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1 MODULE 1 — TENSORS AND EXTERIOR CALCULUS ON MANIFOLDS

This module starts by emphasising a view of vectors as objects that can be discussed without explicit reference
to a basis (or cobasis), as is implicit in the elementary notation u, or @. An alternative description in terms of
components in a so-called cobasis, or dual basis will be introduced and its meaning explored. Our powerful
geometric approach will then allow a conceptually simple generalisation of vectors to tensors. While everyone
agrees that vectors are indispensable to the mathematical description of many physical quantities, the equally great
importance of tensors is not always fully appreciated. For example, it is difficult to understand electromagnetism if
one insists on regarding the electric and magnetic fields as just two vector fields connected by Maxwell equations,
instead of the six non-zero components of the rank-2, antisymmetric Faraday tensor’, or 2-form, F. The need to
describe how vectors and p-forms change in time and space will lead to the exterior derivative, of which gradient,
divergence and curl are but special cases. We will also see that differential p-forms in fact are the only objects
that can be meaningfully integrated. The concise language of p-forms can illuminate many other areas of physics,
such as mechanics, thermodynamics, general relativity and quantum field theory.

1.1 Vector Spaces and Linear Mappings

1.1.1 Vector spaces in a nutshell

Definition 1.1. A vector space )V over a field [F is a (possibly infinite) set of objects on which an
operation called addition and another called s-multiplication (multiplication by a scalar) are defined,
and which is is closed under these operations. That is, any two elements u and v of V satisfy:

(a+b)(u+v) = (au+av +bu+bv) € V

Ya, b € TF; in what follows, F = R. This addition operation is commutative and associative; it can
be composed with an inverse, the result being the zero element. As for s-multiplication, it obeys:
(ab)u = a (bu). We will call (informally) elements of a vector space vectors, keepng in mind that
deciding whether an object is a vector can only be done by reference to the vector space of which it is
an element.

Example 1.1. R", the set of all ordered n-tuples of real numbers, with addition defined as adding
entries with the same place in the n-tuple, and s-multiplication by A defined as multiplying each entry
by A, is perhaps the best-known and most important vector space.

Let V and W be two vector spaces that share the same field of scalars. We shall be interested in the set of all
linear mappings, Hom (V, W) := {T : V — W}, such that, V'T; € Hom (V, W):

(CLTZ‘—FT]')(V) = CLTZ(V) + TJ(V)

where the operations on the left are defined in Hom (V, W), and those on the right on WW. Henceforth, we will use
the notation £(V, W) instead of Hom for our space of linear mappings. Of course, one can define linear mappings
on £ (V, W), ie., we can compose linear mappings, and the composition of two linear maps is itself a linear map.

1.2 Where Do Vectors Live?

From what we emphasised above, the answer has to be: in a vector space! Therefore, we should learn how to
identify (or construct) such vector spaces. This is anything but trivial: in what follows, we shall see that such a
familiar space as spacetime cannot be endowed with a vecfor-space structure.

"These notes generally follow the conventions set by the ISO (International Standards Organisation) for mathematical typography, with
one important exception: as in BF, vectors and tensors are in bold upright (u) instead of bold italic font (w). Sans-serif fonts denote
matrices, eg. M.

5
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1.2.1 Manifolds and coordinates

Definition 1.2. Let M be a set of elements, or “points”, with a so-called topology that introduces the
notion of open balls (or neighbourhoods) around points, in turn allowing a definition of continuity.
If

* M can be entirely covered by a union U of possibly overlapping open (without boundary) subsets
Ui, Us, etc., (as given by the topology), each mapped in a one-to-one way to an open subset of
R" by a coordinate map: = : U; — R",y : U; — R", etc.;

* each coordinate map is differentiable, in the sense that a neighbourhood around any point P in
M, which we know must exist by virtue of the topology, is mapped to a neighbourhood of the
image via z of P in R";

* when there is an overlapping region U; N U; in M, only coordinate maps for which the transition
map (aka coordinate transformation) y o R —=U;NU i — R between them is (once)
differentiable are allowed;

then we say that M is a differentiable manifold, usually abbreviated to just manifold. The minimum
number n of parameters—each amap 2 : U — R (i = 1,. .., n)—that uniquely specify every point
in an open subset is the dimension of the manifold. Real differentiable (C' 1) manifolds can be shown
to be smooth, ie., C'*°.

