —i(cos¢p 0y — cot sin¢gdy)

L, = —i(z0, — y0,) = —i0y
The derivatives with respect to r have cancelled out, leaving only angular coordinates! We also find that:
1 1

sin 0 O (5100 0p) + sin26

L = L2+ Lo+ L7 = - 03 (0.30)
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It is also useful to have the spherical components of L. Obviously, L, = 0 since r - L. Using the transformations:
0 =1icosf cosp+jcos singp —k sinf, and ¢ = —1i sin ¢ + j cos ¢, there comes:

/s 1

Also, eq. (0.29) makes it obvious that the commutator [V, L?] := V?L? — L2V? = 0, so that [V, L] = 0.

We establish five vector identities involving L and V2. With r the radial coordinate in a spherical system:
r-(VxV) = (g2'd)VF = (rxV)-V =iL-V (0.32)
Vi(r-V) = 9;0 (x;V7) = 0;(0°V? + ;0" VI) = 9,V + 9;V' + 2,0,0'V?) = 2V-V +r-V*V (0.33)
V- (rxV) = 0 (27VF) = ¢ (69VF + 290'VF) = —r- (VxV) = -iL-V (0.34)

Taking V — V x V, this last identity reads: L- V xV =iV - [r x (V x V)]. Using an identity in Jackson’s
front left cover, we have, with Vxr =0: r x (VX V)=V (r-V) — (r- V)V — (V- V)r. Then there comes:

L-VxV=i[Vr-V)-09(270;,)V') — V- V] =i[V3(r-V)-2V- V- (r- V)V V]  (0.35)

Our last identity involves i V x L= Vx(rxV) or, in index notation: €;y, €Mk QI (210,,) = (5,-l5jmﬂ5im5jl)aj (210m)-
Expanding yields: 0™ (2;0,,) — 0'(210;) = 2,00 — 20" — (2;01)0; = ;0™ 0y, — 0° — 0;(2;0"). When acting
on a scalar function f, this gives in coordinate-free notation:

iVxLf =rVif — V(f + rd,.f) (0.36)

0.8.1 Eigenvalues of L? and L,
Now one readily shows that the following important commutation relations hold:
[La, Ly} = iL:, [Ly, L] = iLa, Lz, La] = iLy, L% L] = 0 (0.37)

The first three can be written in the compact form: L x L = i L. The importance of these relations cannot be
overstated. It says that L belongs to the class of self-adjoint operators J whose Cartesian components satisfy the
canonical commutation relations:

[JZ’, Jj] = ieijk Jk, (0.38)

Just from these properties, it is possible to derive the eigenvalues A of J2, such that J2g = \g, and the
eigenvalues m of J,, such that J, f = m f, where A and m are real numbers since the operators are self-adjoint.

Introduce the ladder operators Jy = .J, & i.J,. with coomutation relations [J2, Jy| = 0. [J,, Ji] = £ Jy,
and [Jy, J_| = 2J,.
J(Jef) = [L, Je) f + Jed.f = (m £ 1) (Jef)

Now f is also an eigenfunction of J2, and J,J?f = J?J.f = mJ2f, so that J2f is an eigenfunction of .J, with
the same eigenvalue. Since the eigenvalues of .J, are non-degenerate, J? f is a multiple of f: J2f = Af. Also:

FP(Jrf) = Je(I*f) = A(J+f)

These results tell us what J. do for a living: they raise (J.) or lower (J_) the eigenvalues of J, by 1, whence their
name. In other words, if f is an eigenfunction of .J, with eigenvalue m, so is J4 f, but with eigenvalue (m =+ 1).
We also have found that all the eigenfunctions of .J, reachable with the ladder operators are eigenfunctions of J?
as well, with the same eigenvalue \.
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We can also use the definition of J. to show the identity:

I =Jrdr +JEF I, (0.39)

For a given value of )\, we expect that m should have a maximum value, mp,x = 7, as well as a minimum
value, mmpin = j'. Now act with J 2 on the eigenfunction of J, with the maximum value of m, which we call f;.
Then J f; = 0 and, from the identity (0.39), we find:

Pfy = LZ2fi+ J.fi = iG+ D fi = M

Similarly, act with J? on the eigenfunction of J, with the minimum value of m, fj/, keeping in mind that f; is
also an eigenfunction of J? with the same eigenvalue, ), as fi

Yty = Gy = 3fy = 76 =0 = My

Comparing yields A = j(j+1) = j'(j/—1), and thus ;' = —j. It follows that m goes from —j to j in N integer
steps, ie, j = —j + N,so j = N/2.
We conclude that:

* The eigenvalues of J2 are j(j + 1), where j is a positive integer or a half-integer.

* For a given value of j, m can take 25 + 1 values, from —j to j.

With the help of eq. (0.39), we can now exhibit the full action of J_ on a normalised eigenfunction f;,, of J 2
and J,. Let J_ fj;, = c— fj m—1. Then, using the rules for taking adjoints, and with (f, g) the inner product of f
and g:

(Fims T+ d= fim) = (J=Fims I fim) = (c—fim-1, = Fijm—1) = le—* (Fim-1, fim-1) = lc—|?
But since J1 J¢ = J2 — JZ2 + J,, we also have that:
(fims T+ = fim) = (fms (2 = T2+ L) fim) = §(G+1) = m?* + m

Comparing yields c_ up to an unimportant exponential phase factor which we put equal to 1. We find the coefficient
in J4 fjm = ¢4 fjm+1 in a strictly analogous way. The results for both ladder operators are:

Jifim = Vi(i+1) — m(m £1) fimz1 (0.40)

0.8.2 Eigenfunctions of L? and L,

To find the common eigenfunctions for J and J? operators, we must know what they look like. Here, we will be
interested in the L operator whose form we do know and which makes up the angular part of the Laplacian in
spherical coordinates.

The eigenfunctions of L, are readily obtained by solving the differential equation:

With a separation ansatz: f(6,$) = F(6)G(¢), the solution for G is: G(¢) = e™?. Require that G (and f) be
single-valued, that is, G(¢ + 27) = G(¢) leads to:

imao 2imm

gl (@+2m) = e = cos2mm + isin2mm = 1

= ¢
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which constrains m to be any integer. Therefore, [ := mp,x must also be an integer. Thus, we find that the
particular form L = —ix x V rules out the possibility of half-integer values of j allowed for a self-adjoint J that
satisfies the canonical commutation relations (0.38).

The 6 dependence of the eigenfunctions must be derived from the eigenvalue equation for L2. Call f(6, ¢) =
Y™ (0,¢) = F(8)G(¢); these must satisfy:

1 . 1 2 m _ m
~ g B 6noan) + o] ¥6.0) = 1+ D0,

Inserting Y;™(6, ¢) = F(0)e!™? into this equation leaves:

L gy (singd ™ ) by — 1+ 1) F (O 0.41
- |G detsingds) — 7] FO) = 10+ ) F) 041

Instead of solving this equation by brute force, we use a clever technique involving the ladder operators L..:
L:t = j:eid’ (69 +i C0t98¢)

Now, when m = [, we have: _
LY} = €? (8 +icot0dy) Y/ (0,6) = 0

Inserting Y} = F'(6)el'?, this reduces to the much simpler
dgF(0) — lcotO F(0) = 0

whose solution is () = (sin6)!. Therefore, ¥}! = (sin6)'e!’®. Applying L_ the requisite number of times
generates the other ;" (0 <m < [): Y] Ll__mYll. When normalised, these are the spherical harmonics:

Ym0, 6) = (;}l)!m \/ 21 fu ! 8 - Z%: (1— 222 [dm (@2 — 1) ™ o= cosf 0.42)

Spherical harmonics are tabulated on p. 109 of Jackson for [ < 3. They obey:
Yim(0,0) = (=1)"Yim(0, ) (0.43)

They satisfy other useful relations which can be found in several references (Artken’s Mathematical Methods for
Physicists and Handbook of Mathematical Functions by Abramowitz and Stegun are two popular ones). They
occur in the solution to many problems in physics: in quantum mechanics for instance, when the potential in the
Schrodinger equation is spherically-symmetric, the angular dependence of the wave functions is always given by
spherical harmonics. And we shall see later how useful they are in electrostatics.

The spherical harmonics form a complete set of orthonormal functions, in the sense that any function g(6, ¢)
can be written as:

oo l
9(97¢) = Z Z AleYlm(0>¢)

=0 m=-1
where

A = 74 £(0,6) i, (6, 6) dQ

with d€) = sin 0 df d¢, and where we have used the orthonormality condition:

T 21
/ sin 6 d / Y5 (8, 0)Yim(0,6) dé = S116mrm
0 0

18
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The spherical harmonics satisfy the completeness relation:

[e%) l
SN V(0,8 Yim(0,0) = 8z —2")5(¢ — &) (z = cos ) (0.44)

1=0 m=-1

In axisymmetric situations, with the the z-axis chosen along the axis of symmetry, there is no ¢ dependence,
which means that m — 0. Then the spherical harmonics collapse to the Legendre polynomials of order /, given
by the Rodrigues formula:

P(z) = —=d' (2% — 1) (-1<z<1) (0.45)

They satisfy the Legendre equation, which is simply eq. (0.41) with m = 0. They are given on p. 97 of Jackson
for [ < 4. They satisfy a number of relations, some of which are given on p. J100.

One word of caution here: this treatment presupposes no restriction on either 6 or ¢! See section 3.4 in Jackson
for modifications needed when 6 is restricted to a range smaller than 7 in a solution independent of ¢.

0.8.3 General Separable Solution of the Laplace and Helmholtz Equations

Suppose we are presented with the equation [V + ~(x)] ¥ (x) = 0. Work in spherical coordinates, and make the
separation ansatz: ¥ (x) = R(r)F (0, ¢). Using the form for V2 derived earlier, eq. (0.29), we write:

V20 + y(x)T = —L:—;I’ + % (0,9 + 0,(r 6, ¥)] + y(x) ¥
2
= rr) P LD PO (4 jey 4 a(ra BN + A0 ROVF(6.)

Dividing the second line by R(r)F (6, ¢) and multiplying by r2, we see that the equation is separable provided
Y(x) =~(r):

R(r)

r

L2F(0,¢) = NF(6,0) d.R(r) + d,(rd.R(r)) + ry(r)R(r) = X

The first equation is the eigenvalue equation for L2, whose eigenvalues are A\ = (I 4+ 1) (I > 0 € Z) with the
spherical harmonics Y;™ (6, ¢) as eigenfunctions.

The radial equation can thus be written: iz d, (r* d, Ry(r)) + <7(7‘) _ W —Z 1)> Ry(r) =0
r r

When ~(r) = 0, this is the radial part of the Laplace equation which becomes, after the change of variable
r =e% d2R+d,R—I(I+1)R = 0. Inserting a solution of the form eP” turns the equation into p>+p—I(I+1) = 0,
that is, p = [ or p = —(I 4 1), which leads to R = Ae!* 4+ Be~ (417 = Arl 4 Br—(+1)_ Therefore, the general
solution to the Laplace equation in spherical coordinates is:

(r,0, ) ZZ <Almr n ﬁ> Ym0, ¢) (0.46)

If W is specified over a surface of constant r = a, the coefficients Ay, and By, can be found. Very often, one looks
for solutions inside and outside the sphere, ¥, ., and ¥,~,. For r < a, B]<* = 0 so as to prevent a divergence at
r = 0, and:

Apne = % jé U(a,0,0)Y;,(0,0)dQ (0.47)
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For 7 > a, and assuming that ¥ — 0 at infinity, A]~% = 0 to avoid a divergence as  — 0o, and:
Bt =" § 0(0,0)¥7,(0.0) a0 048)

If either one of these two solutions is known, we can use the matching condition U, _,(a,0,¢) = V,~,(a,0, ¢)
to relate the coefficients: Bj~® = a?/t1A7<,

Clearly, if this solution is to be regular, and if it holds everywhere, it must vanish. In other words, if the Laplace
equation is valid everywhere, it has no non-vanishing regular solution. For a non-trivial solution, there must be a
region of space where there exists an inhomogeneous term acting as a source.

Note, however, that the general solution holds at any point where there is no source. The effect of sources is
encoded in the coefficients A;,,, and By,,.

When 7(r) = k% > 0, we get the radial part of the Helmholtz equation in spherical coordinates:
2 I(l+1
erir) + 2ari) + (# - ) Ry = 0

The substitutions R; = u;/+/r and & = kr readily transform it into:

(1 +1/2)?

1

2

~d, 1 —
diu(z) + wd w(z) + ( 2

> w(z) = 0

which is a form of the Bessel equation. The solutions are the spherical Bessel functions of the first and second
(Neumann) kind, usually written as (see also Jackson’s Classical Electrodynamics, section 9.6):

l
1 l . x T <K (1,1)
1Jz+1/2(96) = (—x)l <_ i) <smx> ~ 1 (0.49)
V 2z z dz T - sin(x —Im/2) x>1

1
/ 1 dY\ Y r < (1,1)
ni(r) = %Nzﬂ/z(w) = —(-=) <; £> (Cij) ~ ”1” (0.50)

- cos(x —Im/2) x=>1

Ji(@)

Here are a few spherical Bessel and Neumann functions as plotted on Maple, with p = x:

Spherical Bessel functions Spherical Neumann functions
1.0 0.57 =0
1=1 1=2
0.8 0
2 3 )%‘O
0.6 =0 rho
-0.51
0.4
y -1
0.2
N -1.57
-0.21 -2-

The n; diverge at the origin and thus are excluded from any solution regular at the origin.

(Spherical) Bessel functions of the third kind, aka Hankel functions of the first and second kind, sometimes
come in handy: hl(l’z) (x) = ji(x) £ iny(z). One can express the general solution of the Helmholtz equation in

terms of the j; and ny, or in terms of the hl(1’2).
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0.9 The Convective Derivative

It can happen that we wish to know how some quantity f(x,t) varies with time if X is a position X that moves at
velocity u = d;x. Then f(x(t),t) becomes a function of ¢ only, and we can take its ordinary (or convective/total)
derivative:

def (xo(t),t) = Ouf + [dixo- V] f
= 0f + (u-V)f 0.51)

Using identities on the left of the inside front cover of Jackson, we see that if f is a scalar, (u-V) f =V - (uf).
But if f is a vector,
dif (x0(t),t) = Of + uV-f — Vx(uxf) (0.52)
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1 Review of Electrostatics

The first 11 sections (you can omit 1.12 and 1.13) of this chapter in Jackson should only be revision; little is done
there that you shouldn’t have seen before (presumably...). Therefore, I will assign it for you to read carefully, and
will only go over the salient points here.

1.1 Electrostatic Field (sections J1.1-J1.4)

The Coulomb electric field, whose source is a point-charge ¢, located at position x’ with respect to an arbitrarily
chosen origin, is given by:

x —x

E(x) = keg (1.1)

|x — x/|3
where x — x’ is the distance vector from the source at x’ to the observation (or field) point x, In SI units, the
Coulomb constant k., = 1/47¢y = 8.99 x 10° N - m?/C?; in CGS units it is simply equal to 1. In the first seven
chapters of these notes, whenever I deviate from writing the general k., I will adopt SI units as is done in the first
ten chapters of Jackson.

The electric field obeys the principle of superposition. When the source is a collection of N point-charges g;
sitting at their respective positions x;, their electric fied at x is:

This is easily extended to continuous source charge distributions. We only give the expression for a distribution

extending over a volume:

x —x

E(x) = ke / p(x)) d3z’ (1.2)

volume

|x —x'|3

where p is the charge density in the distribution. Note that only Cartesian components can be used in the integral,
because only then are the unit vectors in x — x’ constant with respect to integration, so that they can be pulled out
of the integral. The remaining three integrals can then be evaluated in any coordinate basis you wish.

If a charge (Q is placed at the observation point x, it experiences a force F = QE due to the electric field,
whatever the source of the field may be.

Note also that you can always write a discrete distribution of NV point-charges at positions x; as:

N
= Z qi 0(x — x4)
i=1

The Coulomb field, as well as any electric field, satisfies Gauss’ law in differential form:
V-E = 4nk.p (= p/eoin Sl units) (1.3)

or, via the divergence theorem, in the equivalent integral form:

j{ E.-da = 47ke ¢in (1.4)

surface

where ¢;, = f p(x") d3a’ is the total net charge enclosed by the surface.

The field of any static charge distribution can be written as a superposition of Coulomb fields. We call such
fields electrostatic.
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1.2 Scalar Potential (sections J1.5-J1.7)

Because it is a central field, the Coulomb field has vanishing curl. Therefore, by the superposition principle, all
electrostatic fields satisfy V. x E = 0 everywhere. This is equivalent to saying that § E - dl = 0 for any closed
integration path.

Because V x E = 0 for any electrostatic field E, there exists associated with this vector field a scalar field
®(x) such that E = —V ®. From the fundamental theorem for gradients (section 0.3):

b b
/ E.dl - _/ (VD) -dl = ®(a) — B(b) (15)

Therefore, the electrostatic potential at any point P is ®(P) = — [, é) E - dl, where O is an arbitrary reference
point, usually chosen where we want the potential to vanish.

The Coulomb potential of a point-charge ¢ is ®(x) = kegq/|x — X/|.

The potential ®, like the field E, obeys the superposition principle. Then the potential of a localised charge
distribution p is:

/
B(x) = k/ ) g3y (1.6)
[x — x|
where the reference point is taken at infinity, hence the restriction to localised distributions.
Combining E = —V & with Gauss’ law yields the Poisson equation:
V2 = —Ankep (1.7)

In vacuum, this becomes the Laplace equation, V2® = 0.

1.3 Matching Conditions on Electrostatic E and ¢

Let 1 be a unit vector normal to the boundary of some volume, directed from the “in” region to the ““ out” region.
The electrostatic-field component tangent to any surface is continuous across the surface:

(Bow — Ein) x i = 0 (1.8)

For conductors, on the other hand, the normal component is discontinuous when there is a local surface charge
density o
(Eout — Eip) -0 = = 4nkeo (1.9)

and the local field due to o has magnitude 27k.o, so that the fotal field has to jump by 47keo across the surface.

The potential is continuous across the boundary of a conductor, but its gradient in the direction normal to the
surface inherits the discontinuity in E:

On@out — On®in = —4rkeo (1.10)

where the normal derivative , 9,® = (V @) - 1, is evaluated at the surface.

For non-conductors, we will have to be a bit careful (see chapter 4 in Jackson) with the normal components.
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1.4 Boundary-Value Problem with Green Functions; Uniqueness of a Solution (sections J1.9-
J1.10)

In realistic electrostatic problems, we rarely know the whole charge distribution that produces the potential ob-
served at a point. What we most often do know (and often can control) is the potential over specific surfaces
such as conductors. These surfaces can enclose regions with or without charge inside. The proper approach then
involves solving the Poisson or Laplace equation, subject to boundary conditions (B.C.).

There are two very important questions that must be answered:

* What kind of information do we need to supply in order to obtain a solution to the Poisson equation?

* If we find a solution, is it unique?

1.4.1 Uniqueness of the solution

It is convenient to address the first question before the second: is a solution of the Poisson equation that satisfies
boundary conditions (B.C.) on a closed surface unique?

Suppose there exist two solutions, ®; and P9, of Poisson’s equation that satisfy the same B.C., on a closed
surface. Define &3 = &5 — &1. From Green’s first identity (eq. 0.6) with f = g = &3, we have:

/ [B3V2D3 + (VP3)?]d32" = ]é P30, ®3dd’
volume surface

The surface integral is zero because either $35 = 0 (because we have specified the potential) or 9,35 = 0 on
the surface (because we have specified the normal derivative). Also, V2®3 = 0 inside the volume. Therefore,
f (V(I)g)zd?’x = 0, which can only be true if V&3 = 0 inside the volume, so that ®3 is a constant there. Then,
if &3 = 0 on the surface, it vanishes everywhere inside, whereas ®3 can be a non-zero constant inside if 0,9 is
specified on the surface.

We conclude that ®; = &5 inside (up to a possible irrelevant additive constant), and that the electrostatic
field is uniquely determined. The importance of this result cannot be exaggerated. It means that any function that
satisfies Poisson’s equation and the B.C. is the solution, no matter how it was found! It also means that if ® is
specified on the surface, its normal derivative is also determined and cannot be specified arbitrarily; if it is 0, ®
that is specified, then we lose almost all control over ® which is determined up to a constant.

1.4.2 Solution of boundary-value problems with Green functions (J1.8-10)

To answer the first question, we introduce functions G(x, x’), called Green functions.

A Green function G for a linear differential operator L is defined as a solution of the equation L G(x,x’) =
—4md(x — x/ ), where x and x’ are two points in the manifold on which the functions are defined. Thus, in
3-dimensional space, the Green function for the Laplacian satisfies:

V3G (x,x) = —4nd(x — %) (1.11)
Now take f = ® (@ is the potential) and g = G in Green’s second identity (eq. (0.7)):
/ (VG - GV?®)d% = }’4 (®0,G — GO,y®)dd

volume surface

After using the Poisson equation in the second volume integral we obtain:

/ — 4 [@(x)0(x — x') + kep(X)G(x,x')] 2" = j{ (©0,G — GOy®)dd
v ° 24
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If x lies outside the arbitrary volume, the first volume integral is zero. If x lies inside the volume, we can extend
the first volume integral to cover all space without changing anything, and integrate. Rearranging then yields:

1

o(x) = ke/ p(x)G(x,x')d3z’ + 4—}[ (GOw® — ®0,G)dd (1.12)
1% mJs

where p is the charge density and S is the surface boundary of volume V. The normal derivatives are to be

evaluated on S before integrating.

You may think that we have answered the first question: specifying p over a volume and ¢ and its normal
derivative as B.C. over the surface enclosing the volume gives the potential everywhere via the above equation.
There is a subtle and important point here, however: as we have seen above, ® and 0,,® are not independent on
the surface. So we are not free to specify them both arbitrarily as such values will in general be inconsistent. We
may only specify one or the other! In that sense, our expression for ® should not be considered a solution yet, but
just an integral equation. After all, the surface integrals come from an identity.

Specifying ® on the surface gives Dirichlet B.C., whereas specifying 9,,® gives Neumann B.C. In the case
of conducting surfaces, the latter are equivalent to specifying the surface charge density o = —¢(0,,P.

How do we get a solution for ® then? In principle, this is simple. To a particular solution of the defining
equation (1.11), we can add any function F'(x,x’) that satisfies the Laplace equation: V2F(x,x’) = 0, to obtain
the most general Green function for the Laplacian. “All” we have to do is find a F' that eliminates one of the two
surface integrals.

For instance, uppose we wish to specify ® freely on the surface S (Dirichlet problem). Then we should have
Gp(x,x') =0 Vx € S. The solution for ® would then be:

L j{ ®(x")0,,Gp(x,x')dd’ (1.13)
S

7

o(x) = ke/vp(x/)GD(x,x/)d?’w’ -

This means that inside a charge-free region, the potential is determined once its values on the boundary of the
region are specified.

Note also that if the volume is all space, the surface integral at infinity vanishes if ®(x) — 0 at least as
fast as 1/|x — x'| (since da ~ R2). In that case we can take ' = 0 and, comparing eq. (1.11) and (0.18),
Gp(x,x’) = 1/|x — x/| because this already satisfies Gp = 0 at infinity, and we end up with our earlier Coulomb
expression: ®(x) = k. [ d32/p(x')/|x — x/|.

Similar considerations apply with Neumann B.C., ie. when 0,,® is known on the boundary. Then, if the volume
is bounded by two surfaces, one closed and finite and the other at infinity (see Jackson p. 39), we have:

d(x) = ke/ p(x)Gn(x,x') d3’ + i7{G'N(X,x/)(?nﬂI)(x') da’ (1.14)
v dm Js

So our first question has now been answered: supply the charge density inside a volume, together with Dirichlet
or Neumann B.C. on the boundary of the volume; then ® inside the volume can be found.

Incidentally, a useful property of Dirichlet Green functions for the Laplacian (or any other differential operator)
follows directly by taking f = G(x,x”) and g = G(x,x”) in Green’s second identity, eq. (0.7):

/ [G(x,x") V*G(X,x")-G(x/,x") V?’G(x,x")] d*" = }{ (G(x,x") 0,G(X,x")-G(x',x") 9,G(x,x")] da"
volume surface
The right-hand side vanishes because G = 0 for Dirichlet B.C. on the boundary surface. Since the volume is
arbitrary, implementing the defining equation (1.11) for Green functions yields, :

Gp(¥',x) = Gp(x,X) (1.15)

This symmetry of Dirichlet Green functions in their two arguments corresponds to the interchangeability of source
point x’ and observation point x. It provides a good check on candidate Green functions for a Dirichlet problem.
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1.5 Electrostatic Energy (section J1.11)
1.5.1 Potential (interaction) energy

If a point-charge ¢ is sitting at position x where there exists an electrostatic potential ®(x), work had to be done to
bring it there from infinity. This work is W = ¢®(x), and is done by an external agent against the force associated
with the potential acting on the charge q.

We know that the potential produced at a point x; (where there is no charge) by a collection of j — 1 discrete
point-charges is:

7j—1
di
B(xj) = ke Y
i

- Ix; — ]

Then, to bring one extra charge, g;, to x; from infinity requires an energy ¢;®(x;). By virtue of being located at
x; in the potential of the other j — 1 charges, ¢; now has a potential energy equal to the work done by the external
agent to bring it there, namely ¢;®(x;). So the total work needed to build a configuration of N charges, each at
point x;j, is:

1 N
-1y gew) (116)

where ®(x;) is the potential at x; from all charges other than the charge sitting there.

By the same token, W is the potential energy of the distribution — in other words, the energy required to
assemble it from charges initially located at infinity.

For a continuous volume distribution, this generalises to:
ke p(x)p(x') 3 3 1 3
1%

except that there is a subtle but very important difference with the potential energy of a discrete distribution. In
eq. (1.16), the potential at the points where the charges are sitting does not contribute, whereas in eq. (1.17) the
integral receives contributions from the potential at all points in the volume. The latter, but not the former, includes
the “self-energy” of the charge distribution.
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1.5.2 Energy density in an electric field

In terms of the field, we have, in SI units:
W = /p(x)cp(x) d*z (1.18)

= L [ (V. E)dx)

- %(/V-(E@)d?’x —~ /E-V<I>d3a:>

= %0 j{ (E®)-da + /E2d33:

— 00

[\

= %OEQ &3z (1.19)
Note that even if if the initial volume integral in effect includes only the region where p # 0, starting on the third
line, it must extend over all space so as to capture all the energy! In this form, W can be interpreted as the energy
stored in the field, with eg 2 /2 the local energy density. Note that this is always positive, and that, therefore, the
energy given by eq. (1.17) must also be positive, something which is not obvious there. As mentioned above, the
apparent discrepancy with the energy of a discrete distribution, which can be negative, stems from the fact that the
latter cannot include the self-energy of the charges. See also the example involving two point-charges on p. 42 in
Jackson.

Because the electrostatic energy density is quadratic in the field, it does not obey the superposition principle;
only the field does. To find the total energy density from more than one field contribution, you must first add the
fields before using g £2 /2.

Finally, we define the capacitance of a conductor as the amount of charge per unit potential that sits on it, when
all other conductors are maintained at zero potential. If this latter condition is not met, the relationship between
charge and potential, while still linear, is more complicated:

N
Qi = Z Ci;Vj

J=1

where V; is the potential on the j" conductor, and the Cjj (i # j) are called induction coefficients.
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2 Boundary-Value Problem in Electrostatics

2.1 Method of Images and Associated Green Functions (sections J2.1, J2.6)

One very famous method for finding solutions of the Laplace equation replaces conducting surfaces (or equipo-
tentials) by “virtual” charge distributions that, together with actual charges also present, generate a potential that
satisfies the specified Dirichlet B.C.

This so-called method of images can be viewed as a clever use of the uniqueness theorem for electrostatic
potentials. But there are no hard and fast rules for finding image charges and their location, except that they should
always be placed outside the region where one wants the potential, otherwise they would change the problem. It is
mostly a matter of guessing, so the method only works for simple enough distributions, such as a point-charge in
the example below and in Jackson. If one can find the appropriate image charges and where they are located, then
quantities other than the potential can also be calculated with little difficulty:

¢ the charge density induced on the conducting surface, via 0 = —0®/0n /4rk,;

* the force between the actual charge distribution and the conducting surface, which is simply the force be-
tween the real and image charges;

* the energy of the original and induced charge configuration, which can be taken to be the energy of the real
plus image configuration so long as the energy of the fields outside the region of interest is not included!

The simplest image problems involve a point-charge ¢ in the presence of various conducting objects. Ob-
viously, the point-charge redistributes charge on the conductor so that its surface remains an equipotential. An
elementary example is with a grounded conducting plate, where an image charge —q placed behind the plane op-
posite ¢ and at equal distance will produce the required B.C. on the plane. Here, the volume is bounded by the
plane and an hemisphere at infinity on the side of the real charge.

Less trivial is Jackson’s first worked-out example involving a grounded conducting sphere of radius a, the only
one we will take up here using instead our Dirichlet solution (1.13) that, as pointed out (somewhat cryptically) in
Jackson’s section 2.6, has an interesting connection with the method of images. Indeed, we have already noted in
section 1.4 above that the Dirichlet Green function for the Laplacian can be written:

/ 1 /
Gp(x,x') = x| + F(x,x')
where x (r = |x| > a) denotes the position of the observation point, and F is any function that satisfies
V2F(x,x') = 0. This means that within the volume between the sphere and infinity, G can be viewed as the
electrostatic potential due to a point-charge ¢ = 1/k, lying at some point x’ outside the sphere, plus another po-
tential due to a source lying at some point x” inside the sphere, since that latter potential will indeed satisfy the
Laplace equation outside the sphere. This is precisely how the method of images works for a point-charge ¢ in the
presence of an object with B.C. specified on its surface!

At r = a we can write:

1
Gp(x = afr,x') = + J

2 ! 2
a\/l—i—r——Qr—ﬁ-ﬁ’ r"\/1+ ¢ o %h.qn

T‘//2 T‘//

where i = x/r, etc., and g and x” = r”/” are to be fixed by the “‘universal” B.C.: Gp(x = afi,x’) = 0. By

(" and A" collinear), 1/a = —g/r", and v’ /a = a /7", or:
a
9= " = a? 2.1
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As expected, 7’ < a if ¥’ > a. Our Dirichlet Green function has been found:

Gp(x,x) = ! - L 22)

a V12 472 — 271 cos vy \/7"27“’2/&2 + a2 — 2rr’ cosy

where cosy = 1 - i’. Gp is symmetric in x and x/, as it should be, and it vanishes at r = a, as required for a
Dirichlet problem.

The surface integral in (1.13) does not contribute for a grounded conductor. Writing the volume integral as:

/ p(y)Go(x,y) d%y

and inserting p(y) = ¢ d(y — x’) yields the potential exterior to the grounded conducting sphere:

1 1
O(x) = keq — / — 2.3)
\/r +7'“ = 2rr’ cosy \/7"27“’2/(12 + a2 — 2rr' cosy
The surface charge density on the sphere is easily obtained from:
B 1 0% B q a(r’® — a?) (0.4)
 Amke Orlr=a  4ma® | (% + a2 — 2ar’ cosy)3/2 '

Green functions are much more powerful than the method of images! The Green function we have found is
valid for a point-charge in the presence of any sphere and it does not care which particular B.C. for @ is specified
on the sphere. When @ (' = a) # 0, all we have to do is add the surface integral in eq. (1.13); the volume integral
remains the same since it is independent of the B.C. on ®. Noting that i’ for the exterior volume points in the
negative radial direction, the partial derivative of the Green function in the surface integral is simply:

0Gp JdGp r? — a2

o’ O lv=a  a(r?+a®— 2arcosy)3/2

In our example, the potential in the presence of a point-charge outside the sphere, with ®(a, 6, ¢) specified on the
sphere, is:

1 1
(I)(X) = hed 2 2 _ / B
\/r +7r 2rr’ cosy \/7“27”2/@2 + a2 — 2r1' cos
1 r2 — a?
+ = [ o( = da’ 2.5
4T / (r=a) a (r? + a? — 2ar cos y)3/2 ¢ (25)

If this is evaluated in spherical coordinates centered on the sphere, then ®(r’ = a) = ®(a, ', ¢'), da’ = a?dSY,
and cosy = cosf cos 0 +sin 6 sin @’ cos(¢ — ¢').

As a bonus, this easily generalises to arbitrary charge distributions outside the sphere, simply by evaluating the
volume integral in eq. (1.13) with the above Green function unchanged. We can even remove any charge outside
the sphere, and be left with:

a(r? — a?)

(r?2 + a? — 2ar cosv)3/2

1

P(x) = — / ®(a,d, ¢ 194 (2.6)
47

which is the solution to the Laplace equation, valid outside the sphere. To use this expression, we don’t need to

know the charge distribution inside the sphere; all we need is ®(a, ', ¢') on its surface.
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2.2 Boundary-Value Problems with Azimuthal Symmetry (section J3.3)

There is an important class of boundary-value problems in which the potential is independent of the azimuthal
angle ¢. They are said to exhibit azimuthal symmetry (not to be confused with cylindrical symmetry). When
m = 0, the general spherical solution of the Laplace equation, eq. (0.46), has no dependence on the azimuthal
angle, and it collapses to:

O(r,0) = Z (4 r' + B r_(l“)] P(x) (x = cosf) (2.7)
=0

with the A; and B; determined by matching and boundary conditions.

2.2.1 A clever method to find potentials with azimuthal symmetry (pp. J102-103)

If the observation point lies on the symmetry axis (# = 0 or 7), eq. (2.7) becomes:

®(r,0) = Z (4 rt + B r_(l+1)]
=0

The coefficients A; and B; in eq. (2.7) are independent of the location of the observation point. Therefore, if we
can obtain the on-axis potential by some other means, all we have to do is expand it in a/r and r/a, where a is a
characteristic length for the problem, and read off the coefficients from the previous expression. (see pp. 102-103
in Jackson for examples).

2.2.2 Animportant expansion for 1/|x — x/|

We can also use the same reasoning to obtain a very important result. If we ask for the potential, at an observation
point x, of a point-charge ¢ = 1/k, situated at position x’, we know that the answer is the Coulomb expression
® = 1/|x —x/|. This expression is coordinate-free, but nothing prevents us from working in a spherical coordinate
basis and orienting the axes so that g lies on the +z-axis, thus creating a situation with azimuthal symmetry. Then,
from eq. (2.7):

o

= Z (Al rl+ B r_(l+1)) Py(cos )

1
x—x|
1=0

Note that the angle v between x’ and x is now the spherical coordinate 6 (see figure J3.3).

First, let 7/ < r < oo. Then A; = 0 VI since ® — 0 as r — oo, Then use our little trick and put the
observation point also on the +z-axis. We have:
r! r 2
0y (-) i
r r

L1 1 N
x—x/|  r—7 7 r T

[oe)

1 B B
S gt = ! [Bo+—1+—22 +}
—0 T T T

But

By inspection of the two expansions, B; = r’ ! so that when x’ is along the z-axis, with r > r/:

1 1 /) ,
x| :;Z<—> Py(cos 0) Vel 6'=0

Ix — x r
=0

When ' =0, 1/|x — x'| = 1/r, as expected.
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We can also use the same reasoning to show that, for r < r’/, A; = 1/r’l+1, B; =0, and:

! = %i(%)lﬂ(cos 0) r<r, =0

|x — x/| 7
=0

Now what happens when x’ lies off the z-axis, removing the azimuthal symmetry? Very little, actually: just copy
the above expressions to coordinate-free form by noting that ~y is still the angle between x’ and x, ie. x’ - x =
rr’ cos+y. Thus, cos § — cos .

Finally, the two expressions for r > r’ and r < r’ can be combined into one, which is the general expansion
sought:

© l

.
= Y =7 Pi(cosy) (2.8)
r>

=0

1

[x — x|

where 7 is the smaller of r and 7/, and r- is the larger of r and 7.

Apart from a choice of origin, this expression is coordinate-free, but often we wish to work in spherical
coordinates. We must invoke the Addition Theorem for spherical harmonics proved in section J3.6, using
cosy = cos cos ' + sinf sin @’ cos(¢p — ¢'):

a7
20+1

Py(cosy) = Z Vi (0, ¢)Yim (6, ) 2.9)

m=—1

to write an expansion with completely factorised terms, useful when integrating over primed or unprimed coordi-
nates:

Jx — x| X’\

[ l
Z Z l_|_ 1 l+1 }/lm(el (Zsl)}/lm(ea(b) (2.10)
=0 m=—1

Example 2.1. Application to a volume integral of the field (pp. J148-149)
The expansion of 1/|x — x/| in terms of Legendre polynomials can be put to work to calculate the
integral of the electric field over a sphere of radius R:

/r | EGodr = - / LT

= —7{ R?®(x) 1 dQ
r=R
= — ko R? /d?’x/p(x/)j{ LI o) (2.11)

_p|x—x|

where the second line is obtained from the second theorem on the right in Jackson’s front cover. As
usual i = x/R is a unit vector out of the sphere centered at the origin, which reads:

n =% = isinf cos¢ + jsinfd sing + k cosf
(2.12)

27T * .. * * *
= V3 ( (Y7 =Y — iy, + Y7h) +k\/§Y10)

The purpose of the last line was to show that i can be expressed as a linear combination of Y}' .
Therefore, when we insert expansion (2.10) in the surface integral, orthogonality eliminates all terms
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with [ = 1, leaving the same combination of spherical harmonics as in eq. (2.12), but with (¢’, ¢') as
arguments, that is: i’ = x'/r’/. We are left with:

2
/ E(x)d%z = —4rk. — 1 /T; i p(x') d3a’
r<R r

>

R2 r’ R? R
= — A7k, / — i p(x) A3 — 4drk, — / — f ' p(x') d3a!
3 <R R? 3 JRr<r<oo r'?
(2.13)

Two interesting possibilities can occur:

a) The charged source lies entirely outside the sphere. Then the first integral vanishes, and compari-
son with eq. (1.2) reveals that the second is just —RE(0)/4rk, , yielding:

3
/ Ex) &z — g (2.14)
r<R 3

Therefore, the average of an electrostatic electric field over a sphere containing no charge is equal
to the value of the field at its centre.

b) The sources lie entirely within the sphere. In this case, the second integral vanishes, and:

/ E(x)d*z = — Amke x' p(x') d3z’ (2.15)
r<R 3

where it/ = x’/r/ has been used.

We shall see in the next chapter what meaning can be ascribed to the integral on the right in this
last equation.

2.3 Expansion of Green Functions in Spherical Coordinates (section J3.9)

Go back to our solution of the Dirichlet problem with Green functions:

S j{ ®(x) 0,y Gp(x,x") dd’
S

78

—k?/ GDXX)d3/—

We did obtain the Dirichlet Green function for a sphere, eq. (2.2), but it may not lead to tractable integrals.
Fortunately, it is possible to find expansions for Dirichlet Green functions with factorised terms, that vanish on
spherical or cylindrical surfaces. Here, we only consider the former.

In spherical coordinates, Green functions for the Laplacian operator all satisfy:

ViG(x,x') = —4nd(x — x/)

4dr N
= =0 =) Y D Yi(0.¢)Yim(0.0) (2.16)
=0 m=—
where eq. (0.44) has been invoked.
We shall look for a separable expansion of the form:
00 l
X) = D0 D0 alr ) Y (0. 8)Yin (0, 0)
=0 m=—1
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Inserting into eq. (2.16), we immediately find that g;(r, ') must satisfy the radial equation:
1
(P alrr) = W) g(rr') = —dmd(r —1')
Consider the case r # r’. Then g;(r,r’) satisfies the Laplace radial equation whose solutions are given by (0.46):

, A(r')rt + B(r')r—t-1 r>r
gl(rvr ) =
A'(ryrt + B¢yt r<r

Now, at r = 7', d,.g; has a discontinuity equal to —47/7"2. To see this, integrate the radial differential equation
over r from 7’ — € to ' + €. Continuity of g; at 7 = ' eliminates the integral of the last term on the left, yielding
the result quoted.

Implementing the continuity of g; and the discontinuity in d,.g; at » = r’ allows us (EXERCISE) to eliminate
Aand B: 1 ) 1
A = A/ —7T - B — B/ _ 4 /1

T A1
We determine A’ and B’ for the most important case of a volume enclosed within two concentric spheres of radius
a and b, (a < b). Since we want to solve the Dirichlet problem, G(x,x’) must vanish on the spheres, so that
g;(r,r") = 0 for both r = a and r = b. This can be used to find B’(r’) and A’(r"). Enforcing g;(a,r’) = 0 in the

region < 7/ yields B’ = —a?+1 A’

In the » > r/ region, the radial Green function is then:

21+1 l "
A 1IN L a A r r

Implementing g;(b,7’") = 0 leads to (EXERCISE):

47 I 7l
(20+1)[1— (a/b)z“rl] /41 p2l+1

A(r) =

Then switching r and ’ and noting that g;(r,7") = g;(r’, r), there comes:

2H—1 l
91(7", 7"/) = i 20+1 Tl< - I+1 li—l - ;il
(20 + 1) [1 — (a/b)*+1] r2 ] b

The complete expansion for Dirichlet Green functions in spherical coordinates becomes:

00 l
9/ ¢/ ! ( ¢) g2+ 1 7l
Go( Vi - rl — - A (2.17)
p(x 2% Z @+ 1)[L— (/)2 | '< P P R

Two important cases:

l
Y (0, ) Yim (6, ) 1 7l
AN lm lm l o > —
Gp(x,x') = 4r ;m;l 2l+1) rl T g (a=0) (2.18)
00 l
Y (0,0 ) Yin(0,6) 1 a?+1
A lm lm r
Gp(x,x') = 4w lzgmz_:_l ol T ro —rl<+1 (b — o) (2.19)

The first expression is useful when finding the potential inside a sphere; the second one, outside a sphere. As
expected, when a = 0 and b — oo we recover expansion (2.10).
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When 0 < r < b (interior case) we can immediately rewrite (EXERCISE) the term in the surface integral in
eq. (1.13) as:

> Zl: V @(b,ew’m*m(H’ﬁ')in (5) Yimt®.9)

=0 m=-1
where ®(b, 6, ¢') is the potential specified on the surface ' = b. The normal derivative of the Green function on

the surface, 0,,G = 0 G ‘ )’ has been evaluated for r. = r and r~ = 7’ since r < ' = b. Also, the surface
r'=
element on a sphere of radius b is da’ = b2d(?.
This, however, is no other than the interior solution of the Laplace equation we obtained from eq. (0.46) by
putting By, = 0: a nice check on our calculations! And we have found another way of calculating the Ay,

coeffcients.

Now, for simplicity, we concentrate on a Dirichlet problem in which there is no surface term in eq. (1.13) and
only the volume integral contributes. We must express the charge density p(x’) in spherical coordinates. Very
often, d-functions can be used to localise the source.

Example 2.2. Charged line inside a grounded sphere (J3.10)

Consider a uniform line of total charge () on the z axis inside and along the whole diameter of a
hollow grounded sphere of radius b. The appropriate expression for the volume charge density is:

p(x') = % [6(cos§’ —1) + &(cos 8§ +1)]
2mr!
where the linear charge density is A = ()/2b. The factor in front of the J-functions is chosen so that
the volume integral of the charge density over all space gives (). Thanks to the azimuthal symmetry
of the problem, only the m = 0 terms in the first equation of eq. (2.18) contribute. The spherical
harmonics Y} are just Legendre polynomials multiplied by /(21 + 1) /4. After integrating over all
solid angles, we find for the potential inside the sphere:

O(r,0) = ke /p(X')GD(x,x')r’2 sin @’ dr’ d¢’ d¢’
= b 1 7!
o
H(COSG)/(; < (@ — bzlil d/ (2.20)

where Pj(1) = 1 and P;(—1) = (—1)! have been used. The radial integral requires some care. First,
we evaluate it for [ = 0, breaking up the interval into a part where 7' < r and a part where ' > r.
The integral is In(b/r).

Then the radial integral is evaluated for [ # 0, as in eq. (J3.134) in Jackson. We note that the result is
indeterminate when [ = 0, which is why we had to evaluate the [ = 0 term on its own. The result is
eq. J3.136:

o(x) =

Inb/r + Z 47; ++11 1 — (r/b)*"] Py (cos)

Another interesting example involving a charged ring inside a grounded sphere can be found in Jackson.
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3 Multipole Expansion and Ponderable Media

3.1 The Multipole Expansion (section J4.1)
3.1.1 Multipole moments

In the absence of boundary conditions other than the one at infinity, the potential outside a sphere that encloses
a localised charge distribution p(x) is often most usefully expressed using the expansion in spherical coordinates
obtained in eq. (2.10), with r- = 7’ and r~ = r:

B(x) = ke / %d%’

00 l
L q
= drk, Z Z 2l——|—1 ﬁYlm(eﬂb) (3.1)
=0 m=-1
where
i = [ Y06 o) % 62)
are constant coefficients called spherical multipole moments. They inherit a property of the spherical harmonics:
G-m = (=1)"q, (3.3)

The second line of eq. (3.1) is the famous multipole expansion. Quite often, the first few non-vanishing terms
provide a description of the potential accurate enough for most purposes.

If, on the other hand, we go back to the coordinate-free expansion (2.8) of 1/|x—x'| and put cos y = x-x' /r7”,
the potential immediately becomes:
_ kC / 3./ kC / / 3./ kC 1 / 2 / / / 3./
@(x)—? p(x)daj—l—ﬁ x-xp(x)da:—l—ﬁg [B(x"-x)? — (x-x)(x' - x)] p(x) &’ + ...
This expression is the multipole expansion in coordinate-free notation. Now define the electric dipole mo-
ment:

p = /x/p(x/)d?’:n/ (3.4)

and the symmetric, traceless electric quadrupole moment tensor, both in Cartesian coordinates:
2 3
Qij = /(33:;3:; — 677 ) p(x") A2 (3.5)
If (and only if!) we work in Cartesian coordinates, we can then rewrite the coordinate-free expansion as:

. ipd
keq+ke%+%i—f@j+... (3.6)
where ¢ is the total charge of the distribution and a sum over repeated indices is implied. This last expression
gives all its meaning to the term “multipole expansion”. The potential can be written as the sum of the potentials
of a monopole, of a dipole, of a quadrupole, etc. But we must remember that it is valid in Cartesian coordinates
only, although we are free to evaluate any one rectangular component of the dipole vector or quadrupole tensor in
whatever coordinates we wish.

P(x) =

While the spherical moments g,,,, are written above in spherical coordinates, writing them in a Cartesian basis
is also very instructive. We use:
Y 1 !
eil¢ _

z

/ [ /
= - T Fiy cosld = —
r’ sin 9’( ), r!
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to write:

1 3 3 .
= = dip = Epz G+ = F S—W(px F ipy)

doo = \/E q
5 ) . ) .
Qo = 16—7TQ33 L1 = —\ 55— (Q13 F1Q23) D2 =\ ger (Q11 F 21Q12 — Q22)

(3.7)

where ¢ is the total charge in the distribution.

A nice feature of the multipole expansion is that it breaks the source into physically intuitive pieces (monopole,
dipole, quadrupole, and so on). Because Maxwell’s equations for electromagnetism are linear in the fields, the
potential is the sum of the potentials of each of these pieces. The same holds for weak gravitational fields: a mass
distribution can be resolved into monopole, quadrupole, ... moments (why is there no dipole moment?), each of
which has its own characteristic field. But this is no longer true for strong gravitational fields which obey the
nonlinear equations of Einstein’s theory of gravitation.

It is important to remember that r in eq. (3.6) is the distance from an origin inside the distribution to the
observation point x as if the monopole, dipole, quadrupole, etc., were located at that origin. If we wish to put the
origin somewhere else, say x, without changing the moments, we must replace x by x — xg and 7 by |x — xq].

A spherical-multipole expansion of the electric field is easily obtained by differentiating each /m term in (3.1):

47Tke dim
21 + 1 rit+2

By, = Vi (6, 9) < 00 Yin(6.0) + " > (3.8)

sin

3.1.2 Calculating the multipole moments

Symmetric charge distributions can have very simple moments. Consider for instance p(r, §), which has azimuthal
symmetry. Then in eq. (3.2) m = 0, and inspection of eq. (3.7) immediately yields p, = p, = 0, and:

D, = 277//7“/3 cos O sin @'p(r',6') dr’ A0’ (3.9)

Also, Q12 = Q13 = Q23 = 0, and Q11 = Q2. Q;; being traceless, we must have Q11 = Q22 = —Q33/2 =
—e( /2, where:

2
Q=" / / (32 — %) p(r”,0') 1" sin @' A’ A6/ ©-10)
(&
is the electric quadrupole moment, with units of length squared. Finally, in eq. (3.6), 2’27 Qy; = [—(2® +y?)/2+

2?] e (EXERCISE), and if the observation point lies on the z-axis, only 222(Q) survives.

In general the multipole moment integrals depend upon the choice of origin. But the first non-zero moment is
independent of the choice of origin. This means that when you calculate that moment, and only that one, you are
at liberty to translate (but not rotate!) the axes if this results in an easier calculation. It is straightforward to show
that this applies to the quadrupole term when p = 0; just replace z’ ’ by 2/ " + a' in the Cartesian expression for
Q;j, and expand.

In problems with a point-charge distribution, you can always write p(x) = »_ ¢;0(x — x}), where x/ is the
position vector of charge ¢;. The moment integrals must extend over all space, and in this case it is easiest to work
them out in Cartesian coordinates.

You can split any charge distribution into sub-distributions whose potentials add. In particular, a point-charge
distribution can often be split into sums of cancelling dipoles (by vector addition) plus something else which may
turn out to be much simpler than the original distribution.

The components, p;, of the dipole moment must go like charge times distance; the components, ();;, of the
quadrupole moment each must go like charge times distance squared. This serves as one check on your answers.
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3.1.3 Field of the electric dipole moment

The electric field associated with the dipole potential k.p-x/r? is also important, and we can derive it in coordinate-
free form:

Egp = — Vg
X
= —ke [p ’ V] (7’_3)
= r—3[3n(n-p) - p (3.11)

where the third-from-last identity on the left of Jackson’s front cover has been invoked. If the dipole is oriented
along the z-axis, the familiar expressions for a dipole field are recovered.

Actually, this is not quite the whole story. Back in chapter 2, we derived eq. (2.15), an expression for the
integral of any electric field over a sphere when this sphere contains charge and there is no charge outside. We now
recognise the integral on the right-hand side of that equation as the dipole moment of the charge distribution:

/ E(x)d%z = — —k.p (3.12)
r<R

The problem is that if, for example, we integrate using eq. (2.12) the field of a dipole as given by eq. (3.11), the
angular integrations make all three components of the integral vanish (EXERCISE). So we arrive at p = 0, a
contradiction.

Well, the differentiation that leads to eq. (3.11) yields unambiguous results everywhere except at the position
of the dipole, here the origin. This means that to be consistent with eq. (3.12), we must add a term to our field
which vanishes everywhere except at the origin. Generalising to the field of a dipole located at some position X,
and with 1 pointing from x to x, we write:
3n(h-p) —p 4w

— —po(x—xp) (3.13)

Eals) = ke [N - 5

3.2 Energy of a Charge Distribution in an External Potential (section J4.2)

The interaction energy of a charge distribution with an external potential is:

W = /p(x) Dy (x) B3z

Unlike in eq. (1.17), there is no factor 1/2 since Py, is not the potential of the distribution!

Assuming that the potential varies slowly over the distribution, perform a Taylor expansion of the potential
around some chosen origin x = 0, with E(x) = —V®(x):

@ext(x) = @ext(o) + X Vq)ext 4+ ...

1. .
0 + §:L'Z:L'j 6i8j<1>ext 0
1

6

= Dy (0) — x- Eeu(0) — = (32'a; — r26%;) 8, EL, .

+ ...

where the last term, 72 §° j(?,-ngt(O) =r? 8ngxt(O) =r’v. Eext‘o = 0, is introduced so that when the expansion
is inserted in the energy, we can write:

+ ... (3.14)

1 .
W = qq)ext(o) A Eext(o) - EQZJ aingt 0

This tells us that so far as interaction energy is concerned, the total charge of the distribution couples to the external
potential, its dipole moment to the external field, and its quadrupole tensor to the gradient of the external field.
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We can use our energy expansion to write the interaction energy of two dipoles at x; and x2. From eq. (3.13),
this is: ) )
. p1-pP2 — 3(0-p1)(h-p2)
) = ke

Wiz = —p1-Eao(xy % — %3

(3.15)

where x; # X2 and 1 points from x5 to X;.

3.3 Electrostatics in Ponderable Media: Polarisation (section J4.3)

Consider a small volume AV of a medium that still contains a very large number of molecules of various type.
AV may also contain a free charge density pgee(x). Normally, over this volume the bound charges in each type
of molecule average out to zero; so do their electric dipole moments. Assuming that AV is located at a variable
macroscopically small, smeared “point” x’ and is small enough that any free p is uniform over it, we know that the
potential at some point x outside AV is:

AD(x,x") = ke 7pﬁee(X,) AV
’ [x — x|

When an external field is applied to the molecules in AV, their average charge remains zero, but now the
average' total dipole moment per unit volume, or electric polarisation, P = N (p), no longer vanishes for a
given type of molecule with number density /N. The field tries to orient the dipoles in its direction. Even when the
molecules have no intrinsic dipole moment, they acquire one under the influence of the field.

Now there is a new dipole contribution to the potential. It is given by the dipole term in the multipole expansion,
eq. (3.6), with x’ taken as the location of the multipole sources. That is:

[ e / A !
A@(X,X/) — ke ptree(x) + P(X) (X X) AV

LIx — x| x — x|
- ,

=g [P pey oy ()| av
[x — x| |x — x|

— kc -pffee(xl) _ V/P(X/) + V/, P(X/) AV
L[x — x| |x — x| x — x|

At this point, we let AV — d32’ and integrate over all space. By the divergence theorem the integral of the
divergence vanishes because P/|x — x/| vanishes at infinity. There comes:

[pfree(x/) -V P(X/)]

all space ‘X - ‘

d(x) = ke d3z’ (3.16)

This treatment raises two questions:

1. We started with an equation for the potential outside a charge distribution, and we have come up with an
expression that we claim is the potential everywhere, not only outside, but also inside the medium. We justify
this by mentally removing any charge sitting at x; doing this should not significantly affect the potential at
that point, produced by all other charges located elsewhere.

2. More seriously, we have used the multipole expansion and neglected all multipole moments higher than
the dipole. How valid can this be when the microscopic fields inside the medium are probably extremely
complicated, and we are certainly not far from the sources? The answer lies with eq. (3.12), which, as will
be seen in the next section, proves that the average field from all the molecules inside an arbitrary sphere is
entirely accounted for by the dipole moment of the molecules!

For a careful discussion of this averaging process, see section 6.6 in Jackson.
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We see from eq. (3.16) that the net potential is generated by an effective volume charge density peff = pfree +
Ppol = Pfree — V - P, which means that Gauss’ law in differential form, valid for macroscopic media, can now be
written as:

VD = Dfree (3.17)

where the electric displacement D = ¢)E;, + P in SI units. We call p,o; = —V - P the polarisation charge
density (some call it the bound charge density).

Does this equation determine D, in the same way that Gauss’ law determines E because V x E = 0? In
general, no: V x P = 0 only in certain situations, such as when polarisation is uniform in the medium, or when
there is spherical symmetry and the fields are all central.

An immediate consequence of eq. (3.17) is that the boundary condition between two media, eq. (1.9), must be
replaced by:

(D2 — D) i = Ofrec (3.18)
which is immediately put in the much more useful form in terms of net fields:
(E; — Ej)-f= Ofree + Tpol (3.19)
€0
where o1 = — (P, — Py) -1, and 1 is taken to point from medium 1 to medium 2. In terms of the potential,
this becomes: n
0By — Op®y = — —tee T Tpol (3.20)

€0
At the surface of a dielectric placed in air,or in vacuum, the polarisation P is produced by a surface polarisation
(or bound) charge density opo) = P - i, where in this case i points out of the medium.

The tangential components of E still match at the surface, as does the potential.

There is a subtle yet important point that must be made here. This surface charge density that appears in eq.
(3.19) acts as a source for the net field, and therefore the potential calculated from eq. (3.16), yet it does not appear
in that equation! To resolve this potential contradiction, we must examine more closely the second term in the
integral for the potential. This assumes that P is a differentiable function of position known everywhere in space.
In other words, there can be no sharp boundaries where the polarisation vector is discontinuous. The problem is
that in the vicinity of the surface of a dielectric (or near an interface between two dielectrics), P can change very
rapidly, for instance decreasing from some finite value down to zero, in a continuous but unknown fashion, so that
we cannot in practice calculate the volume charge density ppo inside that thin layer, and we cannot calculate its
contribution to the potential via eq. (3.16).

What we can do is to replace that thin layer by a sharp boundary surface where P is modelled as discontinuous.
Then our expression (3.16) cannot include the contribution of the boundary, if only because pp diverges there. To
compensate we can integrate over the volume of the dielectric instead of over all space. Then the surface integral
that was zero at infinity does not vanish anymore, and our potential becomes:

D) = k/ ) = V' PE] s kejéﬂda’ 321
\% S

|x — x/| |x — x/|

where S is the surface of the dielectric, and opo = P - 1, as was found before. This is the more useful expression
for the potential of a dielectric.

To solve such an electrostatic problem, we need to know the polarisation P. Fortunately, unless applied
external fields are very large, the response of the vast majority of media is linear, in the sense that the magnitude
of P is linear in the applied field. Most media are also isotropic, so that the magnitude of the induced polarisation
does not depend on the direction of the applied field and is in the same direction as that field. It is customary to
write this so-called constitutive relation in terms of the net field E, which is the sum of the applied and induced
fields, as:

P = eoXeEne (3.22)
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where the dimensionless quantity y. bears the suggestive name of electric susceptibility. Then the displacement
and the net field are related by:
D = ¢aE = ¢E (3.23)

where €, = 1 + y. > 1is called the dielectric constant of the medium. (From now on in this discussion, we write
E= Enet-)

At this stage, we have the differential Gauss law V - (¢€E) = pgee, With € a constant only for homogeneous (or
uniform) media. In this very frequent case, V - E = pge. /€, and everything that happens inside the medium can
be described by the same expressions we have derived in chapters 1-3 by letting ¢y — €. We also see that since
€ > €9, E is decreased compared to what it would be without the dielectric.

For linear and homogeneous media the polarisation is given by:

P=(¢6—1)¢E (3.24)
and the matching equation (3.20) then becomes, using oo = — (Py — Py) -1
Ofree
€20n P2 — €1 001 = — - (3.25)

In the absence of free charge, the problem for linear and homogeneous media always reduces to solving the
Laplace equation with appropriate B.C., something we know how to do from chapter 2 in these notes..

3.4 Relating Susceptibility to Molecular Polarisability; Models for the Latter (sections J4.5, 4.6)

The electric susceptibility, ., iS a macroscopic parameter; somehow, it must be related to the microscopic proper-
ties of the medium at the molecular level. We can find this relation in the case of non-polar molecules, but first we
must discover what field acts on such a molecule.

Consider a sphere of radius R containing lots of molecules, small enough that the macroscopic field E is
roughly uniform over it. The actual field acting on a molecule at the centre of the sphere, however, which we will
call Ejgcal, is not really E, especially in dense media! To find Ejoc,, Which is a field at the microscopic scale,
we subtract from the macroscopic net field E the contribution E,, from the other molecules inside the sphere,
calculated according to our polarisation model, and add back what we hope is a more accurate field E¢, from
these nearby molecules: Ejocai = E — Epol + Ejear. We have already found a powerful expression, eq. (3.12), for
the integral over the sphere of the field due to the charge distribution inside:

/ E(x)d%z = — P
r<R 360

where, here, pyy is the total induced dipole moment of all the molecules for » < R. Then the average field inside
the sphere due to that induced dipole moment is:
Pt 3 P

E . _ _Pu _ P 3.6
pol 3eo AT R3 3eo (3.26)

where the use of a uniform polarisation (or dipole moment density) follows from the assumption of roughly uni-
form E over the sphere.

Now we need a good estimate for Ec,.. An argument, due to Lorentz and summarised by Jackson on pp. 160-
161, shows that in cubic crystals the field at the centre of the sphere from nearby dipoles vanishes. Therefore",
Eioca = E — Epol + Epear = E + P/3€0 .

In so-called ferroelectric crystals, the net field of the nearest neighbours, far from cancelling, can be so large as to cause spontaneous
polarisation over a small volume, even without an external field! The net polarisation over macrosopic regions still averages to zero, except
when an external field aligns these polarisations. The resulting effect can be very large and can persist after the external field is turned off.
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Next, introduce the molecular polarisability, v, defined so that, on average, the induced dipole moment of
a molecule is:

P
<pmol> = N = “Ymol €0 Ejoca = “Ymol (€0E + P/3) (3.27)

Recall that the polarisation is related to the macroscopic field by P = ¢px.E. Comparing the two expressions
yields:

N Ymol
1 — NYmoi/3
This can be inverted to obtain the Clausius-Mossotti equation (aka Lorentz-Lorenz formula) for the (micro-
scopic) molecular polarisability, vmol, in terms of the (macroscopic) dielectric constant, e,:

Xe = (3.28)

3 e&—1
N e +2

Ymol = (3.29)
It is clear that 7,0 has dimensions of a volume. Since the only relevant volume is that of the molecule, we estimate
that Yol < 1072% m3. Thus, we predict that the susceptibility will be very small (. < 10~3) for dilute subtances

such as gases (N = 10%?), and of order unity for liquids and solids (N ~ 10%® — 10%°). These predictions agree
well with experiment.

Next, we try to calculate o at the microscopic level. We take charges e of mass m to be bound to a molecular
or atomic core by a force F = —mwgx, wy being a characteristic frequency. We immerse them in a field E = Fk
which causes the equilibirium distance to change by dx = c¢E/ mw(z], resulting in an induced dipole moment
Pmol = €dx = ¢2E/mwi. Then, comparing with eq. (3.27), Ymol = €2/ (egmwd).

But we should worry about the possible effect of thermal fluctuations. In our first calculation, the molecules or
atoms have no permanent dipole moment, so that the Hamiltonian of the charges is (note: p here is momentum!)

2 2 212
H = % + §mw0x —elbz = % + imwox — Qmwg

where X' = x — eEk/mw3.
From statistical mechanics, the average dipole moment in the z direction is:
f d3p A3z ez e H/KT
f d3p A3y e—H/KT
[ dpd® (e + 2E/mwd)e /M
B f d3p d3z/ e—H/KT

<pmol> =

2

E

- = (3.30)
mwq

To obtain the last line, we have noticed that the integrand with the 2’ term is odd since H is even in 2/, making
the integral of the first term vanish. This result shows that thermal fluctuations do not affect the average dipole
moment, and there comes

<pmol> 1 62

_ _ - 3.31
“Ymol €0 B €0 mw(g] ( )

The resonant frequency for helium is measured to be wy = 3.71 x 10'%/s; for STP conditions, N = 2.69 x
10?5 /m3. Inserting these data into the last equation and into eq. (3.28) yields a susceptibility of 6.21 x 10~ about
10% off the measured value of 6.84 x 10~°. To do better we would need quantum mechanics.

When molecules have a permanent dipole moment, say pg, the external field tries to orient the dipoles along
its direction, but this ordering effect is impeded by thermal fluctuations. Also, the orientations of nearby dipoles
become correlated in a way that invalidates the Clausius-Mossotti equation.
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The relevant Hamiltonian for such a dipole in an external field is H = Hg — po £ cos 6, where @ is the angle
between the dipole and the field E = FEk. Because of the azimuthal symmetry, the average of the permanent
moment components in directions other than z must vanish. After integrating over irrelevant variables, we arrive
at the Langevin formula:

o fdeO COSQCPOE cos0/kT
(pm01> - fdQ epOEcose/kT

4 2sinh
= pody ln/ sinf@e*“%de = pyd, ln< SIZ u>
0

= po(cotanhu — 1/u)

where u = pg E/kT. Now, except at low temperatures where quantum effects will in any case invalidate this
classical calculation, u is very small, and cotanh u ~ (1 + u?/3) /u. Thus, the average induced dipole moment is:

l
—_
i~

o

(Pmol) ~ 55 FE (3.32)

Combining induced and permanent contributions, the general dependence of molecular polarisability on tempera-
ture is of the form a + b/T, in agreement with experimental data.

Example 3.1. An Example of a Boundary-Value Problem with Dielectric Media (section J4.4)

We consider the second example treated by Jackson in this section, that of an uncharged sphere of
radius a and dielectric constant ¢, with a uniform applied field E,,, = Epk and associated potential

®.pp = —Ejp 2. Since this problem has azimuthal symmetry with no free charge, the solution must be
of the form:
[ee) o0
Dy = ZAl ! Py(cos ) Doyt = Z [Bl 4+ ¢ r_l_l] Py(cos )
1=0 =0

Matching the exterior and interior potentials at » = a brings:

G
A= B + q2l+1
whereas condition (3.25) is:
+1
€p Al = Bl — T W
This system can be rewritten as:
20 +1 & —1 2141
Ay = Bl——— C; = Bp———a*"
! ll(er+1)+1 ! ll(er+1)+1
We expect the induced potential to go to zero at infinity, so that ®,,, — — Ey 2. This can happen only
if B; = — 617 Ey. Then our coefficients reduce to:
3 e—1 3
A = — b Ci, = ——=a’E
! ar2 0 L a2t o

leading to the potential:

By = —
m €&+ 2 0%
-1 3
Do = —Epz + & (9) Eoz (3.33)
&+2 \r
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For a conductor (¢, — 00), these potentials reduce to the correct ones for an uncharged spherical
conductor immersed in a uniform electric field.

The potential induced inside the sphere is:

e — 1

(I)pol = (I)in - (I)app = m
T

E() z
corresponding to an induced field directed opposite the applied field. The net field inside is:

E, = Eg (3.34)

and so the polarisation is:

r—1
P = (Er—l) €0 Ein = 360 <E > E() = —360 Epol (335)

€&+ 2
Note that the polarisation is uniform. This means that the induced contribution to the potential in
eq. (3.16) comes only from a thin layer near the surface of the sphere, over which the polarisation
decreases to zero. As we have argued, the whole effect can be modelled as being the result of the
induced surface charge density:

€ —

1
Opol — P-a= 360 < 2> E() cos 6 (3.36)

€r

whose 6 dependence is typical of polarisation charge.

3.5 Electrostatic Energy in a Dielectric Medium (section J4.7)

Suppose there exists a macroscopic, localised charge density p(x). The energy associated with a small change
0 ptree in the free-charge distribution, in the presence of an applied potential ®, reads:

W = / 8 ptree (X) ®(x) B2 (3.37)

Using V - (0D) = dpgee and integrating by parts as we have done in our previous treatment of energy in free
space, we find that:

W = / E- 6Dz (3.38)

This counts all the energy, including what is required to polarise the medium.

For linear, isotropic media, however, E - 0D = %5 (E - D), and the work becomes:

SW =6 E /E~Dd3w] =4 [/ %EEZ d%] (3.39)

so that the energy density stored in the total charge configuration is e 22 /2. This fits with our earlier assertion that
in linear and homogeneous media, substituting € for €y allows the use of free-space results. It is also equivalent to:

W = % /pfree(x) P(x) A3z
showing that this latter expression is only valid for linear media. Otherwise the more general eq. (3.38) must be
used to calculate the energy of the dielectric medium. (But it is not always clear what meaning can be ascribed to
"energy"” in those non-linear systems for which the work done to produce the final state often depends on the path
taken!)
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4 A. Magnetostatics (sections J5.1-5.12)

4.1 Sources of the Magnetic Field

Electrical phenomena involve two kinds of charges, positive and negative. Similarly, magnetostatics involves
two poles, usually dubbed North and South. The all-important difference, however, is that those poles cannot be
isolated like electric charges. So far as we know, magnetic monopoles do not exist. At bottom, magnetism arises
from electric charges in motion. This motion gives rise to a current density, J, with units of charge density times
velocity, or charge per unit area per unit time.

Now electric charge is conserved and, like anything that is conserved, its density and current density are related
by a continuity equation:
op +V-J =0 4.1)

The physical meaning of this equation is clearer when it is integrated over an arbitrary volume and the divergence
theorem used to convert the J integral to a flux integral. Then we recognise that any increase/decrease in the
charge density within the volume corresponds to a flux of charge entering/leaving the volume through the surface
enclosing the volume.

4.2 Biot and Savart, Ampere Laws

The fundamental field B in magnetism is called magnetic flux density or magnetic induction field by Jackson
(and many others), and we shall do the same for consistency. Then, according to the Law of Biot and Savart:

B(x) = kn /M (4.2)

|x — x'|3

where I = [J - da is the current (or amount of charge per unit of time) flowing along a length element dl
situated at x” and pointing in the direction of the current, assuming that the surface (the cross-section of a wire, for
instance) through which I flows is small enough. ky, = po/4m = 1077 N/A? in SI units. It is remarkable that this
expression holds even when the motion of the charges is relativistic.

Lines of magnetic induction are always closed, and they are perpendicular both to the current element and to
the distance between the current element and the point of observation, which means that they are concentric around
the current element.

In terms of current density J, the Law of Biot and Savart is:

B(x) = k /J(x’) « XX gy /J(x’) WV gy
g =P o =]
/
BV % / I g3 @3)
Ix — x|

One piece of information we draw from the continuity equation (4.1) is that when J;p = 0 everywhere, as happens
in the steady state, V - J = 0. Look at this as a constraint on magnetic sources in magnetostatics. A moving
point-charge does not give rise to a steady-state current density as its fields cannot be static.

The last form for B in eq. (4.3) is often much more useful than the first.

Example 4.1. Consider a straight wire of length 2L with a uniform J = J k. Put the origin of the
z axis mid-way down the wire and the observation point in the zy plane at distance p from the wire.
With I = Jé(x — 2')é(y — ¢'):

IX) 3, /L 1 /
d’z’ = Tk —dz
/|X—X/| L/ p?+2?
= 2Ik[—1Inp + In(L + /p? + L?)]
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As seen from the z-y plane, the source has cylindrical symmetry, and its field is found (EXERCISE)
by taking the curl in cylindrical coordinates. When L is very large, the second term goes to a constant,
and B = 2k, I/p)¢

Although the vector structure of the B field is rather different from that of the electric field E, there are often
circumstances in which B turns out to be analogous to E for similar source geometry, as we have seen in the above
example.

4.2.1 Gauss’ Law for B and Ampere’s Law (section J5.3)

According to eq. (4.3), the magnetic induction field can be written as a curl, which means that its divergence
vanishes. On the other hand, we could argue directly that the absence of magnetic monopoles anywhere means
that B must be divergenceless:

V:B=0 4.4)
This is Gauss’ Law for magnetism in differential form, and it shows that the Law of Biot and Savart is consistent
with the non-existence of magnetic charge. Gauss’ Law imposes a constraint on any B, but not on the source J.

To obtain a differential form for Biot and Savart’s Law, we must take V x B, then use V x V x V =
V(V - V) — V2V and replace V by — V' after bringing it into one integral:

1
- d%'] — km /J(x/)-V2 d3z’

|x — x/| |x — x/|

VxB = k‘mVXVX/|X(_X)/|d33:/ = knV [/J(x/)-v

In the first integral, replace V with —V’ and obtain a total divergence using V' - J(x’) = 0. When turned into a
surface integral at infinity, this vanishes. Then eq. (0.18) yields:

VxB = 4nk,J 4.5)

Ampére’s Law, as this is known, guarantees the conservation law V - J = 0 as an identity on its left-hand side.

An integral form for Ampere’s Law is readily obtained by taking its flux through some open, not necessarily
planar, surface and invoking Stoke’s theorem to arrive at

7{B-dl = Admky 1 (4.6)

where I is the current in the loop enclosing the surface. § B - dlis called the circulation of B around the loop.

4.3 The Vector Potential A (section J5.4)

We have seen that we could deduce V - B = 0 from the Biot and Savart Law, but starting instead from the
divergence is very instructive. If its divergence vanishes everywhere (no magnetic monopoles), B can be written
as the curl of a vector:

B =VxA 4.7)

where, to be consistent with Biot and Savart, A (x) must be:

d3’+V\I/()

with W an arbitrary scalar function. Gauss’ Law for magnetism is then an identity on A(x), so contains no
information about it. Such information is to be found in Ampere’s Law:

VxB =Vx(VxA)=V(V-A) - V2A = drky,J
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But, as we saw in the last section when deriving eq. (4.5), the divergence of the integral term in A vanishes, and
V - A = V2U is undetermined, free for us to choose as we wish. A convenient choice here is V - A = 0. Then ¥
is no longer completely arbitrary, but must satisfy the Laplace equation everywhere, and thus can only be zero. So
we arrive at the vector potential due to a localised J distribution:

J /
A(x) = ky / ) g3 4.8)
[x — x|
which satisfies both V - A = 0 and a Poisson equation for each Cartesian component of A:
VA = —dmkyJ (4.9)

This argument, of course, is fully consistent with Biot and Savart’s Law, but it serves to reinforce an important
point: A is not fully determined by the theory. The sources nail down its curl, but its divergence is arbitrary!

As usual with vector integration, the integral in eq. (4.8) must be written first in Cartesian coordinates, after
which we are free to transform each component to another coordinate system if we so wish.

Sometimes it is easier to find the field first from the integral form of Ampere’s law, 55 B - dl = pglenct, and
then exploit its formal analogy with:

j{A.dl = /(VxA)-da: /B-da

If there is sufficient symmetry and if B is known, one finds the flux of B and then proceeds as with Ampere’s law.
For instance, in the case of the infinite solenoid, the form A = ky, [ J/|x — x'| d2’ cannot be used because J is
not localised. But it is not difficult to obtain B directly, and then A is only one step away (EXERCISE).

Now that we have introduced the vector potential, we can find useful volume integrals of the magnetic induction
field, just like we did for the electrostatic field in example 2.1. The argument (see p. J187-188) proceeds along the
same lines as with the latter, so we will only quote the results:

There are two possible outcomes to the integral of a magnetic induction field over a sphere of radius R:

a) The source currents lie entirely outside the sphere. Then:

3
/ Bx)d*r = T g (4.10)
r<R

3

Therefore, the average magnetic induction field over a sphere containing no current density is equal to the value
of the field at its centre. (Note the typo in eq. J5.63)).

b) The current density lies entirely within the sphere. In this case:

/ B(x)d%z = Ho [y« J(x') &3/ 4.11)
r<R 3

4.4 Dipole Approximation to Fields of a Localised Current Distribution (section J5.6)

For each component of the vector potential, Eq. (4.8) is formally the same as the Coulomb equation for the electro-
static scalar potential. Therefore we expect to be able to express it as a multipole expansion similar to the one we
found in chapter 3. That expansion, of course, is an expansion of 1/|x — x|, of which we already have obtained
a couple of useful versions in terms of spherical harmonics. Here, we expand the i component of A (really it is
1/|x — x/| that is being expanded —see J5.50) in a Taylor series, keeping only the first two terms for the moment:
i 1 (N 330 X A NG
A'(x) = km [M/J(x)dx —I—W-/XJ(x)daj] + ...
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If J is localised, then [V’ - (Jz})d®z’ = 0. But this is also [[J - V'z} + 2/V’ - J|d32’ = [ J¥ Opaid®2’ =
f Jid32’. The second term in A%, which never vanishes, becomes the dominant contribution, and it can be rewritten

so that:
m X x

A(x) = km ME (4.12)
where identity J5.52 has been invoked, and:
1 / N 3./
m=g [x x J(x')d’x (4.13)

is the magnetic dipole moment of a localised current distribution.
In the important case of a closed circuit, part of the integration is over the cross-section of the loop, and

1
m — 3 jéx’ x dl’ 4.14)

where I is the current flowing throught he circuit and dl’ is a length element situated at x’ along the loop with
respect to the origin. Furthermore, if the loop is planar, m is perpendicular to the loop, and ‘x X dl! /2 = da,
where da is the area of the solid angle subtended by d/. So the loop integral is just the area of the loop.

Thus, the magnetic moment of a planar loop has a magnitude equal to the current flowing in it multiplied by
the loop’s area.

To obtain the magnetic induction, take the curl of eq. (4.12) and use two identities on the left of Jackson’s front
cover:

Buip(x) = km V x (m x X)

r3

X

o [31‘1(1‘1.121) - m} 415
r

where, as usual, i = x/r. Again, we encounter the same form in electrostatics, for the dipole field given by eq.
3.1D).
The dipole induction field splits nicely into components along, and perpendicular to, the direction of observa-
tion: m
Bap = k5 (2c0s0F + 0 sin0) (4.16)
r

where 6 is the angle from the dipole moment to the direction of observation.

With eq. (4.13), our result of eq. (4.11) for the volume integral of B over a sphere of radius R containing
currents, with none outside the sphere, becomes:

P
Bddr = Koy (4.17)
r<R 3

As in the electrostatic case, however, the volume integral of a dipole magnetic induction over a sphere vanishes
due to the spherical symmetry of the integrand about the origin of the dipole. To be fully consistent, we must write:
3n(hi-m) —m 8«

Bdip(x) = km |: 3 + ?mé(x) (4.18)
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4.5 Magnetic Force and Energy for Localised Currents (section J5.7)

The magnetic force on a current element Idl is Idl x B, so the total force exerted by an external B on a current
distribution is just [[J(x") x B(x')] d32’ If B varies slowly enough over the volume where J exists, we can expand
it around some origin 1ns1de, so that:

F; = eiji [B’“(o) / J(x')d3z + / x' - VB J)d + ...

x=0

As before, the first integral vanishes, and the second one can be written in terms of the magnetic moment by
noticing that since V B* ‘x:O is a constant vector which can be taken out of the integral, replacing x with it in the
expansion of A in section 4.4 leads, by analogy to eq. (4.12), to::

E = Eijk [(m X V)J Bk]xzo
= k€m0, B* = —(6;'0," — 5,"6")m; 9, B

So, to lowest-order:
F = V(m-B) 4.19)

Using the idea of the force as the negative gradient of potential energy, we immediately write the interaction
energy (which is not the total energy!) of a dipole in an external magnetic induction:

U=—-m-B (4.20)

4.6 Macroscopic Equations, Matching Conditions (section J5.8)

Just as in electrostatics, magnetic phenomena inside matter are complicated by the response of the matter to
applied fields. For instance, existing atomic dipoles will tend to align with the applied field, creating their own
field. Current sources will in general fluctuate rapidly at the atomic scale. Thus the need to average over a
microscopically large but macroscopically small volume.

Define the magnetisation as the average magnetic moment density over a macroscopically small volume
containing many dipoles and situated at point x’:

where N is the dipole number density. We combine the vector potential from free currents, eq. (4.8), with the
matter contribution derived from eq. (4.12) to obtain, after integrating over all space:

/
AR = fom [ .\]ﬂee & /M !x x/!?’ d%’]

The geometrical factor in the second integrand is now rewritten as V’(1/|x — x’|). Using an identity in Jackson
(left front cover), the integrand is converted to a curl plus (V’ x M(x/ ) /|x—x'|). With the integral [ VxC d3z =
— fs C x 1’ da on the right front cover, this gives:

A(x) = kn [ / Jiree (X') + V' x M(x') d3z’ + 1\/1(7)/@] 4.21)

[x — x| s [x=x

If M is localised and goes smoothly to zero (no discontinuity), the surface integral does not contribute because the
volume integral can be taken over all space. Like in electrostatics, however, there can be interfaces near which the
magnetisation changes very quickly in an unknowable way over a thin layer near the interface. So we replace this
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thin layer by a surface across which M is discontinuous and thus not differentiable. The missing contribution is
taken up by the surface integral, where S is now the interface, and there is a surface current, M(x’) x @i’. In the
absence of free currents inside the volume and if the magnetisation is uniform within, the whole vector potential
is generated by these surface currents.

Because of the presence of the extra magnetisation current density, V x M, Ampere’s Law must be modified
as follows:

VxH = Jgee (4.22)
where we have introduced the magnetic field:
1
H = B-M 4.23
4k ( )

H plays the same role in magnetism that D plays in electricity. Both take into account the contributions from
atomic charges and currents to sources.

In terms of the vector potential, Ampere’s Law becomes, with the choice V - A = 0:
VA = —4nky (Jgee + V x M) (4.24)

This completely general Poisson-like equation has for solution eq. (4.21).

Unlike the response of most materials to applied electric fields, which is most often linear, the response to
applied magnetic fields is typically much more complicated. Only in isotropic diamagnetic and paramegnetic
materials can one write the simple analog to eq. (3.23), in SI units:

B =uuH =pH (4.25)

where i, is the relative permeability of the material. In these cases, 1— p, ~ +107°. For ferromagnetic materials,
the relationship between the magnetic field H and the induction B is typically nonlinear and depends on history
(hysteresis).

In linear and homogeneous magnetic media, the vector potential satisfies

VA = — po(pir Ttree) (4.26)

Another difference with electric phenomena in matter is that, whereas electric polarisation results in a net field
that is smaller than the applied field, in magnetism, when i, > 1, the effect is the opposite: magnetisation results
in a larger induction field than the external induction field.

4.6.1 Magnetostatic matching conditions

By using Gauss’ Law for magnetism in its integral form, § B - da = 0, it is easy to show that the component
of B normal to any surface is continuous across the surface. The tangential components of H, however, are
discontinuous if there is a free surface current density K, as can be derived from Ampere’s law in matter. Therefore:

(B, —By)-n = 0
n x (Hg — Hl) =K (4.27)

where, as before, i points from medium 1 to medium 2.

The vector potential is continuous across a surface, but its normal derivative inherits the discontinuity in the
tangential components of H.
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Example 4.2. Magnetic Potential and Induction of a Circular Current Loop (section J5.5)

The most important example of a magnetic induction field is that of a circular loop, say of radius a,
carrying a counterclockwise current /, and with coordinate axes oriented so that it lies in the xy plane.

The source is J = Jyp = —J, sin¢' i + J, cos ¢/ j, where Jy = I §(cos 6') 3(r’ — a)/a. With this,
J is perpendicular to the x axis when ¢’ = 0.