Each open subset (itself a manifold) together with its coordinate map is called a coordinate chart,
(U;, x), or local coordinate system, on M. Any collection of coordinate charts that covers the whole
of M is called an atlas.

Example 1.2. * R™ can be promoted to a manifold; it is mapped into iself and can be covered with just one
coordinate chart, Cartesian coordinates, or standard (natural) coordinates. Other charts are of course
possible, eg. polar coordinates on R?, but then more than one may be needed to cover the manifold.

* A conical surface, even a semi-infinite one, can never be a manifold because of its tip.

* A vector space V can be made into a manifold that can be covered with one chart (), ®), where & maps
elements of V to their components in R™ in that basis. Conversely, however, a manifold is not in general
a vector space! Considering the manifold of points on Earth’s surface, there is no meaning to adding the
position of Toronto to that of London.

* Even though R” can be endowed with a manifold structure, a unit ball in R", defined in Cartesian coordinates
by > mf < 1, is not a manifold because it has an edge on which it is not differentiable. The open unit ball,

n
> aclz < 1, is a manifold. So is the unit sphere, S™, defined by Z w? = 1 and embedded in R™t1,

Let us look at S', the unit circle in the plane R?, and S?, the 2-dim sphere in R3. These are the archetypal
examples of (closed) curves in R? and (closed) surfaces in R3.

S being a 1-dim manifold, we wish to build an atlas for it. One way of doing this is with two open patches,
y = ++v/1 — 22 with the two points at x = +1 excluded (why?), and the +/— sign corresponding to the
submanifold in the upper/lower half-plane. Then each point of any of the two submanifolds is in one-to-one
correspondence with some = € R, with 2 < 1. To cover all of S', we can then repeat the procedure with two
submanifolds in correspondence with z > 0 and = < 0, and an atlas with four charts has been constructed.

ST also has another local coordinate, @, related to x by the multi-valued coordinate transformation: ¢ =
tan~!(y/x) = tan"!(y/1/22 — 1). To avoid a given point being in correspondence with more than one
value of 6, the interval mapped to in R must be [0, 27).

Similarly, an atlas can be constructed for S? out of patches corresponding to, first, z > 0 and z < 0 (leaving
out the circle z = 0), then y > 0 and y < 0 (leaving out the points corresponding to (y = 0,z = 0),

6
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and finally z > 0 and 2 < 0. Each point in each patch can be mapped unambiguously to R?, and there
exist functions f(u,v) which map (z,y), (z,2) or (y,2) into coordinates u and +v/1 — u? — v?, both
differentiable functions provided that u? 4 v? < 1, which is always the case in any given patch.

On S? we could also use the local spherical coordinates § = cos™! z and ¢ = tan~!(y/x). The region of
R? mapped to is (0, 7) and [0, 27], with the poles removed. This time, the problem comes from a failure of
1-to-1 correspondence at § = 0 and § = 7: for each of these the value of ¢ is undetermined. More patches
are needed to cover S2.

Notice that we have looked at S* and S? as being embedded, or immersed, in a higher-dimensional manifold,
R? and R3. Whitney’s embedding theorems guarantee that any smooth M™ is a smooth submanifold of
R™>2"; there are stronger results in important restricted cases. Embedding curves and surfaces in, eg., R? is
great for visualisation purposes, but we are really interested in the intrinsic properties of a manifold which
should be independent of whatever higher-dimensional manifold in which it may or may not be immersed.

Beyond the technicalities, it is enough almost all the time to view a manifold as a set which can be parametrised
in a smooth way.