Without loss of generality, the azimuthal symmetry of the problem allows us to put the observation
point in the zz plane, at ¢ = 0. We have, with X - X' = cos 6 cos @’ + sinf sinf’ cos ¢':

/ —Jp sing' i+ Jy cos ' j
= kmn
\/r2 + 172 — 277/ (cos 0 cos @' + sin@ sin @’ cos ¢')

A3z (4.28)

The integral along the x axis vanishes by symmetry, leaving the y component, which is also the ¢
component at ¢ = 0. Then, putting in .J, and doing the J-function integrals in spherical coordinates
leaves:

2 coS ¢/ d ¢/
0 /1% +a?—2ar sinf cos ¢’
This can be recast in terms of elliptic integrals and so is a closed-form solution, but it is not so
intuitive. . .

A¢(’f', 9) = k?m la

Instead, expand the inverse distance factor inside the integral (4.28) using eq. (2.10) with ¢ = 0. Write
cos ¢ in terms of complex exponential e*1%’ and notice that this will restrict the m sum to its m = +1
terms’, leaving Y;*, | (¢/, ¢'), because [ el(mE9"q¢/ = 0. For the rn = +1 terms the integrands are
no longer ¢/’ -depeﬁdent, and the integral over ¢’ just yields 27. After integrating over the J-functions
as before, we get:

Y;.1(6,0)
Ay = 8 ky Ia Z 12}+1 ljlYu(w/2 0)

where r_ is the smaller of a and r, and r, the larger of the two.
Eq. (0.42) then leads to:

Ay(r,0) kn Ta fj( yner 20 = DY T nedP () (4.29)
s = — T Rm - x4 2n+1 .
¢ ~ 27 (n +1)! Ti(n+1) +

where © = cosf and (2n — 1)!! = ((2n — 1)(2n — 3)... x 3 x 1. The magnetic induction is then
obtained by taking the curl:

B(r,0) = —% [fax(\/l — a2 Ay) + 00,(r Ay) (4.30)

The derivatives are straightfoward and one arrives at eq. J5.48 and 5.49, which we will not bother to
reproduce here. Rather we will extract the asymptotic behaviour, far from the loop at » >> a. Then
r~ = aand r~ = r. The n = 0 term dominates the series. Since d,P!(x) = 1, the potential is, to a

good approximation:
2

Ay(r,0) — mhy Ia sin 0
r>a T‘
with a magnetic induction:
kg I 2 ~
B(r,0) — w (#2cosf + 6 sin6) 4.31)
r>a T

Alternatively, and more simply, we can derive (EXERCISE) the dipole approximation directly from

eq. (4.12) and (4.18) in the previous section, recognising that here the area of the loop is 7a?.

"Note how azimuthal symmetry does not lead to m = 0, because the Cartesian components of the source current density have a ¢
dependence.
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4.7 Magnetostatic Boundary-Value Problems with no Free Current (section J5.9)

A useful simplification can be made in a simply-connected region with no free currents. Indeed, in such a region,
V x H = 0 allows us to define a magnetostatic scalar potential, &, with H = —V &, In each linear region with
uniform i, this scalar potential obeys the Laplace equation, V2®,, = 0, which can be solved as a boundary-value
problem, just as in chapter 2.

What can we say when there are no free currents but the magnetic material is non-linear? Sometimes, such
as in substances whose magnetisation is more or less insensitive to applied fields (so long as these are not large),
information about IM may still be recoverable from the magnetostatic scalar potential. In general, Gauss’ Law for
magnetism, written in terms of H and M, yields:

V2, = -V-H=V-M = —p, (4.32)

Here we have introduced an effective magnetic charge density. One form of the general solution of this Poisson

equation is:

1 V' M(x 1 n - M(x'

Py = — — VM) d*2’ + — - Mix) da’ (4.33)
47 |x — x/| A Jg |x— X/

where the surface integral contributes only when M goes to zero in discontinuous fashion at a surface. The origin

of this integral can be traced to the existence of an effective magnetic surface charge density, o, = - M, which

is easiest to exhibit by taking the volume integral of V - M = —pp, over a small cylinder enclosing a surface

element, invoking the divergence theorem and evaluating the surface integral when M = 0 on one side of the

surface.

The presence of o, will cause some lines of H (but not of B!) to terminate on the surface.

An alternative fornulation of the solution starts with just the first term of eq. (4.33), ignoring any possible
discontinuity. So long as M is localised, an integration by parts (or use of an identity on Jackson’s front left cover)
produces:

@m — i M(X/) . V/ 1 - 3./
4m all space ’X —-X ’
1 M(x’
= - V. / ) g3, (4.34)
47 |x — x/|

where in the last line V' was first turned into —V and then taken outside. The advantage of this particular form
of the solution is that it can handle any M, even a discontinuous one. So, if one chooses to use it, there is no need
for a surface integral.

In the first line in the last equation, we could instead have calculated the gradient and taken the large distance
limit: |x — x’| & |x| = r, so that far from any source:
m - x

o~ (4.35)

where m = [ M(x/ )d3z’ is the total dipole moment of the distribution. We recognise this as a dipole scalar
potential giving rise to the same kind of field as the electrostatic dipole field, but with p — m.
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Example 4.3. Uniformly Magnetised Sphere (section J5.10)

Consider a sphere of radius a and permanent magnetisation M = M k, embedded in a non-magnetic
medium. Because of the uniform magnetisation and discontinuity at » = a, only the surface integral
in eq. (4.33) contributes, with o, = M, cos #. This has azimuthal symmetry, whence:

Mya? cos &’

47 Ix — x

&, = e/’

'

We have encountered this kind of integral before in section 2.1, where we made use of the expansion
(2.10). Since cos @ = Py(cos 6’), only the [ = 1 term survives the integration. We find:

1

- M,z (r <a)
On(r,0) = 4%

g (r>a)

where the total dipole moment of the sphere is m = 47a3M /3. We see that the exterior potential
is that of a dipole not only asymptotically, but everywhere. Inside the sphere, the magnetic field and
induction are:

1 2
Hy = — 5 M B, — %M (4.36)

We observe that B is parallel, and H antiparallel, to M.
We could also have found the vector potential with eq. (4.21). This is a bit more involved because of

the vector character of the integrand, but the derivation of the fields proceeds pretty much along the
same lines and with the same type of argument, as can be seen in section J5.10.

Example 4.4. Magnetised Sphere in an External Field (section J5.11)

We can certainly take the interior fields found in the last example and superpose them with any uniform
external field Bg. Suppose that instead of being permanent, M is entirely induced by the external field,
as in a paramagnetic or diamagnetic material. That induced uniform magnetisation still generates the
fields given in eq. (4.36), to which the external field is added to produce the total fields Bj, and Hj,,
But we must also have: Bj, = p Hj,, that is:

P 1 1
By + FOM = 4 (—BO — —M>
3 ,LLO 3

which yields for the magnetisation inside the sphere:

M= S <’“‘r — 1> Bo (4.37)
po \ pir + 2

Observe the analogy with the electric polarisation in a dielectric sphere in chapter 3.

In a ferromagnetic material, however, we must seek another relation between Bj, and Hj,. We can
always eliminate the magnetisation from the expressions for each of B;j, and Hj, to obtain (for a
uniformly magnetised sphere only!):

Bin + 2uoHiy = 3Bg

To go further, we need the hysteresis curve. If, for instance, the external field is increased until Bj,
reaches saturation and is then brought back to zero, one should look at the resulting hysteresis curve
(see fig. J5.12) for its intersection with the straight line of slope —2 with 3B as intercept.
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Example 4.5. An Example of Magnetic Shielding (section J5.12)

Consider a spherical shell of inner radius a and outer radius b, with a linear permeability u, immersed
in a constant and uniform induction By = By k. There are no free currents. Then our remarks at
the beginning this section (or J5.9B) lead to the existence of a scalar potential ®,, which obeys the
Laplace equation everywhere and which goes to —Hyz as r — oo. The following general solutions
are regular:

—Hpz + Zal =+ Py (cos 0) b<r<oo
1=0
! —(+1)
o, — ;(ﬁlr + yr )B(COSG) a<r<b (4.38)
ZRlTlPl(COSQ) 0<r<a
\ [=0

Continuity of ®,, at » = b and r = a gives, respectively:
ap = BT — oy = Hodnb'™?
Bt 4y, — ka2t = 0
2 Op®Pmo = 1 0, Pm1 at 7 = b and r = a gives, respectively:

L+ Doy + pel Bt — (L4 1)y, = — Hodp b2
el Bra® ™ — (1 4+ 1)y — 1k a®t =0

When [ # 1, the system has only a trivial solution: all coefficients vanish. Only [ = 1 terms contribute.
Give the system with [ = 1 to Maple; which outputs:

> solve(sys_eq, {alpha[l],beta[l],gamma[l],6 kappa[l]});

- Hob? a®Hob3 (i — 1)

-9 -3
" 470705 — 203 + 5031 + 208 — 2 p2a3 + 2032 Aprad — 203 + 5030, + 203 — 2 i2a3 + 203412

B Hob? (-2 p2a® + pra® + 2032 — 3y, + a® — %) (2 pr + 1) Hob?

751:

= -3
a dppad —2a3 + 503, + 203 —2p2a3 + 2632 dppad —2a3+ 503, + 203 —2p2a + 2632

We are interested in the cavity surrounded by the shell, where ®,.., = k1 z and H, ., = — k1. Force
Maple to simplify the denominator of the coefficients nicely:

> factor (selectremove (has, expand (denom(rhs (op(1,%)))/b”3),a)[1]) +
> factor (selectremove (has, expand (denom(rhs (op(1,%)))/b”3),a)[2]);

a’ —1)?
—2 (M;;g ) + (Nr + 2) (2 r + 1)
Then:
Iy 9
K1 = — ' Hy — k1 = — c—+——=7= Ho
Que+ (e +2) — 2% (e — 12| >l 2ur (1 — a3 /b%)

So long as the shell is not too thin, x; can be quite small and the interior field can be much smaller
than the external one. The spherical shell thus acts as a magnetic shield that bends field lines around
the inner cavity.
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4 B. Time-dependent Magnetic Phenomena

4.8 Faraday’s Law of Induction (section J5.15)

When a conducting loop is moved in a static magnetic field, it is an experimental fact that a current is set up in the
loop proportional to the rate of change of the magnetic induction flux through the loop. This current multiplied
by the loop’s resistance (assuming Ohm’s law holds) is a quantity called the electromotive force, or emf (often
dubbed meotional emf), a quite misleading name really since its dimensions are those of a force per unit charge
times length. The phenomenon is due to the magnetic force acting on the free charges in the conductor, and it can
be shown that the emf is indeed:

gmotion = _dt/B -da (439)

Where things get interesting is that, as was discovered by Faraday, if the loop is kept at rest in the magnetic
induction but the latter varied, the same phenomenon occurs: when the induction field is generated by a current
flowing in another loop, only the relative motion of the two loops matters. This is quite striking, because when the
magnetic source is moving, there is no magnetic force on the charges in the other loop since they are at rest. The
only possible explanation is that an electric field is induced which in turn produces the emf that sets up the current.
So we write:

E’ is the electric field measured in the loop’s rest-frame. This electric field is different from an electrostatic field:
its sources are not monopoles and its circulation does not vanish.

There is a catch, however. If the source loop is moving with respect to the observer, the magnetic flux is not
the same as if it were at rest! The time derivative (see section 0.9) is in fact a convective derivative. In order to be
able to bring the time derivative inside as only a partial derivative, without extra terms, both the electric and the
magnetic induction fields must be understood to be in the same reference frame, eg., the lab frame. We arrive at

Faraday’s induction law:
quE-dl = — /E?tB-da (4.40)

The direction of integration around the loop is given by the right-hand rule, with the thumb pointing in the direction
of da. The direction of integration is essentially the direction of the current that would be set up if there were a
wire loop to carry it. The direction of this current is usually determined by Lenz’s Law, according to which the
direction is such that the flux of the magnetic induction of this current opposes the change in flux of the external
field through the loop. It is best viewed as preventing runaway buildups of emf, acting as a sort of inertia.

When we convert the left-hand side of eq. (4.40) to a flux integral and note that the path and surface are
arbitrary, we obtain the important differential form:

VXE +0,B = 0 (4.41)

If we put B = V X A into the differential Faraday law, we see that now it is the curl of E + 0; A that vanishes
everywhere. So E + 9; A must be the gradient of some scalar function, and we obtain the most general form for
E:

E=-0A - Vo (4.42)

where @ is just the electrostatic potential. When the time-varying magnetic field is the only source for the electric
field (no free charges anywhere), we can drop the electrostatic term.

Note that we have expressed the six components of the electric and magnetic fields in terms of the four in
the A and ® potentials. Clearly, the field components are not all independent. In fact, writing EE and B in terms
of the potentials takes the place of the two homogeneous equations, Gauss’ Law for magnetism and Faraday’s
Law. A burning question now arises: just how many independent variables (or degrees of freedom) are there in
electromagnetism? The question will be answered in chapter 5, and we will learn why it is vital that it be answered.
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4.9 Quasi-static Magnetic Fields in Conductors (section J5.18)

Faraday’s induction law prompts the question: if changing magnetic fields induce electric fields, is the converse
also true? As we shall see in the next chapter , it is, and Ampere’s Law will have to be modified accordingly. Except
when we are dealing with electromagnetic waves, however, there will be many situations where this modification
can be neglected and the magnetostatic equations still hold. In particular, whenever characteristic lengths are small
compared with ¢T', with ¢ the speed of light and 7' the characteristic time scale of the fields, this quasi-static
approximation is valid. In conductors,

VxH = Jfree = ok

where o is the conductivity of the material assumed to obey Ohm’s Law. We note that even if there are no free
sources of electrostatic E, there are still free currents since these are the only source of the magnetic field. In
homogeneous, linear magnetic media:

V xB = uJgee = poE (4.43)

Differentiating with respect to time and using Faraday’s Law; recalling that V - E = 0 when there are no free
charges as sources of E, we obtain a diffusion equation for the electric field:

V?E = po6E

Writing eq. (4.43) in terms of the vector potential A shows that it obeys the same diffusion equation.

4.10 Magnetic Field Energy (section J5.16)

To find the magnetic energy of a current-field distribution, we must include the energy needed to set up the cur-
rents. In a magnetic material, we must also factor in the energy associated with the response of the atoms to the
applied magnetic field. So we must ask how much work has to be done to change the macroscopic fields while
incorporating the response of the material.

Start with some free current density J which generates an induction field B. Change the current by an amount
0J, thereby producing a change dB in a time §¢ long enough that the quasi-static spproximation is still valid. By
Faraday’s Law, there will be an induced electric field E which, by Lenz’s Law, opposes the change in the current,
doing work on it at the the rate [J - E d3xz. By conservation of energy, work to change the current density is done
at the rate:

SW/st = —/J "Ed3z
Since E = —3JA/dt, and J is a free current, we obtain:
SW = /6A-Jd3gc = /6A-V><Hd3w
= /H-VXaAd% + /V-(chSA)d?’x
As usual, we turn the second integral into a flux integral vanishing at infinity. We are left with:

W = H. /Bd3z (4.44)

all space

This expression is completely general and applies to all types of magnetic media. It is the analog of eq. (3.38) in
electrostatics.

If the material is linear, we can go further and write H - 0B = %5 (H - B). To bring the fields up from zero to
their final values necessitates an energy:

1 1
W:§/H-Bd3x:§/J-Ad3a: (4.45)
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In a non-linear material, we can use the hysteresis curve to find a relationship between B and H.

By an argument entirely analogous to the one used in electrostatics, one finds that when a magnetic material is
inserted in a magnetic field whose sources are fixed, the resulting change of energy is:

1
W = 5/M.Bd% (4.46)

The sign is different from the electrostatic result, due to the fact that, contrary to what happens in electrostatics,
the fixed magnetic sources must also do work against the induced emf. We should also keep in mind that this is
the total energy needed to produce the final configuration, not just to rotate the magnetic moments in an external
field, ie. the interaction energy of eq. (4.20).

Example 4.6. Example of the use of the quasistatic approximation (section J5.18)

We consider a harmonic, uniform magnetic field H = (Hj coswt)i defined below the zy plane,
with the space above the xy plane entirely occupied by a conductor with uniform conductivity ¢ and
permeability . What is the field inside the conductor?

First, matching at the interface shows that the field for z > 0 is also in the = direction. Taking the curl
of eq. (4.43) shows that H also obeys the same diffusion equation as E and A:

V?H = uod,H
Inserting the complexified inhomogoneous solution H,(z,t) = h(z)e “! gives:
(d2 + ipow) h(z) = 0

whose solution is h(z) = Ae** + Ce ** where k = (1 + i)/J, with the skin depth § =
V2//iiow. Setting C = 0 to quell a divergence at infinity, and A = H, for correct matching at

z = 0, we finally get: |
Hx(Z,t) = éR [HO 6_2/6 el(z/é_wt)]

or
H(z,t) = iHye */? cos(z/6 — wt) (4.47)

The time-variation of B generates an electric field inside the conductor; it is most easily found from
Ampere’s Law, eq. (4.43), using the complex exponential form of H:

E = 1 dHkxi) =jR —1+4i Hye~*/9 eiz/3=wb)
g o
= j ,u_wé Hy e—2/0 cos(z/d —wt + 3w /4) (4.48)

V2

We should check whether this electric field is consistent with the quasi-static approximation which we
have been using. The relevant dimensionless ratio to take is:

E/c
i = O(wd/c)

For the quasi-static approximation to be valid, this should be much smaller than 1. For copper, a good
conductor, wd/c = 1.2x 10~ /v with v the field frequency. For sea-water, the ratio is 3.7x 1075 \/v.
This puts an upper limit on the frequency of the field that will allow the above treatment.

The time-averaged power dissipated per unit volume, (J - E) = o (E?), is:

1
P = SpwHie >/ = (%HOZ e=22/0 (4.49)
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S Maxwell’s Equations and Conservation laws

5.1 First and Second Order Maxwell Field Equations (section J6.1)

When we allow electric and magnetic fields to vary in time and do not require that 0;p = 0, Ampere’s Law,
V x H = J, is no longer compatible with the continuity equation. This inconsistency led Maxwell to propose
instead:

VxH = Jgee + 0D (5.1)

The new term, which he called the displacement current, restores consistency via Gauss’ Law V - D = p, and
makes it clear that changing electric fields are also sources of the magnetic field. The two equivalent full sets:

1
V-D = Pfree VxH = Jfree + atD V-E = 4Trkeptotal VxB = 47Tkatotal + 0_28tE

(5.2)
V:B=20 VXE + 0B =0 V-B =0 VXE + 0B =0

constitute Maxwell’s macroscopic (on the left) and microscopic (on the right) field equations. With the rela-
tions: D = 47k, E + P and H = B /4nk,,, — M, they provide a complete classical description of electromagnetic
phenomena and do contain the continuity equation for the sources, whether free or total ( including polarisation P
and magnetisation M):

1

atpfree =V -0D = —V  Jfee 8tptotal =
4k,

V. 8tE =-V. Jtotal (53)

By taking the curl of Faraday’s Law and the curl of Ampere’s Law in the microscopic version, we arrive
(EXERCISE) at the wave equations:

1
OE = —d4mke <thotal + C_QatJtotal>
O B - 47Tkm v X Jtotal (5.4)
where O = (1/c?)0? — V? is the d’Alembertian operator (Jackson’s definition is consistent with his metric

convention in chapter 11), and ¢ = \/ke/ky, in any units (¢ = 1/,/€opo in SI units). Equivalent equations for D
and H, with source terms now involving the polarisation and magnetisation, may be obtained from the macroscopic
first-order equations.

So called free fields obey the source-free first-order equations:

1
V-E =0 VXB_E@E:O
VB =0 VXE + 9B =0 )
and the second-order equations:
OE =0 OB =0 (5.6)

Such free fields have field lines that do not end on electric charges (E) and do not enclose currents (B). It is
important always to remember that these second-order equations hold for each component of the field only in
Cartesian coordinates. If one did insist on using curvilinear coordinates, the action of the Laplacian operator on
the vector would have to be defined using the identity: V?E = V(V - E) — V x V x E, and only then would
each curvilinear component of this object enter in the d’ Alembertian to form a scalar wave equation.
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5.2 Electromagnetic Potentials (section J6.2)
The two homogeneous equations 5.2 are still equivalent to:

E=-0A -V B =VxA (5.7)

In unpolarised, unmagnetised media, the inhomogeneous Maxwell equations then become (exercise) second-
order equations for the potentials:

V20 + 9(V-A) = —drkep
(5.8)
1
OA + V<V-A + §8t<b> = 4drknd

These two equations constitute Maxwell’s equations for the scalar and vector potentials with free sources.

5.2.1 Transverse and longitudinal projections of Maxwell’s equations for the potentials

When we try to solve for the vector potential A, we expect Maxwell’s theory to provide us with equations, either
first-order or second-order, for V x A and V - A. It certainly does for V x A. However, neither of Maxwell’s
equations (5.8) for the potentials ® and A can determine V - A. A very instructive way to see this is to note that,
according to Helmholtz’s theorem (0.19), any 3-dim vector field A may be written as the sum of two vectors:

A=A +Ar = Vu+ Vxw 5.9

The first term, Ay := Vu, whose curl vanishes identically, is called the longitudinal (irrotational) part, or projec-
tion, of A; the second, At := V x w, whose divergence vanishes identically, is called the transverse (solenoidal)
part of A. Each of the three components of A potentially carries energy as a wave, all the way to infinity, in
which case we say that it is a dynamical degree of freedom. By inspection, Ay, has one independent component,
whereas At has two independent components (the third is determined by V - At = 0).

Observe that V - A is really V - Ay and contains no information about Ar; also, V x A isreally V x At
and contains no information about Aj..

Project the second equation (5.8). The transverse projection immediately gives:
OAr = dmkyJr (5.10)

where we have used the fact that a gradient is a longitudinal object.

Now take the divergence of the longitudinal projection of the second equation (5.8):

V2P
c2

V. — Ar k' V - J

1
OA; + V(V'AL + C—28t(1)> — 47‘1’ka:| = D(V'AL) + V2(V-AL) +

1
=z O [0:(V - AL) + V2@ + 47 kep]

But the terms in the square bracket on the second line are just the first of equations (5.8). Therefore, the longitudinal
projection of the second equation Maxwell equation for the 3-vector potential contains no information about V - A
that is not in the first equation. But that is really an equation for ¢ with V - 9; A (more precisely, V - 9, A ) as a
source together with p. Therefore, Maxwell’s theory cannot determine the divergence of the 3-vector potential.
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5.2.2 Choices of the divergence of A

Since the theory does not know V - A, we have to tell it what it is by making an arbitrary choice. If we choose
V - A to vanish (Coulomb condition), the vector potential is pure transverse, and the ¢ equation becomes a
Poisson-type equation with solution:

/
t
B(x,t) = ke/%d%’ .11)

This looks innocuous enough until we realise that any change in the source is instantaneously reflected in the
scalar potential. The Coulomb condition leads to acausal behaviour, which is also a reflection of the fact that the
condition is not relativistically covariant, in the sense that it is not necessarily the same in all inertial frames. But
the equation for ® is not a classical wave equation, and ® does not really propagate as a wave, so one should not
expect proper causal behaviour from it. As for A, it now obeys a wave equation equivalent (EXERCISE) to eq.
(5.10).

When manifestly causal behaviour for the potentials is desired, we can choose instead the Lorenz' condition:
V - A = —9,®/c?, which also happens to turn eq. (5.8) into nice-looking, decoupled wave equations for each
component of A, of the type O(potential) = source with causal solution eq. (5.18). Then one can calculate
the energy radiated to infinity following standard treatments (eg. chapter 14 in Jackson) and find that the scalar
potential does make a mathematical contribution to the energy radiated to infinity by accelerated charges. But we
should not attach any physical significance to that contribution: it arises simply out of consistency with the choice
of the Lorenz condition for V - A.

Note also that, under the Lorenz condition, the energy radiated to infinity by an oscillating system can be
calculated (see chapter 7 here) solely in terms of A, since ® is determined.

5.3 [Initial Value Problem in Maxwell’s Theory: First-order Cauchy problem

The Initial Value Problem (IVP) of a theory consists in finding which data must be specified at a given time for
the time evolution of variables of the theory to be uniquely determined by their equations of “motion". By initial
data, one means the state of the system of variables everywhere in space at ¢ = t3. The IVP together with the
evolution equations constitute the Cauchy Problem of the theory. If it can be solved, the dynamical behaviour of
the system can be uniquely predicted from its initial data.

Most often, the equations of “motion” take the form of a set of wave equations, each of the form Of = F. If
they always told the whole story, the Cauchy problem would be solved by specifying the value of f and its first-
order time derivatives at ¢t = ty. Things are not so simple, however when there are inherent, built-in constraints
on the initial data. Those constraint equations must be discovered and solved. Also, we must find which initial
data we are allowed to specify freely.

Eq. (5.4) do look like standard wave equations for six decoupled quantities. But the first-order, coupled, field
equations (5.2) must also be satisfied!

The two divergence equations contain no time derivatives and are thus constraints on E and B at all time,
including ¢ = t,. The one involving E (E in effect) can be rewritten V2?1 = p for a scalar field u, a Poisson-type
equation which can in principle be solved for u at initial time so long as p falls off faster than 1/r at infinity. As for
B, because its divergence vanishes, it is always a manifestly transverse object. Thus, we have no control over the
longitudinal components of the fields; the two transverse components for each are the only ones for which initial
data can be freely specified at this stage.

Next, look at the two Maxwell first-order equations for EE and B which contain time derivatives. Suppose we
specify E and 0;E at t = to, which are needed to solve the 2"Y-order equation for E in eq. (5.4). Then the two

L. Lorenz, On the Identity of the Vibrations of Light with Electrical Currents, Philosophical Magazine and Journal of Science, 34,
July-December, 1867, pp. 287-301 (translated from Annalen der Physik und Chemie, June 1867)
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transverse components of B are determined by the generalised Ampere Law; 0,B is determined by Faraday’s Law,
also at t = ty. Once we have specified the two transverse components of E and their time derivatives, Maxwell’s
equations take over and determine the others at ¢ = . Alternatively, we could have started with the two transverse
components of B; specifying them and their time derivatives at ¢ = ¢y constrains all the other field components
and time derivatives.

You can also use the transverse/longitudinal projections of the first-order equations (5.2) to show (EXERCISE)
that in source-free space, only the transverse components of E and B obey a classical wave equation.

One of the advantages of this Cauchy analysis is that it does not rely on any particular solution, but is valid for
any electromagnetic field. Later we shall reformulate the theory in the much more powerful and compact language
of the four-vector relativistic formalism which will allow for much easier manipulation. We note that since V - A,
which determines the longitudinal component of A, is arbitrary, only the two transverse components controlled
by V x A correspond to physical dynamical degrees of freedom, consistent with the Cauchy-data analysis of the
first-order Maxwell equations (although the latter could not tell us which initial field data could be freely specified,
only their number).

5.4 Green Functions for the d’Alembertian Operator (section J6.4)

With the Fourier integral representation (note the normalisation!):

g(x,t) = % /_C: g(x,w)e “tdw g(x,w) = /_Z g(x,t) et dt (5.12)
we can transform a typical wave equation, with 0 = (1/c?)0? — V2
Ov(x,t) = 4r f(x,1)
where f(x,t) is a known source, to its so-called Helmholtz form for a frequency-dependent function ¥ (x,w):

(V2 + ) U(x,w) = —4rn f(x,w) (5.13)

where k can be taken as a short form for w/c. In a non-dispersive medium, w(k) = kc is actually the dispersion
relation, with k the wave vector and £ the wave number.

Just as for the Laplacian operator, there exist Green functions for V2 + k?; they satisfy:
(V2 + k) G(x,x') = —4mé(x —x) (5.14)

Jackson does not really explain why one must take G (x, x’) = G(x—x'); like the Laplacian, the k% dependence on
the wave vector picks no preferred direction, so the solutions have spherical symmetry with the centre of symmetry
at the source point x". Therefore G(x — x’') = G(R), with R = |x — X/|.

A solution of the inhomogeneous equation (5.14) for G(R) is:

1 ..
GH(R) = Eeil’fR (5.15)
Indeed:
2 2 eIk A 1 o tikr tikR o2 [ 1 1 +ikR 2 eIk
k2 2ik 2ik k2 -
= [_E + % —A4rd(x—-X) F % + E} et — _4m(x — X)

Now we are ready to find the full Green functions for the d’ Alembertian operator, which satisfy:

0,G(x,t;x',t") = 4rd(x —x')6(t —t) (5.16)
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The Fourier transform of the source term, f(x,t) = 47w 6(x — x) 6(t — '), is f(x,w) = 47 6(x — x') ", In the
frequency domain, then, we have:

(V2 + )G(x, %, w,t') = —dmd(x —x) e
Assume separable solutions of the form G(x, x’ )ei“t’; inserting into this equation, we get from (5.14) the solutions
GE(x,x,w,t) = el(Ekf+wt’) /R. Then, transforming back to the time domain and using the representation (0.16)

for the J-function yields the time-dependent Green functions in a nondispersive medium (k = w/c):

1 00 Giw[ER/c—(t—t')]
) (w 1./ 1\ — - c - -
G (x,t;x', 1) 277/ 7 dw
ot — tFR
_ ( [R:F /C]) (5.17)

Using eq. (5.16), we recognise that:

o o

0, / GH (x,t:x',¢) f(x, ¥ A%/ dt’ = / F(xX, ) O,GH) (x, ;% , ') B3’ dt' = 47 f(x,1)
—o —0o0

has the generic form O W (x,¢) = 4m f(x,t), which shows that the general solution of a wave equation with sources

localised in time and space can be written either as the retarded solution:

U(x,t) = Up(x,t) + / G(+)(X,t;x/,t/)f(x/,t/) A3’ dt’
f( ) ret) d3 /

= \I’in(X,t) + |X X|

(5.18)

or, equivalently, as the advanced solution:
[e.e]
U(x,t) = Voul(x,t) + / / GO (x, ;¥ 1) f(x, 1) d*a dt!
_ f 7 adv 3,/
= Wour X t d’x (5.19)

where the suffixes ret and adv stand for the fact that t’ must be evaluated at the retarded time ¢/, =t — R/c, or
the advanced time ¢/,, = ¢ + R/c. This ensures the proper causal behaviour of the solutions, in the sense that,
eg., the solution at time ¢ is only influenced by the behaviour of the source point x’ at time ¢t — R/c. Wi, and Wy
are possible plane-wave solutions of the homogeneous wave equation for ¥. Most often they can be taken to be

zero. Note, however, that this breaks the time-reversal symmetry of theories such as Maxwell’s electromagnetism.

5.5 Retarded Solutions for the Potentials and Fields of a Localised Source (section J6.5)

Nothing prevents the source f(x’,t.,) in eq. (5.18) from having terms that contain W. Thus, the inhomogeneous

causal solution to Maxwell’s equation (5.8) for the potential A is:
Alet) = / VIV AKL ) + DK, 1) /2) [AT| 4 ke (X, the) B!
’ R
One advantage of this result (and, therefore, of the Green-function method) is that whatever condition we impose

on V - A will automatically be satisfied by the solution. If we impose the Lorenz condition, the electromagnetic
potentials now obey wave equations whose retarded solutions are:

/
B(x,t) = ke / &z’ 7”("]%%)

(5.20)
v
Ax,t) = ki / d*z’ 7‘]("]’;@9
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where R = |x — x[.|. For the potentials, and only for the potentials, the solutions have the same dependence as
the static potentials, except that the sources must be evaluated at retarded time before integrating. This similarity
does not hold for the fields, however! In media without polarisation or magnetisation, eq. (5.4) becomes:

1
OE = — drke (Vp + gatJ>

(5.21)
OB = 47k, V x J
where the sources are now free. Again, according to the results of the last section:
V'p(x ) + H0u3 |
E(x,t) = —ke / d®z’ 7 ret
(5.22)

'x I, )]
R

ret

B(x,t) = kpy / d3z’ v

We would like to transfer the spatial derivatives to the 1/R factor with an integration by parts, but to do this we
must have derivatives of functions which have first been evaluated at ' = ¢ — R/c, keeping t’ fixed . In the
integrands, however, we must also take into account the dependence of R on x’ when differentiating. From the
chain rule, we have:

Vi t=Rjc) = [V'FK )]y e + O0f V'(t — R/c)

t'=t—R/c

that is, [V’f(x’,t')]ret = V'f(x',t—R/c) — %(%f
~-R.

A similar argument for the curl of some vector C leads to:

, where we have used V'R = — (x —x/)/|(x —x/| =
ret

~

V' x C(x. )] = V' x C(,t — Rje) + % X Oy C

ret ret

Now we can insert these expressions into the field solutions and integrate by parts the term with the spatial deriva-
tive to get:
ret:|

R

E(X,t) = ke/d31’/ |:P(X/;tret)_ + s

1
I SR s R

O.pr
ct'P ret cR

(5.23)
B(x,t) = kny / d3z’ [J(x’,tret) X % + O J

R
ret R2

The first term in each expression is clearly the straightforward generalisation of the static field, evaluated at retarded
time; but note the extra terms, all with time derivatives.

These Jefimenko solutions are not often used because it is normally easier to find the retarded potentials first
and then obtain the fields via eq. (5.7). But they provide some insight on how the time-dependent solutions go
to their static limit. And by expanding J in a Taylor series around ¢ and, assuming that it varies slowly enough,
keeping only first-order terms in ¢, —%, one can show that we recover the Biot-Savart Law, B = k,; f d32'J (x,t)x
R /R3 which is thus seen to have a wider domain of validity than one might have supposed.
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5.6 The Hertz Superpotential Formulation of Maxwell’s Theory (section J6.13)

In eq. (5.2) we wrote a set of Maxwell field equations in terms of the E and B fields:

1
V-E = 47Tke Prot VxB = 47Tkm JtOt + 0—28tE

V.B =0 VxE + 8B =0 (5.24)

where the fotal sources are now involved, not just the free ones. These so-called microscopic equations have
general validity and are the ones to be used to find the fields of a localised source. Under the Lorenz condition:

1
C

they are equivalent to the second-order equations for the scalar (®) and vector (A) potentials:

O = 47Tke Prot OA = 47Tkm Jtot (525)

But these equations do not “know” how they have been derived, and (unless they are solved by the method of
sections 5.4 and 5.5, we must check that any of their solutions satisfy the Lorenz condition. While this is not hard
to do for plane-wave solutions, it can get messy in more general cases.

In a 1889 study of the fields radiated by an oscillating dipole, Hertz was led to introduce a vector superpo-
tential (often referred to nowadays as a polarisation potential or a Hertz vector) which lately has received some
attention as a useful tool. The idea is to express the potentials as derivatives of this superpotential, which always
exists as will easily be shown later (in chapter 11) with the four-vector formalism. Here, we will just review a
non-relativistic version.

In his very cursory treatment of the polarisation potential, Jackson (J6.13) uses macroscopic potential equations
in polarised and magnetised matter, with no free sources but with external sources of polarisation and magneti-
sation. While there is nothing wrong with this, it fails to exhibit the full power of the superpotential. Instead we
follow (with some alterations!) a paper by J. J. Sein’. This paper also cites many useful references.

The Hertz superpotential IT is defined so as to satisfy: & = —V - II. To find A in terms of II, we take
advantage of our choice of the Lorenz condition. In terms of A and I1, this is:

v (s Lam) -
C

whose solution is A = (1/¢?)O,IT + V x V, with V an arbitrary vector field. Then eq. (5.25) for the potentials
are readily converted to the following equations for I11I:

1
Vv .-oIl = _47Tkept0t 0—28t|:|]:[ + VvV xOV = 47Tkm‘]t0t

Now apply the following transformation to the superpotential: 6 Il = V x G, where G is arbitrary. The trans-
formation induced on the potentials leaves (EXERCISE) the Lorenz condition, as well as the divergence equation,
invariant. Then we simply choose G so as to cancel the V term in the second equation. This is equivalent to
setting V = 0, and we are left with:

v.-oII = — 47Tk70 Prot 8t oIl = 47ch JtOt (526)

As a check, taking the time derivative of the first equation and subtracting the divergence of the second, the
continuity equation V - Jyo + Orpror = 0 is seen to be satisfied, as expected.

TAm. J. Phys. 57, 834(1989) [https://aapt .scitation.org/doi/10.1119/1.15905]
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The superpotential approach is most useful for harmonic sources: pui(X,t) = prog(x)e ™" and Jio(x,1) =
Jiot(x)e %, This in effect turns time derivatives into —iw = —ick, where k = w/c. Then the continuity equation
becomes: V - Jy — ickpir = 0, and we can eliminate py; from our evolution equations (5.26) for IT to obtain:

ke ke
v . V2O + k21— 47ri—thot] — 0 VA + RH — dri T = 0
C C

The first equation automatically holds since the second one is satisfied everywhere, and we arrive at a simple
equation for IT:
k
(V2 + k)11 = 4wi—;Jm (5.27)
c
This is an inhomogeneous Helmholtz equation whose solution has been found in eq. (5.20), with Jy (X, the) =
Jor(x)e 9 = Ji(x)e e/ and R = |x — X/|:

ke eikR
M(x) = i= / Tin(x') = d*a’ (5.28)

where the integration runs over all space. We recognise e** /R as the Green function for the Helmholtz operator.
This equation may not look so different from the equivalent equation for the vector potential A, but it is. For one
thing, any of its solutions will be consistent with the Lorenz condition—no need to impose it anymore! Also, it
holds in arbitrary media since these may be treated as a bunch of localised sources in vacuum. It all comes down to
specifying Jio;. The formalism also applies equally well to macroscopic variables, eg. in a conducting, magnetic
dielectric where Jiot = Jgee — iwP + V x M; P and M are the polarisation and magnetisation vectors.

Once the superpotential has been obtained, the harmonic potentials and the harmonic electric and magnetic
fields can be found, using the fields’ expressions in terms of the potentials:

d=_-V.II, A=_—i I E = k%I + V(V - I0), B - i'vxm (5.29)
C &

5.7 Energy and Momentum Conservation for a Field-Particle System (section J6.7)
5.7.1 Conservation of Energy

Let u be the energy density (electric and magnetic) associated with electromagnetic fields in some volume of a
linear, nondispersive material, which we assume to be the same as for static fields (sections 3.5 and 4.10):

1
Ufeld = §(ED + HB)
If there are no free charges within the volume, we can write a continuity equation:
Z?tuﬁeld +V-S=0

where S is an energy current-density vector. As usual this expresses the fact that any change in the amount of
energy inside the volume must correspond to a flux of energy into, or out of, the volume through its boundaries.

If there are free charges or currents in the volume, however, we expect the electric field to do work on them
(the magnetic field does no work) and energy to be transferred between the fields and the charges. To take this into
account, we should write a continuity equation of the form:

ou+V-S =0
where now 1 = Ugeq + Umech, With umech the mechanical energy density of the charge configuration.
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To find S, assume that the medium is both linear and non-dispersive (otherwise, see the last section in this
chapter). Take the time derivative of ug.4:

atUﬁeld = E- (%D + H- atB

E-VxH-H-VxE-E-J
— V. (ExH) -E-J

where we have also used Faraday’s Law and the generalised Ampere Law, together with a vector calculus identity.

It is now clear that we can write the energy current density as the Poynting vector:
S=ExH (5.30)

if we recognise E - J as the rate at which the fields do work on the sources per unit volume, and therefore as the
rate of change of the sources’ mechanical energy density, O;umech- S has the expected dimensions of energy per
unit area per unit time:

ou+ V- (ExH) =0 (5.31)

with u the total energy density (fields and sources) is often known as the Poynting Theorem.

5.7.2 Conservation of Momentum

If there is energy in the fields, it should come as no surprise that there is also momentum, and that the fields can
exchange it with the sources. From the Lorentz force law, the total force exerted by the fields on sources contained
inside a volume V is:

F = d;Ppech = /(pE+J><B)d3x
\%

where Ppecn is the total momentum of all the charges (free and bound) in the volume. Now we eliminate the
sources with Maxwell’s equations for the microscopic fields E and B. This yields:

1

E+JxB =
pRitdx 4k,

[E(V-E)+CZB(V.B)—Ex(VxE)—csz(VxB) - 9(E x B)

4k,

where we have inserted a V - B term and written:
(E)xB = ,(ExB) —Ex 9B = 0,(ExB) + Ex(V xE)

Now that we have a symmetrical-looking form, we will work out the electric part and transpose the results to the
magnetic part. With the identities in Jackson’s left front cover we eliminate the curl term for E. Thus:

1
E(V-E) —-Ex(VXE) = E(V-E) + (E-V)E — 5V(E2)
The right-hand side is easier to manipulate if we write it in index notation:
i j j . 2 i 1] Lo
FE (OJEJ) + (EWJ)E — §8ZE = 6]» E'E) — 553 FE

If then we define the components of the Maxwell stress tensor as:

1 2 1 2 22
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we obtain the law of conservation of momentum:

8t(]-:)mech + Pﬁeld)i = /8]TZJ d3$
\%

= é T n;da (5.33)
where, in SI units:
1
Pfeg = / oExB)d’z = = [ Sd’z (5.34)
A v

If no charge crosses the boundary of the volume, we interpret 7%/ as the i component of the flow of field momen-
tum per unit area, or momentum flux density, in the j® direction across the boundary. We can also see it as the
force per unit area acting across the boundary on the field-particle system contained in the volume. On the other
hand S/c? is identified as the momentum density in the fields.

The Cartesian components of the total electromagnetic force on a charge distribution are given by:
, 1 . y
"= ——d / Stddx + jéT”nj da (5.35)
¢ S

where any volume that encloses the whole charge distribution can be used. In static cases, the first term on the
right-hand side vanishes.

5.8 Poynting Theorem for Harmonic Fields (section J6.9)

Often the fields we deal with are harmonic, and it is useful to derive the form of the Poynting theorem relevant to
those fields.
—iwt

The time dependence of the harmonic fields and sources is of the form e™'“*, eg.:

E(x,t) = = (B(x)e ™" + E*(x)e"")

N —

Maxwell’s macroscopic field equations for the position-dependent part of harmonic fields then become:

V-D=p VxH=J—iwD
V-B =0 VxE — iwB = 0 (5.36)

To understand the information contained in the results we are about to derive, we note that scalar products of real
vectors can be written as:
A(x,t)-B(x,t) = ~[A(x)e ™ + A*(x)e“] - [B(x)e ™ + B*(x)e™!]

%[A* (x)-B(x) + A(x) - B(x) e—2iwt]

N — ] =

Therefore, the time-averaged scalar product is:

(A(x,t) B(x,1)) = %?R[A*(x)-B(x)] (5.37)

Now use Maxwell’s equations to write sources in terms of fields in the following expression:
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1 1
—/J*-Ed% = —/E-[VxH* — iwD*]d%
\'% \'%

2 2
1
= 5/ [- V- (ExH") — iw(E -D* - B-H")|d%
v
= 2iw/(wm—we)d3:£ —fS-ﬁda (5.38)
v S
the last line being the complex Poynting theorem for harmonic fields, where:
1
S = 3 E x H* (5.39)
is defined as the complex Poynting vector, and:
1 * 1 *
we:ZE'D wm:ZB-H (5.40)

are the electric and magnetic field energy density, respectively.

Thus, (J(x,t)-E(x,t) ) is just the real part of the left-hand side of the complex Poynting theorem. We see that
the real part of eq. (5.38) is just a statement of energy conservation for time-averaged harmonic fields. Also, the
real part of the right-hand side of eq. (5.39) is to be interpreted as the time-averaged Poynting vector for harmonic
fields.

In the complex Poynting theorem, the term that depends on the field energies contributes to the real part only
when these energies are complex, ie. in the case of the lossy dielectrics treated in the next section.

5.9 Poynting Theorem for Lossy, Dispersive Linear Media (section J6.8) — (optional)

In realistic media, even when linear and isotropic, other phenomena are present, such as energy dissipation and
dependence of the permittivity € on frequency (dispersion), that make energy conservation somewhat more com-
plicated to analyse in the macrosopic formalism.

As we shall see when we solve Maxwell’s wave equations, energy losses translate into a complex e. The way
to introduce this into our analysis while at the same time allowing for dispersion is to write a time-domain to
frequency-domain Fourier integral of the fields. For instance:

E(x,t) = / E(x,w)e “! dw

—00

D(x,t) :/ D(x,w)e “! dw

where linearity and isotropy mean that D(x, w) = ¢(w) E(x,w), with E(x,w) and D(x,w) complex fields. Take
the complex conjugate of these expressions and note that the fields on the left-hand side are real. Then consistency
demands that E(x, —w) = E*(x,w) and ¢(—w) = €*(w).

Now, in our derivation of the Poynting theorem (5.31), when differentiating the electric energy density, %D -E,
we assumed that the medium was non-dispersive. We can calculate a more general form of the theorem in terms of
our Fourier integrals. Substituting w’ = —w in the E integral, [ E(x, —w)e“"dw’ = [ E*(x,w’)el* dw’, and
there comes (dropping the x dependence to minimise clutter):

— %/dw /dw/E*(w’) . [—iwe(w) + iw/e*(w’)] Bw) JToR—
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where the first line can be recovered (exercise) from the second by substituting w — —w’ and w’ — —w in its
second term. At this stage, all this is just rewriting.

To make further progress, we assume that E(x,w) has a narrow frequency spectrum (it comes as a long pulse),
ie., it is negligible outside a fairly narrow range of frequencies over which e(w) changes only slowly. If this true,
then an expansion of the terms inside the square bracket around w’ = w gives:

i) + 66 W) ~ 2090w - 10— @) d[we' @)

Inserting this into our previous expression and noticing that the second term can be written as a time derivative,
we finally get:

E.-0,D = /dw /dw/ E* (W) - E(w)w S[e(w)] e—ilw—w)t
+ at%/dw /dw’E*(w’).E(w) dy [w € (w))] o—i(w—w)t (5.41)

When e is independent of frequency (no dispersion), €*(w) = €(w) = ¢, so J[e(w)] = 0 and the first term vanishes.
In that case the second term is simply the change in electric energy density, O;ug 4, @S in our previous treatment
of the Poynting theorem which we now realise assumed a non-dispersive medium.

Evidently, in the dispersive case, the term that is being differentiated with respect to time must be some sort
of effective energy density u.y. We can write it in a less complicated form when E(x,t) = E(x,t) cos(wt),
where wy is the central frequency of the narrow frequency range over which the field is significant, and E(x, t)is
a function with slow time variation. Averaging over a period corresponding to wy yields:

()

An exactly analogous expression obtains for H-9,B. In the end, the Poynting theorem is modified in the following
way:

(E-0,D) = 2wy S[e(wo) [(E*(x,1) ) + 0 <§R[dw [we(w)]

wo

Ouer + VS = —J-E — 2wy Se(wo)] ( E*(x,1))
— 2w S [p(wo)] (HA(x,t) ) (5.42)

where u.fr is the average energy stored in the fields:

wo wo

Ugr = R {dw [we(w)] } (E*(x,t)) + R {dw [w p(w)] } (H*(x,t)) (5.43)

The new terms on the right of the improved Poynting theorem represent non-ohmic dissipation of field energy,
ie. energy absorbed by the material. Only in non-dipersive media do they vanish, since then the permittivity and
permeability are real. Dissipation can occur only when there is dispersion. As for u.g, we see that it has the

expected dependence on the fields, but with /2 replaced by the Brillouin correction, & [dw [w e(w)] ‘ }, and
wo

similarly for the magnetic term.
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6 Plane Electromagnetic Waves

6.1 Plane Waves in Nonconducting media (section J7.1)

There are very well known solutions to the wave equation for Maxwell fields in vacuum, eq. (5.6): they are the
solutions to the source-free scalar wave equation. To find those plane-wave solutions, we look for vector functions
that depend only on time and one spatial variable, say x. Then we use an elegant trick from monsieur d’ Alembert
to change variables to the two independent variables £+ = x & ct, so that the wave equation becomes 8£2+ e F=0,
where F = {E, B}, whose general solution drops out immediately:

F =f (x—ct) + fy(z+ct)

The arbitrary functions f= (0, ¢) are propagated in opposite directions at velocity +-cX, with Fy (z%ct, y, ) uniform
on a plane perpendicular to the direction of propagation corresponding to a constant value of = & ct, thus justifying
their name “plane wave”.

Instead of a wave propagating in a one-dmensional vacuum, consider a wave propagating in a 3-dim medium
without free charges and currents, and specialise to time-harmonic fields. According to eq. (5.36), Maxwell’s
equations for the position-dependent part of harmonic fields in a uniform, linear and isotropic medium without
free sources are:

VxB + iwpeE = 0
(6.1)
VXxE —iwB =0

These two equations are sufficient to determine the fields since they contain the divergence equations as identities.
To decouple them, take the curl of one and combine it with the other to obtain Helmholtz equations (k% = w?pe):

(VZ+ EHE =0
(6.2)
(V2 +k)B = 0

The complex representation of the solution of the Helmholtz equation (with the harmonic time dependence
tagged on) is, in Cartesian coordinates:

E(x,t) = Egelkx—«)
B(x,t) = Bgel* !

where we have also folded in the time dependence, and:
k-k = pew? = e w?/c?

with the field strengths Ey and By complex constants, and k the wave vector in the direction of propagation. The
solutions exhibit the magic x £+ vt dependence on x and ¢ seen in d’ Alembert’s solution that identifies them as
progressive waves traveling at the phase velocity of magnitude ¢, = w/k = c¢/n, where n = | /é;i; is known as
the index of refraction of the medium.

In a nondispersive medium, in which ¢, and y, are independent of frequency, we can superpose solutions with
different values of k to construct any pulse shape that propagates at the same phase velocity as its components.
In a dispersive medium, each component propagates at its own speed and this causes the shape to change as it
propagates.

Now the Helmholtz equation is a second-order differential equation and, as we know, not all its solutions will
satisfy the first-order Maxwell equations! Inserting the solutions into the divergence and curl equations gives:

E
k-Eg = 0 k-By = 0 By = jueh X —2
C
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where i = k/k is a unit vector in the direction of propagation. This means that both E and B are perpendicular
to each other and to the direction of propagation (hence the name transverse wave).

The energy density (5.40) in the fields is:
1 1
u = - (eE-E* + —B-B*>
4 %

€ 1
—|Egl> = — |Bo|? (6.3)
5B = o |Bl

the last line being true only if k is real.

The energy flux density is given by the real part of the Poynting vector from eq. (5.39), averaged over time to
get rid of oscillations. If k is real, we have:

1 24
S = ﬁ‘EO, n=uv (6.4)

where Z = /1 /e, with units of ohms, is called the impedance of the medium. We also see that the speed of the
energy flow is v = ¢/n as expected. [Note the missing factor of 1/2 in eq. (J7.13).]

When k is complex, things get a bit more, well, complex. If we write R [fi] = fig, and <[] = Ay, then the
requirement that i - i = 1 no longer means that n has unit length! Instead:

N — =1
nR - fll =0
The orthogonality of the real and imaginary parts of k provides one natural choice for the = and y coordinate axes.

Also, we can write |fig| = cosh 6 and |fyj| = sinh 6, with 6 a real parameter. Therefore:

~

n = & coshf + iéy sinhf (61 =1, & =)
Then the constraint k - Eg = ki - Eg = 0 can be satisfied by:

Eqg = A(isinh§é& — coshf@&y) + A'é;3 (6.5)

Also, when k is complex, the amplitude of the fields undergoes exponential decay, and so do the energy density
and flux.

6.2 Linear and Elliptical Polarisation (section J7.2)

When k is real, we shall find it useful to introduce a set of basis vectors (€1, €2, nn), called the linear polarisation
basis.

Consider two superposed waves of equal frequency with orthogonal electric fields E; = & E; exp li(k-x—iwt)
(i=1, 2), where E; = a; e are complex amplitudes. The associated magnetic fields in the waves are: B; =

Vi x Eq/e.

The most general form for the superposition of waves that have a phase difference is:

E(X,t) = (El El + &9 Eg) ei(k-x—wt)

= (%1 a1 + € a 6_1(61_62)) gilkx—wi+d) (6.6)
Two cases of interest arise:
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 Linear polarisation (0; = d5 or 61 = d9 = 7)

If the waves are exactly in phase, we can write a1 = Ey cosf, as = Ey sin 0. Then E is linearly polarised,
with its direction at an angle such that tan 6 = as/a;.

* Elliptical polarisation (6; — do # 0, # £m)

When the two perpendicular waves are out of phase, we can recast eq. (6.6) in a more transparent form by
choosing the x and y axes along e; and €9, respectively. Then k - x = kz, and the field components are
obtained from the real part:

E,(x,t) = ay cos(kz — wt + 01)
Ey(x,t) = as [cos(6 — 02) cos(kz — wt + 61) + sin(dy — &) sin(kz — wt + 61)] (6.7)

Squaring and eliminating the time-dependent harmonic functions, we arrive at:

E? EZ E, E

L 4+ L —2cos(6; —ba)— —L =1

5+ cos(d1 2) )

where a{ = aj sin(d; — 62). This shows that the tip of the field vector traces an ellipse, and the wave is said
to be elliptically polarised. The cross-term indicates that the ellipse is tilted with respect to the = and y axes.
When 0; — d; = + m/2, the principal axes are oriented along the coordinate axes. If in addition a; = ag,
we speak of circular polarisation.

Viewed from a fixed point and facing the oncoming wave, the electric field vector rotates counterclockwise
(positive helicity) when 0 < §; — d2 < m, or clockwise (negative helicity) when m < d; — dy < 2.

Elliptical polarisation can also be described by transforming to a different orthonormal basis, the circular
polarisation basis e+ = (¢; =+ iéy)/v/2, in which:

E(x,t) = (&4 By + é_ E_)elkxD (6.8)

where

. 1 - ~
Ei = aiel‘si = E(EliiEb)

We close this short discussion of polarisation by mentioning a useful parametrisation that allows to find the
polarisation of a wave from intensity measurements. In the linear polarisation basis, they are:

so = & -Eq1* + &2 Eof* = af + a3

s1 = |& -Ei]* — |&a-Bof? = &} — i

s9 = 2R[(&1 - Eq1)" (€2 - E2)] = 2aq az cos(d; — d2)

s3 = 25[(&1 - Eq1)"(é2 - E9)] = 2aq ag sin(d; — d2) (6.9)

These Stokes parameters, as they are known, obey the constraint s3 — s? — s3 — s3 = 0.
Similar expressions can be written in the circular basis — see eq. (J7.28).
6.3 Reflection and Refraction at a Plane Interface Between Dielectrics (section J7.3)

We wish to find out what happens to an electromagnetic wave incident on a flat interface between two linear,
isotropic and homogeneous dielectrics. A monochromatic plane wave:

E(x,t) = Egelkx—t) B(x,1) = —(i xE) (6.10)
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is incident on a plane interface (see figure J7.5) , giving rise to a transmitted wave:

o 1
E'(x,t) = Epel®x—w1), B'(x,t) = —(d' x E) (6.11)

Cm

and a reflected wave: 1
E'(x,t) = Efel"x-wt), B'(x,t) = — (2" x E') (6.12)

Cm

All three waves have the same frequency, w, and their wave numbers are related by w = k ¢y = k" ¢y = K¢,
with ey, = 1/ /1€

The combined incident and reflected fields in the medium of incidence must match the fields transmitted into
the other medium at the interface. These boundary conditions will have the general form:

(stuff)e' > + (stuff)e! ¥ * = (stuff)e’* > (6.13)

We’ll worry about the “stuff” later. What is important in all the matching conditions is that the position and time
dependence reside in the exponentials, not in the stuff which is made of constants. Since the relations must hold
everywhere on the interface and at all times, the exponentials must be equal! This means that, on the interface,
k-x =k -x=Kk'-x, thatis: (k —k’)-x = (k — k”) - x = 0. Since x is not restricted other than being on the
interface, this can hold only if the components of all three k vectors are separately equal.

Conclusion:
a) The incident, reflected, and transmitted wave vectors form a plane, the plane of incidence.
The equality of the components of the wave vectors implies that k sin 4 = k' sin r = k" sin 7/, where 1 is the
angle of incidence, 1’ is the angle of reflection, and r is the angle of transmission (or refraction). Then:
b) the angles of reflection and incidence are equal:
i =1 (6.14)
¢) and the Snell-Descartes law governs refraction:

nsini = n'sin r (6.15)

These three statements are the fundamental laws of geometrical optics. Notice that they arise from the fact that
we are dealing with waves. The electromagnetic nature of these waves has not been used. Other kinds of waves
(eg. sound) will obey the same laws!

Going back to the general form of the matching conditions (6.13), we can now cancel the exponentials and
deal with the “stuff”. This is where the electromagnetic nature of the waves comes into play.

The matching of the normal components of D and B gives:
[e(Eg + Ej) — ¢Ey]-n =0 [Bo + Bf — By|-A =0 (6.16)
Next, matching of the tangential (parallel to the interface) components of E and H leads to:
[Eo + Ef — Ey] xn =0 [Ho + Hj — H{] xn = 0 (6.17)

Note that since H = B/u = \/euih X E/u, Hy = Ey/Z from the definition of the impedance: Z = \/u/e.

Two cases must be considered: when the polarisation of the incident wave is parallel (p-polarised) to the plane
of incidence, and when it is perpendicular (senkrecht in German), or s-polarised, to the plane of incidence. In
both cases, one normal condition is trivial and the other one is equivalent to one of the tangential conditions after
implementing the Snell-Descartes law in the form ¢’ sinr = (Z/Z")e sini. Then we shall only use eq. (6.17).
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* For E parallel to the plane of incidence (p-polarisation), eq. (6.17) projected on the interface becomes:

cos i(Ey — E)) — cosrE) = 0

1 1
- (Eo + Egy) — ?Eé =0
Solving for the relative amplitudes with the Snell-Descartes law, we obtain the Fresnel relations for p-
polarisation:
E} 2 cos i

Eo (Z]Z") cos i + 4/1 — nl,zz sin? i
(6.18)
B! (Z)Z") cos i — /1 — :—,22 sin? i

Eo (Z]Z") cos i + 1—%51112@'
* For s-polarised E, perpendicular to the plane of incidence (ie. parallel to the interface), eq. (6.17) becomes:

Ey+ El —E) =0

1 1

§(E0 — E{) cos i — ?Eé cosr =0
Solving for the relative amplitudes, using the Snell-Descartes law, we obtain the Fresnel relations for s-
polarisation:

E, 2 cos i

Ey

cos i + (Z/Z")4/1 — nﬁ; sin? 4

(6.19)
E! cosi — (Z)Z")\/1— :—,22 sin? i
Eo

o

cos i + (Z/Z") /1 — nl,zz sin? i

T3]

Note the formal resemblance with the “p” case, except for the location of the impedance ratio. At normal
incidence, the two sets become:

Ey 2 B 2
Ey  1+Z/Z" u=p 1+40d//n
(6.20)
Ey 1-Z2'/z 1 —n/n
Ey 1427 .=y 1+ n/n’

where the +/— sign applies to perpendicular/parallel polarisation, respectively.

If ' > n, the reflected electric field has its phase reversed with respect to the incident field; it is in phase if
n’ < n. The transmitted field is always in phase with the incident one.

6.4 Polarisation by Reflection and Total Internal Reflection (section J7.4)

For p-polarisation, the reflected amplitude vanishes when the numerator does, ie. when:

(6.21)
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This magic angle of incidence is called the Brewster angle, 0. For s-polarisation, demanding that the reflected
amplitude in eq. (6.19) vanish gives tan 7 = /—1: there is always some reflection for any angle of incidence.

For an air to water (n = 4/3) interface, 65 ~ 50°. Since s-polarised waves always undergo some reflection,
unpolarised sunlight incident on a water surface at an angle of about 50° is reflected mostly s-polarised, ie. parallel
to the horizontal water surface. This is why polaroid sunglasses with a vertical transmission axis help to reduce
the intensity of sunlight reflected from water.

The Brewster effect can also be put to effective use whenever one wishes to extract the s-polarised component
of a beam, or to maximise transmission of p-polarised light at an interface. The efficiency of gas lasers is routinely
maximised by the use of so-called Brewster windows, through which the p-polarised component of the light can
pass with negligible loss.

The Snell-Descartes law shows that when the incidence angle ¢ has a value ¢y called the critical angle, such
that sin ig = n’/n with n > n/, r = 7/2 and the transmitted wave in fact propagates along the surface as an
evanescent wave which is exponentially attenuated with distance into the second medium. Indeed, when i > 4,
sin 7 = (n/n')sin i = sin i/ sin ig, so that cos r = i[(sin 4/ sin 49)> — 1]'/2 is imaginary. However:

_ 1 . Y Crr g
elk x _ e1k (zcos r+asinr) _ e k'| cosr|z elk (sin 4/ sin ig)x

Then, if we calculate the energy transmitted into the the second medium, we find, using eq. (5.37):

(S-2) = “R[2- (B x H™)]
1 .
= 2w,§}t[(z-k’)|E’0|2]
1
= 2w#/§R[(k‘/ cos 7)|Eg|?]

=0

since cos 7 is imaginary. This shows that no energy is transmitted into the medium, even though the fields there
are not zero. If, however, the thickness of the medium is of the order of a few wavelengths, a wave can be observed
travelling on the other side of the medium, as in transmission through a finite-height potential barrier in quantum
mechanics when the incident energy is smaller than the height of the barrier.

Interestingly enough, though, when a narrow beam is incident at an angle larger than the critical angle, it

emerges slightly shifted laterally, as though it has reflected from a depth of about § = [k: \/sin? i — sin? io] -1
beyond the interface. This is known as the Goos-Hinchen effect (See Jackson and references quoted therein).

6.5 The Hertz Superpotential and the Interaction of a Plane Wave with a Medium

In this section, we would like to present an illustration of the use of the Hertz superpotential formulation developed
in section 5.6 to study the interaction of a plane wave with a bounded medium. We recall that the general solution
for macroscopic electric and magnetic harmonic fields is, from eq. (5.29) and (5.28):

ke eikR
II(x) = iE/Jtot(x/) 7 d3z’
E =TI +V(V-II), B= _ify s
C

where Jiot = Jfree —iwP + V x M, P and M being the polarisation and magnetisation vectors. As before, the in-
tegrand is to be evaluated at retarded time. The use of macroscopic variables simplifies the treatment considerably,
because it bypasses the need to care about things like the “local field”, and the molecular polarisibility models of

section 3.4.
74



Lecture Notes on Graduate Electrodynamics 2020

For the purposes of our illustration we will assume no free charges in a homogeneous, linear and isotropic
dielectric medium, so that Ji(x) = —iwP(x). Using the constitutive relation that relates P and the electric field
E’ in such dielectrics: P = ¢y x.E/, it is clear that the above are integro-differential equations for the fields. In this
view, the electric field at any point in space is the superposition of the retarded electric fields from every source
point. In particular, inside a bounded medium, the net field must be the sum of the incident fields from sources
outside the medium and those produced by free (when present) and induced sources in the medium.

So as to be self-consistent, the sources must generate a field that cancels the incident field inside the medium
and replaces it by the transmitted field inside the medium..

Similarly, the reflected (scattered) field outside the medium is produced by sources at every point inside the
medium, not just from the surface as in the standard analysis given in section 6.3.

Let the dielectric occupy the infinite half-space « > 0. We will first solve the wave equation (5.29) for the
superpotential:
k
VI + KII = 4771—;Jm = Ak, P (6.22)
c
We will work with the polarisation vector, and assume that it is a linearly polarised plane wave travelling in the
direction perpendicular to the interface: P(x) = Poeik/z = Pye™** where Py = PyZ, and n is a dimensionless
constant. Then eq. (5.28) becomes:
k kR . elkR kR
H(X) =1 j /Jtm(x/) R dsx/ = k?eP() /elnkx ? ) ?

The integral of the Green function in the y’-z’ plane is most easily done in polar coordinates (p’, ¢'), with the
change of variable: p”?> = R? — |2’ — x|?, suggested by the geometry of the calculation:

(3] 2 GlkR 0 ) 00 .
/ / —pdp’d¢’ = 27T/ " dR = 27 lim elb—)Rqp
p'=0 J¢'=0 R |2/ —a| a—0 |’ —z]

A3z’

: : ’
d3fL'/ = ke emkxPO/emk(m —x

The regulator o« > 0 is introduced to compensate for the unphysical uniformity of the plane wave in the plane
perpendicular to the direction of propagation. Then even Maple is happy to evaluate it:

> int (exp ((I*xk —alpha)*R),R=a..infinity) assuming alpha>0;
ea(lk—a)
k- o
Taking the limit and inserting into our expression for IT leaves an integral over z’. Without loss of generality, take
the point of observation to lie on the z axis, either outside (x < 0) or inside z > 0) the medium. In ST units:

P : Rl ’ : ’
M(x) = TO(x) + i—2 ¢k / elnh(@' =) gikla’ =zl 4,1 (6.23)
2]{760 0

where we have added a formal homogeneous solution, II(), to the particular solution of eq. (6.22) we have just
found. It is clear that TI(9) is associated with the incident electric field E , with E = Epe'*.

Now, in eq. (5.29), V - II = 0 because the superpotential has no component in the longitudinal direction,
which carries the = dependence. Therefore, E/ = k*IT’ for z > 0 (inside the medium), and E” = k?I1” for x < 0
(outside the medium).

x>0

When the observation point lies inside the medium, we have:

H,(X) _ H(O)(X) + 12];:0 eink:c |:/x ei(n—l)k(x’_x) dz’ + /OO ei(n—l—l)k(x’_x) da’
€0 0 x

P 1 . 1 .
_ H(O) 0 inkx ikx
(x) + k%¢y [n%—1 © 2(n—1) ©
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The second integral has been made to converge with a regulator in the same way as above. Now it is time to
implement consistency with the constitutive relation P = ey E’:

. ‘ 1 ; 1 A
P = PO emkm — EOXe(k2 H/) = Ye |:€0Eoelkm + PO <n2_ 1e1nkx _ mélﬂ)]

Xe inkx PO ikz
Py (1 - X _ E. _ _Ffo
o (1= ) = (B - ) e

For this equality to hold everywhere, the coefficients in front of the exponentials on both sides must vanish
separately. This immediately yields:

or, rearranging:

n2 =1+ Ye (6.24)

the standard result for the index of refraction, leading directly to the phase velocity in the medium. Also:

1 P

E _
07 0T 2

represents the cancellation of the incident field inside the medium by a field emitted by the sources induced
by that very same incident field. This is usually known as the extinction theorem.

Indeed, with this condition, the transmitted field becomes:

1 P Py 1 ; 1 ; Py 1 - -
E — — Uik -0 inkx __ z| _ -0 inkz _ E/ inkx
&) = = e T e <n2—1e =) > o n2—1° 0¢

(6.25)

e <0

When the observation point lies outside the medium, we obtain the reflected field emitted by the induced
sources inside:
" 2 . Po i OO i(n+1)ka’ 3,/
E'(x) = kII"(x) = ik—e " e\ TR dy =
2¢9 0

Py 1

o P 1e—““‘ = Eje it (6.26)
0

With Py = 2¢g(n—1)Eq from the extinction theorem, the reflection and transmission coefficients are, respectively:

E! -1 E! 2
Lo _ 1 0 _ (6.27)
E(] n-+1 E() n+1

which are consistent with the Fresnel relations obtained in eq. (6.20). Note how, in the superpotential formulation,
there is no need for the matching conditions at the interface, unlike in the more standard treatment. Everything,
including the phase velocity in the medium, derives from the self-consistency of the constitutive relation for the
medium.
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6.6 Dispersion in Dielectrics, Conductors and Plasmas (section J7.5)
6.6.1 Simple Drude-Lorentz model for the frequency-dependent dielectric constant

In section 4.3, we wrote down an an expression, eq. (4.5), relating the polarisation vector P to the molecular
polarisability vy of a species of molecules with number density N and the local electric field:

P = N(pm01> = N’Ymol €0 Elocal

In trying to calculate o1, we assumed that bound electrons behaved as damped harmonic oscillators. We now
delve deeper into this model. If we write p = —ex, where x is the position of an electron of mass m and charge
—e, then the dipole moment that it contributes obeys:

2
e
p + ydip + wip = - —E(x.1) (6.28)

where E is the applied electric field which for our purposes here we take to be harmonic and roughly equal to
the local field. The constant - (not to be confused with ~,0) represents a damping effect. This equation has the

well-known solution:
e?/m
P = P)

w§ —w? —iyw

E (6.29)

Now, P = (e, — 1) eg E (eq. (3.24)). If we multiply the solution for p by the number of electrons per molecule,
f;» that have natural frequency w;, and then by IV, and sum over j, we obtain an equation for P which can be
compared with the relation involving ¢,., yielding:

N o2 f; N 2 £ 1 —wz/wf + ivj/w;j
alw) = 1+=—) y =1+ Z 2 (6.30)
J

€om 2 —w? — iyw €om (1= w?/w?)? + (7 fw)) (WP /w)

J

with ) f; = Z if there are Z electrons in one molecule. The f; are often called oscillator strengths.

6.6.2 Anomalous dispersion, resonant absorption

In general, 7; /wj < 1 and, at frequencies below the lowest resonant frequency, €, as given by eq. (6.30) is approx-
imately real, and it increases with frequency: we say that the medium exhibits normal dispersion. When w ~ w;
(see figure J7.8), however, the imaginary part of €, manages to dominate, giving rise to resonant absorption of the
wave. Indeed, we know that k -k = e, w?/c?. Writing k = 3 +ia/2, this equation becomes, for non-magnetic
media:

2 2 2
ol _ 52 * Yol =
= Rle:] = 5 1 = Sle] = ap
Eliminating « yields:
w2
1w? — Rfe] Sle] < Re]
8 = -2 R [1 + V1 + A0Q[)/Ra?] ~ { & 6.31)
2¢c w
=z e Sle] > Rle]

The case S[e;] < Rle,| illustrates the direct link between the absorption coefficient « that attenuates the wave
intensity and Se]: a = (Sle)/Rle]) 5.

As calculated from eq. (6.30), d,R[e;] < 0 and R[e,] > 0 decreases (anomalous dispersion) in the range
w R Wwj.
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Example 6.1. Low frequencies, conductivity

When w < wq, eq. (6.30) goes over to:

N e?
Er((“‘}) =1+ om Zw
J

J

ol

> 1 (6.32)

<

if, as happens in a dielectric, the lowest resonant frequency does not vanish.
If a fraction fj of a molecule’s electrons are free, however, wy = 0 and we must treat their contribution

to the dielectric constant in eq. (6.30) separately, with an extra term that diverges at w = 0:

Nf() 62
eomw(yp — iw)

i

Free electrons, as we know, make a substance a conductor, so we would expect their contribution to
be related somehow to the conductivity . A quick and dirty connection is provided by the classical
Drude model, which writes Ampere’s generalised law as: V x H=J — iwD = —iw(e +io/ w)E,
using Ohm’s law, J = oE.

But we could just as well put J = 0 and identify the quantity in round brackets with the fotal permit-
tivity which would already include the contribution from conducting electrons. This would give:

2
o — LM (6.33)
m(y — iw)

Example 6.2. High-frequency limit, plasma frequency

At the other end of the spectrum, far above any resonant frequency, eq. (6.30) assumes the simple

form: ) )
NZe” 1 w

Grl- 2 1% (6.34)

€EEm w w

with w, the plasma frequency. At high frequencies, the permittivity is independent of the details of
the model, such as the resonant fequencies and damping. In dielectrics, ¢, = 1, and this equation
holds only when w > wy,.

In a tenuous plasma, where electrons are mostly free and -y can be neglected, eq. (6.34) holds even at
low frequency, as can be seen from eq. (6.30) with 7; neglected. Remembering that k? = ew?/c? in
a non-magnetic material, we arrive at the dispersion relation:

w(k) = (/w2 + k2c? (6.35)

which shows that wy, is also a cut-off frequency, below which there is no wave propagation.

When w < wp, the wave vector is purely imaginary and the wave turns into exponentially decreasing
fields. Such a plasma reflects all incident waves of frequency lower than its plasma frequency.
Example 6.3. Absorption coefficient of water

A final interesting case is provided by the dramatic behaviour of the absorption coefficient of water.
At microwave frequencies, water is very absorptive (microwave ovens!), but the coefficient crashes
by more than seven orders of magnitude in the range 4 x 10'* < v < 8 x 10'4 Hz, what we call the
visible region. ..
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6.7 Simplified Model of Propagation in the Ionosphere (section J7.6)

Wave propagation in a tenuous plasma can be strongly affected by the presence of a magnetic induction field, such
as that of the Earth. Consider a uniform, static induction By, with transverse waves propagating in its direction.

As we have done before, we ignore collisions as well as the influence of the magnetic induction of the waves
themselves on the motion of the electrons, to write the equation of motion for a dipole p = —ex:

p— S(Byxp + eEe ) =0
m

(We are introducing the useful standard notation p = d;p.)

Restrict to circular polarisation: EL = (€; - i€éy) E. Now By is parallel to the wave vector k, and so must be
perpendicular to both & and €;. We look for solutions of the form: pL = (&; +ié)p e Wt

Inserting this into the differential equation, and using By x (¢1 £iéy) = Fi(€1 - 1é&2), we see that:
—w’ps + wwgpsr = € Ex/m
where wg = eBy/m. Solving for p, we find that the dipole moment of an electron obeys:

62 Ei

P T (W T wp)

Multiplying by the electron concentration N Z and comparing again with P = (¢, — 1) ¢g E, we arrive at:

r = 1 — IR C VY s (6.36)
w(w F wp) w (i - 1>
W \WB

where the upper(lower) sign applies to a positive(negative) helicity wave. This means that the medium is birefrin-
gent: the dependence of the dielectric constant (and the index of refraction) depends on the helicity of the incident
wave.

At low frequencies (w < wpg), €— is always positive, so waves with positive helicity always propagate. But
€+ turns negative below a certain frequency that depends on wyp/wg. Wave components with negative helicity are
then reflected by the plasma.

For w > wpg, the positive-helicity components cannot propagate until a certain frequency, again dependent on
wp/wg, is reached. At high enough frequencies, both helicities always propagate and there is no reflection. See
figure J7.10 for illustrations.

Since a linearly polarised wave can be viewed as the sum of two waves with opposite helicities, there will
be ranges of incident frequencies for which one helicity is totally reflected while the other is partially reflected,
changing the helicity mix to produce an elliptically polarised reflection. By probing layers in the ionosphere from
the ground with suitably chosen frequencies, it is possible to map the dependence of the electron concentration
on altitude. Indeed, N Z, which increases with altitude, goes like wg, so that when wy, is large enough for a given
incident frequency, one helicity component will see a negative dielectric constant and will be reflected. By timing
the arrival of the reflected wave, the altitude of the corresponding concentration can be determined (see fig. J7.11).

Such reflections off ionospheric layers explains why VHF signals, like TV, are sometimes received much further
away than line of sight propagation would allow.
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6.8 One-dimensional Wave Superposition, Group Velocity (section J7.8)

Fourier synthesis allows us to build pretty much any shape—finite-length wave train, pulse or what have you—out
of a superposition of harmonic waves of different frequencies, each with infinite duration and extent, eg., in one
dimension:

7/)(513775) = E/_ A k;) ei[kib—w(k)t] dk
Al = \/%/_OO Y(@,0)e* do (6.37)

The relation that gives the frequency w(k) = w(—k) as a function of mode or wave number is the dispersion
relation, one example of which we saw in the previous section. If dissipation occurs, k is complex.

2, with | A(k)|? the intensity in k-space. Define the average

The intensity of the signal is proportional to | (x)
of a function f(x) as

2
(fey) = LD
x
where all integrals in this derivation extend from —oo to co. We also define the mean-square deviation as
AfE=([f = (D) = (/) = (P2
Similarly, we can define the average of k by integrating over all k. But we can also express this average with
an integral over x. First, insert a 6-function in its integral representation (0.16):

(k) = JkIAR)>dk ] K A" (k) A(K')6(k' — k) dkdk’ 1 [[[ K A*(k) (k") "=k Az dk dk/
[1A(K)|2 dk [A(k)2 d 21 fyA )2 dk

With the Parseval-Plancherel theorem applied to the denominator, this can be written as:

<k> _ 1 fd:L'T/) fk;’ lk/xdki fw*(ff) [—ldmﬂ)(l’)] da
R O EGIRE

In the same manner:

b (@) () da
N O

Then: )
J|(=ide = (1)) (@) e
J 1b(@)? dz

represents the spread of the shape/pulse in k-space, just as Ax? represents its spread in position.

AK? =

Next, consider the positive definite ratio:

_ [lg@)2da
[To(x) 2 da

where
g@) = ([¢=(2)] —in[—idy — (k)])¥(@)

with 1) an arbitrary parameter. Now we proceed to evaluate r. First, by definition:

/w*<:c> (z — (2))?(x) da

_ :L'2
TH@E -4
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Also, as we have written above:

2 /((_ id, — <k>)¢(x)(2dx

_ 2 2
To@FE = Ak

Ui

The cross-terms give:

/[(w—<x>)w* (de — i0e7T0 + (o)™ + i%zﬁ*)(m—(m)d;} dw

! [To(@)? dz
/(w— () [0* et + ¢ datp* | da
- [Té(@)? de
[ =) o7 o — (o — ) ] o
— TT@)P da

= -1

where the next-to-last line is obtained by integrating the term with d;* in the previous one by parts. So r =
Az? 4 n? Ak? — n > 0, with 1) an arbitrary parameter that we can choose so as to minimise r. Setting d,r equal
to zero, we find = [2Ak%]~!. Then:

1
Tmin = A332 - m >0
or
Ax Ak > 1/2 (6.38)
A similar derivation shows that:
AtAw > 1/2 (6.39)

Thus, for a given spread in k-space or frequency space (bandwith), the spread of the signal in position or time is
bounded from below. We should realise that this important result applies to any kind of wave, not only electro-
magnetic waves.

We can also address the behaviour of a pulse or finite wave train as it propagates. If its bandwidth is fairly
narrow, or if the dependence of frequency on wave number (given by the dispersion relation) is not too fast, then
w(k) can be expanded around the central value ko which dominates the spectrum:

w(k) = wo +dkw‘k0 (k—ko) + ...

When inserted into eq. (6.37), this yields:

ei[kodkw—wo}t 0o )
,t - - Ak ik[z—dgwt] dk
sty = S [T awe

_ ei[kodkw—wo}t w(m — gt 0)
where we have introduced the group velocity:
vy = dpw|, (6.40)

which is in general different from the phase velocity vpy, = w(k)/k = ¢/n(k). Since the energy density goes like
|)|2, we see that it also propagates at the group velocity. Also, the pulse itself propagates undistorted.
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Written in terms of n, the group velocity becomes:

Cc

Vg = cdk(k‘/nﬂo = m

(1 - %vg dyn) — vy = (6.41)

c
n
where we have used v, do,n = dgn to express v in terms of n(w).

In the case of normal dispersion, d,n > 0, and the group velocity is smaller than the phase velocity. When
dispersion is anomalous, however, the negative d,,n causes the group velocity to be larger; in extreme cases, we
could even get v, > c (see figure J7.14) and v, < 0! Before we get all excited about this, however, we note that
eq. (6.41) was obtained under assumptions which do not hold when dispersion is anomalous as n then decreases
quickly with frequency. Although one can contrive experiments in which the peak of a pulse emerges from a thin
absorber before the peak of the incident pulse has entered it (v; < 0), no information can be transmitted this way.

One of our faculty, Aephraim Steinberg, has been heavily involved in such experiments—see reference cited in
Jackson.

6.9 Causality and the Relation between D and E - Kramers-Kronig Relations (section J7.10)
6.9.1 Non-locality in time

The response of a medium to a field cannot be instantaneous. When a field is turned on, it must take some time
for the electrons and atoms to respond (after all, they have mass!); when the field is turned off, it takes time for the
medium to relax back to its previous state. How can we incorporate this property in our formalism?

In section 6.8, when obtaining the Poynting theorem a dispersive medium, we already used a Fourier decom-
position of the time dependence of E and D over frequency space:

1 & -
D(x,t) = E/ D(x,w)e “ dw

1 & -
Dix.w) = 2= / D(x, ') ¢ d’

with D(x,w) = €(w) E(x,w), where €(w) = €y(1 + x(w)). Thus, we can write:

1 o0 . o0 -
D(x.1) = o / dw e(w) et / dt’ et B(x, 1)
— @E(x 1) + 60/ GV Bt —7)dr  (r=t—t)

where the kernel, or response function, is defined as:

o
G(r) = € Y(w)e T dw (6.42)

27 J_
We can now identify the term containing the kernel with the polarisation vector P, which provides a constitutive
relation between the response of the material and the field. We see that D(¢) depends on the whole history of E,
and that the frequency-domain formalism provides non-locality in time (but not in space) in a natural way (see
J7.10B for a discussion of the time scales involved, and on how far we can push our implicit assumption of locality

in space). But there is a problem when 7 < 0, or t’ > ¢: the response precedes the stimulus. . .
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6.9.2 Causality and analyticity of y(w)

If we impose causality, however, only values of the field before ¢ can contribute to P(¢). Thus, G(7 < 0) = 0, and
we arrive at a very general relation:

o
P(x,t) = ¢ / G(r)E(x,t —71)dr (6.43)
0
with the frequency dependence of the susceptibility given by:
o .
X(w) = / G(r)e“Tdr (6.44)
0

Some very general information about the behaviour of the susceptibility can be derived by postulating that (1)
G(7) and its derivatives go to 0 as 7 — 00, (2) that G(7) is bounded everywhere, as well as (3) that G(7 < 0) =0
(causality).

Now we can show, using contour integration, that y(w) has no pole in the upper half of the complex-w plane.
If a function f(w) is analytic inside a contour C, the Cauchy-Goursat Theorem asserts that:

# f)do = 0

Conversely, let us evaluate the integral for G(7) in eq. (6.42) over a contour enclosing the whole upper half-plane:

o
jé x(w)e T dw = / x(w) e 7 dw + / x(w)e T dw
C —00 R—o0

Since we can choose any value of 7, let 7 < 0. Then the first term on the right, which is just G(7) (up to 27),
vanishes because of causality. The integrand in the second term is bounded by |x|e ()7, Because here ¥(w) > 0,
the integrand vanishes as R — oo when 7 < 0, and the contribution from the semi-circle at infinity also vanishes.
From complex analysis, the vanishing of the contour integral means that either x(w) has no singularities in the
upper half-plane, or else their contributions cancel out. But differentiate eq. (6.44) n times and note that the
resulting integrand remains bounded when 7 > 0 and $(w) > 0. On the real w axis, g(w) is bounded, and any
branch point can be bypassed without changing anything. Because a function whose n'"-order derivative exists V n
must be analytic, this establishes that y(w) has no singularities in the upper half-plane when causality is imposed.
In other words, causality implies analyticity!