1.2.2 Curves, directional derivatives and vectors

The naive notion of a vector as a straight arrow from one point to another in R™ cannot be extended to arbitrary
manifolds M, on which straightness will in general have no well-defined meaning (think of straight arrows on a
sphere). As noted before, manifolds are not vector spaces; so where do vectors that we want to attach to a point in
M actually live? And is it possible to think of a vector as a local object that involves only that point, in a way that
is independent of any coordinate chart?

Definition 1.3. A curve I on a manifold M is a mapping, at least C'! (no kinks!), that sends each
value of a real parameter A to a unique point P in M. More succintly, I' : R — M. In effect, A is
a coordinate on I', but note the direction of the mapping that, following tradition, is opposite the one
used in definition 1.2. The curve at P is given by I'(\) = P.

Definition 1.4. Now introduce the vector space, C*°(M) = {f : M — R}, of all smooth,
real-valued functions f that map a point in M, such that:

(f+9)(P) = f(P)+49(P) V[ geC®(M) (@f)(P) = af(P) aeR (LD

where the addition and s-multiplication on the left-hand side of the equations are operations on
C°(M), while those on the right-hand side are on R. We also have the composition: f o T’
R M ?]R. Thus, f oI could be called f(\), with A € R.

Definition 1.5. Let I' be a curve parametrised by a coordinate A. The velocity at a point P with
coordinate g on this curve, is the linear map v py : € (M) — R, defined as:

ver(f) = d(feD)|,, (= df],) (12)

where we use the notation d as short-hand for d/d\.

It should be clear that such a curve is only one of an infinite number containing P that have their own
velocity at P. Indeed, we could parametrise another curve © and write: weo(f) = d) f at A1, where
©(\1) = P. We say that the velocities are tangent to the manifold at P.

Now, if we are willing to view the curve as part of an open subset U C M parametrised by coordinate functions
denoted collectively by x : U — R", where x describe what the curve “looks like” in U, we can derive an
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alternate expression for the velocity’s action on f € C™. Inserting the identity map into the defining equation for
v(r,p)(f), we obtain:

Vi (f) = d(foD)],, = d[(fea)o(zol)],

= Y[ o, (2t o)

v

. (1.3)

where the index v in the chain rule runs over the number of parameters (or local coordinates) that specify each
point in U. The parametrisation of the curve in U can be written as a binary map from R to R": (z o I")(\) (or, if
one wishes, z(\)).

This coordinate-dependent expression contains unexpected information. Taking f = x*, we can write d (2" o
I |0 = dya¥ |0. And we may suspect that the second factor has something to do with the partial derivative of f.
Indeed, f acts on U, not R, without any reference to a local coordinate system on U. In order to have a calculable
derivative, we take a detour via R": U — R" f;  R. Since f o z~! maps R” to R, its usual derivatives can

be calculated and behave for practical purposes like the standard O, f(x*)., that is: Oyv f ‘P = O,(fox™h) ‘P‘
Although we don’t always write the dependence of f on x explicitly, here it is essential.
Having made this technical point, we discard the arbitrary function f and write the velocity vector as:

V(F,P) = ZdAl‘V‘O (3,,)7> (14)

We will interpret this important result a little later, after we have constructed the space where v r- ) lives.

1.2.3 The tangent space of a manifold

Definition 1.6. The tangent space 7, to a manifold M"™ — even though M™" itself is not a vector
space! — atapoint P € M™", is a set that can be equipped with a vector-space structure, consisting of
all the velocity vectors v, tangent to M™ at P, In fact, all vectors defined on M™ at P live in 75, not
in M"™. Ty is always of finite dimension. If M™ is viewed as embedded in RN (N > n), Tp = R™.

The set of all points in a manifold, together with their tangent spaces, is called the tangent bundle of
the manifold.

This definition rests on a very bold assertion, namely, that the velocities as defined above (definition 1.5) are in
fact vectors. It is instructive to prove it, that is, to show that 7 can indeed be made into a vector space. First, let
us specify what is meant by addition and s-multiplication on 7.