Moreover, if we repeatedly integrate the right-hand side of eq. (6.44) by parts, we obtain:

i 1
X(u}) ~ a G(O) - EdTG‘TZO + ...
assuming that G and its derivatives vanish at infinity. The first term vanishes from causality, and we find that:

Rix(w)] ~_O(1/w?) Sx(w)] ~_O(1/w)

w—r00 w—r 00

which shows that |x(w)| — 0 as w — oo, an important result which will be useful shortly.
We saw in section 6.6.2 that at high frequency the susceptibility may be written (eq. (6.34)):

2
“p

X(w) = — w2

This result, which was derived in the context of a specific model (eq. (6.30)), is now seen to have more general
validity, and may be used to define the plasma frequency as:

wg = — lim w?x(w) (6.45)

w—r00
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6.9.3 Kramers-Kronig Dispersion Relations

Because x(w) is analytic in the upper w half-plane, the Cauchy Theorem can be used to relate its real and imaginary
parts at real frequencies..

First, consider the integral of the function x(w’)/(w’ — w) over a closed counter-clockwise path (contour) in
the complex w’ plane, consisting of a half-circle of infinite radius R = |w’| in the upper half-plane. centered on
the origin, with its base along the real axis. x(w’) is analytic on and within the contour, but x(w')/(w’ — w) has a
singularity at w on the real axis, so it is not analytic on the contour.

A strategy to make sense of this integral is to “avoid” w along a semi-circle Cj of radius § in the upper half-
plane, centered on w, whose diameter extends from w—¢ to w+4. Since now x (w')/(w’—w) is analytic everywhere
within and on the closed path we have chosen, the contour integral vanishes by the Cauchy-Goursat theorem, and
we end up with:

w—0 / [eS) ! / !
0 = / X/(w) dw’ +/ X/(W) dw’ +/ X/(W) A/ +/ X/(W) do’ (6.46)
oo W —w wts W —w Cs W —Ww R—oo W — W

The contribution from the upper half-circle vanishes’ because of the fall-off of the integrand at infinity guaranteed
by the fact that |x(w’)| — 0 at infinity, as we have shown in section 6.9.2.

A corollary of the Cauchy-Goursat Theorem says that since y (w’) is analytic at w, the integral of y (w') /(w'—w)
on a counter-clockwise circular arc Cs of radius 4, centered at w and intercepting an angle «, is:

Cs w —w

Here o« = —x (Cy is traversed clockwise), and:
/
/ X/(w ) dw' = —imx(w)

Cs w —w

Now we let 6 — 0. Then the first two terms in eq. (6.46) are called the principal value integral:
[e'¢) / w—9 ! [ !
P!/‘ X&) gt = Tim RGO T e (CORF (6.47)
oo W W 0—=0 ) _o W —w 0—0 Jqps W — W

Eq. (6.46) relates this object to the susceptibility evaluated at w:

MWZ—W m%w

im oo W —w

dow’

The i in front of the right-hand side works its magic when we separate out the real and imaginary parts:

we)] = 27 [~ 2 g

S = —27 [ A g,

These relations are examples of Hilbert transforms. If that principal value causes discomfort, the following
manipulation gets rid of it, by making use of the relation, which holds on the real w axis:

P/ dw—P/ X = x(@) g,

w —w
For the detailed calculation see section 4.5 inhttp: //www.physics.utoronto.ca/~phyl540f/p154019_cumullect .pdf.
84

(6.48)



http://www.physics.utoronto.ca/~phy1540f/p154019_cumullect.pdf

Lecture Notes on Graduate Electrodynamics 2020

Now, because Y is analytic on the real axis, it is differentiable at w, and we can drop the P symbol in the right-hand
side. Then the Hilbert transforms become:

Rix(w)] =

—00

With a little extra manipulation, we can rewrite the Hilbert transforms as integrals over positive frequencies. To
do this, we must use the fact, already established back in section 6.8 for e(w), that E(x,t) € R and D(x,t) € R?
demands that x(—w) = x*(w). In terms of real and imaginary parts, we have the crossing relations:

Rx(—w)] = Rx(w)] Sx(-w)] = —Sx(w)] (6.50)

Therefore, with a change of variable w’ — —w’ over the interval (—oo, 0), there comes::

wix) = L[ [T gy [T o)

S[x(w)] can be rewritten in the same way, and we obtain the Kramers-Kronig dispersion relations:

ww)] = 2p [T g

— 2
(6.51)
2 © RixW)] .

Sx(w)] = —7&)7?/0 w/[;(_wcj; dw

This type of relation, which can be derived with a minimum of assumptions (causality), can be very useful and
exists in other areas of physics (it was often used in particle physics in the early sixties, for instance). Similar
expressions exist between the real and imaginary parts of the index of refraction n(w) = /1 + x(w). Provided
X(w) < 1, n(w) =~ 1+ x(w)/2, and:

1 W Sn(w ,
Rnpw)] =1 + ;77/0 #dw

© Pin(w’ (6.52)
S[n(w)] = —;P/O %dw/

Useful so-called sum rules can also be easily derived from the Kramers-Kronig relations: see eq. J7.122 and
J7.123 for examples.

6.10 A Constraint on the Speed of a Signal Through a Dispersive Medium (section J7.11)

We consider a plane wave train at normal incidence from vacuum to a nonpermeable medium of refraction index
n(w). Then the electric field inside the medium (z > 0) is, using Fresnel’s equation (6.20),

o0 2 ) B
Bilent) = / <m> Ai(w) eem/et] g,
where , N
Aj(w) = —/ Ei(0,t) et dt
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is the Fourier transform of the real incident field at x = 07, just outside the medium.

The integral for E; can be evaluated by contour integration in the complex w plane. The integral enclosing
the whole upper half-plane vanishes because the integrand is analytic there. Also, we saw in section 6.9.2 that
X(w) — 0 when |w| — oo (even if causality is not imposed!). Then n(w) = /1 + x(w) — 1 and the argument
of the exponential becomes iw[x — ct]/c, so that the contribution from the semi-circle at infinity also vanishes if
x > ct. Then the contribution along the real axis must also vanish, and there is no electric field amplitude for
x > ct. Without any specific knowledge of n(w), analyticity does not allow a signal to propagate faster than ¢ in
any medium. This provides evidence that Maxwell’s theory is consistent with Special Relativity.

6.11 Spreading of a Propagating Pulse (section J 7.9)

When we wrote our general expression for a propagating shape in eq. (6.37), we did not bother about the fact
that since this is a solution of second-order differential equation, two pieces of initial data must be given for the
initial-value problem to be well defined. Now we must be more careful, and write the general solution for ¥ (x, t):

1 & . _
P(x,t) = E/ [A(k) eilkz—w(k)t] 4 B(k) e—l[k‘x—w(k)t]] dk

Consistency demands that B(k) = A*(k) if 1(x, t) is to be real.. Then renormalising A(k) — $A(k) gives:

o= 1L Ak eibe—w®) qp, _/ A (k) e-ilke—w(®)] gk
vt = [m/_w e Vol

Write A(k) in terms of ¢ (z,0) and aﬂﬁ(x,t)‘o. Now: $[(¢(z,0) + iat¢(x’t)‘t:0/w(k)] — [ A(k) e dk,
leading to: '
i

A(k) = \/%/_Z {w(x,()) + o o, 1) } e~k gy

t=0

To illustrate this, choose an oscillation with a Gaussian envelope at ¢t = 0: ¢(z,0) = R [e_mz/ 2L eikox] .
L is the width of the envelope, in the sense that Az = L. To simplify manipulations, we choose
o (z, t)‘t:O = 0 . This can only happen if ¢)(x,0) is in fact a superposition of two identical pulses trav-
elling at equal speed in opposite directions. From above, we then find:
> Int(exp (—x72/2/L"2)*cos (k0*x) xexp (-Ixkxx),x=—1infinity..infinity) *
> (1/sqrt (2+Pi))=factor (combine (expand((1/sqrt (2«P1i)) *int (exp (-x"2/2/L"2) *
> cos (k0xx)xexp (—Ixk*x),x=—infinity..infinity)))) assuming L>0;

1/2\/5/ 6_1/2 ?e—zkx cos (kO .Z') dx (ﬁ) 1 _ 1/2L (e—l/Z(k—k0)2L2 +e—1/2(k+k0)2L2)

Next, we need a dispersion relation for w(k). We take the one obtained in example 6.2 for a tenuous plasma:

1 2k?
w = wpy/1+ (ck/wp)? = wp |1 + 57]
p

which leads to the group velocity:

odwy ® ko Jwp

£ dk ko 1+ (cko/wp)?
To leading order around k, this is:
C2 k() >\[2>
Vg R Wp 2 = Wp 2 ko (6.53)
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where )\, is the incident wavelength around which dispersive effects are expected to become important.

To make contact with Jackson’s notation, just set wp, = v and ¢/w, = A/27 = a. Also, define dimensionless
quantities: £ = z/L, k = kL, and o = a/L. Inserting A(k) and w in our expression for ¢(z, t) then yields:

Yz, t) = _;W R { / [e-(vmr0)?/2 o= (whro)?/2] giné—ivtlltan®/2] dm} (6.54)

Now concentrate on the first term. We can either expand it to:

1 , > 1+ivta?
\/Té}? {e_ujt_ﬁg/2 / exXp |:—I{2 # + Kl(lé + /{0):| dli}
™ —00

and, noticing that we have an integrand of the form e~ (@ R2=br) — ¢
variables y = \/a (k — b/2a), so that the term becomes:

; 2 2 . 00
1 R \/5 exp (15 +- ’{0) ko et / e—y2 dy
/8 (1 + iuta2)1/2 2(1 + ivta?) 2 e

where the integral is just /7. Or, more simply, just give the initial integral to Maple:

—(a=b/2a)*b?/4a  perform the change of

> int (exp (- (kappa-kappal) *2/2) xexp (Ix (kappa*xi —-nuxt*kappa”2+lambda~2/2)),
> kappa=-infinity..infinity): Int (exp (- (kappa-kappal)"2/2) *

> exp(I*(kappa*xi —nuxt+kappa”2+lambda~2/2)),kappa=—-infinity..infinity)

> =simplify(op(2,value(%))/sqrt (8«Pi),symbolic);

/21 —kZvta? 2k0¢ i§2
/ R S
. V1 +ivta?

Therefore the first term in u(z, t) is:

1 R 1 exp |:_§2 + 2i/€0§ — i;%l/toﬂ] e—iut
2 (1 _H,jmz)l/? 2(1 + ivta?)

The rest is “merely” a matter of extracting i(ko& — ytﬁgoﬁ /2) in the argument of the big exponential. With
vy = VKoo, a few lines of algebra lead to:

(z —vgt)?

1 : : 2,2
) = R —— 8 | elkoz—ivt[l+kga®/2] ko —s — k 6.55
vt = 3 {(1+iytaz)1/2 eXp[ 212(1 +i1/ta2)] © + (ko o) (659

where we have added the result for the second term which follows immediately from the form of eq. (6.54).

Admittedly, this expression is still somewhat obscure because of all the complex factors. But a few more lines
of manipulation show that it can be rewritten as:

P(x,t) = ! e(@—vet)?/2L2(1) cos(kox —wot +6) + (ko — — ko) (6.56)

(1 + 1/2t2a4/L4) 1/4

where wg and 6 are complicated quantities irrelevant for our purpose. What is important is that we still have
Gaussian pulses travelling at speed vg, but whose width is now:

1/2
L(t) = L [1 + (vta? /L2)2} (6.57)
Thus, the pulses spread out as they propagate. The smaller the initial width compared to a (wavelength at which

dispersion becomes noticeable), the faster the spreading.
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The Parseval-Plancherel theorem tells us that ¢(z, t) and its Fourier transform, A’(k,t) = A(k)e “(*)* have
the same norm. Therefore:

/W(x,t)de = /\A’(k,t)ﬁdk
= /\A(k,o)\zdk
= /‘1/1(m,0)‘2dx

Since [ |¢(x, t)|? dz is a measure of the energy of the pulse, we see that this energy is constant in time in the
absence of dissipative effects.

Finally, this phenomenon of spreading of signals in dispersive media is very general, and the width always
increases with time.
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7 Radiating Systems

7.1 Fields of a Localised Harmonic Source (sections J9.1 and J9.6)
7.1.1 General results

In section 5.5, we wrote down the retarded solution for the vector potential, eq. (5.20), in the absence of boundary
surfaces: S
t
A(x,t) = kn / d3z’ 7()(]’% re)

with retarded time ¢, =t — R/c, R = |x — x/|. This solution was obtained by imposing the Lorenz condition.

We continue to assume that sources, potentials and fields are harmonic, ie. J(x)e ! = J(x)e Wielwli/c,
with w the same for the three components, although their relative phase can be different. Then the time-oscillating
factors in ¢ on both sides cancel out, and with k = w/c, we have:

© = 432/ (7.1)

A(x) = km / J(x)
When A has been found, the harmonic fields in vacuum immediately follow from:

H:iVxA E=i—VxH =i

Ho k
where Zy = \/ 1o/ €o-

Alternatively, this expression for harmonic electric fields in terms of the vector potential can be derived from
the Lorenz condition, V - A + 9,®/c? = 0, by eliminating the scalar potential from E = —9; A — V®. Indeed:

[V(V-A) — V?A] (7.2)

o

B(x) = —i%V-A(x)

Thus, the electric field everywhere can be found without the need for the scalar potential:

E(x) = iwA + i%V(V-A) = iZ[V(V-A) + kA] (7.3)

C
i
k
7.1.2 A useful expansion of the vector potential of a localised source

Henceforth we will take the point of observation to be sufficiently far from the source that kr > kr’. Approximat-
ing R~ r—in-x"and 1/R ~ (1/r)[1 + i - x'/r], the potential in eq. (7.1) becomes, to leading order:

ikr
A(x) = kp S

/ J(x') e *0x" 434/ (7.4)
r

In this approximation, the source is localised in a small (compared to r) volume around the origin. The r depen-
dence resides entirely in the e*” /r factor; the integral depends only on angles in fi - X’ = 1’ cos .

Most often, the integral in eq. (7.1) — or even the one for localised sources in in eq. (7.4) — cannot be
evaluated in closed form. To extract information from it, recall that the troublesome factor e*f*/ R in the integrand
was found in section 5.4 to be the Green function for the Helmholtz operator V2 + k2. We now obtain an expansion
of this factor in spherical coordinates. Following the method used in sections 0.8.3 and 2.3 above (section J3.9)
for the Laplacian operator, we write:

00 l

Gx,x) = > > g(rr) Y0, ¢)Yim(0,9)
=0 m=-—1
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Inserting into (V2 + k2)G = —47d(R), we immediately find that g;(r, ") must satisfy the radial equation:

(l+1 47
CEDT gty = 2500 —00)

2
d§+;dr+k2—

The homogeneous radial equation is known as the spherical Bessel equation, and its solutions are the spherical
Bessel functions j;(x) and n;(x) introduced in section 0.8.3. More properties of these functions are discussed in
Mathematical Handbooks, and the most important are summarised on pp. J426-427.

The solution of the inhomogeneous equation that is finite at the origin is:
g (r,r") = dmikji(kro) hl(l)(k;r>)
(1)

where [ is an integer and A can be shown to be equal to i k, and the h,
kind. Our spherical Green function expansion is thus:

= j; + in; are Hankel functions of the first

eikR

o) l
= drik Y ke ) B (k) ST Y (8,0 Yim(9, 0) (7.5)
=0 m=—I

Inserting this into eq. (7.1) yields, for x outside the sources (1~ =7, 7« = 1'):

A(x) = drkik Y BV (kr) Yim(0, ¢) / I i (kr') Yy (0, ¢)) d3a’ (7.6)

I,m

This expression is still exact, with no approximation. Eq. (J9.86) for j; and n; becomes, in terms of the spherical
Hankel functions:

W@ = i (2] (£)

T T

iz

= i@ -nns

) (1 +oay(iz) +ax(iz)® + ... + q (ix)l>

where the a; are known coefficients.

Now we assume that the dimensions of the source are much smaller than the characteristic length of the
potential (wavelength A = 27¢/w) (long-wavelength approximation), In particular, k7’ < 1 in all that follows.
But nothing more about kr is assumed at this stage than kr > kr’! Then we can use eq. (J9.88) which gives the
small z limit of j;(z); we keep only the leading order, 2'/(2] + 1)!!. Inserting the low 2 behaviour of j;(kr’) and
our expression for hl(l) (kr) in our expansion for the vector potential of a localised source A (x) gives:

= ki Z A Yim(6,0) €™ 1+ ar k) + o+ aikr)] / I Y, (0. ¢ B (2T
2l—|—1 rl+1 i

Often, we will find it convenient to use the Addition Theorem for spherical harmonics (section J3.6) to write:
ikr

Ax) = kn Z% [1 + ay (ikr) + ... + a (i k‘r)l] /J(X/) ' Py(cos~y) d3z’ (7.8)
l

where cosy =1 - i’

Two limits are of interest:
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* Near-field region (k7' < kr < 1)

Inspection of eq. (7.7) shows that when the distance to the observation point is much shorter than the wave-
length, ie. when kr < 1, we recover the static (or, more precisely, quasi-static) case, since elfr 5 1:

47 lem(ey ¢) / N N 13
() kr<1 %ﬁ; 2 +1 pltl (x)r" Y, (6, ¢") d°x (7.9)

which also follows more directly by inserting eq. (2.10) into eq. (7.1) in the same limit. The corresponding
near-fields display a leading 1/72 dependence, as we shall find explicitly below in section 7.2.
* Far-field region (kr > 1)

Then the term a; (i kr)! in the square bracket in eq. (7.8) dominates. Also, P;(cos ) is just a polynomial of
order [ in i - Y = i - x'/r’. Eq. (7.8) becomes:

A(X) kr§>1 )

ikr
mer 3 a (ik)l/J(x’)r’lﬂ(ﬁ-ﬁ’)d%’ (7.10)
l

Just as this potential, the far-fields have a leading 1/r dependence. By inserting the expression for the vector
potential of a localised source into eq. (7.2), applying vector calculus identities and keeping only the leading
1/r terms at each stage, one shows (EXERCISE) that the far-field magnetic field is:

H = ik nxA (7.11)

Ho

To find the electric field in the far zone, we go back to the general expression E = ikcA — V ® and calculate
the gradient directly, starting with the far-zone expression for ® derived from eq. (5.20) and carrying out the
calculation using vector calculus identities and the continuity equation. The result is (EXERCISE):

E = ikc[A — AR -A)] = ZgHx 1 (7.12)

This shows that not only plane-wave fields, but all electromagnetic fields far from an oscillating source are
perpendicular to each other and transverse to the direction of observation.
Calculating the time-averaged Poynting vector for the far-fields from eq. (5.39) is now straightforward:

1 1

S = -(ExH) = -7, [H?a = 22 /H?a

2 2 2
We see that electromagnetic energy is being propagated at the speed of light in the direction of observation,
and that only the transverse component of A can drive this propagation. We can also write S directly in
terms of the vector potential:

2o
I

where 6 is the angle between the vector potential and the direction of observation (and propagation).

1 1
S = kS |axAPAa = — K’ c|Af? sin?An (7.13)
2 20

Remembering that the Poynting vector represents the amount of energy flowing through a surface element
R2d( per unit of time, we can ask how much power the source emits per unit solid angle d2. The angular
power distribution is:

o = |S-i|R? ~ |S-n|r? (7.14)
Inserting all the information from above in turn yields:
dP 1 i 13|
0= 9 (kr)2c|A|? sin?0 = - k?c sin? @ ‘/J(x')e_lkn'x d3z’/ (7.15)
20] T Rm

with angular information about the source stored in the integral. Since this expression has no r dependence,
only energy propagated by far-fields (aka radiation) reach arbitrarily large distances without attenuation.
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Example 7.1. The Linear Centre-Fed Antenna (section J9.4)

Sometimes we get lucky, and the current density is sufficiently simple that the integral for the potential
A can be done in closed form, and we don’t have to use the expansion in eq. (7.6).

Consider a linear antenna rod of length d, with a circular cross-

z < section of radius a. Orient the z axis so that the antenna lies
along it, with its centre at the origin, where there is a small gap
d/2 that serves to excite the antenna.
6 Make the following assumptions:

1) The antenna is a perfect conductor. This means that on its
surface the z component of the electric field vanishes, because

a2 it is tangential: in cylindrical coordinates, F.(p = a) = 0.

2) a is sufficiently smaller than A and d that any current in the
antenna is along thez axis and flows only at the surface. Then
A = A, 7, and the fields are azimuthally symmetric.

As usual, we work with harmonic potentials.

Because E.(p = a) = 0, this means that on the surface, the z component of eq. (7.3) is:
(83 + k;z) A.(p=a,z) =0

and the vector potential is harmonic in space on the surface, even when J(x) is not!

We cannot go much further without making more assumptions. As Jackson mentions (section J9.4B),
finding the current flowing through the antenna is a messy affair which depends on the method of
excitation. We cannot even take the current as given since it is modified by the emission of radiation. . .

The next assumption states that:

2) the antenna becomes infinitely thin: @ — 0. Just ¢ < d may not be sufficient since significant cor-
rections for a finite antenna cross-section exist even for ratios a/d of the order of one thousandth.

Only with this approximation can the current density be taken as spatially harmonic (or sinusoidal).
Because of the method of excitation, the current density in one half of the antenna is in phase with the
other half, ie. even in the position dependence about the centre:

J(x) = I sin (k:d/Z —k ‘z‘) 0(x)0(y) z
With this expression, the current vanishes at the ends, and the current at the central gap is Iy =

I'sin(kd/2).

We are interested in the far fields. This current density has the particularity that if we insert it in eq.
(7.1), we can solve exactly for the vector potential without making the long-wavelength (kd < 1)
approximation, just by putting R &~ r — i1 - X’ = r — 2/ cos . Dropping the primes, we find:

eikr d/2 .y
A = zkyl / sin (kd/2 = k[2']) e 00 q
T J—d/2

The integral, while “straightforward” (says Jackson), still requires a modicum of care because of the
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absolute value. Notice that the imaginary part vanishes because it is odd in z, leaving:

/2 o /2
/ sin (kd/2 —k ‘Z/D e tkzlcosl gl — 9 / sin (kd/2 — k 2') cos (k2 cos0)dz’
—d/2 0

/2
- / [sin [kd/2 — k(1 — cos6)z] dz + sin [kd/2 — k(1 + cos ) z]] dz’
0

The substitutions u = kd/2 — k (1 & cos #) z allow for easy integration, and we arrive at:

A = zzka% o8 (% Cozfn)ze— cos (g)

(7.16)

Of course. this is easier with Maple — except perhaps for how it thinks the left-hand side should be
written:
> Int(sin(kxd/2 -kxabs(z))*exp(-I*xk*z*cos (theta)), z=-d/2..d/2):

> %=convert (value (%), trig) assuming d>0;

d/2 , 2 cos (1/2dk cos () — 2 cos (1/2 kd
/ —Sin(—1/2kd+k‘Z‘)e_ZkZCOS(g)dZ: COS( / CO.S( ))2 COS( / )
a2 (sin (0))" k
In the radiation zone, eq. (7.15) leads directly (Zy = 4wk c) to the time-averaged angular power

distribution:

2
dp Zo o |CO8 (% cos@) — cos (%)
— = —1 7.17
dQ 872 sin 0 .17)
We note that the distribution depends on kd, ie. on the ratio d/A. The total power is difficult to
find analytically, except in the long wavelength limit. When kd < 1, the numerator in the bracket
expanded to second order is (kd/2)?(sin?6)/2, and Iy = I sin(kd/2) ~ Ikd/2, so that:

dpP Zo I3

— = kd)? sin?0 7.18
a0 lracr = 1o 72 (B sin (7.18)

which is the pattern emitted by a current I(z) = Io(1 — 2|z|/d) — the long-wavelength limit of the
sinusoidal current we have used for the exact result — in the dipole approximation (see eq. (7.20)
below). The total power emitted in the long-wavelength limit is then:

1
~  —— ZyI§ (kd)? 7.19

ka1 487 " o (kd) (7.19)
So long as the frequency does not increase too much, the power emitted goes like the square of the
frequency.

The dependence of eq. (7.17) on d /) is well illustrated by comparing two special cases: the half-wave
(d = \/2) antenna and the full-wave (d = )\) antenna. Here is a comparison, obtained with Maple,
between the exact result (solid line) and dipole approximation (dashed line) for a “half-wave”, for
which d = \/2. The antenna is represented by the thick rod.
> exactradpattern:=plottools|[rotate] (plots[polarplot] ((cos(Pixcos (theta)/2))"2/

(sin(theta))”2,theta=0..2xP1i,color=black, axes=none, tickmarks=[0,0]),Pi/2):
dipoleradpattern:=plottools[rotate] (plots[polarplot] ((sin(theta)) "2,theta=0..2xP1,

antenna:=plottools[rotate] (plot (.000001,x=-0.5..0.5,thickness=5),Pi/2):

>

>

> color=black, axes=none, linestyle=dash, tickmarks=[0,0]),Pi/2):
>

> plots[display] (exactradpattern, dipoleradpattern, antenna);
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The half-wave antenna’s radiation pattern looks, at least qualitatively, like a dipole pattern. The full-
wave (d = ) figure-of-8 pattern (fig. J9.7) is much more pinched, however. The difference is the
contribution from higher multipole moments. Actually, including just one extra moment gives an
excellent approximation.

7.2 Electric Dipole Fields from Oscillating Sources

Most often, A cannnot be found in closed form. We shall be using eq. (7.6), keeping only the leading term (I = 0).
Using hgl)(x) = el” /ix and jo(z) = (sinz)/z, as given in eq. (J9.87), this is:

ikr : / ikr
AX) ~ ko [e /J(x’) sin kr dgw/:| N [e /J(x’) d?’x’] (7.20)

T kr! kr'<1 r

With the same integration by parts we performed in section 4.4, the integrand J(x’) is turned into —x'(V’- J).
Then, because of the continuity equation, we find:
eikr

Aedip(x) = —ikmw

/x/ p(x') d3a’

elkr

= —iknwp (7.21)

T

where we have recognised the electric dipole moment’ p from chapter 3. The magnetic field is:

1 W elkr
Hedip:M—VXAedipz—lu—k‘mVX<p 74>
0 0

ck eikr
:—i—ﬁ8r< >><p
T

47

ck? elhr 1
= —1 1 - — 7.22
47 nxPp T < ikr) ( )

To write the second line we have invoked one of the vector identities on Jackson’s front left cover.

The electric field is a little more involved; from one part of the second eq. (7.2) :

™

eikr 1
f(r) = " (1 - %>

Spherically symmetric sources (monopoles) cannot radiate, because the only time-dependent spherically symmetric solution that sat-
isfies Gauss’s Law is a 1/ electric field.

2 .ck Z . elhr 1
EediPZI?OVXHedip:l 1 0V><|:n><p , <1—%>:|

With
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this has the form:

Vx [af(r)xp] = (p-V)Af(r) — p[V - (2f(r))]

— A(a-p)ro, ffﬂ”) — P )
eikr i i )
= —ik=—[p - a(A-p)] — . [34(a-p) - P] [ri?’ — 7]21 et

where we have used several identities from that famous front-left cover. Since Zy = 1/(ceg), we finally arrive at:

e1kr

. ikr
Ecgip = ke {k2(ﬁ><p) X i + [3h(d-p) — p] <i — f) ¢ } (7.23)

r r2 r r

Although they do extend over a short distance, the parts of the fields that fall off faster than 1/r do not carry
energy away to infinity, unlike the 1/r parts. In fact, the dominant part of the electric (or longitudinal) near-field
is just the electrostatic dipole field when kr — 0, and the magnetic near-field is a factor kr/Z; smaller than the

electric field which therefore dominates.

Far from the source, we have the radiation fields emitted by an electric dipole:

c k2 ei(kr—wt)
H(x,t) = L axpi—
(x,t) = ;T —Axp—07
E - ZHxh (7.24)

They represent a transverse spherical electromagnetic wave, with fi the direction of propagation. Of course, far
enough from the source, the waves are well-approximated by plane waves.

If the components of p all oscillate in phase, so that it has a constant direction, the time-averaged power per
unit area (intensity) carried away by the waves that follows directly from eq. (7.15) reads:

dP - 1 k‘g 41 12 . 9
1o - 57(]1{: !p! sin“ 6 (7.25)

where 6 is the angle between p and the direction of observation. The total power radiated is:

P =

2 2 4
A ke tpf = © Zok Bk (7.26)

3 Z 127

7.3 Magnetic Dipole and Quadrupole Fields (section J9.3)

Now we consider the I = 1 term in eq. (7.6). The m sum is given by the Addtion Theorem for spherical harmonics

N A

of eq. (2.9) or (J3.62), converting it to P (i1 - X') = i - X’. After looking up hgl) and 7; in eq. (J9.87), we find:

kr ) .~ sinkr’  cos kr! eihr _ .
(1 —1]{77‘)]{7/ (A-x') J(x') <(/<:7“’)2 - >d3:n' i k:mﬁ (1 —1kr)/ (A-x)I(x) d*2’

el

3o (kr)?

To elucidate the physical meaning of the integral on the right, rewrite the integrand as:

(A-x)J + (2-J)x] + %(x'xJ)xﬁ

N —
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7.3.1 Magnetic dipole radiation

We recognise in the integral of the second term the magnetic dipole moment m = % [x' xJ d3z’ defined in eq.
(4.13), so we immediately interpret this contribution to the vector potential as that of a magnetic dipole:

) ) eikr 1
Anagdip(x) = ikyn ki x m 1 - — (7.27)

r ikr

We now notice that if we substitute cp for m, we have from eq. (7.22):

. 47
Amagdip = iky k ﬁ Hedip‘pcﬁm
Then:
1 1 1
Hmagdip = A7 ke V x Amagdip = IE V x Hedip|pc_>m = 70 Eedip pe—m
where we have used Ampere’s Law for harmonic fields: V x H = —(ik/Z))E, to relate Hegip t0 Eegip. From eq.
(7.23), making the substitution p — m/c, we arrive at:
1 . . eikT ~ . 1 lk )
Hnaedip = P k? (i x m) x A — + (3 (A -m) — m]| (ﬁ — §> elkr] (7.28)

We could have written down our result simply by substituting Eeqip — 47k cHmagdip = ZoHmagdip and p —
m/cin eq. (7.23)!

Similarly, we expect that we should obtain Eyagqip by substituting, in eq. (7.22), Hegip — —Emagdip /Zo and
p — m/c. Then:

7 ikr 1
Emagdip = — 4—0 kz nxm ¢ <1 — —) (7.29)

T r ikr

Since the radiation’s angular dependence goes like |[A|? (eq. (7.13) with its § = 7/2), then |i x m|? =
|m|? sin? @, the same as for electric dipoles. At a given angle, however, the magnetic dipole radiation is down by
a factor (kr’)? (EXERCISE), where 7/ is the dimension of the source, and kr’ < 1 by assumption. Because its
angular signature is the same as that of electric dipole radiation, magnetic dipole radiation can be very difficult to
observe, except in cases where the electric one vanishes for some reason, such as a selection rule.

The polarisation is also different: it is in the fi-dipole plane for the electric case, and perpendicular to it in the
magnetic case.

7.3.2 Electric quadrupole radiation

Let us move on to the (x’ x J) x fi integral in the [ = 1 term of eq. (7.6), which can be written as:

%/[(ﬁ-x’)J + (A J)x]d* = —%/x’(ﬁ'xl)p(x')dgw'

To prove this, we note that:
/[(ﬁ-x’)J + (A J)x|d% = /[(ﬁ.x’) J- V)X +x - V)@ -x)]d = /(J-V’) [(A-x)x] d*’

Integrating by parts and using the continuity equation V - J = iwp completes the proof. The electric quadrupole
potential is:

Ay = _Fm g2 (1 (- %) p(x') 32’ 7.30
aqt = — ek ) [ (X plx) P (7.30)
96



Lecture Notes on Graduate Electrodynamics 2020

To see why we associate this contribution with an electric quadrupole, from the quadrupole tensor Q;; defined in
eq. (3.5) construct:

Qi = Qun’ = /[3:% n’ i — r'? n| p(x') d3a’
or
Q(n) = / [3x (h-x') — ﬁr’z] p(x') a3z’

Then:

A — 1k k2eikr 1 ~ -~ 2 "N a3,/
equad = — Z RmC r 1 — — QM) + 1 [ px)d’x

The radiation (far) fields are:

ik k3 ek .
Heguad = 47Tk‘mn><A = —1m . n x Q(n)
~ ccZok3 ek N .
Eequd = ZoH xh = —i Sy P [ x Q(A)] x A (7.31)
The angular power distribution is:
d‘Pequad 1 5, 2 c? ) kS 2
= — 2 |EIF = 2" _|[h i 0 7.32
a0 257 B[ = T, |[Bx Q@) xa (7.32)
In the important case of azimuthal symmetry, the quadrupole tensor is diagonal, and this expression undergoes con-
siderable simplification. Since this tensor is always traceless, we can write Q33 = Qo, and Q11 = Q22 = —Qo/2.

Then Q = —Qo(fi —3Zcosf)/2,and - Q = —Qp(1 — 3cos? 6)/2 = Qo Py(cos f). A few straightforward steps
lead to:

2 9
i x Q)] % n( = |Q@)[* - [8-Q@)]* = T Qf cos?0 sin
and 4 ) 6
Psquad cZok .
;ga = 5120712 Q% cos® 6 sin? 6 (7.33)
Integrating over all solid angles, the total power radiated is found to be:
Pequad = W QO (734)

In general, however, quadrupole angular distributions can be rather complicated. Yet the total power radiated

. .. . . ITa 12 2 . 2 . . .

is surprisingly easy to compute. Indeed, we write again ‘ [n X Q] X n‘ = ‘Q| — |- Q‘ . This is equivalent
to ij Qi n? nF — ;kj Qi 1’ nd nF n!, and has the effect of storing the angular information in the products of
Cartesian components of fi and in their index structure.

To integrate the products over all solid angles, we note that n/ n* is symmetric in j and k. Also, when j # k,
n? n¥, the integral over ¢ vanishes. This means that i ninkfdQ = adjz. When j = k, we have [ nin/ dQ =
[ dQ = 47 = ad;; = 3a. Therefore, a = 47 /3, and:

- 4
/n]nkdﬂ = ?ﬂ ik

Similarly, n’ n/ n* n! is symmetric in all its indices, and the indices must be equal in pairs to avoid an integrand

that is odd under reversal of direction. So its integral must be proportional to d;; dx; + ;1 05, + 03 9x;. We find the
proportionality constant by calculating the easiest integral: | nidQ = i cos? 6 dQ) = 4 /5. Therefore:

o 4
/nl nfnFnldQ = 1—7;(%' Ok + Oik 051 + 631 Ogj)
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The total angular integral is:

/

The quadrupole tensor being traceless, Qf = 0, and:

A x Q(A)] x A 2dQ = 4% ‘Qij‘z - % [Q*i Q*;: + Q‘Qijﬂ

N " NE dm 2
/([nxQ(n)] <l 2 = ]y
We obtain for the power radiated:
2 6
C Z(] k‘ 2
a0 (@il (7:33)

When the source is azimuthally symmetric, |Qij ‘2 = Q% + Q3 + Q% = 3Q32/2, and we regain eq. (7.34).

At this point we have pretty much reached the limit to the usefulness of eq. (7.8). As we have just seen, the
terms with [ > 0 produce expressions in which different electric and magnetic multipole moments are mixed up
in a way that makes them very difficult to disentangle, all the more so when [ > 1. We now introduce a different
approach, which has the advantage that multipole moments are kept separated from the beginning,

7.4 Multipole Expansion of Electromagnetic Fields (J9.7, J9.10)

In this approach we work directly with the fields, not the potential. Furthermore, we take their sources to be not
only localised, but also harmonic, in the knowledge that more general time behaviour can always be constructed
with a Fourier superposition. Thus the time dependence is of the form e ~*“*. In addition to the charge and current
densities p and J, we allow for an intrinsic magnetisation M which we keep separate. Following Jackson, we
write Maxwell’s equations in SI units and in terms of a magnetic field H := B/ p:

k
V.E = p/e, VxH+i—E=1J+VxM
0
, (7.36)
V-H=0 VXE —ikZpH = 0
with k& = w/c. The redefinition E' = E + iJ/wey = E + 1 ZpJ /k results in two independent equations:
o iZ ko
VxE - ikZH = 0V x] VxH+i_E = VxM (1.37)
0

which guarantee that the divergence of both H amd E’ vanishes.

As usual, taking the curl of each equation and combining with the other yields second-order decoupled
Helmholtz equations:

(VZ4+E)H = —Vx(J 4+ VxM)
1 (7.38)

(V2 + B E = —iZkV x <M +

V><J>

Only one of these needs solving, so long as the vanishng of the divergence of the field is implemented. Then the
other field follows from the appropriate first-order curl equation.

At this point we could follow the same path that leads to (7.6) for the vector potential A, with A replaced by
the fields and J by the right-hand sides of eq. (7.38). But we would encounter the same issues with disentangling
the multipoles, which are rooted in the Helmholtz operator acting on a vector, not a scalar. Instead, like Jackson,
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we follow an approach proposed by Bouwkamp and Casimir” which consists in writing equations for true scalars,
not vector components.

Now project the Helmholtz equations along the radial coordinate by taking a scalar product with r. Thanks to
identities 0.33 and 0.32, we easily obtain the scalar equations sought:

(V24 k) (r-H) = —iL-(J + VX M)

) (7.39)
(V2 + k?)(r-E) = ZokL- <M + =V ><J>
where L := —ir x V. There are also links between r - H and the electric field E, and between r - E and H,
provided by the first-order curl equations in eq. (7.36), with the help of identity 0.32:
Zokr-H = —ir- (VXE) = L-E
(7.40)

kr-E = —-ZL-(H—- M)
In section 5.4, we obtained the inhomogeneous retarded solution (5.18):

f(X vt;et) d3 /

[x — x|

U(x,t) =

X, = —4r f(x,t). For harmonic scalar functions and sources of the
f(x ) —lwlt=R/e) — f(x/)e"iwlelwli/c the differential equation becomes a
= —4n f(x')e'“f/e, with solution:

1kR
/ f(x d%/

where R = |x — x/|. Comparing with eq. (7.39), we immediately write down the inhomogeneous solutions:

for the equation [V? — (1/¢%)07] ¥(
form f(x/, 1) = f(x/)e W =

) Uret

Helmholtz equation: (V2 + /<:2)\I/(x)

i ei kR

r- Hx) = yym L' [J(xX) + V x M(x)] d*/
7r
, (7.41)
E'(x) Zole [ M(X') + v« J(x')| d®
r- X = - — . X - X X
47 R k2
with L' = —ir’ x V’. We recognise ¢! **/ R as the Green function for the Helmholtz operator V2 + k2, for whch

an expansion in terms of spherical Bessel functions was obtained earlier in eq. (7.5). For x outside the sources,
where E' = E, we arrive at expressions very similar to eq. (7.6):

v HG) = kY A0 (k) Yin (6, 9) / k) Y (0 6L - [3(x) + V x M(x)] &
(7.42)

1
— V x J(x)| &3

r-E(x) = —iZok? Zhl(l)(kr) Vi (0, ) / k) Y (0, ¢) L - | M) + -

I,m

In order to make contact witth spherical multipole moments labelled by (I, m), we look at homogeneous solutions
of eq. (7.39). These have been quoted in section 0.8.3 in terms of spherical Bessel functions j;(kr) and n;(kr)
given in eq. (0.49), but often the Hankel functions hll’2 := j; £ iny are preferred. Then, with a radial solution for

C. JBouwkamp and H. B. G. Casimir, Physica 20, 539 (1954).
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a given [ of the form: f; = Al(l)hl(l) + A1(2)h1(2)’ the general homogeneous solutions of the Helmholtz equation in
spherical coordinates would read:

v H(x) = %Zl(l%—l)Bzmgl(kT‘)Ylm(ea@

I,m

v B(x) = —% S U+ 1) Com (k) Yien (0, 6)

I,m

where the factors [(I 4+ 1)/k and —Z have been extracted from the coefficients By, and Cj,, for convenience.

—ikr

Ultimately, though, we will be concerned with outgoing waves. The functions hl(z)(k:r) go like e at large

distance (see eq. (9.89) in Jackson) and correspond to incoming waves. Because of this, we choose Al(Z) = 0 and
1)
=fi= h(

Now, observe that eq. (7.40) must also be satisfied outside sources:

L-E(x) = Zokr- H(x) = Zo Y_U(l +1) Bim b} (kr) Yim (0, )

I,m

L H(x) = _Zﬁo r- E(x ZlH—l Clom W\ (k) Vi (6, 9)

where we have used identity (0.32). Recalling that the operator L only acts on the angular dependence of the fields,
we see that for L to yield the same Y},,, when acting on a given Y},,, in the free-space fields, these must take the
form:

ZOZ\/ I+ 1) By " (ker) Xy (6, 6) Z\/ 1+ 1) Ci BNV (k) X1 (6, )

where
Xy = LYi/ V10 + 1) (7.43)

are called vector spherical harmonics. This is because L?Y},,, = L-LY},,, = 1(141)Y}y,- Since L is a self-adjoint
operator, we find that the vector spherical harmonics are orthonormal. Indeed:

(L le’m’)* LYy,

NAEDNIED

Y, L2Y), I(1+1)
— / = l dQ = ,;/Yz  Yim 2 = 01 O
\/l’(l'—i-l)\/l(l-i-l) i +1

In the same way it can be shown (EXERCISE) that [ X} , - (r x X;,,,)dQ =0 VI, I,m,m’.

Computation of the components of the vector spherical harmonics in spherical coordinates with eq. (0.31) is
quite straightforward:

/ X - X dQ =

Xy = — <é (L cZ)ic‘)@Ylm> (7.44)
I(1+1) sin 0

We see that vector spherical harmonics have no radial component and dependence. This follows directly from the

fact that r - L = 0. It guarantees that our free-space fields are divergenceless, as expected. But it also means that

these fields have no radial component! In fact, we are in the presence of two types of fields: a transverse (to the

radial direction) electric field coupled to a magnetic induction field via Faraday’s law, and a different transverse
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magnetic induction field coupled to an electric field via Ampere’s law in vacuum (see eq. (7.37)):

E:ZOZ\/lJrl Bim BV (k1) Xy (6, 6) H- i VxE
Zok
H:—ZOZ\/ (141) Clm ) (ker) X (6, ) E:i%VxH

Then the general solution of Maxwell’s equations can be written as a linear combintation of the two types. For
instance, the electric field is the sum of the electric contribution in the first line, and the electric contribution in the
second line:

E = % Z \% l(l + 1) |:Blm hl(l)(k”r) le(0> ¢) + % Cim V % <h[(1)(k”r) le(0> ¢)>:|

, (7.45)
i
H =) Vil+1) {czm i er) X (8, 6) = = BV x (b (kr) lew,qzs)ﬂ

Note that the [ sums starts at [ = 1; can you see why?

7.4.1 Calculation of the multipole coefficients

With identity (0.32), together with L2Y},,, = (I + 1)V},

r-E = —@ZCZ v x (h(l)LYl ) - ZC’l 2y, = —@Zq 10+ 1)y,

A m i 1 m m m A m 1 m

lm I,m

Similarly, r- H = % ST Binl(l+1) hl(l) Y. Extracting the coefficients using orthogonality of the Y},,,, we finally
obtain the standard forms:

k
apy = Il +1)Cly = — / ¢)r-EdQ

VIT+ 1) h(l

(7.46)

a = \/l(l+1)By, =

0,¢6)r - HAQ

k 1
VIT+1) kO (kr) /Ylm(

from which we see that knowledge of r - E and r - H from eq. (7.41) determines the fields. From eq. (7.5) the
factor eikR/R ineq. (7.41)is, withr. =’ and r~ = r:

ikR
R

€

00 l
= arik Y k') bV (k) S Vi (0,8 Yim (0, 6)

=0 m=—1

When, say, r - H is inserted into a%‘fn, the terms can be rearranged so that, using orthogonality, the integral over all
solid angles picks out one value each of [ and m in the expansion, the values in a%l
1 * elkf -1 (1) . NvE ol il
Vi (0,0) S 2 = ik h{!) () (k') Yy (0, )

47T Ilm

Then eq, (7.41) immediately yields for a%‘fn:

Mo / k) Y (0 )L - [I(x) + V x M) & (7.47)

\/ l+1
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As for afm, which depends on r - E, eq. (7.41), with E’ = E since the point of observation lies outside the source,
leads to (EXERCISE):

E

Ay, =

&L - [M(x’) + % V x J(x’)} d3z’ (7.48)

k3 / /
11— (kr') Y (0,
l(l—l—l) /]l( ) lm(
There still remains to interpret these coefficients and the fields with which they are associated in eq. (7.45).
To this end we first rewrite the source terms. Inserting identities 0.32 and 0.35: L -V = iV - (r x V), and
L-VxV=i[V¥r-V)-2V -V —(r-V)V-V]|=i[V3(r-V)-9,(r*V-V)/r],inour result for af ,
there comes:
ic

#) [V' S x M) + ivl2(r/ J) — — O ((r? p)} d3z’

]{73
E — - ]{7/ * 0/’
by =~y [0 Vi

where, in the last term, the continuity equation: V -J = —icp/k, has been invoked. Note also that, unlike
Jackson, we retain the prime on the integration variables to emphasise that integration is with respect to source
variables. The second integral can be transformed with the help of Green’s second identity 0.7, in which the
surface lies outside the source. Then, since j;(kr’) Y, satisfies a homogeneous Helmholtz equation, the inte-
gral becomes: [ j;(kr') Y5 V2 (' - D)dP2’ = [(/ - V2 [i(kr') Y5 |32 = —k2 [(v' - D)ji(kr') Y, A3,
Furthermore, the term involving the charge density can be integrated by parts: [ 5 Y5 7/, (r"p)dr'dQY =
— [0 (' )] pY;k 7"*dr’dSY. Also, from the recurrence relations in eq. (J9.90), 8, (r'j;) = (I + 1)j; — kr'j141.
Exactly the same line of argument can be applied (EXERCISE) to a%n, leading to the final exact form (no approx-
imation!) for the coefficients:

k2 kr’

[arf (ri(kr")) pe + iji(kr') kr' - (3 + V' x M)}

. k2 / 3 7 Y

—l—— [ &’ Y}, (0, ¢)
VI +1) l [jl(k;r’)[(l +1)pe +ikr' - (T + V/ x M)] — pckr’]’zﬂ(/ﬁ”)}
(7.49)

E
Am

M

2
U, = \/% /Yl*mw,aqy)[

where the identity (0.34) has been invoked on the M in afm, and we have given two equivalent versions of this
coefficient.

k) [V (¢ x J) — B2 - M] + VMO (1 jl(kr’))] a3z’

Example 7.2. The thin linear centre-fed antenna revisited (section J9.12)

To illustrate how to calculate multipole moments, let us go back to example 7.1, an ultra-thin linear
antenna of length d driven at its centre, in which a current (z) = I'sin(kd/2 — k|z|) is set up that
is harmonic not only in time but also in position. We will need the corresponding current and charge
densities In spherical coordinates:

Jx) =+¢ 1) [6(cos 0 — 1) — &(cos 6 +1)]

27 r'?
v'J 1 dI(r’
p(x') = = 271'7(“’2) [6(cos @’ —1) — 6(cos§ +1)]

The antenna has no intrinsic magnetisation, and the current density is radial, so that the coefficients
a%l all vanish. As for afm, we first take care of the straightforward angular integration in eq. (7.49).
The ¢ integration gives zero unless m = 0, as expected from the azimuthal symmetry of the source.
The 0 integration yields:

277/ V2l + 1/4mPy(cos 0) [6(cos @ — 1) — d(cosf + 1)] d(cos8) = /m(2l + 1)(P,(0) — P(m))
= /w2l +1)(1 - (-1)")
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Then, according to the first line for afm in eq. (7.49), there comes:

= i Py [T [ 167 — ) k)]
= % %(1 — (-1 /0 v [— dp (k' y(kr') dp I) + k' gy (kr') (d7 I fdr’
-~ %(1 1)k ka0
_ % %(1_(_1)@ (%)2 jikd/2) (7.50)

where in the second line the harmonic dependence of the current on position has been used to simplify
the result, and where d,I(r) = —kI cos(kd/2 — kr). This result holds at all distances and for all
wavelengths.

The source terms in the integrands on eq. (7.49) justify the names electric multipole coefficient for afm and
electric multipole field for the associated contributions to E and H in eq. (7.45). Also, we call a%‘fﬂ a magnetic
multipole coefficient and its asssociated field a magnetic multipole field.

We can find clearer evidence for this interpretation in the long-wavelength approximation, k' < 1, appropriate
to radiation from atoms and nuclei (see section J9.11 for a detailed discussion). In that limit, the leading term of
gi(kr') as given in eq. (J9.88) is (kr')! /(21 4 1)!, where (21 + 1)!! := (20 +1)(2] — 1)(2] — 3) - - -. Then the term
with J and M in afm is down by k7’ compared to the first p term in the second expression for afm in eq. (7.49),
and the second p term is down by (k7/)2. In that limit, then, the electric coefficient is:

k2 141 ~
with electric multipole moments:
Qi = / oY d3a Qi = i +11)C / k' [T+ V' x M| Y, P (7.52)

The Q;,, are exactly the electrostatic moments introduced in eq. (3.2)!

For a?fn the long-wavelength approximation means that the r - M term in eq. (7.49) is much smaller than the
two others, leading to:
k2 I+1 ~
M
Apy, = 1(2[ n 1)” i (Mlm + Mlm) (7.53)
with magnetic multipole moments:
m =7 V(< 3) Yy, A3 My, = /r/l Y V- MdP (7.54)

We recognise in the integrand of M, /2 the magnetic dipole moment density, (r x J)/2, defined in eq. (4.13).
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For the sake of completeness we give the final expressions for the electric and magnetic fields:

E = Zy |ah b (k) Xim(6,6) + %aﬁmv x (nf (k) X (6,0) ) |

lm
H = Z[alm h( )(k‘r) Xim(0,¢) — %a%nv X <hl(1)(l<:r) le(é,gb))] (7.55)
I,m
= > (0 Xunl6,6) — 1 MV x X0 0, 6)) BV (kr) — + Al VA (k) x X0, 0)
Im

where the coefficients (or moments) are given by eq. (7.49). These expressions exhibit the manifest separation of
the electic and magnetic contributions at all orders Im. It is important to observe (EXERCISE) that in each field
the electric contribution is transverse to the magnetic one.

7.4.2 Multipole radiation fields and angular power distribution

The benefits of the multipole expansion of the fields over the potential approach are most evident in the treatment
of radiation, ie. when taking kr > 1 in eq. (7.55). First, focus on the V x Xj,,, term that occurs in both fields
and is explicit in the second line for H. Invoking identity (0.36), it is proportional to: iV x LY},,(0,¢) =
rV2Y},, — VY},,. Both terms go like 1/r, and the terms in which the curl appears go like 1/kr; thus, the curl can

always be neglected in the radiation zone. Also, from eq. (J9.89), hl(l) (kr) — (—i)!*T'e!* /kr. We keep only the
leading order from the gradient of this function, leading to:

el (kr—wt)

H(X,t) = T Z(_i)l+1 [afm le(07¢) + a%\fnﬁ X le(97¢)]

lym

(7.56)
E(x,t) = ZoH x A

where the electric field has been found in eq. (7.12). The fields exhibit the characteristic form of a spherical wave.
Recall that the time-averaged Poynting vector is: i- < S >= tR[A- (E x H*)] = $ZoR [ [(H x &) x H*]] =
%Z()!H X ﬁ|2 using the triple-product rule. Then, from definition (7.14), the angular power distribution is:

2

dp . Zo N R
q —<S-a> r? = T > (=) [ah, Xin (0, 6) x B+ al, Xy (0, ¢)] (7.57)

lym

where i - X;,, = 0 in the far-zone. We see that the electric and magnetic contributions for a given order (Im)
have the same angular dependence, and can only be distinguished by their polarisations which are perpendicular.
Earlier we found that this was true for dipoles, but now we know that its is a feature of all multipoles.

Example 7.3. Going back to our centre-fed antenna for which we derived multipole moments in
example 7.2, the calculation of the angular power distribution is simplified by the azimuthal symmetry
and the vanishing of the magnetic moments. Then, using (Xj,, , x 01) - (Xj,, x 1) = X, ., Xy, plus
eq. (7.44) with m = 0, we find:

d_P

N 8771{:2

20+1
Z 1) alO dg Py

7.58
I(1+1) (7:58)

As discussed in section J9.12, including just l = 1 and | = 3 multipoles results in an excellent match
to the exact distribution; this is the case even when the long-wavelength approximation, which is
invalid here, is used to calculate the multipole coefficients. When the emitters are atoms or nuclei
(see sections J9.9 and J9.10), the approximation is usually perfectly valid, and expressions (7.51) and
(7.53) for the coefficients can be used.
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8 Introduction to Relativity

A Digression on Units

Important note: in what follows, Gaussian units will be used so as to be consistent with the textbook. Do not
confuse these with electrostatic (esu) units, in which k. = 1 and ky, = 1/c?), and which were used in the second
edition! The whole subject of units is a bit of a dog’s breakfast. But the textbook does have a clear discussion of
this vexed topic in its appendix.

A few quick transposition rules from SI to Gaussian units. First, in a SI equation, make the following transfor-
mations:

1 1

Sources: q,p,J, I, P — drey (q,p,J,I,P) = (¢,p,J,1,P), M — Var/pgyM = —M
Vk vk

¢ 3.1)

. E €0 D
Fields: E — = VkoE, D— /—D=—"—
1l VAameq 47 47 ke
H H

Ho
B— ,/—B = +yknB H — = 8.2
4 VAT g 47k 8-2)

Many times, there will be no € or p left. If there are, either they will be in the combination ,/€;/ig, in which case
put it equal to 1/c, as in Faraday’s Law for instance. Or if they should occur alone, put them equal to 1.

8.1 A Mathematical Digression on Tensors

I have already mentioned in the preamble that to characterise a vector by the fact that it has a magnitude and a
direction is unsatisfactory. Physics is full of quantities which have magnitude and direction, but are not vectors:
angular displacement, electric current, flux, etc. A more sophisticated approach classifies mathematical objects
according to how they behave under certain transformations. For instance, take the three numbers, (z!, 22 23) =
(z,y, z), that specify a displacement in a Cartesian coordinate basis. If this displacement is with respect to the

origin, we can call it a position.

As stated in the mathematical preamble to these notes (section 0), the position vector (and in fact any vector)
can be written in terms of a coordinate basis (or system) {e;} (i = 1 to 3):

X = l’i €
where the x are called contravariant components. But to the same vector can be associated a companion, called
a covector, or 1-form 'y, which itself has covariant components z; in a cobasis {w'}:

X = ;W

A basis and its cobasis are related very simply: wi(ej) =6 j» that is, a cobasis vector is perpendicular to all the
basis vectors with a different label. Although, strictly speaking, a vector and its covector live in different spaces, it
is quite usual to identify them and to put them on the same plot. Here is a two-dimensional example with a general
vector v:
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With respect to standard orthogonal axes, e; has
components <1> and ey components <C.OS a>‘
0 sin a

This is an oblique basis, such as might be found in
cristallography.

Consider the rectangle triangle with side v; and |v|
as its hypotenuse.The third side is also a side of
the triangle with hypothenuse of length v2, together
w! with one apex at the tip of v, like the first trian-
gle, and another apex at the point labelled v'. Then
Pythagoras’ theorem gives:

VI = (01)® + [(0%)7 = (v = v)?] = (0%)7 = (1) + 2010
Consider the triangle with one apex at the origin, another at point labelled vy, and the third at the tip of v. A similar

argument yields (EXERCISE) another expression for |v|? in terms of v v2. Adding the two, there comes:

V|2 = vio! + vpo?

We conclude that the length squared of a vector is: v'v;, not (v1)2 + (v2)2 +. . ., as many believe. This error arises
from the fact that when a Cartesian basis is orthonormal, its cobasis merges with it on the same plot, and v; = v".

Now rotate an orthogonal basis by an angle 6 counterclockwise around the x axis. The components of the vec-
tor, (z',y', 2’), in the rotated system are given by (see section 1.1.5 of Griffiths’ Introduction to Electrodynamics):

x’ 1 0 0 T
y | =10 cos 6 sinf Y (8.3)
2 0 —sinf cosf z
or, in index notation: , , ,
2" = R';(0) 2’ (8.4)

where the R’ ;j(0) are the coefficients of the rotation matrix. As one might expect, rotations around an arbitrary
axis have a much more complicated rotation matrix; fortunately, we shall pretty much always be able to choose
the z-axis (or some other Cartesian axis) to be the rotation axis. The above transformation is an example of a
homogeneous linear transformation.

The set of all rotational transformations form a group, in the sense that:
1. it contains the identity matrix (rotation by zero angle);

2. there is an inverse transformation, R~1(0) = R(—6): z* = (R~1)¥, 2", where (R~1)*

i) — Sk..T-
R a) = 0%

3. two successive rotations are equivalent to a rotation:
" = (R)*(9) (Ro) j(0)a” = RY; (0 + ¢)a’
The components x; in the cobasis should transform as z; = S,-k x), with S a matrix to be determined. Then:
aj/iznli = Rij SiF iz, = 2Fzy, = 5kj3:j:£k
so that (RijSik — 5kj):nj3:k = 0. Since there is no restriction on 27 and 1, we must have SikRij = 5kj, or:

Sik — (R_l)k-

2
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so that the x; must transform as:
T, = my (R_l)k-

(2

(8.5)

EXERCISE: Show how to obtain the inverse transformation x; = xﬁngi.

And now for some definitions:

Definition 8.1. A 3-tensor of rank 0 (scalar) is a one-component object that remains invariant (keeps
the same numerical value) under a rotation of a coordinate system. Examples: magnitude of a vector,
scalar product of two vectors, mass, temperature, etc.

A contravariant 3-tensor of rank 1 in three dimensions (3-vector), u, is an object whose three com-
ponents transform like those of position under a rotation of a coordinate system:

u' = R

A contravariant 3-tensor of rank 2 in three dimensions, T, is an object whose nine components
transform in the following way:

T = Ry R TH = R, TH R, = R, THRY T = RTRT=RTR!

where the last equality holds because the inverse of the rotation matrix is its transpose. This would
not necessarily be true for other transformations.

The entries of the 3 x 3 matrix T—the components T of the tensor—depend on the choice of
coordinate basis.

Until further notice, when we speak of a tensor, we mean a 3-tensor according to the above definitions.

These definitions can be extended to a rank-n tensor (ie. a tensor with n indices) in a straightforward manner.
All that one has to remember is that the transformation contains n applications of the same rotation matrix:

T . = (R"RS Ry RI - )T = (R (RTY)* Ry T (8.6)

Note that tensor components are generally not scalars (invariant under rotations), and neither are numbers con-
structed from them! It does happen sometimes that they are, but this must be established properly.

The transformation rules can always be used to determine whether an object is a rank-n tensor. In many cases,
however, there is a short cut.

An object is a tensor if it is constructed from other tensors by addition or multiplication by a scalar: if T
and Q are tensors of the same rank, aT + SQ («, 3 scalars) is also a tensor of the same rank.

The tensor product of two vectors, u® v, is a rank-2 tensor with components u‘v’. Beware though: any rank-2
tensor is not necessarily a tensor product of two vectors!

For constructing new tensors, it is useful to have a library of known tensors. For instance, the Kronecker delta
is a rank-2 tensor. Indeed:
ri ‘ —1 k ) —1\k )
0 = R'% (R )”jén = R'w+(R™) ;= 0"
Here we learn that there is something more to the Kronecker delta than just being a tensor: its components remain
the same under rotations, ie. whatever the basis used! The same is true of the Levi-Civita epsilon: in Cartesian
bases, it is a rank-3 tensor whose components themselves do not change under rotations of the bases; in curvilinear
bases, however, it is a tensor only if each component is multiplied by a factor (the square root of the absolute value
of the determinant of the metric, for the experts) that depends on the coordinates.

There is another way of constructing other tensors from tensors of rank 2 and higher. Start with a tensor T with
components 7";. Now contract over 7 and j, iec. make the two indices the same letter to get, say, 7";. The object
we obtain is called the trace of T, Tr T in coordinate-free notation. We have reduced the rank of the original
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rank-2 tensor by 2 to get a scalar equal to the sum of the diagonal coefficients of the matrix representing T. By the
same process of contracting over two indices, always one contravariant and one covariant, one can always reduce
the rank of a tensor of rank n > 2 to one of rank n — 2.

Finally, it is quite often useful to decompose rank-2 tensors into their symmetric and antisymmetric parts. In
index notation:

T — (T 4 i (749 — ity = i) plid)
(T 79 + ) -
Clearly, a rank-2 tensor T is symmetric if 77° = T, and it is antisymmetric if 77¢ = —T"%.
Strictly speaking, all operations on tensors are understood to be performed at one point. It does not really make
sense to add tensors at different points. (Yes, this rule is blatantly violated by differentiation, which involves taking
the difference between the values of a tensor at two infinitesimally close points. The fact is that one can get away

with this in flat Euclidean space—and even spacetime—but not in general curved spaces, such as the ones General
Relativity deals with. Then differentiation must be redefined.)

A field is simply the collection of all the values of a tensor over all space, given by continuous functions of
position x. Fields can be scalar (density p(x)), vector (velocity v), etc.

How do fields transform? A scalar field f(x) will change to f'(x’) = f(x’). All one has to do is transform the
position. In terms of the new coordinates, the functional form f’ will be different from f, but the number one gets
when f’ is evaluated at x” will be the same as f(x). Tensor fields of rank 1 and higher need more careful treatment.
Again, one must transform the coordinates of x to those of x’. But one must also transform the components of the
tensor themselves!

8.2 Galilean Relativity

First, introduce a few definitions.

Definition 8.2. An event is characterised by its occurrence at a spacetime point P. The position in
spacetime can be specified by three spatial coordinates and one time (we assume that spacetime is
four-dimensional). These are given in a reference frame which is a set of axes in space and a set of
identical, synchronised clocks, one at each point in space. Warning: do not confuse a reference frame
with a coordinate basis! You can change coordinate basis while remaining in the same frame. In this
chapter we generally use Cartesian spatial coordinates.

Reference frames—frames for short—can be in relative translational and rotational motion with re-
spect to one another. Of all possible frames, we restrict ourselves to inertial frames, ie. unaccelerated
frames in which no force of any kind is experienced. A rotating frame is not inertial. Consequently,
two inertial frames are either at rest or in uniform translational motion with respect to each other.

Now that we have set the stage, we ask the following. Let an event occur at point P, specified in a frame S by
spacetime coordinates (x,y, z,t). What are the coordinates (z’, 1/, 2’,t') of this event (or of P) as observed in a
frame S’ ?

In Newtonian mechanics, the relation between (x, t) and (x’,t’) is given by the Galilean transformations:

* Space and time translations:
x = a € R? 0t =nelR

Invariance under these is a manifestation of the assumed homogeneity of space and time.

' 4 ' x’ cos¢p sing 0 T
« Spatial rotations: 2" = R'j(¢)2/ <= |y | = [ —sing cos¢ 0 Yy
2! 0 0 1 z

Invariance under these is a manifestation of the assumed isotropy of space (no preferred direction).
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* Boosts:
0x = — i, 6t=0 (8.7)
where S is moving at velocity v with respect to S. From these one immediately derives the velocity
transformations:
du = d(6x)/dt’ = d(éx)/dt = —v (8.8)
* Parity, Time-reversal: x — —x, t — —t

All these can be combined into the group of generalised Galilean transformations:

2 = a'; vl + ev't + o (1=1,2,3)
(8.9)
x = +x t =+t 4+

What is the geometry of spacetime consistent with the Galilean transformations? By geometry, we mean a
measure of the distance between two spacetime points, known as the line element. Here, the geometry is given by
the absolute infinitesimal length, di2 = dz? + dy? + d2z2 = da’? + dy’* + d2’, and by the absolute infinitesimal
time interval, dt = dt’. Thus, observers in different inertial frames measure the same spatial distance and the same
time intervals between any two events. Space and time are not related: there are two line elements.

The Galilean relativity principle restricted to Newtonian mechanics asserts that the laws of Newtonian me-
chanics hold in all inertial frames, in the sense that their form is invariant under Galilean transformations. Thus,
for instance, the laws of conservation of momentum and kinetic energy:

g m;u; = g m;u; becomes g m;u = g m;u
J J j J

initial final J initial final

1 1 1 1
Z 3 mju? = Z 3 mju? becomes Z 5 mju'? = Z 5 mju'? (8.10)
J J J J

initial final initial final

provided ), m; is invariant (mass is conserved) under the transformations.

The Galilean relativity principle precludes the existence of an absolute state of rest, as well as of an ab-
solute, universal, preferred frame. But not every equation in Newtonian mechanics satisfies this principle.
Indeed, the classical wave equation for a scalar field f(x,t) is not invariant under Galilean transformations:
(0} —v*V2)f(x,t) = 0 # (02 — v"?V'?) f!(x',#), where v is the wave speed. Should we get upset about
this? Not at all, because in mechanics wave propagation takes place in a medium whose rest-frame is a preferred
frame. For instance, it is easy to tell if we are moving with respect to a stationary sound source in air or water, and
in order to determine the frequency of the sound from the observed frequency, we must correct for our motion by
using the Doppler shift equation.

8.3 Einstein’s Relativity
8.3.1 The need for a new relativity principle

Do electrical phenomena satisfy the Galilean relativity principle? No. Oscillating electric fields involved in light
obey a wave equation that is not form-invariant under Galilean transformations. Of course, as in mechanics, this
could mean that there exists a preferred frame (often called the ether). Two arguments can be brought against this
possibility, however. The first is a theoretical one, put forth by Einstein in his classic paper On the Electrodynamics
of Moving Bodies: if the vacuum is in fact an ether, one should be able to transform to a frame in which light is at
rest. To an observer at rest in this frame, there would be a static electric field oscillating as a function of position.
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But there is no such static oscillating solution to the Laplace equation, because it does not admit solutions with
local extrema.

The other argument rests on experiment: if a preferred frame existed, the speed of light (and therefore of the
electric wave) would depend on the speed of the observer with respect to this preferred frame. There would be a
sort of “ether wind” for which experimental results must be corrected. But this is not supported by experiment.
Starting with the Michelson-Morley experiment in the mid-1880’s, ever smaller limits have been put on this wind
speed. A very nice experiment [Jaseja, Javan, Murray, Townes, Physical Review 133, A 1221 (1964)] uses two
laser beams which are allowed to interfere after one has travelled along the direction of motion of the Earth and
the other perpendicular to it. The results are compared with measurements made six months later, when the Earth
is moving in the opposite direction with a relative speed of about 60 km/s. The absence of any observed change in
that experiment puts an upper limit of about 1 km/s on the speed of the ether wind. More recent experiments give
an upper limit © of one part in 1017,

If there is no preferred frame for the electric field, and if we believe that Maxwell’s equations are correct, only
one option is left: to modify the relativity principle itself so as to (1) make it universal, applying to all fundamental
laws of physics, while (2) postulating that the speed of light is absolute, with the same value in all inertial frames.
Not only is this consistent with the lack of experimental evidence for an ether, but it also defuses the first argument
since it makes it impossible to transform to a frame in which light is at rest.

8.3.2 Spacetime interval

To the new relativity principle (let’s call it the Einstein principle) must correspond new transformation laws be-
tween frames. There are a number of ways of deriving them. Historically, Lorentz did it first, by asking which
transformations left the form of Maxwell’s wave equations invariant. Here, we will proceed via a route (see
problem J11.1) that assumes that the speed of light is absolute and that spacetime is homogeneous and isotropic,
meaning that there is no special point or direction in spacetime. These assumptions will allow us first to answer
the following question: what is the geometry imposed on spacetime in Einstein’s relativity theory? In other words,
is there an invariant (frame-independent) measure of distance between spacetime points?

Consider two events infinitesimally close in space and time in some frame .S, and such that the spatial distance
dl and time interval d¢ between them satisfies dl = 4c¢1dt, where ¢ is the speed of light. Form the object
ds? = c2dt? — dI. Clearly, for our two events, ds? = 0. Equally clearly, since c is the same in another frame 5,
dl’/dt' = +dl, or dI' = £cl’ d#’, and we have ds’> = 0. In this case, ds2 = ds'? for any inertial frame S’.

But what if dl # +cldt? Certainly ds? is no longer zero. What is ds’ 2 in terms of ds2, then? To find it, let
the two events lie along the z-axis to simplify the formalism. Even without the exact form of the transformations
between (x,t) and (2, '), we expect them to be be homogeneous and linear. Then, quite generally:

Adt”? — da'? = Az, t) P dt? + B(z,t)dz? + C(x,t)dzd(ct)

But this must be true also for the case we just considered, with dz = +cdt and dz’ = +cdt’. Inserting this, we
have:

0 = A(z,t)c*dt* + B(z,t)dz? £ C(x,t)da?

= A2d? — da?

Thus, C(z,t) = 0 and B(z,t) = —A(xz,t) in general, since there is no restriction on x and ¢. We obtain
ds’? = Az, t)ds?.

"Eisele, Ch.; Nevsky, A. Yu.; Schiller, S. (2009), Laboratory Test of the Isotropy of Light Propagation at the 10~ level, Phys. Rev.
Lett. 103 (9): 090401;
Herrmann, S., Senger, A., Mohle, K. Nagel, M. Kovalchuk, E. V. Peters, A. (2009), Rotating optical cavity experiment testing Lorentz
invariance at the 10717 level, Phys. Rev. D 80 (100): 105011.
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Now A(x,t) must be a constant, A; otherwise, one could use it to make a fundamental distinction between
spacetime points. The only parameter on which A could depend and which distinguishes between the frames is
their relative velocity. Because we have assumed that there is no preferred direction (isotropy), A can only depend
on the relative speed, and ds'®> = A(|v|)ds2. The whole argument can be run in reverse, starting from S, to yield
ds? = A(] — v|)ds’*. Combining, we get ds? = A2(v)ds?, so that A = 1. A = —1 is ruled out, otherwise you
could imagine a third frame S” moving at velocity v/ with respect to S’ and at at velocity v” with respect to .S.
Then we would be able to write: ds”? = A(v/)ds” = A(v/)A(v)ds? = ds?, while ds”? = A(v")ds? = —ds2.

This shows that although dl and d¢ are expected to change under the transformations, ds?> = ¢2dt? — di? is
an invariant. It is the meaningful measure of spacetime distance, otherwise known as the spacetime interval or
line element. No longer do we have two separate geometries as in Newtonian mechanics; there is one unified
four-dimensional geometry.

8.4 Lorentz transformations (section J11.3)

We can now use the invariance of the line-element ds? to derive the so-called boost transformations between
frames. Demand that these be linear and homogeneous, so as to be single-valued and not single out the origin as a
special point. The transformations must be consistent with the invariant nature of the speed of light and leave the
wave equation invariant. They must have an inverse, obtained by: v — —v.

Write (for relative motion in the x direction):
¥ = Az + B(ct) ct' = Flet) + Gz
Insert this into (ct')2 — 2/ = (ct)? — 2. Since there is no restriction on (z,t) or (z/, ), the following must hold:
AB — FG =0, A2 - G? =1, F?-B*=1
Re-parameterise the constants:
A = cosh ¢y G = — sinh ¢ F = cosh 0 B = — sinh 0

so that the second and third relations are automatically satisfied, whereas the first yields tanh 8 = tanh ¢. Since
then § =, A= F and B = G.

To find 6, notice that tanh § = —B/A. Then consider the motion of the origin of S/, 2/ = 0, in S with its
position given by x = vt = [ct, where the dimensionless quantity 5 = v/c is the relative speed in units of the
speed of light. Since 0 = x — Sct, one has B/A = —f3, so that 2’ = A(xz — fct), tanh 6 = (. The parameter 6 is
called the rapidity and it ranges from O to oo, as 3 ranges from 0 to 1; it is also additive. Our boost transformations
are:

/ /

¥ =y — Bet) ct' = y(ct — Bx) Yy =y Z =z

xr = ’Y(;L'/ —+ Bct,) ct = ’Y(Ct/ + ﬂx') y = y/ - Z/ (811)

These are the famous Lorentz transformations parametrised in terms of 5. They can be generalised to the case
where v is in an arbitrary direction:

~y

et = vy(ct — B-x) x' = x + 1(B-x)ﬁ—’yﬁct (8.12)

32
According to this expression, the projection of x on B transforms as 8 - x' = ’y[,@ -x — [ et], as expected. The
projection perpendicular to (3 transforms as x’ — (3 - x')3 = x — (3 - x)3 and therefore does not change.
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The Lorentz transformations go over to the Galilean transformations in the so-called nonrelativistic limit,
f < 1, or v &~ 1. Simultaneous events in S, say at (x,t) = (0,0) and (d,0), are transformed to (2’,¢') = (0,0)
and (vyd, —yfd) in S’, illustrating the relativity of simultaneity. Also, an array of synchronised clocks at rest in .S’
and observed, say at ¢ = 0, by an observer at rest in .S, are not synchronised in S. Indeed, in .S they are observed
to read t' = —~ywvx, x being their position in S.

If the S observer observes a single clock at rest in S’, then At = yAt’, since Az’ = 0. Calling the rest-frame
of the clock its proper frame (here S’), and AT = At’ the proper time, we have At = YA > Ar. Moving
clocks run slow, by a factor . On the other hand, if at time ¢ our S observer measures a stick at rest in S’ which
has length Az’ in that frame, (s)he will find Ax = Lo/, where Ly = Ax’ is the proper length of the stick (the
length in its own rest-frame). Here we have length contraction since Ax < Lg.

The proper time of a particle is closely related to the line element, ds?. Indeed:

dl
d(et)

2
1
ds? = A2dt? — di? = 2dt? [1 — ( ) ] = 2 (1 - %) = — Fdt? (8.13)
5

where [ is the speed of the particle. Then ds = cdt/y = cdr, and we find that proper time is also Lorentz-
invariant.

Suppose one is observing a particle moving at speed (3, where /3 is not necessarily constant. Then dr is the
infinitesimal proper time element of this particle (the time in its rest-frame), and dt is the observer’s infinitesimal
time element (observer time). One can then relate macroscopic observer time to macroscopic proper time of the
particle:

At AT
AT = V1= B2(t)dt, At = / (") dr’ (8.14)
0 0
Note that time dilation is no longer symmetrical when there is acceleration! This is the solution to the “twin
paradox”.

8.4.1 Addition of Velocities (section J11.4)

The Lorentz velocity transformations are rather complicated, reflecting the fact that the usual velocity is no longer
the best way to describe the rate of change of position. Let 3, = dsx = u/c. Its components transform as:

g = de’ y[dz — Bd(ct)]  dz/d(ct) =  Bup — B
w = q) () - Bde] T - Bdufd(el) 1 BB,
g = dy 1 dy 1 dy/d(ct) 1 Buy
W d(et) oy d(et) — Bdr 41— Bde/d(ct) v 1 — BPuy
R S P
Pus = ety T AT B (.13

These automatically preserve the speed of light: if 5, = 1, 8;,, = 1. Warning: These expressions assume
that 3 is in the positive x direction. If it is in the negative = direction, all the signs in front of terms containing 3
must be reversed. Moreover, the sign of u is implicit and must be put in.

Another, more compact, formulation for the velocity transformations is:

, Buj — B
= 1- 58,
/ BuJ_
= 8.16
BUJ_ Yv (1 - ﬁ : ﬁu) ( )
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The inverse transformations are easily obtained by interchanging primed and unprimed v and reversing the
sign of 3.

As an EXERCISE, derive the Lorentz transformations for acceleration.

Adyvice: When solving problems that involve length, distance, or time interval comparisons between frames, it is
often best to list all the Lorentz transformations, from S to S’ and backward, and scan them to find the one(s)
leading to the solution with the least amount of calculations. Also, although which frame you call S and which S’
is a purely arbitrary matter, the proper frame appropriate to the problem isn’t! It is a good idea to identify it first;
the other frame will be the observer frame. When using the time dilation and length contraction equations, check
that you do indeed get the right relative sizes. If you get the opposite, you have probably misidentified the proper
frame.

Finally, we rewrite Lorentz boosts in the = direction in a more compact form, in preparation for the four-vector
formalism that we will introduce shortly: x'# = A*,z", where the indices pand v run from O to 3, and we have
used the summation convention over repeated indices. More explicitly, with tanh 6 = j:

ct’ v =B 0 0 ct coshf —sinhf 0 0 ct

| |8 ~v 00 x| | —sinhf# coshd 0 0O x 8.17)
J1 =1 o o 1oyl 0 o 10|y :

2! 0 0 01 z 0 0 01 z

8.4.2 Causal structure

The importance of the line element cannot be overstated. Indeed, take any spacetime point and put the origin at
that point. Plot a two-dimensional cut in the x-ct plane for purposes of illustration, showing also the spacetime
trajectories that light can follow from this point.

ct
\\ . . 'l
s lightline .
~ ’
. \
\\ 'l
Y ,
. future ,
~ ’
Y ,
Y ’
~ ’
Y ,
Y ’
~ ’
Y (4
Y v
~
S x
4 ~
2, .
’ .
’ N
’ N
’ .
’ .
’ .
I' ‘\
, past s
’ N
’ .
I' ‘\
7 worldline bR

The two lightlines mark the intersection of the light-cone with the x — ct plane. The light-cone divides
spacetime into two regions: one in which spacetime points can be connected to the event at the origin by signals
that travel slower than light (that’s the interior of the light-cone, closest to the ct axis), and the other in which
points can only be connected to the origin by faster-than-light signals. Also shown is the worldline of a particle,
giving its position z as a function of ct.

Now look at:
(As)2 = (ct)2 —2? = (ct')2 — %= (As')2
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If (As)? = 0, the interval is said to be null or lightlike. Notice that the light-cone is absolute, frame-independent!

The spacetime region for which (As)? > 0 (timelike interval) lies inside the light-cone of the event at the
origin. For any spacetime point inside the light-cone, it is always possible to find a frame S’ in which the events
occur at the same spatial position: z’ ? = 0. No event inside the light-cone is simultaneous with the event at the
origin, and it is impossible to find a frame in which it is.

The spacetime region for which (As)? < 0 (spacelike interval) lies outside the light-cone. For any spacetime
point in that region, it is always possible to find a frame S’ in which it is simultaneous with the event at the origin.
In fact, there exist frames in which their time ordering is reversed.

The implications are clear: if causality is to make sense, ie. if time ordering is to remain invariant under a
change of frame, the event at the origin can only influence or be influenced by events that lie inside its light-cone.
This region is the only one to be causally connected to the origin. Each point in spacetime thus has an absolute
future, its forward light-cone made of all the spacetime points it can influence, and an absolute past, its backward
light-cone containing all the spacetime points which could have influenced it. In other words, the spacetime interval
between causally connected events is always timelike.

8.5 Four-dimensional Tensors: the Four-vector Formalism (section J11.6)

The most general Lorentz transformations combine a boost and a spatial rotation; they have a determinant equal

to 1: ||[A#,|| = 1. Here we shall focus on boosts in the x direction only. Recall how we wrote such Lorentz
transformations:
2t = AP Y (v =0,1,2,3)
where 20 = ¢t, 2! = x, 22 = Y, x3 = z, and:
v =8 00
po_ |8 v 00 _ 1 _ 3
0 0 01

In analogy with the 3-vectors at the beginning of the chapter, we introduce the coordinate-free notation x for
the spacetime position with coordinates z#. We give ourselves four basis 4-vectors, e(,,), for our four-dimensional
spacetime, where p runs from O to 3. From now on we use Greek for spacetime indices and Roman for spatial
indices (1,2, 3). Some authors do the reverse, and you may come across older books in which spacetime indices
run from 1 to 4, with 4 corresponding to the time index; but it is quite standard these days to use O for the time
index. Note that the index p on e(,,) says which basis 4-vector, not which component! In a basis e(,), then,
x = zte(,. As before, repeated indices must be summed over.

We take the transformation of the position 4-vector x as defining all 4-vectors:

Definition 8.3. A Lorentz 4-vector a is any object whose components, a*, transform as o’ = A*,a”

under a Lorentz transformation A.

8.5.1 Minkowski metric

A Lorentz scalar is invariant under a Lorentz transformation. We already know one such scalar: the line element:

ds? = (dz°)% — (dz!)? — (da?)? — (dz?)?
nuudxudly (8.18)
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where, in a Cartesian basis:

1 0 0 0
0 -1 0 0

e (8.19)
00 0 -1

7 is known as the Minkowski tensor, or metric tensor for flat spacetime; that it is a tensor will be shown
below. Also, in Cartesian coordinates only, its compnents are themselves invariant under Lorentz boosts. The
overall sign of 7 is a matter of convention; I have been consistent with Jackson’s (rather unfortunate!) choice.
Here, we see one of the two important jobs of a metric tensor: to define distances on a space.

8.5.2 Relation between covariant and contravariant components of a 4-tensor

The components a* of a 4-vector a, where a = a“e( u)» are said to be contravariant. But it is also useful to form
the set a,, = 1,,,a”, which are called the covariant components of the same 4-vector a.

Clearly, in Cartesian coordinates, ag = a®, and a; = —a'. Thus, unlike in three-dimensional space, covariant
and contravariant components in spacetime are in general different, and it is crucial to keep track of them! This is
due, of course, to the fact that gy always has its sign opposite to the sign of 7;;. Because of this, mathematicians
say that the metric of flat spacetime is pseudo-Euclidean (not Euclidean as would be the case if all the diagonal
elements had the same sign, like in three-dimensional space). In the curved spacetimes of Einstein’s theory of
gravitation, contravariant and covariant components differ by much more than a sign. Even in flat (non-curved)
Minkowski spacetime, using curvilinear cooridnates brings in a Minkowski tensor with space-space diagonal com-
ponents different from 1,

The Minkowski tensor, with covariant components 17,,,,, defines the spacetime distance; it also provides a link
between not only the contravariant and covariant compoents of a vector, as we have just seen, but also those of
a general tensor of any rank. covariant and contravariant. The operation that obtains covariant components from
contravariant ones is often called lowering an index. The contravariant components of a tensor of rank r can also
be lowered to yield its covariant components. Take for instance a rank-2 tensor. Then: T, = nuan,,BTO‘B. Or
only one index can be lowered to produce mixed components: T#, = nagT“B , 1Y = nagTﬁ” . Rank-n tensors
can have lots of components of different type!