Definition 1.7. The addition operation on 7, is a map, 7» + T, — L(C*(M),R), such that,
V f € C*°(M) and any two curves (I', ©) € M intersecting at P € M:

Ve + Vo)) = vou(f) + vern(f)

Again, the addition operation on the left is between mappings, whereas that on the right is on R. As
for s-multiplication, it is a map, R x 7, — L(C*°(M),R), such that, Va € R:

(a - viem)(f) = avie ) (f)

The question now is: do these operations close? In other words, can we find some curve © € M such that:

a * V(rp) = V(e,p), and perhaps another curve X € M such that: v(r ) + V(g p) = V(x,p)?
To construct such a curve for s-multiplication, we first redefine the parameter of the curve I' as the linear
function, p : R — R, of \: p = aX + Ao, with A now the parameter of a curve © such that O(\) = I'(u)
8
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Therefore, ©(0) = I'(A\g) = P. As in definition 1.3 we can write: I'(z) = I o (). Insert this information into
the expression for the velocity for © at P:

V(@,P)(f) = d)\(fo@)|)\:0 = d)\(forolu)‘)\:o
= du(fo P)‘M(A:O):Ao dtfyzg
= avr, P)(f)

Therefore, we have found a curve © such that the operation a - v(r 5 gives the velocity for that curve at P.

Up to now, in our discussion of tangent spaces, we have not needed any reference to coordinate charts. Unfor-
tunately, when it comes to proving that addition of two velocities in 75 gives a velocity in 75, we cannot add the
curve mappings directly since this has no meaning. Instead, as was done in the previous section, assume that both
curves I and © are in some open subset U C M parametrised by coordinate functions . Let I' and © go through
point P at values \; and Ao ot their respective parameter. Then construct a curve Y. parametrised in U by:

(xoX)(A) = (xo )M +A) + (z0O)( A2+ A) — (zoT)(\)

Although there might appear to be an obvious cancellation in this expression, it is not allowed because the coor-
dinate functions are not linear and thus do not distribute over the additions in R™ in the arguments on the right.
At \ = 0, however, the cancellation does occur, leaving ¥;(0) = ©(\2) = P, so that our curve X, runs through
point P at A = 0.
We also need the derivative of the v*® x coordinate of the curve ¥, evaluated at P:
da(@ 0 D)y = da[(@ o D) +4) + (@ 0 ©) (Ao +4) — @ o D)N)]|
= d)\1+>\(:L'V o F)‘Al d)\(/\l + /\)‘0 + d)\2+)\(ﬂjy o @)|>\2 d)\(/\g + /\)‘0
= dy (@ oD)]y, + dyea(a” 0 0)|, (1.5)

Now go back to ou expression (1.3) for the velocity in coordinates x. The first factor on the right has been evaluated
in eq. (1.5) and, running the chain of equalities in eq. (1.3) backward, there comes:

ver () = D [[0u(F 0] gy @ o D), | + D [[0u(F 027 )]

v v

N @)\AJ

-1 -1
= d,\[(fozn )O(l’OF)H)\l + d,\[(fozn )O(:EOQ)H)\2
= v, (f) + vier(f)
Thus, adding the velocities for two curves meeting at some point yields the velocity for some other curve in-
tersecting the others at that same point, and the tangent space of a curve at a point can indeed support a vector
space structure! Do note that the result does not depend on whatever coordinate chart we might have used in the
intermediate steps of the proof.

1.2.4 Vectors: components and bases

There still remains to interpret eq. (1.4). To do this, we need first to introduce a different perspective on vectors,
one that does make reference to local coordinate systems.

Definition 1.8. If any v € V can be written as a linear combination":

v = g vYe, = v e, Einstein’s convention : summation over repeated indices implied!
(0%

(1.6)

"Infinite linear combinations (series) require extra topological structure on V so as to allow the notion of convergence.
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of a set {e,, € V}, then that set is said to span, or to be a set of generators of, V.

If, furthermore, this set is linearly independent, in the sense that demanding that v = 0 forces all
coefficients v® in eq. (1.6) to vanish, then it is a basis of V. The number n of vectors in the largest
linearly independent set defines the dimension of V, and we often write V™. Conversely, the number
of elements of every basis of V" is the dimension of V™.