Needless to say, if indices can be lowered, they can also be raised. That is, given covariant components, one
can obtain their contravariant counterparts:

a =n""a, = n“ynupap (8.20)

But a# = *,a”, where 6", is the Kronecker delta in four dimensions. Comparing, we have that n*"n,, = 6",
which means that n*” is the inverse of 7),,, and the contravariant and covariant Cartesian components of 7 are
identical. This is also consistent with the fact that n** = nton8 7Nag. Conclusion: we raise indices with " and
lower them with 7),,,,. For a rank-n tensor, we simply apply as many times 77 as the number of indices that we want
to raise or lower, being careful to implement all the rules about repeated and free indices that we introduced in
three dimensions and which still hold in four.

The norm of a 4-vector a is simply a-a, or a”a,, = (a”)? — a? since we often write a = (a’, @). Itis a Lorentz
invariant (or scalar). So ds? = N daztda” = dz¥dx, is the norm of dx.

As could have been gathered from the transformation law that we wrote earlier for a tensor of rank r, covariant
and contravariant indices do not transform in quite the same way. How do the covariant components of a 4-vector
transform then? Well, certainly we must write (formally) aL = aBLﬁ u» but what is L? u?7 We invoke the Lorentz
invariance of ata,,:

alLa/“ = aBLBuA“,,a” = aﬁag = 55,,(1"&5

which we rewrite: (LB“A”,, - 6%) a’ag = 0. Therefore, LﬁuA“,, =68, sothat L = AL
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This can also be used to write the inverse Lorentz transformation in the 4-vector formalism. I claim that
a’ = (A‘l)”ua’”. Indeed, since a’" = A¥,a”, we have:

v o__ —I\v Ap . p _ SV p _ VU
a’ = (A7) Apa? = 6%a” = a

Just as in three-dimensional space, we can extend the transformation law to define Lorentz tensors T of higher
rank, whose components must transform like:

T’“V“.)\p--- = (A_l)a)\(A_l)BpAM“/AVU Tﬂwmaﬁ--- (8.21)

where one Lorentz matrix or its inverse must be applied for each index.

8.5.3 Constructing Lorentz tensors

Like all tensors, Lorentz tensors can be constructed from other Lorentz tensors. For instance, the trace of a tensor
Tofrank 2is T#, = T,Y. Andif T = a® b, then ", = a”b, = a,b", the scalar (inner) product a - b of two
4-vectors. Note that:

atb, = a’by + a'by + a®bs + a’bs

= Nuwa't’ = a’®? — a'v! — ?? — &3?

The generalisation of the vector product of two 3-vectors is called the exterior product of two covectors: aAb,
which is an antisymmetric rank-2 tensor (or 2-form) with components a,,b, — a,b,,. This is valid in any basis! If
we insist on writing it in terms of the components of the associated vectors, however, we must first raise the indices
on both a, and b,, with the metric tensor. The same is true in three dimensions: only in a Cartesian basis are the
contravariant and covariant components the same. The rank-2 covariant tensor with components 7;; = a;b; — a;b;
can then be converted to those of a vector via the operation %eij kT] k> which is an example of a Hodge dual..

Here is a property that can be useful when one wishes to establish the tensor character of an object: if 7% a,,b,,
is a scalar for any 4-vectors a and b, thenT is a tensor. Moreover, if T#”a,, is a 4-vector for any 4-vector a, then
T is a tensor.

Example 8.1. Under a Lorentz transformation:

ds”? = da’,dz’"" = n/w,dx/”dww

= 1 Ao 5 dz*da’®
But ds”? = ds? = nagdxo‘dxﬁ . Comparing with the last line gives:
dwo‘dwﬁ(n'WA”aA”ﬁ —Nap) = 0
Therefore, 17,3 = niwA“aA” 3, so that 7 is, as claimed before, a rank-2 covariant Lorentz tensor.

Before putting the four-vector formalism to good use, one may well ask why all this fuss about tensors. Why
do we bother with them? The reason lies in the transformation laws for a Lorentz tensor T. Being homogeneous,
they ensure that if T = 0 in some inertial frame, T = 0 in any other frame. In other words, if you can show that
all the components of a tensor vanish in some frame, you have shown that they vanish in all frames. Now, any
equation can be put in the form: something is equal to zero. If that something is a tensor, then the equation holds
in all frames! By building the fundamental equations of physics out of Lorentz tensors, we guarantee that they
satisfy the Einstein relativity principle.

If T(x) is a tensor field of rank r, the equation T(x) = 0 contains in fact 4" equations, one for each component
T#A- . This is similar to what happens in three-dimensional space, where T(x) = 0 contains 3" equations. Each
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equation is automatically satisfied in all frames when properly transformed, even if it may not look that way. Only
T(x) = 0 itself satisfies the relativity principle in a manifest way. Many people say that the tensor equation
is Lorentz-covariant, but I don’t want to use this terminology because the word “covariant” has already been
assigned a different meaning. Instead, I will speak of form-invariant expressions, meaning that the form of the
expression does not change under Lorentz transformations.

8.6 Differential Operators in the Four-vector Formalism

Form the object with components 0, = 9/0z* = (8ct, 8¢). How does it behave under Lorentz transformations?
This can be established easily from the chain rule for partial differentiation:

0 oz¥ 0

da'* D' dav

But since 7 = (A1) o@'" (inverse Lorentz transformation):

axlj — 14 awla — 14 (63 — 14
o' = (A 1) «a W = (A 1) a5 wo= (A 1) m
Therefore: 9 5
gm = (Vg 522

which is the Lorentz transformation for the covariant components of a 4-vector—more precisely, the compoenents
of a 4-covector. The object we have constructed is the 4-gradient operator,V, with naturally covariant components
0, = (Oct, 0;) and whose contravariant components read: 0" = 0/0x,, = 9" 0, = (0u, —0;).

We construct first derivatives of Lorentz tensors:

* The 4-gradient of a scalar field f(x), the covector or 1-form V f, with components 0, f. Note that df =
(Vf) - dx = (9,.])da.

* The divergence of a 4-vector field a(x), V - a, a Lorentz scalar; in index notation, this is written 8ua“ =
Ma,, = qa® + V) . a, where V) is the 3-dim gradient operator..

* The exterior derivative of a 4-dim 1-form field, ¢ = V A a, which is an antisymmetric covariant tensor of
rank 2. (In three dimensions, the exterior derivative of a covector is also a rank-2 covariant tensor whose
form is basis-independent; it is converted to a 3-vector with the Levi-Civita symbol.) The matrix form of the

components ¢, = 0,a, — 0,a,, with a’ = —a,; the components of a 3-vector a, is:
0 —(Octaz + Ozag)  —(0ctay + 9yag) —(0cra. + 0.ap)
Oty + Ozap 0 —(V®) x a), (VO x a),
Oetay +0yag (VP x a), 0 —(V® x a), ®:23)
Outa + 0,aq —(V(?’) X a)y (V(3) X a), 0

* The curl of a 2-form, or covariant antisymmetric tensor field T(x) of rank 2, V A T, is a covariant antisym-
metric tensor of rank 3, a 3-form. In index notation, its components are written as:

0Ty + 0,1, + 0,1, (8.24)

A (p+1)-form can always be constructed by taking the exterior derivative of a completely antisymmetric
covariant tensor (aka p-form), but when p is also the dimension of the space in which these objects live, the
result must vanish (WHY?). So, in four dimensions, only p-forms up to p = 4 can exist, with 4-forms being
of the form: f(x)€,,,x, in which the index structure is entirely carried by the Levi-Civita symbol.
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Among tensors formed from double partial derivatives, only the d’Alembertian is nontrivial: 0= 0,0" =

2 . . . .
0% — V®3)®, (Note that some authors use the notation [J? for the d’ Alembertian.) The classical wave equation for
a scalar wave propagating in vacuum at the speed of light is:

Of(x) = V-Vf = 9,0'f = (Cizaf—v@)Z) f=0 (8.25)

Its general solution has the form f(k-x), where k is called the wave 4-vector, with k° = w/c and k = (27/\)k, k
giving the direction of propagation; w is the angular frequency and A the wavelength of the wave. Then the phase
k-x = k,x" = wt — k - x, and consistency with the wave equation imposes k - k = 0, or (w/c)? — (27/\)? = 0,
which gives, as expected, ¢ = w/k.

It should be stressed that care must be exercised with the spatial derivatives if a non-Cartesian basis is used,
because of those pesky unit vectors or, equivalently, the metric coefficients that inevitably contribute when raising
indices of components, plus \/m factors that come from taking Hodge duals. It is safer to stick to Cartesian bases,
as we will do, especially when dealing with the d’ Alembertian of tensors of rank > 1, like O a*, or O TH".

What about identities on these objects? There is only one, but it is of utmost importance: the famous Poincaré
lemma, which says that the exterior derivative applied twice on any p-form vanishes identically, and of which
VxVf=0and V-V xa=0 are just two 3-dim examples. It follows that if the exterior derivative of a 1-form
is zero everywhere, this 1-form is the 4-gradient of some scalar field (assuming a simply connected space).

8.7 Relativistic Kinematics and Dynamics
8.7.1 4-velocity and 4-acceleration

Having introduced the spacetime position 4-vector, we seek to define a velocity that transforms the right way under
Lorentz transformations, ie. as a 4- vector. We could try U = dx/d¢, an object with four components. But because
dt does not transform as a Lorentz tensor, dx/dt is not a Lorentz tensor. If we could find a time that behaves as
a scalar in replacement of dt, we could construct a tensor. But we do have such a beast at hand: the proper time
dr = dt/~. So:

d
u- = (8.26)
dr
is a 4-vector. How is this 4-velocity related to the usual velocity dx/dt? We write in index notation:
dat dat da®
Ukt — — - _ = 8.27
> = q <7 dtﬁ“) 7 (¢, ) (8.27)

where u = dx/dt, and v = 1/4/1 — 32 with 3 = u/c. Note that the components of u must be multiplied by ~
to obtain the spatial components U7 of U! The 4-velocity transforms properly : U’* = A*,U", unlike u whose
transformation laws are much more complicated because of the d¢ in the denominator.

The covariant components of u are immediately obtained as: U, = (¢, —u), and its norm is U"U,, = c.

While we’re at it, we might as well construct the 4-acceleration I' = dU/d7. EXERCISE: Find the compo-
nents I'* in terms of u and a, where a = du/dt is the Newtonian 3-acceleration. Then also find the norm of I" in
terms of u and a, and show that U#T",, = 0 (hint: take the proper time derivative of the norm of U).

8.7.2 Energy-momentum four-vector (section J11.5)

Consider the object P = mU, where m is mass. Now P - P = m?U - U = (mc)?, so that we can take m to be
a Lorentz scalar and therefore P a Lorentz 4-vector. The spatial components P* = mU" are interpreted as the
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components of relativistic momentum: p = ymu, where u = dx/dt and v = 1/4/1 — 2. They go over to the
Newtonian definition of momentum in the nonrelativistic limit vy ~ 1.

What makes momentum so interesting a quantity is the fact that it is conserved in processes during which no
external force acts: the total momentum of an isolated system remains constant, ie. the same after and before the
process. This conservation law should obey the relativity principle. But Newtonian momentum does not satisfy
the Einstein relativity principle, only the Galilean one. This destroys its usefulness since conservation becomes
frame-dependent. By contrast, thanks to its tensor nature, the 4-momentum P is conserved whatever the Lorentz
frame in which we work. Moreover, since P is a 4-vector, we get a conservation law not only for relativistic
momentum p, but for the 0-component of P. For a process involving two bodies, we write this as:

(’71’1’)@162 + 72m262)initial - (’71’1’)@162 + 72m262)ﬁnal
We interpret ymc? = PCc as the total energy of a body. This explains why P is often called the energy-momentum
4-vector instead of 4-momentum. The contravariant components of P are thus P* = (E/c, p), and its covariant
components P, = (E/c,—p), where once again p is the relativistic 3-momentum ymu.

If E = ymc? is the total energy of a body, what kind of energies contribute to it? Notice first that for a body
at rest £ = Ey = mc?, which means that a body has energy merely by virtue of having a mass. Now:

1u? 1
E—FEy = (y—1me® — 1—|——u—2—|—...—1 me? = Zmu? (8.28)
y—1 2¢c 2
Thus, EF— Ey goes over to the Newtonian kinetic energy in the limit v /~ 1 and can be interpreted as the relativistic
kinetic energy. So we find that ' contains the rest-energy of a body and its kinetic energy, but not any potential
energy it may have as a result of sitting in some field.

Writing the norm of P explicitly in terms of energy and momentum yields a very important and useful relation
between E and p = ymu:
E? = (pc)? + (mc?)? (8.29)

It is also clear that we can regard -y as the total energy of a body in units of its rest-energy; the total energy
is often a better parameter of the motion than the velocity u, because of the complicated nonlinear dependence
of v on u. In real life—inasmuch as the word can apply to high-energy physics experiments at accelerators—all
particles move at speeds so close to the speed of light that speed is no longer a useful parameter; motion is usually
characterized by the energy of the particle.

Relativity allows the existence of particles with zero rest-energy (or zero mass), as long as they move at the
speed of light, such as the photon. In this case, the expression £ = ymc? does not hold since it gives 0/0,
but £2 = (pc)? + (mc?)? yields E = pc. Usually, it is the energy of the zero-mass particle which is known
experimentally, and one can then deduce its momentum via p = F'/c. Note that for zero-mass particles, p # ymu,
again because ym is indeterminate in that case.

There is another useful criterion for deciding whether an object’s motion is relativistic. If the energy quoted
is smaller than the rest-energy FEjy, it obviously refers to kinetic energy. If that is much smaller than Fy, the non-
relativistic approximation, ie. the usual Newtonian expressions for all quantities, may be used. If not, relativistic
expressions must be used, as also when the energy quoted is larger than Fj, in which case it should be specified
whether this is the total or kinetic energy.

If the energy given is much larger than E(, one can make the ultrarelativistic approximation which consists
in ignoring Fj, treating the particle as if it were massless. Then FE =~ pc. (Aside: when you calculate an energy,
it is quite permissible to make one of the two approximations if you suspect that it is justified. If your answer is
consistent with your approximation, you were right; if not, you must use the full relativistic expressions.)
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8.7.3 Relativistic dynamics

Having introduced the 4-acceleration T, it is but a short step to construct a 4-force, the Minkowski force K = mT'.
Let us take a closer look at its components:
du° 1 d(ymc?) 1dFE
KO — _ _ - _ 8.30
" c dr c dr (8.30)
KO therefore measures the proper rate at which energy is being transferred to or from the particle by a force acting
on it. Which force? Well:

; du’ dp’ dp’
KZ = = —= E—

" T A T T

So we can still use the usual definition of the force, F = dp/dt, but with p the relativistic 3-momentum: p =

ymu. So the K are not the components of F, although they are related to them: K* = yF*.

(8.31)

Next, work out the invariant K - U:

kU, = (37'5) 09 - 0F) o)

But we already know that K - U = 0 since I' - U = 0. Thus:

dE
dt
whose form is then Lorentz-invariant, although not manifestly so. Integrating both sides, we arrive at the work-

energy theorem AE = [ F-dl, the work done by F. The form of the theorem is the same as in Newtonian physics,
but with £ = ymc? and F = d(ymu)/dt.

The vanishing of K - U has another interesting consequence: it means that at least one component of K must
depend on U. Assuming that it is linear, the dependence should be written so as to satisfy the relativity principle.
The only possible form is K = A X - U, where X is a rank-2 tensor and ) is some Lorentz-invariant constant that
matches the units on both sides. In index notation, K* = A X*”U,,. By writing K - U in component notation, we
immediately show that since U is arbitrary, the symmetric part of X must vanish, and X is an antisymmetric rank-2
tensor.

The relativistic generalisation of the Newtonian expression F, = mu?/R for the centripetal force keeping a
body in uniform motion at speed u on a circular trajectory of radius R is Fr = ymu?/R.

Relativistic Electrodynamics

8.8 Current-density 4-vector

It seems appropriate to start with the source of the electric field, the charge density p = ng, where n is the number
density of particles all carrying charge q. If all of these move with a common velocity u, there is a current density
j = pu = nqu. Now, calling ng the proper number density (density in the rest-frame of the charges), we have
n = vyng from length contraction. Then, since it is an experimental fact that ¢ is a Lorentz invariant (see p. J554),
the object J with contravariant components:

J* = (pc,j) = noq(ye,yu) =ngqU" (8.33)

is postulated to be a 4-vector.

We also know that p and j satisfy a conservation law, called the continuity equation, d;p + V) . j = 0, which
does obey the relativity principle, but not manifestly so. Indeed:

V- = 9,J" = Oulpe) + VO . j =0
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We say that J is a conserved 4-current density (we often omit “density”...). Note that the word “conservation”
here does not refer to states before and after a process! The conservation of J, like all conservation laws taken in
that specific sense (continuity), is expressed in the 4-vector formalism by the vanishing of its 4-divergence, which
is a manifestly form-invariant statement.

8.9 4-vector Potential

Recall the Poisson equation for the electrostatic potential: V2® = —47p (in Gaussian units!). It is certainly not
manifestly form-invariant under Lorentz boosts, although it is under spatial rotations. Indeed, time derivatives
arise from the transformation of the Laplacian although one might think that “static” should be a Lorentz-invariant
property. Moreover, the charge density, p, which behaves as a scalar (a 3-tensor) under spatial rotations, becomes
in spacetime the 0 component of a 4-vector. This means that if, as we should, we write our theory in terms of
Lorentz tensors, the Poisson equation will be the 0" component of a more general tensor equation taken in the
static limit.

Rewrite the Poisson equation in the equivalent form V2® = —4mp = —47.J° /c. The spatial part of the tensor
equation of which the Poisson equation will be the 0" component should contain derivatives of a 3-vector potential,
A, and a right-hand side proportional to j. Therefore, define the 4-dim potential as a 1-form A with components
A, = (®, —A) (this is more natural than a vector).

The differential tensor equation we seek for A must have 4-vector character since its right-hand side is a 4-
vector (J). It must be linear in A so as to reduce correctly to the Poisson equation. And it must contain second-order
space and time derivatives. The most general equation which meets these criteria is:

V-VA + aV(V-A) + bA = dJ

where a, b, and d are constants to be determined. A possible constant in front of the first term can always be
absorbed in the other ones. In index notation:

0,0"A, + ad,(0"A,) + bA, = dJ,

Consider the static case: 9;A = 0. The O™ component (v = 0) of the tensor equation is —V?® +b® = d J°. Then
consistency with the Poisson equation imposes b = 0 and d = 47 /c.

[Aside: if b # 0, the solution of the resulting equation is ®(r) = e~*"/r in vacuum in the spherically-symmetric
case, where o> = —b. (EXERCISE: check this.) This is not the Coulomb potential, but the short-range potential
associated with a massive photon.]

Now take the divergence of the tensor equation to obtain:
a7
V.-V(V-A) +aV -V(V-A) = —V_.J
c
that is, (1 + ¢)O(V - A) = 0, since V - J = 0. Thus, conservation of J implies that a = —1. (If instead

O(V-A) =0, V- A would be sourceless; also, Ay would obey a wave equation; it can be shown that if Ag
propagates, this leads to unacceptable behaviour since Ay would propagate negative energy to infinity.)

We end up with:
4
V. VA - V(V-A) = %TJ (8.34)
or
AT
oMo, A, — 0,(0"A,) = ?Jy (8.35)

in terms of covariant components.
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8.10 Faraday-Maxwell Field Tensor and Maxwell’s Equations (section J11.9)

Since we can interchange the partial derivatives in the second term (in flat spacetime only!), we can write:

P(OuA — D) = T,

which becomes: 4
ME, = —J, (8.36)
c

(note the order of the indices!), or, if we define F = V A A:
4
V.F=-—"J (8.37)
c

Clearly, being constructed from 4-vectors, F is a 2-form (rank-2 covariant tensor) with components F),, = 0,4, —
0, Ay, so that F is antisymmetric. Its contravariant components are F Vi — _Fy;,and FY = F;.

Since F is the exterior derivative of a 1-form, ifs exterior derivative must be identically zero, by Poincaré’s
lemma: V A F = 0. In index notation:

0,F s + 0yFpy + 0uFyp = 0.

Now we must give a physical interpretation for F. As the first derivative of a potential, it is a field (in the
physical sense of the word) and should somehow contain the electric field. Since 4, = (®, 4;) = (®, —A*), we
have:

Foi = 0 — 940 = —(VOd + 9,4A) (8.38)

Seeing that this reduces to E in the static case, we identify the time-space components of F, Fy;, with E°.

The three other independent components of F, F;;, are equivalent to the components of the 3-dim curl of
A in eq. (8.23). The three non-zero independent space-space components of F then form a new 3-dim field
B = V©) x A which we call the magnetic induction field. The matrix form of the covariant and contravariant
components of the Faraday-Maxwell electromagnetic field tensor, F, reads:

o E. E, E. 0 -E, —E, —E,
-E, 0 -B, B E, 0 -B, B

F, = ’ °Y Frvo— |7 °Y (8.39)
-E, B. 0 -B, E, B. 0 -B,
~E, =B, B, 0 E. -B, B, 0

In three-dimensional space, EE and B are perfectly good -tensors (vectors); in spacetime, however, their true
nature is revealed: their components are together the components of a covariant, antisymmetric tensor of rank 2,
the electromagnetic Faraday-Maxwell field.

Let us now write the two equations for F, the source equation V - F = 47J/c, and V A F = 0, explicitly in
terms of time and space derivatives (3 + 1 formalism).

First:
‘ . 4
azEO — aiFZO — _ﬂ-JO
c
; 4
= OE' = %T pc
o VO . E = 4rmp Gauss (8.40)
and then, considering the spatial components of 9, F*" = 47” JV:
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. » 1 . » A .
BFY + OF = —Z9F1 + 9,k By, = = i
C C

1 4
—  VOxB- 9B - %j Ampere (8.41)

where we have used” F'/ = ¢7%B,,. These are the inhomogeneous Maxwell equations in 3 + 1 form (Gaussian
units!) .

The other equation, V A F = 0, is somewhat easier to handle if we first introduce the dual of F: %F. Now,
instead of this more standard notation, we shall put 7 = %*F in order to be consistent with the textbook. In index

notation: )
FH = e o (8.42)

where € is the skew-symmetric Levi-Civita 4-tensor of rank 4 (Cartesian coordinates!), with properties analogous to

those of the 3-dim Levi-Civita symbol and V123 — 1 1. Thus, F and its dual contain exactly the same information,

but rearranged: time-space components become space-space components (up to a sign), and vice-versa. Indeed:

. 1 ... 1 .. . )
]:'OZ = §€Oljk F’]k = iewk (8]Ak - akA]) = eljk 8]Ak = —BZ
Fi = 561305 Fo.p = i(elﬂo’f Fop + €90 Fg) = 9% fy = QU Ey, = €98 E, (8.43)

The advantage of JF is that because of the way it depends on the potentials, it satisfies a differential identity:

1

which is equivalent to V A F = 0 but is easier to expand into components (four instead of 64!):
0,FO =9,B" = v® .B = 0 Gauss (8.45)
. y 1 . y
HWFY + 0,F = — <E oB? + EﬂkazEk> =0

- V(3) xE + %@B

Il
o

Faraday (8.46)

These are the homogeneous Maxwell equations, again in Gaussian units. One may object that since they are
identities, it should be impossible to retrieve any information from them. But VA F = 0 (or V - F = 0) becomes
an identity only when one writes F in terms of the potential A. It does not contain any information about A, but if
one works only with the electromagnetic field, F, it can (and must) be used to solve for E and B.

In Lorentz-tensor form, Maxwell’s equations are then:

4
iy

V.F = V.F =0 (8.47)

or:
47
O F" = ~ JY O F" =0

Because F and F are both antisymmetric, the left-hand sides of Maxwell’s equations have identically vanishing
divergence: 0,0, F'"” = 0, from which 9,J" = 0, or V - J = 0. We see that Maxwell’s equations incorporate

"We will be consistent the unusual convention implied by eq. J11.139: €'?% =1, €123 = —1. We also have: eijkeflm = —_(_6jl5km —
6jm5_k_l) (note the overall minus sign that comes from Jackson’s choice 7;; = —1!). Other useful expressions: B* = —¢* k9, Ay =
—%E”ijk, and (V X B)Z = —E”kajBk.
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conservation of the source current as an identity on the field equations. This is a general feature of field theories
with conserved sources.

If one chooses to work with the electromagnetic potential A, there is but one Maxwell equation (instead of the
two for F), and we have already found it:

4
OA — V(V-A) = 2 (8.48)
c
Once A is known, F = V A A yields the electromagnetic field tensor.
By taking the curl of Maxwell’s equation (8.48) for A, we obtain, invoking the Poincaré lemma:
0 A7
D(VAA)—W:DF:—VAJ (8.49)
c
or: 4
m
OB = — (Opdy — 0udy)
which is a classical wave equation for F.
8.11 Lorentz Transformations of the Faraday Field Tensor (section J11.10)
Since F is a rank-2 tensor, its contravariant components transform as:
F'" = AP LAY g FOP (8.50)

We would like to multiply the three terms on the right hand-side in their matrix form. Before, though, this right-
hand side must be rewritten so that it looks like a product of matrices, ie. """ = A“aFO‘BAﬁ” , where ABV is

the transpose (rows and columns interchanged) of A” 3. In other words, F' = AFA. For a Lorentz boost in the
direction, this is fairly simple:
0 —-FE. —E?’J —FE!
E, 0 -B. B?’J
E, Bl 0 -B,
E, -B, B, 0

is equivalent to:

Yy =B 00 0 -E, -E, —FE, ¥y =8 00
-8 v 0 O0||E: 0 —-B, By -8 v 00
0 0 10 E, B, 0 -B; 0 0 10
0 0 01 E. -B, B, 0 0 0 01
This yields immediately:
EQ/ZV(Ey_ﬁBz) B;/:V(By‘i'ﬁEZ)
E. = v(E, + 8By) B, = v(B, — BEy) (8.51)

Here are the transformed electromagnetic components for a general Lorentz boost 3. They naturally split into
components longitudinal (||) and transverse (L) to the motion:

(8.52)
Bh = B, B, =B, -8 xE]|
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See also eq. (J11.149) for a very useful equivalent form. It is now clear that what we call electric or magnetic fields
are frame-dependent objects; the two transform into one another. Notice that, unlike 4-vectors, whose transverse
components are unaffected, the longitudinal components of rank-2 tensors do not change and the transverse ones
do. We immediately see that if one can transform to a frame where B’ = 0, the second line forces the boost to be
perpendicular to both B and E, and its magnitude to satisfy B =3 x E,ie., § = B/E < 1.

Indeed, whenever E or B vanish in some frame, the transformations are very simple and can be used to
solve problems which otherwise would be rather complicated. Take the electromagnetic field of a point-charge in
uniform motion. In the rest-frame of the charge, B’ = 0 and E' = ¢/r’ 2 Without loss of generality, put the charge
at the origin of its rest-frame S” and let S’ move along the z axis of S at speed v; locate the observation point P in
the /-y plane at (2, ¥/, 0) in the charge’s frame. Then the electric field has one longitudinal component, E’,, and
two transverse components, E?’J, and E’,. The electric components in S (lab-frame) are obtained from the ones in
S" via the Lorentz transformations, using Eyy = v (E}, + 8 B.)and E,» = v (E, — BBy,):

3 3 3
E, = E., = qi'/r Ey = yE, = vqy/r E, = vE, = vq¢ /1 (8.53)

These are the fields in the S frame expressed in terms of S’ coordinates. To complete the transformation, we must
also transform the coordinates of the point of observation P from S’ to S. Referring to fig. J11.8, but without
choosing any special location in the z = 0 plane (transverse to the direction of motion) for the observation point
P, we have \/y’2 + 27 = \/y2 + 22 =rsiney, and 2’ = y(x — Bet) = yry = —yr cos ), where r is the distance
from the charge’s present position to the observation point, and 1 is the angle between r = ri and the x axis.
Therefore:

P =2 4 y? 4+ 2% =P (72 cos? 1) + sin? w) = ~? r2(1 — 3% sin? w)

Combining everything gives the field in terms of the charge’s present position:

g 1 1 1
N q’yz (1 — B2sin24))3/2 12

n (8.54)

The electric field points away from the instantaneous position of the charge, ie. the point where it is at the time of
observation if it always moves at speed v. One could well ask what happened to causality here. Clearly, the field
registered at P at time ¢ must be the one generated by ¢ at time ¢ — /¢, the so-called retarded time (see chapter
6). The fact is that the direction of the field at time ¢ does not say that the charge must be at the point where the
field is pointing from at that time. If the charge changes direction or speed after t — r/c, the “news” of this won’t
be known at P until the resulting change in the field, propagating at the speed of light, reaches P.

We can gain further insight by writing eq. (8.53) as a function of time. For the sake of simplicity, we now
choose P to lie at (z,y) = (0,b), as in fig. J11.8). Then 2’ = —yut, v/ = b, 7> = b2 + (vt')2 = b2 + (yvt)?, and
there comes:

E(x) = T (—uti + bj) (8.55)

(b2 + v202t2) /
Plotted against vt, the transverse component £, looks like a pulse of width b/~, whereas the longitudinal compo-
nent F, is positive for ¢ < 0 and negative for ¢ > 0, and is appreciable also only for a time interval b/~. This

means that at high ~, only the transverse component is readily observable.

The magnetic field of the point-charge in the lab-frame is easily obtained from B = 3 x E:

q 1 B xn
B=2 (1— BZsin2 )32 12 (8.56)

With the geometry of fig. J11.8, this means that the only component of B is B, = SLE,,.

In the nonrelativistic limit, 3 < 1, this reduces to the Biot-Savart form:

vV X 1
B =1

8.57)
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It is easy to see that B is down by a factor S compared to F. Also, it is perpendicular both to the electric field and
to the direction of motion of the source charge.

In the ultrarelativistic case (v > 1), on the other hand, the electric and magnetic fields of a point-charge look
more and more like that of a pulse of linearly polarised radiation propagating in the = direction.

Electromagnetic invariants can be formed from the Maxwell field tensor and its dual; this is left as an EXER-
CISE (problem J11.14). The sign of these invariants tells us which of the electric or the magnetic components can
be transformed away by performing a Lorentz boost to some other frame.

8.12 Gauge Invariance of Maxwell’s Theory

The most important property of Maxwell’s equations—apart from manifestly obeying the Einstein relativity principle—
is their invariance under a completely different type of transformation.

Add to A the 4-gradient of an arbitrary scalar field f: A — A+ Vf, or A = V f. Then F is manifestly
invariant under this transformation: F — VA (A+Vf)=F+ V AV f =F, or §F = 0, since the 4-curl of a
4-gradient is identically zero.

On the other hand, Maxwell’s equation (8.48) for A changes by:
OWBA) — V(V-6A) =0(Vf) —V@Of) =0 (8.58)

We conclude that Maxwell’s theory, whether expressed in terms of fields or of potentials, is invariant under the
gauge transformation ) A = V f, where the gauge function f is an arbitrary, differentiable scalar function of
position and time. These transformations are now seen to lie at the origin of the arbitrariness in Maxwell’s theory
discussed in section 5.2.

This arbitrariness cancels out of F = V A A, but not of V - A which changes by O0f under a gauge
transformation. We can remove the arbitrariness by imposing so-called gauge conditions, of which there are many
in use. They can formally be shown, sometimes laboriously, to be accessible via some gauge function. Usually,
though, a gauge condition (or just gauge) is set directly, without exhibiting the gauge transformation that sends A
into something that satisfies the condition.

One very useful and popular gauge choice is the Lorenz gauge condition (do not confuse Lorenz with
Lorentz!), V - A = 0. It has the advantage of being fully consistent with Relativity—or Lorentz covariant.
Also, our 4-potential equation now assumes the simple form:

OA = %J (8.59)

as we found in chapter 5 of these notes, but this time in Gaussian units. Because it is one relation between the four
components of A, the Lorenz condition brings the number of independent degrees of freedom down to three.

It is important to note, however, that there is still some arbitrariness left, since V - A is invariant under a
restricted gauge transformation with any gauge function satisfying 0 f = 0. When all arbitrariness has been
removed (see example below), only two independent degrees of freedom are left, as expected.

Although it is possible to find formal wave solutions for A®, as in Griffiths’ book, for instance, we recall that
the propagation of A is an artefact the arbitrary Lorenz gauge choice. In fact, A° is really relevant only in static
solutions. Its real nature is revealed by working out the zero-component of eq. (8.48) without any gauge choice.
We see that the second-order time derivatives cancel out, so A? does not really satisfy a wave equation.

Working instead in the Coulomb gauge, V). A = 0, we have shown in our chapter 5 that A° and the
longitudinal component of A are not propagating degrees of freedom, leaving only two propagating (or dynamical)
degrees of freedom. The Coulomb gauge belongs to the class of so-called non-covariant gauges because it is not
form-invariant under Lorentz transformations. Consequently, it must be reimposed “by hand” every time one
changes frame. By contrast, the Lorenz condition belongs to the class of covariant gauge choices since it is
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manifestly form-invariant. This does not mean that non-covariant gauges must be shunned, simply that one should
use them only when Lorentz form-invariance is not important for what we’re doing.

Example 8.2. As noted above, it is possible to prove that Maxwell’s theory contains only two dynami-
cal degrees of freedom if one works with the Lorenz condition. First, consider plane-wave solutions to
OA = 0: A = ee*™, where e is a constant 4-vector not determined by the wave equation. Inserting
this back into the wave equation gives k - k = 0. We also have P = ik, which gives P - P = 0. So the
plane-wave solutions correspond to massless particles, called photons, travelling at the speed of light
with 4-momentum P.

Unlike the inhomogeneous solution of section 5.5, consistency of honogeneous solutions with V-A =
0 is not automatic. Imposing it leads to: k-A = 0. Taking the z axis along the direction of propagation,
this becomes koA + k. A, = 0, while k - k = 0 becomes kqk® + k2 = 0, or kg = £k, = k, so that
AY = +A4,.

Now, as pointed out above, imposing V - A = 0 does not completely remove the arbitrariness in
A. The gauge function f = fyek*, which satisfies 0f = 0, provides a further transformation that
removes what is left of the arbitrariness. Indeed, A, — (e, + ik fo)e!*™, and since fj is an arbitrary
constant, simply take fo = —ie,/k, which removes the longitudinal component of the transformed
A, as well as A° since AY = + A, still holds after this last gauge transformation. Again, only the two
transverse components of A survive. Here, we had to resort to actual solutions in order to establish
this, contrary to the reasoning in the Coulomb gauge.

More sophisticated methods to be discussed in the next chapter confirm, without fixing the gauge, that only
two of the four quantities (¥, A) can really propagate energy, in the sense that they—the transverse components
of A—are insensitive to any gauge transformation on A. By contrast, both ® and the longitudinal component of
A change under gauge transformations, so that any wave character they may possess with one choice of gauge can
be made to disappear with a different choice.

8.12.1 Are electromagnetic fields more fundamental than potentials?

In classical electromagnetism, the equation of motion for charges (aka the Lorentz force law) contains fields but
no potentials. In fact, there is nothing in classical electromagnetism that cannot be derived also from the fields.
Thus, for a long time after they were introduced, potentials were considered useful to simplify some calculations,
but non-physical. One very often quoted argument held that potentials could not be physical because, unlike the
fields, they were not gauge-invariant. But now we see from the IVP analysis of Maxwell’s theory that it is possible
to set consistent initial data for the transverse part of the vector potential, which could not be true if they were
gauge-variant

In a seminal paper published in 1959, Aharonov and Bohm' proposed experiments, one of which involved
two beams of electrons travelling on opposite sides of a very long, very thin solenoid. When a current flows in
the solenoid, the magnetic field outside is strictly zero, but there exists a vector potential A so as to match the
potential inside where there is a magnetic field B. The circulation § A - d1 around and outside the solenoid is
the flux [ B - dS of the interior field through the cross-sectional area of the solenoid. Classically, however, this
exterior vector potential cannot be observed: no field, so no Lorentz force.

The authors noted that electrons do not really obey the Lorentz force law (except in the classical limit), but
instead Schrodinger’s equation, which involves the potentials, not the fields. The wave-functions of the electrons
would interfere and switching the magnetic field on and off ought to perturb the interference pattern, even though
no force acted on the electrons. The effect that they (and others before) discussed was soon observed experimen-
tally. Interestingly enough, however, in the final section of the paper the authors are still a bit confused about the
gauge objection, since they think that it could be raised against them:

"http://link.aps.org/doi/10.1103/PhysRev.115.485.
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“ The main objection that could be raised against the above suggestion is grounded in the gauge
invariance of the theory. In other words, if the potentials are subject to the transformation A, —
A;L = A, + 0v/0x,, where 1 is a continuous scalar function, then all the known physical quantities
are left unchanged. As a result, the same physical behavior is obtained from any two potentials,
A, (z) and AL(m) related by the above transformation. This means that insofar as the potentials are
richer in properties than the fields, there is no way to reveal this additional richness. It was therefore
concluded that the potentials cannot have any meaning, except insofar as they are used mathematically,
to calculate the fields.”

They are reduced to say that the objection is wrong because counter-examples can be produced. In fact, § A-d1
is gauge-invariant because §(V f) - dl = 0. Since the transverse A is itself gauge-invariant, only the longitudinal
component Ay, varies, and it is really § Ay, - dl that is unaffected by gauge transformations. Moreover, the high
degree of symmetry makes knowledge of the curl sufficient to determine A everywhere in cylindrical coordinates:
Aou = (BR?/2p)é, and Ay, = (Bp/2)¢, where B is the magnitude of the field inside and R the radius of the
solenoid. The divergence of A vanishes everywhere, which ensures that A is transverse. This does not contradict
the fact that V x A = 0 outside the solenoid. For A to be pure longitudinal there, the curl must vanish everywhere
in a simply connected space, ie., a space where every closed loop in the space can be contracted to a point, which
is certainly not the case here for loops around the solenoid. What is important is that electrons in the quantum-
mechanical regime are described by a wave-function, with a phase that can be shown to depend on A. Phase
differences, of course, are responsible for interference, and when the beams go through a region of zero magnetic
field but non-zero potential on topologically distinct paths (paths which cannot deformed into one another while
leaving their ends fixed), A disturbs the interference pattern of the beams. (Strictly speaking, the word “path”
is not so appropriate, though: in quantum mechanics paths are not well-defined, and this why there can be an
interference effect.)

So we must conclude that electromagnetic potentials (or, more precisely, their transverse part) are physical,
and that they contain more information than fields. Only in the quantum-mechanical regime, however, can this
information be retrieved.

8.13 Duality Properties of Maxwell’s Theory (J6.11)

Let us form the complex combination of the Faraday 2-form field strength and its dual: § = F + iF. Likewise,
define the 3-dim complex vector field £ = E + iB. Therefore, the complexified Faraday 2-form has components:

0o & & &
—&, 0 & —i§,

Sw = |_e —ie. 0 e (8.60)
=&, i& & 0
Maxwell’s equations can then be written in a very compact way:
4

0,3 = % JY (8.61)

or, in 3 + 1 form: A
V.E = dnpe VXE —iOu€ = i—"je (8.62)

c

In this form, it is easy to see that, in vacuum, Maxwell’s equations are invariant under the duality rotation:
F— 93, E — %€ (8.63)

with ¢ any real constant. Choosing ¢ = /2 gives E — —B and B — E. This unsuspected symmetry
is the reason for the similarity between the electric and magnetic fields from sources with the same geometrical

configuration..
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When sources are put in, however, eq. (8.61) is no longer invariant under duality rotations. Invariance can only
be restored by including a magnetic charge density pn, and a magnetic current density jn, so that now:

4
V.E = 4np ng—iactgzi?ﬂj (8.64)

where now p = pe +1ipm and J = je + ijm. When both electric and magnetic sources are included, the duality
transformation with ¢ = 7/2 exchanges not only the fields, but also the electric and magnetic charges.

If instead one chooses tan ¢ = —py,/pe, the magnetic charge and current densities are transformed to zero,
and this, without changing the physical content of the theory! So, if all particles have the same universal ratio of
magnetic to electric charge, we may not be able to tell whether magnetic charge exists.

As Jackson points out in his section 6.11, if a magnetic charge g exists, one can define a magnetic fine-
structure constant oy, = (g/47)?/(kmhe) analogous to the electric one kee?/he =~ 1/137. Dirac has shown that
am =~ O(1/ae), which means that the magnetic coupling is very strong.

Now, in field theory, one often expands in powers of a small coupling constant, but this is impossible for
a large coupling constant like ayy,. The previous considerations suggest that electromagnetic duality is in fact a
weak-coupling/strong-coupling duality. There are theories such as quantum chromodynamics which have strong
couplings. It might be possible, using this idea of duality, to transform to a weak equivalent of the theory and infer
some information that remains valid in the strong-coupling regime. These ideas feature prominently in some of
the current research on Yang-Mills theories (QCD) and string theories, which have been discovered to be related to
each other by analogous duality transformations.

9 Dynamics of Charged Particles and Electromagnetic Fields

9.1 From the Minkowski Force to the Lorentz Force

We make use of the general expression derived earlier that relates the Minkowski force to the 4-velocity of a body
on which that force acts: K = AX - U, where X is some antisymmetric rank-2 tensor that contains the physics,
and A is a constant that normalises for the right units. In our case, one available antisymmetric rank-2 tensor is the
Faraday field tensor, F. This means that A\ must be equal to charge ¢/c for correct units. Therefore:

K = Pt = % U, ©.1)
where U, = (¢, —u). The spatial components of K are:
K' = %(F’O Up + FijUj) =q [Eiy — kB, (vuj/c)| = v F?
Then, with 3 = u/c, we can write the components F of the 3-force as:

F = ¢(E+ 8 xB) (9.2)

which is the Lorentz force equation. For a charge distribution, multiply K* = ¢ F**U, /c by the observer-frame
number density n = yng. The charge density is p = gn, and, with J = pU, nK is a force density with components
F*.J, /c.

As an EXERCISE, work out the meaning of the 0" component of the electromagnetic Minkowski-force equa-
tion.

Note: We have not really derived the equation of motion (9.1)! After all, F could also have been used. .. We
will now show that it can be obtained from a Lagrangian, using the principle of least action.
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9.2 Very Short Review of Classical Lagrangian Formalism

Consider a system with a finite number N of degrees of freedom, ¢"(¢) (1 < n < N). We assume that the
dynamics is described by the action integral:

tg
S = / L(q", ¢")dt 9.3)
t
where the functional L is called the Lagrangian of the system, and the velocities ¢" are taken to be independent
of the ¢". In other words, to any trajectory ¢"(t) in R™ that takes the initial value ¢* := ¢"(¢;) and the final value
qf = q"(tr), we associate the number S given by the integral.

Time evolution of the system is obtained from the principle of least action: classical trajectories ¢"(¢) are those
for which the action is stationary, that is, arbitrary small variations d¢"(t) lead to 0.5 = 0. When we have found
the trajectories that minimise S in that way, small deviations from these trajectories do not result in a change in .S.
Now, according to the calculus of variations, a variation of L(q", ¢™) is written as:

oL 0L

SL = = 6q, + —
In Iqn

0q summation over n
Oqn n ( )

where 8¢, = €fn(t) and 8¢, = efn(t), with € a small parameter and f,(t) arbitrary functions. Inserting into
0S = f 0 Ldt, € cancels out and there comes:

k1oL oL .}
/ti |:8Qn J Iin f

Integrating the second term by parts and setting f,,(¢;) = fn(tf) = 0 (to keep the end-points of the trajectories

fixed), we arrive at:
“TOL d 0L
- = dt = 0 9.5

/ti [aqn dt 8qn] I ©-5)
Since the f,, are arbitrary functions of time, the expression in the square bracket must itself vanish if it is continuous
in time, and we have the Euler-Lagrange equations of motion:

oL — dym, = 0 (9.6)

where the generalised momenta conjugate to g,,, 7,, = 9L/dq,,, have been introduced.

Now the total time-derivative in the Euler-Lagrange equations can be rewritten as:

] .. Om, . Om,
T = _— _—
n qm aqm qm aqm

This yields an interesting, more detailed form of the Euler-Lagrange equations:

. L L O On

94, -0, L =0 9.7)

qm
Because this is a system of second-order differential equations, people speak of it as the second-order formalism.
That the Hessian matrix 02 L/9q,,0¢,, = 07, /¢y, of L has non-zero determinant is a necesssary and sufficient
condition for the equations, and thus the accelerations, to be linearly independent. If the determinant vanishes,
we say that the system is singular, in the sense that the matrix is not invertible, and the velocities as functions of
the coordinates and the monenta are themselves not invertible. The system is also said to be constrained, because
there exist relations of the type ¢(q, w) = 0 that make manifest the fact that the momenta are not all independent,
In addition, §,, is not uniquely determined by the coordinates and velocities at any given time, and the solution to
the equations of motion contains arbitrary functions of time.

130



Lecture Notes on Graduate Electrodynamics 2020

Example 9.1. A simple example will help illustrate this. Consider the Lagrangian L = (¢ — §2)?/2,
with conjugate momenta 71 = ¢; —¢go2 and w2 = ¢o—¢1. The two momenta are not linearly independent
since m; + m2 = 0. As a result of this constraint, the whole velocity space ¢1-¢2 is mapped to the line
w9 = —m in momentum space. Each point accessible to the system in momentum space maps back
to a straight line defined by ¢o — ¢; = constant. At the level of the equations of motion, eq. (9.7)
contains only one independent equation: ¢o — §; = 0.

9.3 Motion of a Charged Particle in an Electromagnetic Field from a Covariant Lagrangian (sec-
tion J12.1)

We want a Lagrangian L that yields the equation of motion (9.1) and its 3-dim version, the Lorentz force law, eq.
(9.2), for a particle of mass m and charge q. It must be a Lorentz scalar built from available 4-vectors, in this case
the 4-potential A and the 4-veloocity U (dependence on the 4-position x would break translation invariance which
is the foundation of the conservation of energy and momentum).

Now Lagrangians are not unique: for instance, we will not use Jackson’s Lagrangian in eq. (J12.31). The
reason lies outside the scope of our treatment; let us just say that his L leads to a Hamiltonian (not introduced here)
that is not manifestly positive-definite. We take:

1 1

- _ 12 _2 v [ 18 824 Q v
L 2mU Uy cU A, 2m7]WUU —i—cU A, (9.8)

Remember that U*U,, = 2. But this constraint is not to be implemented at this stage, unless a Lagrange-multiplier

term is added to L: )
L=gmé - %U”A,, + MNUPUs — )

The covariant form of the Euler-Lagrange equations is: 0,L — d(0L/0U®) = 0, with d, = 0/0z®. Because
the kinetic term in L has no = dependence, only the electromagnetic term contributes:

0oL = %Uﬁ D0 As

On the other hand, the components of the conjugate momentum are:

9L m oL
- oU«

T

- _ (UryY 4 B A
277HZ,8UQ(UU)+C(5Q B

= %npy (5aMUV + U#éa’/) + %Aa
= mU, + %Aa 9.9)

With the definition for the 4-momentum of the particle, P = mU, we see that cmy = mUy + qAg = ymc?® + qAg
is its total energy, and that @ = p + A /c, justifying the often-used term “generalised momentum” .

Differentiating the conjugate momentum components with respect to proper time yields:

E <8UO‘> = d’rPOc + EdTm 85Aa = dTPOc + EU 85Aa

where we have used the chain rule in the first equality. From this we reconstruct the Euler-Lagrange equations:
d Py — (0,45 — 0544) = 0
c
which is indeed eq. (9.1).
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Neither our Lagrangian nor Jackson’s are manifestly gauge-invariant. Under a gauge transformation 6A = 9, f,
the Lagrangian changes by:
a4f

c dr

&:g@ﬁf:

(07
c dr

This extra term, however, does not change (EXERCISE) the Euler-Lagrange equations. Also, notice that eq. (9.1)
depends on the potential through the magic combination 0, A3 — 93 A, which is gauge-independent.

9.4 Some Solutions of the Equation of Motion for a Charged Particle

We consider solutions of eq. (9.1), K* = d.P*/m = (q/mc)F*U,, for various cases.

In section 8.7.3 the zeroth component of the Minkowski force on a particle was shown to be:

U’  1dE 4 dE

K'=m— =-—= =1
de c dr c dt

where E = ymc? is the energy of the particle. Now, using U; = —~u’, we have in the electromagnetic: K° =
v(q/ec)F%u; = v(g/c)u - E, where u is the 3-velocity of the particle, and we are left with:

dE

r = qu-E (9.10)

9.4.1 Uniform, static magnetic field (section J12.2)

Without any electric field, the energy of the particle does not change with time, and therefore neither does .

With the dot denoting differentiation with respect to observer time, the Lorentz force equation is:

F = ymu = TuxB
c

or
qB

= 9.11)
ymc

U= uxuw

Writing this equation of motion as ; = €;; Lu?wF, we see that it couples the velocity components to each other.
If we set the three coordinate axes so that the unit vector es is aligned with w, ie., with the magnetic field, the ud
component remains constantt, and the linear combinations u' + iu? obeys a decoupled equation:

de(u' 4+ iu?) = —i(u' 4 iu?) wy w =wges

which has as solution: ‘
u' +iu? = (up +iud)e s, (9.12)

Define the velocity transverse to the direction of the magnetic field: u, = u'e; + u?es. A cursory inspection
of the solution shows that u | is the constant length of a vector that rotates at angular velocity wg, as it remains
tangent to a circle of radius @ = u | /wg, called the radius of gyration. Write u{, = wgab’, with (b*)? + (b%)? = 1.
Choosing b! = 1, b? = 0, we obtain: u; = %[wBa(el - ieg)e_int}, which gives for the velocity:

u = vles + ?R[wBa(el — ieg)e_int] (9.13)

and for the position: _
x = u’tesz + Rlia(e; —ieg)e s (9.14)

This is a helix of radius a and pitch tan=!(ug/u ).
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9.4.2 Combined uniform, static electric and magnetic fields (section J12.3)

In the lab frame, a particle is moving at velocity u in static, uniform electric and magnetic fields. The problem can
be simplified by boosting to a frame in which one of the fields is zero, with eq. (8.52) given here for convenience:

Bh = By, Bl = 7B, — B xE]

where 3 is the boost (not the particle’s!) dimensionless velocity, There are two possibilities:

(1) E<B

Since B2 — E? is Lorentz-invariant, we can transform E away: E’ = 0. From the top line of equations it is clear
that 3 must be perpendicular to E (this is not a choice, contrary to what Jackson says). The transformations
on the right only involve B | ; the top one gives 3 x E; = 2B, which, when inserted in the bottom one,
leads to a weaker field in the transformed frame: B', = B /y or, since § = E| /B,

B/J_ - \/1 - E2/B2BJ_

At this point we can choose B to be (1) perpendicular to 3, which remains true in the transformed frame, and
(2) perpendicular to E. Then we can write Jackson’s expression (12.43):

ExB
P =5
In the transformed frame, then, the situation is identical to that discussed in the last section. In the observer
frame, the orbit of the particle does not close, even when its velocity has no component along the magnetic

field; instead, the orbit drifts in the boost direction, perpendicular to the plane of the crossed fields.

The crossed-fields arrangement also allows an interesting application, best understood from the Lorentz force
equation (9.2): when E = —3x B, where 3 is the dimensionless velocity of the particle, the net force vanishes
and there is no deflection. This occurs for a particle velocity 3 = (E x B)/B2, or 8 = E/B. Such a velocity
selector can then be used to remove from a beam all particles with a velocity different from 3 given above,
whatever their charge and mass.

(2) E>B

This time, we can transform to a frame where the magnetic field B’ = 0. The symmetry of the transfor-
mations (8.52), with a boost velocity 3 = (E x B)/E?, leads to a transformed electric field E' = E/y =

V1- B?/E°E.

If we align the z axis along the boost velocity and the y axis along the electric field, solving the equations of
motion (9.1) yields (EXERCISE) the trajectory:

/
y = o¢ <cosh T 1)
w YoBoc

where [ is the initial speed of the particle assumed to be at the origin at t = 0, and w := ¢F /mec.

9.4.3 Motion parallel to the magnetic flux lines — adiabatic invariants (section J12.5)

As our final example, we consider what happens to the component of the velocity parallel to the magnetic field
lines, u, when those field lines are not parallel to each other.
In classical mechanics, we learn that a periodic coordinate g; of a system gives rise to the action integral

Ji == ¢ m; dg;, where the integral is over a period of the motion, and 7; is the momentum conjugate to ¢;. If the
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system experiences changes in its physical parameters that are slow (adiabatic) on the scale set by the period, then
J; 1s a constant of the motion.

Now, in a uniform, static magnetic field B, we do have periodic motion transverse to the field. Inserting the
conjugate momenta found in eq. (9.9) leads to:

J = jéﬂl-dl = j{’ymuL'dl—F gjéA-dl
c

We choose the direction of integration to be counterclockwise as viewed in the direction of B.

The first integral on the right is simply:
omymwga’® = 24 B ra?
c

with, as before, u| = wga uniform. The second integral becomes the magnetic flux through the surface enclosed
by the circular orbit, with a minus sign coming from the normal to the surface being opposite to B, because of the
chosen direction of integration. Combining the two terms gives:

2
e
J = 4 Bra? = wvmwBaz _ TerL (9.15)
c q B
From these expressions we can say, equivalently, that the magnetic flux is invariant, or that pi /B is invariant, if B

deviates significantly from uniformity only over distances large with respect to the size of the orbit.

The energy of the particle remains constant since B does no work on it. At low speeds (u < c), with velocity
up = u, +uy atsome initial position, this translates into: ug = u% 1+ ug” = ui + uﬁ Also, v remains constant,

and the invariance of .J can be written as: u? /B = u2, /By

Now take B to be along the z axis, with its field lines becoming ever more pinched as z increases. If this
pinch effect is gradual enough over distance, invariance of the kinetic energy and of J can be combined, and there

comes:
w2 = o2 u2 B(z)

= Ug — UpgL
Il Bo

As the parallel component of u decreases, its transverse component increases; translational energy is converted
into rotational energy. From the point of view of flux conservation, as the field intemsity increases with z, the
radius of the particle’s orbits must decrease. Its trajectory is a spiral that tightens with distance along z. The
particle may even stop and be reflected. As shown on pp. J594-595, the same result can be obtained by expanding
the equations of motion to first order in the change in B.

(9.16)

This effect has been extensively used in plasma confinement and to construct magnetic traps.

9.5 Electromagnetic Field Lagrangian and Maxwell’s Equations (section J12.7)

Continuous fields can also be discussed in the context of the prnciple of least action, and Euler-Lagrange equations
derived for them. The action is still defined as S = [ Ld¢, but since each degree of freedom now depends
on position as well as on time, the basic object is a function, the Lagrangian density £, not only of the field
components ¢, but of the components 8u<;5i of their 4-gradient, which gives the Lagrangian:

L= [e. 06
i
A derivation completely analogous to that in section 9.2 yields the Euler-Lagrange equations for each field com-

ponent:
oL oL
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We require that £ be a Lorentz scalar invariant under spatial inversions, and we expect that it should contain
terms quadratic in the velocities, ie., in the derivatives of the 4-vector potential A. The only available object that
satisfies these criteria is F'*"F,,,, which is entirely constructed from velocities. A term proportional to A, A" is
also allowed, but since it corresponds to the photon being massive, we will leave it out in what follows — see
Jackson’s section 12.8 for a short discussion.

A coupling, or interaction, term containing the current density is also needed, and something proportional to
JH A, fits the purpose. Notice, however, that whereas the field term is manifestly gauge-invariant, the coupling
term is not. Indeed, under a transformation 6A = V f, 6(J*A,) = J"0,f. Yet integration by parts of the
gauge-induced term gives —(d,,J*) f, plus a total divergence which does not contribute when integrated. Then we
can think of f as a Lagrange multiplier that enforces the conservation law 9, J# = 0. Or we can decide to live
with an action that is not gauge-invariant, so long as gauge invariance holds “on-shell”, ie., at the level of the field

equations resulting from minimising the action. Our Lagrangian density is:
1 4
L= =7 FPFy - ZrA, (9.18)
c

In the so-called second-order formalism, the field term is rewritten (EXERCISE) as: (0 —n®n®*)(8,A,)(0a Ap).
Each term is symmetric under interchange of a pair of o5 indices with a a pA pair. Then we can immediately write:

oA aai ;= (NP — ) 6" 0 045 D, AN = DAY — OVAF = FI (9.19)
v
The resulting field equations are:
oL oL 4
— = o T0oqm
Oy <8(&,Au)> oA, o, FM" + c J 0 (9.20)

which is identical to eq. (8.36), as expected. Not only is the conservation law 0, J” = 0 implicit as an identity on
the field equations, but the equations are manifestly gauge-invariant.

The generalised-momentum components conjugate to A, are found simply by setting v = 0 in eq. (9.19):
T, = F Ho — Foy. Thus, m = Oandw =E=—A— V Ay, the electric field. Whereas the transformation from A
to 7 is invertible, that from Ag to 7 is not. There are only three non-zero momenta for the six field components,
so at most three degrees of freedom can propagate, and Ag will never be one of them, even when a mass term for
the photon is added to £. Because mg = 0, the determinant of the Hessian matrix of £ also vanishes, and there
is some arbitrariness in the time evolution. On the other hand, the vanishing of the Hessian yields a constraint
equation on the 7; which leaves us with the expected two propagating degrees of freedom.

To understand the role of Ay, it is instructive to express the field term in £ in 3+1 form:

1 1

glm BV xA] = J[xf — A VO < B] (9.21)
The last equality is up to a total divergence, which we ignore as usual. While Ampere’s law is easily retrieved as
an Euler-Lagrange equation, we may well wonder what happened to Gauss’s law. If it is does not turn up as a field

equation, what is it? To find out, we rewrite Lg1q in yet another equivalent form, suggested by Schwinger:

1 1
Liea = — D) [FW/ (auAV - aVAM) ) F/WFMV]

1
Lield = §(E2 - B?) =

where F and A are taken to be independent, that is, we do not assume that F = V A A; but the components of F
are still written in terms of EE and B as in eq. (8.39). Since only first-order derivatives are explicitly present, this is
known as the first-order formalism.

Already we can see that it is the variation with respect to F that will yield F = V A A. Specifically:

Lo = — FY (0A; — 0; Ag) — F9(0;A; — 0; A;) — %(E2 - B i<y

. 1
—E (-VA4) - A) —-B-VxA— 5(E2 — B?)
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Varying with respect to E and B does yield E = -V 4, — AandB =V x A.
Before varying with respect to A, we note that, up to total divergences, Lge|q 1S also:
. 1
Liew = A)V-E-E-A - A -VxB- 5(E2 — B?)

We recover Ampere’s law by varying with respect to A, but now we can see that Ag acts as a Lagrange multiplier
enforcing Gauss’s law, V- E = V -t = 0, which is revealed to be the constraint on the 7; momenta that we knew
must exist.

9.6 Energy-Momentum in Electromagnetism (section J12.10)

We are now ready to discuss energy in electromagnetism making use of the 4-vector formalism; this will lead to
a truly unified treatment and will simplify some derivations. Consider the manifestly symmetric rank-2 tensor T
with contravariant components:

1

1
T — o <F“pF”” + Zn“”FaﬁFa5> (9.22)

9.6.1 Explicit components of the electromagnetic energy-momentum tensor

Calculate T in terms of the electric and magnetic components of the Faraday tensor F.
The invariant F*? F,, 5 is already known to be —2(E? — B2). Therefore:

1 0 1 1 1
700 _ = |0 pi0 _ 2.00p2 _ p2y| — — |g?2 _ (g2 _ B2
Ar |1 R | = 1 5 )
1 2 2
= 3 (E* + B?) (9.23)
and 0 - Lpiopo - _ L piang, — i(ExB)i
A~ Y 4 k 4

Finally (see the note at the bottom of p. 114) in section 8.10):
4rTH = FYoF% + Fi FRI — %W’(Ez — B%)
= —E'F' + ¢ud*B'B,, + %5’7 (E? — B?)
— BB — (576™ — 66))B'B,, + %5%@2 ~ B

- _ (EEJ — %&‘JE?) - <BZ’BJ’ - %5”’32) (9.24)

9.6.2 Energy-momentum tensor and conservation laws

It is not at all obvious at this stage why T might be interesting. Its form is derived from Lagrangian and Hamil-
tonian field theory (see Jackson for a detailed discussion). Here, we shall discover its physical interpretation by
investigating one of its properties: we shall calculate its divergence, V - T:

1
A0, T = PP OuF", 4+ F1,0,F™ + 5 FOPY” Fog

We now proceed to show that the last two terms cancel each other. Subtract zero in the form of a term containing

V A F, thus:
1 1
F 0N FPY 4 %F/aﬁawkfﬁ — GFas @FT + O°F" + 0°F)
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The -last two terms.are equal, and their sum cancels the first term. Therefore:

1 1
0, T = EFW(‘)”FM, = F*rJ, (9.25)
where we have used the inhomogeneous first-order equation for F.

We recognise F'*.J,,/c as the components of the force density f = nK introduced at the end of section 9.1:

1 1 1

f=-F%), = —ZE'J, = -E-J
C C C
1 1. , 1 .. (9.26)
ff= EFZOJO + EFZka =FE'p + P (GZkJBj)Jk

Indeed, f = pE + J x B/c is the electromagnetic force density acting on the charges, ie. the rate of change
of mechanical momentum per unit volume (momentum density), d¢Pp,ccp, Of these particles. Moreover, u - f =
pu-E:J-E:ch,

Now, examine more closely f* 4 9, 7"¥ = 0 by splitting it into its component equations. First, ¢ f0 =
— T —c0; T, Define Upyyy = T and take ¢ T to be the components of a 3-vector S. Then, since ¢ f* = u-f,
we have:

ll'f:—atUﬁeld—V‘S
Integrate this over the volume of the source and use the divergence theorem to obtain:
d d
anech = — aWﬁeld — S-da (927)

surface

where we have defined Wyeg = [ Upeq d®2, and AW, /dt = [u-fd3z = [ J - E d3x is the rate of change of
the mechanical (kinetic, potential) energy of the whole charge distribution. Then:

d

&(Wﬁeld‘i‘wmech) = - jé S-da (9.28)

surface
Obviously, this is a statement of energy conservation which we recognise from eq. (5.31) as Poynting’s theo-
rem. Ugeq represents the energy density stored in the electromagnetic field, and S, the Poynting vector, is the flux
of this energy per unit time per unit area, ie. the electromagnetic energy flux density.

Turn now to the spatial components of f* + 9,T*” = 0. The force per unit volume acting on the charge
distribution (or mechanical momentum density of the distribution) has components:

fr=—0T% — 9;T = — = 0,8" — 9,1V
c
Integrate over the volume containing the charges, use the divergence theorem, and rearrange:

d g
E(Pmech + Pfied) = — f T"n;da (9.29)

surface

where P ech is the total mechanical momentum of the charges, and Pgoq = [ Pgeig 4>, With pgeg = S/c?). The
unit vector fi in the surface integral is perpendicular to the surface.

This is identical to the law of conservation of momentum, eq. (5.33), obtained in section 5.7.2, with T the
components of the Maxwell stress tensor.

Let us review what has been achieved. We have introduced an object, the energy-momentum tensor, T g4,
which contains all the information about the energy and momentum of the fields:
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 T% is the energy density stored in the fields.

 ¢T" are the components of the energy flux density, or Poynting vector S; 7% /c are the components of
momentum density, pfeid-

 T% corrrespond to momentum flux density, and —7"/ the stress (pressure or shear) exerted by the fields.

There is even more! f = —V - Tgeq controls how the field exchanges energy and momentum with matter.
In fact, starting with Tgeq, We can derive the force acting on matter. We can even think of f as the divergence
of a mechanical energy-momentum tensor, Tech, for matter itself. Then the tofal energy-momentum tensor,
T = Tenh + Theds obeys V - T = 0, which is the conservation law in differential form for the total energy-
momentum of the system, including matter and fields.

Another important point is that this discussion applies equally well to other fields that interact with matter. All
that is required is to know the relevant Tgeq. Its components will have exactly the same physical interpretation,
and V- T = 0 will yield the force exerted by that field on matter or, equivalently, conservation laws for the transfer
of energy and momentum between matter and fields.
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10 Electromagnetic Fields of, and Radiation from, Relativistic Point-charges

10.1 Potentials of a Point-Charge in Arbitrary Motion (section J14.1)

In section 8.11, we made clever use of the Lorentz transformations of the electromagnetic fields to find the fields of
a point-charge in uniform motion. Here we present a brief outline of a derivation of the electromagnetic potential
A and Faraday field tensor F for a point-charge ¢ in arbitrary motion, whose position in an inertial frame S is given
by r(t), and whose instantaneous 3-velocity in S is v(¢) = d;r. The charge’s position 4-vector x in S thus has
components (ct,r(t)), and its 4-velocity U has components U* = 7(c, v).

10.1.1 Lorentz form-invariant expression for the point-source

The charge density p and 3-current density j associated with the point charge are easily expressed as:
p(x,t) = q6@ (x —x(t)), it) = qv(t) 0¥ (x —x(t))

These, however, do not transform properly under Lorentz transformations. We know that they should be written
as the components of the 4-current density J written in terms of manifestly form-invariant objects. Jackson (eq.
J12.139) gives the following expression:

JH(x) = qc/dTU“(T) 5(4)(x—r(7')) (10.1)

where 6@ (x — r(7)) = §(ct — er)6® (x — x(7)) = (1/¢)8(t — 7)6®) (x — x(7)).

10.1.2 Lorentz form-invariant expressions for the Green functions of the d’Alembertian (section J12.11)

In section 5.4 we obtained the general Green functions (without specified boundary or initial conditions) for the
d’Alembertian operator involved in an equation of the type: OW(x,t) = 4m f(x,t). These Green functions,
which satisfy the defining equation: O, G(x, t;x',t') = §(x — x') §(t — t'), are:

1
Bx,t;x, ) = — 0t — [t
G (x,t;x,t) R ( (tF R/c))
where R = |x—x/|, and +/— correspond to retarded/advanced functions. In the 4-vector formalism, this becomes:

GH(x—x) = ﬁ@(i (v — x3)) 8(z0 — f, £ R) (10.2)

where the step-function 6 ensures that source time is earlier than observation time in the retarded case, and later in
the advanced case.

Our Green functions are not manifestly form-invariant under Lorentz transformations.. To make the form-
invariance manifest, note that x - x is invariant, and write:

5(Ax - Ax) = §[(Azp)® — R*] = §[(Azg — R)(Azo + R)]

Now we use the following identity (not given in the preamble) for the -function:

_ 9(y) _ Z 9y)
where f(y;) = 0. Without the integrals, this is equivalent to:
_ Z 9(y) o
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Now take g(y) = 1, y = Axg, and f(y) = (Azg — R)(Azg + R), which vanishes at Axy = £R. Then:
1
§(Ax - Ax) = SE [6(Azg — R) + 6(Azo + R)] (10.4)

leading to:
1
GH(x—x) = o 0( < (w0 — x0)) 6(Ax - Ax) (10.5)
0
It should be clear that the retarded Green functions must live on the light-come: Ax-Ax = 0, with the retarded one
restricted to the forward light-cone with respect to the source point. The step-function is now seen to be needed so

as to distinguish between x¢ > z{, and z( < x(,, which the invariant form of the § function no longer does. Also,
the ste-function is invariant when restricted by the ¢ function.

10.1.3 Lorentz form-invariant expression for the 4-potential (section J14.1)

The form-invariant inhomogeneous retarded solution of the wave equation for the Cartesian components of A takes
the form:

A,(x) = 4% d*a’ Gt (x — x') J,(x')

_py / dr / d'a’ §(Ax - Ax) 0(xo — ) 6@ (X — ¥(r)) Up(7)
_ / dr §(Ax - Ax) 0 — rO(7)) Uy (7) (10.6)

where now, because of the 4-dim d-function, Ax = x — r(7). Again, as expected, the only contribution to the
integral comes from the backward light-cone of x, at 7 = 7 defined by [x—r(79)] ? = (x—r(10)) - (x—r(10)) =0,
with 20 > r9(7p).

In the integral form of identity (10.3), puty = 7, f(y) = Ax- Ax, and g(y) = U, (7). Then, since:

d, [(x—r(T))-(x—r(T))] = 2(3:“ — r“(T)) d, (:E“ — T‘“(T)) = — 2(:@ — TM(T)) d,r#(r) = —2(3:“ — r“(T)) Uu(T)

eq. (10.6) becomes:
qUu(7)
U-(x—r(1))

which are called the manifestly form-invariant Liénard-Wiechert potentials of a point-charge in arbitrary motion.
with the light-cone condition [x — r(m)]2 =0, or (0 — 7‘0(7'0))2 = 2(t — 19)*> = R? and (2° — T’O(T(]))2 =
(x — I'(T(]))2 = R - R, the denominator can be rewritten (EXERCISE) as U - R = vcR(1 — 3 - i), where 11 is in
the direction from the source point at 7y to the observation point at retarded time, and R* = (R,R) = (R, Ri1).
With U,, = (¢, —v), the usual expressions for the Liénard-Wiechert potentials are recovered:

qB
R(1—-pB-1n)

A (x) = (10.7)

To

q

R ()

A(x,t) = (10.8)

where it is understood that the right-hand sides must be evaluated at retarded time.

Without doing the detailed calculation, it is not hard to see that when the vector potential is differentiated
with respect to time, the leading term will go like ,8 /R, so that the radiation fields is expected to depend on the
acceleration of the charge. If the charges does not accelerate, the leading dependence will go like 1/R? or 3/R?,
as we discovered in section 8.11, and there can be no radiation from the charge.
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10.2 Lorentz form-invariant Expressions for the Fields of a Point-Charge(section J14.1)

To derive the form-invariant fields, we find it convenient to differentiate eq. (10.6)—instead of eq. (10.7)—with
respect to the coordinates x of the observation point:

A, = 2g /dTU,,(T)H(xO—T (1)) 8,0 (Ax - Ax)

Another term with 8y0 (% —79(7)) = §(2° —r°(7)) vanishes since observation time cannot be the same as source
time.

Writing f = [x — r(7)] - [x — r(7)] to minimise clutter, the chain rule gives 9,0(f) = (df)~'d,8(f)9,f. In
the last section we already calculated d, f to be —2(x —r) - U. Also, d,,.f = 2(z® — r*)d",, and there comes:

Ty —T
9.6 = —_F B 44
M(f) (X—I’)U T(f)

Now insert this into our expression for 9, A, and integrate by parts, noting once again that the 7 derivative of the
step-function vanishes:

A, = 2q/d7'9(ac —7%(7)) 5(Ax - Ax) d,

Uy(zp —rp)
U (x—r(1))

Comparing with eq. (10.6) reveals that the two expressions have exactly the same form, with the potential replaced
by its derivative, and U, by the 7 derivative. Accordingly, we can make these same substitutions in the form-
invariant expression (10.7), and we arrive at an intermediate result for the components of the Faraday tensor:

U — (x=1),U,
U (x—r(1))

(10.9)

q (x—r
B = 0uy = O Ay = U (x—r(r)) & [

-
0

Incidentally, as a by-product of the above expression for 9, A,, we immediately confirm that A satisfies the Lorenz

condition 9, A* = 0, as we know it must from arguments in section 5.5.

There remains to evaluate the 7 derivative, for which we now use the dot notation, eg., d,U = U. We have:
dr(x—r)y, =-Uyandd,;[U-(x—r)] =U-(x—r) —U-U=U" (x—r) — ¢ Then:

—C

’]

Fon =

U-(x—r) a

q U+ (x— 1)U, + U, — (x—r), (x— 1)U, — (x—r),,U“][l'J-(x—r)
U (x—r) [U-(x—r)]2

As we did for the Liénard-Wiechert potential, we write x — r = R with contravariant components (R, R) so that
the components of the Faraday tensor may be expressed in terms of the distance 4-vector between the retarded
spacetime position of the charge and the observation point:

RU, - RU, (R, — RU)R-U
(U-R)2 (U-R)3

(10.10)

B = g2 [RMU,, - R,,UM}

(U-R)?

0 T

0

The first term has a 1/R? dependence, whereas the second one goes like 1/R. The first is velocity-dependent, the
second acceleration-dependent. We have obtained a (form-invariant!) decomposition of the field-tensor compo-
nents into near-fields and far-fields. As claimed before, the latter—the radiation fields—exist only when the charge
is accelerating. The near-fields have no acceleration dependence.

From our form-invariant equation for the Faraday components, we can calculate the electric and magnetic
fields.
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Example 10.1. Let us derive the electric near-field components for the point-charge:

near 0z

Ei _ near __ qC2 |:R0U2 - RZU0:|

(U-R)?

where Ry = R, R; = —R', Uy = ve, and U; = —yﬁic. Also, U - R was given in section 10.1.3 as:
~veR(1 — 11 - 3), with 3 the instantaneous velocity of the charge. Putting all this together yields:

q n-— g
v2R? (1 -n-B)3

Epewr = (10.11)

To

When (3 is constant, this is the whole electric field and should be identical to the result we derived
(with much less work!) in section 8.11 via a Lorentz transformation:
1 1 1

E=q— =
TR g 2

A

The expressions look somewhat different, especially since, in eq. (10.11), i points from the source
at retarded time and R is the distance between the charge and the point of observation, x, also at
retarded time, whereas in our previous result the unit vector and the distance referred to the position
of the charge at observation time.

Showing the equivalence is left as an EXERCISE. Here are the main milestones. First, write eq.
(10.11) as:

g R-pBR
VR (R-R-B)

Enear =

To

Then calculate the retarded time 7 as a function of observer time ¢, starting from the definition:
R=c(t—m) = |x—cBrl:

R N RS el

2

where z© = x - X, and 77 = ¢t — 3 - x. Then, again using the definitions of R and R, show that:

(R—-R-B)

=7 - T = VP (P )
To v

Next, expanding the argument of the square root, show that it can be written as 72 — 3272 + (3 -r)? =
r2 — B2%r?sin? 1), where r = x — Bct, the distance vector between the charge and the observer at
present time. Finally, evaluating the numerator in eq. (10.11) at retarded time, show that the result is
indeed what we obtained with the Lorentz transformation, with now i = r/r. Perhaps now you can

appreciate how useful the Lorentz transformation can be in the right circumstances!

We are much more interested in the far-field components of the electric field as given by eq. (10.10):

Rod:U; — Rid;Up  (RoU; — RiUp)R-d-U
(U-R)?2 (U-R)3

i far __
E far = foi — 4
-

We still have: U - R = y¢R(1 — 1a - 3). There only remains to calculate:
d:Ui = di(yeBi)dst = —e?[Bi + ¥*B:(B - B)]

d; Uy = de(ye)d it = 74CB-,5
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where we have used d,t = v and dyy = % = 33 - B. (Notation alert! The dot now denotes differentiation with
respect to observer time.) From this we find:

R-d,U = 7’[¥’RB-B-B R-~7*(B-R)(B-B)] = —1*R[B-2—~+*1-0a-8)B-B)]

Putting everything together, there comes:

Efar = - -

(10.12)

Which of the two expressions on the last line to use depends on ease of calculation.

As is always the case for far-fields, the magnetic induction field is given by B = fi x E, with fi evaluated at
retarded time.

10.3 Power Radiated by a Point-Charge (section J14.2)

Since the components of the Poynting vector are related to components of the energy-momentum tensor by S? =
cTY, we see from eq. (9.23) that in Gaussian units S = (¢/4m)E x B. Now in the radiation (far) zone By, =
n X Eg, and Ege X (A X Egy) = Etzarﬁ — Egy (1 - Egy). Using eq. (10.12) and keeping only 1/R? contributions
leaves us with:

.12
e & [ [(8 - B) x ]|
4T 4me R2(1—h-B)S
where the right-hand side is evaluated at retarded time, with fi pointing from the retarded position of the charge to
the observation point. Note that S - 11 is the energy per unit area per unit of observer time.

S-n =

The angular power distribution is:

.12
P, g A [@-8)x ]
dQ S-nRt = 4me (1-n-3)5 (10-13)

The energy per unit time (power) per unit solid angle detected at the point of observation is:

dE apr o
o4~ aq - IS ER

An often more relevant question is: how much power is emitted by the charge per unit of its time? We will need to
know the derivatives of ¢’ =t — R/c. First:

I _l / _ _L _W\2
Z?tt =1 Cat R-R=1 2R68t(x I‘)

. at/ I'/(t/) Z?tt/

1x—1r

— 14=
C
=1+0n -804t

where we have written R = vR - R to deal with the absolute value in R = |x — r’|. Solving for d;t' yields:

1
ot = ——— 10.14
e (10.14)
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There comes:
AR _ B B 4t _dP oo
dQ  dQd¢  dQdt d¢  dQ

where d P;/dQ2 is the power radiated per unit solid angle.

Instead of integrating eq. (10.13) for the observed angular power distribution, or even the radiated one, it is
easier to compute the power directly. This is a bit of a guess, and Jackson presents plausible arguments for such
a guess. The result should go over to the expression calculated from the non-relativistic approximation, to eq.
(10.13), which is not too hard to integrate.

We will take as our relativistic expression for the power:

2 ¢ 2 ¢ 1 /dE\? 2
p=:12 _qprqp =1 [_—<d > +<dp> (10.15)

3m2c3 T 3 m2c3 c2 \ dr dr

where P is the energy-momentum 4-vector. This would mean that power is a relativistic invariant, which can
actually be proved independently. Now, with dt = vd7 and E = ymc?:

1 .
d,E = m?d,y = -mc®dy? = me2 41 (8- B)

2
and
d,p = mcy* B + mey* B(8-B)
Then (EXERCISE):
—(d:E/¢)’ + (drp)* = m*A° [B2 — (B x B)?]
2 2
p — 2%76 [52 — (B XB')2] _ %%76 [ﬂﬁ + %ﬂi] (10.16)

where BH and ,8 | are the components of the acceleration parallel and transverse to the velocity, respectively. The
left equality is known as Liénard’s formula, and it reduces to the correct nonrelativistic expression, as it should.
It might be tempting to conclude that acceleration in the same direction as velocity results in 42 more power being
radiated than with transverse acceleration. But this conclusion is a little hasty! In particle accelerators, for instance,
the centripetal acceleration B | is determined by the velocity and does not change the energy, whereas BH is linked
to the rate at which the energy changes, so to the power applied to the charge to increase its energy.

To see how to think about this the useful way, we must rewrite the collinear term. In the parallel direction, the
above expression for d,p becomes mecy?3(1 4+ 728%) = mey*B.

The collinear power contribution to eq. (10.16) becomes the relativistic version of the Larmor formula:

2 2 2
I 2 q 1 2 ¢
Paa = 3503 <;dTP> = 3mzaP (10.17)

where p is the relativistic momentum of the charge at retarded time. Since p = ymcf3, and E = ymc?, then
p = d(EB) which can be written as p = [d,(E3). This is especially useful in the case of ultrarelativistic
motion, for then p ~ d,F. We obtain an expression for the power radiated away in terms of the change in the

energy per unit length of the charge:
Pl 2 ¢ dE\?
ad 323\ de

But dF/dz results from the application of an external force on the charge. The power P1|x|1 fed in by this force is
P, =dF = Bcd E =~ cd, E, and we find the useful ratio:

pl

rad __

2 ¢?/mc? dE
P, 3 me dx

(10.18)
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This ratio is of order 1 if the external force can impart an energy mc? over a distance ¢?/mc?. That would mean

a force capable of increasing an electron’s energy by about 10° TeV/m, vastly beyond what is possible now and in
the foreseeable future. Therefore, radiation losses are completely negligible in linear electron accelerators. And
they are even more negligible when accelerating protons which are 2 000 times more massive.

Is the situation different for a charge moving in a circular orbit of radius r¢? Let us ignore any acceleration
due to the driving force and focus on the centripetal acceleration. Here we can use the Liénard formula as is, and
there comes:

2 ¢?

2
3 (0B

. 2
m 3 7

where we have used the relation between centripetal acceleration and speed: ﬁ = B%¢/ro. The energy radiated per
revolution is:
21 4 ¢* v g3

AE = Wprad =

3 ro

In ultrarelativistic motion:
4 ¢?y* A ¢ E*
3 1m0 3 (meA)* g

A useful numerical version of this result for electrons and positrons is:

AEwrad ~

5 E4[GeV]
To

AFE,q[MeV] = 8.85 x 10~

At the Large Electron-Positron (LEP) accelerator, the CERN machine of radius 5.5 km which collided electrons with
positrons at 100 GeV until the end of the second millennium, 1.6 GeV was lost to radiation for each revolution,
and therefore would have had to be fed in just to keep the beam circulating at 100 GeV! Clearly, linear accelerators
are immensely less wasteful than circular ones for electrons or positrons. At the Large Hadron Collider, where
protons are now accelerated to 7 TeV in the same tunnel where LEP operated, A FE;,q is a much more reasonable
(if still non negligible!) 3keV per revolution. That inverse fourth power of the mass works in favour of protons in
circular accelerators.

Finally, for arbitrary motion, the radiation is a superposition of contributions from a and a; . When comparing
the two, the Liénard formula gives a misleading impression. Instead, as we did in the collinear case, ask what is
the power emitted for a given input from an external force. In circular motion, the power emitted is:

_ 2 @ 5.2
3 m2c3

The factor p? depends on the external force; thus, for the same external force, the power radiated by the perpen-
dicular contribution is 72 larger than the power radiated by the collinear contribution, eq. (10.17), which can then
be ignored in the ultrarelativistic regime. We conclude that in ultrarelativistic motion, the power emitted by an
accelerated charged particle is the same as if the particle were moving (instantaneously!) at constant speed on a
circular trajectory.
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