The (real, and unique!) coefficients v“ in eq. (1.6) are called the components of the vector v in this
basis. This one-to-one correspondence between V™ and V" can be represented by a n x 1 matrix:

L Warning! v and its components are different beasts and

v2 should never be confused. Byron and Fuller (BF) do not
v — v make this distinction clear enough. Also, always remember
that the index on e, identifies the vector, not a component
™ of the vector.
Example 1.3. The standard, or natural, basis R” is the set {e,} (& = 1, 2, ..., n), where each

n-tuple labelled by a value of a has 1 in the o*® position and 0 in all other positions.

Now we can intrepret eq. (1.4). Acting on a function f at point P : V(Rp)(f) = d,\x”|0 8V(f)|7), we
notice that it looks like the directional derivative of f in the direction of v, which in basic calculus is written
Oy f == v - V f. This motivates us to identify any tangent vector t € T, with the directional derivative at P in the
direction of t. Thus:

Definition 1.9. Given an arbitrary differentiable function f on a manifold M", parametrised by a
local coordinate system by f(z! ..., z™), then the action of a vector v on f at a point P is defined as:

6|, = o = af| (17)

where the components t¥ = t(z") = d>\3:”|0.
It is natural to think of 8, in eq. (1.4) as basis vectors for the tangent space of M at P. But are they linearly
independent? Take f = xV, the coordinate functions for U; then a* 8. z" |P = a*0, (2" o x_1)|p = atd,” = a”,
where a” € R. If a#Opnx” p» =0, a” = 0, which shows that the 0, do form a basis of the tangent space. Thus:

Definition 1.10. The tangent space Tp to a manifold M™, at a point P € M™, admits a basis {9, |P}
(v = 1,...,n) called the coordinate (aka chart-induced) basis for the n local coordinates x” that
parametrise M"™.

To find these coordinate basis vectors, we freeze all the variables that parametrise the manifold, except one.
Varying that remaining parameter generates a so-called coordinate curve whose tangent at a point is the partial
derivative with respect to one of the parameters on which the coordinate functions z* of a point depend, Then the
components of 8,, are simply the partial derivatives with respect to the parameters (coordinates) on the manifold
of the position vector x € R" of a point. An example should make this procedure clearer:

Example 1.4. On S? (embedded in R?), a point is mapped into the spherical coordinates (6, ¢), with
6§ # (0, 7); it can also be described by the R? coordinates (sin § cos ¢, sin  sin ¢, cos ). Freezing
one of these generates a great circle on the sphere. Then these coordinates, with 6 fixed, describe a
circle of radius sin § at “colatitude” 6, and 9y is a coordinate vector which can be visualised in R3 by
the vector with components:

Op(sin @ cos ¢,sin @ sin ¢, cos §) = (—sinb sin ¢,siné cos ¢, 0)
At each point on S? parametrised by (6, ¢), this is a vector tangent to the circle at colatitude 6.

Similarly, there is a spherical-coordinate vector, 8y, tangent to a meridian going through that same
point, with components (cos 6 cos ¢, cos § sin ¢, —sin #). 9y and 9, together form a basis for vectors
in the plane tangent to S? at that point. These vectors do not live in S?! Instead, any vector on 52

attached to that point lives in the tangent R? plane. Also, each point on S? has its own tangent plane.
10
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1.2.5 The space dual to a vector space

Given a basis {e,} for V™ and a basis {eg} for W", we can easily construct a basis for the space of linear
mappings, L(V"™, W"), introduced in section 1.1.1. This will be the set {Eg} such that:

Eg(ea):&ﬁeﬁ a,vy=1,....,m; f=1,...,n (1.8)

where 0, is the Kronecker delta, and the left-hand side should be understood as the action (here, matrix multipli-
cation) of the mappings Eg on the vectors e,,.

Do keep in mind that indices on a bold-character object will always label the object itself, not its components,
which will never be bold. Thus, a particular linear mapping in the basis we have constructed takes the form:

T = T, E} (1.9)

where the matrix T with elements T, (with the row index on the left) represents the mapping T in the basis {Eg}
Thus, the action of T on some vector v is:

T(V) — Tﬁa oY Eg(ey) — Tﬁa v 5Va ey = Tﬁa v e

where the T4, v are seen to be the components of the vector T(v) in basis e, of YWW. Whenever W = V), that
basis would be the same as the initial basis.

In this last equation, as well as in eq. (1.9) and in v = v”e,, the left-hand side is explicitly basis-independent;
this notation we shall call index-free, or geometric. The right-hand side, in so-called index notation, makes
explicit reference to a basis even though, taken as a whole, it is still basis-independent. Both notations have
advantages and disadvantages which we shall discuss later. Fluency in both is highly recommended.

A very interesting subset of the set of linear mappings is Hom (V,R) = L(V, R), that is, the set of all linear
functions on a vector space which takes their value in the same scalar field over which V is defined, here the real
numbers. It forms a space V* dual to V. Since £(V™, W") has dimension m x n, V* and V have the same’
dimension. The elements of V* are called covectors, or linear functionals (in linear algebra), or 1-forms. An
example would be the definite integral of a polynomial.

Go back to the expansion of a general mapping over a basis, eq. (1.9). If such a mapping is an element of }V*,
6 = 1 and, dropping that index, we write: T = T, E“, where T is represented by the elements T, (a« = 1, ..., n)
of a row vector, and T(v) = T,v* € R. Notation change alert: from now on, we switch to greek letters to denote
1-forms.

Eq. (1.8) also undergoes considerable simplification. Putting 5 = 1, and noting that e; on the right-hand side,
being a basis for R, is just a number that can be set to 1, we obtain the following important definition:

Definition 1.11. If {e, } is a basis of a vector space V", then its unique dual basis (cobasis) in V*, {w“}, satisfies:
w(eg) = % a, =1 ...,n (1.10)

where w® = E®, and the left-hand side is just classic matrix multiplication. Other basis for V* are of course
possible, but this is the most useful one.

From this we derive the action (sometimes used to define w® instead of eq. (1.10)) of an element w® of the
cobasis of V* on a vector v € V:

w(v) = wo‘(vﬁeﬁ) = w(ez) = v? 5% = v®

from which we conclude that the cobasis element w® projects out, or picks out, the corresponding component of
v. This will probably come as some surprise to many, who are used to think of v® as the projection of v on e,.

"This assumes that }’s dimension is finite!

11
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What happens if we act on some e, with a 1-form (covector) o = aﬁwﬁ 7 Well,
o(e.) = og We,) = o3 8P, = o4

This shows that the o™ component of a 1-form in a cobasis {w®} is calculated by acting with the 1-form on the
corresponding element of the basis to which the cobasis is dual.

Recall the one-to-one correspondence between a vector v and the n-tuple of its components in a basis {e, },
(vl ..., v™) € R"™ An analog correspondence exists between a 1-form, o, and its components o

Vb—)(v1v2...v")T 0"—)(0’1 o9 ... an)

Therefore, we can also think of o as a linear mapping from R" to R, or as a procedure to obtain the number
o(v) = o,v® out of the vector v via standard multiplication of a row vector with components o,, by a column
vector with components vg:

(vto? .oom)T = (o1 02 ... on) (wro? oM = g0 (1.11)

1.2.6 Differential of a function and basis dual to a coordinate basis

Definition 1.12. Let z* € R" (u = 1,...,n) be the coordinate functions of arbitrary coordinates at
apoint P € M", and f € C°°(M) areal-valued diffeentiable function on M™. Letalsot € 7, be a
vector tangent to A" at P. Then the differential of f at P, df, is defined as the 1-form in 7. which,
when t is inserted in its input slot, yields the basis-independent action of t on f at P from eq. (1.7):

[dFI(t) = t(f) = Ouf (1.12)

Now, if we take t, = (8, )», the vector tangent to the coordinate curve for =¥, and also f = x*, eq. (1.12) at P
gives immediately:
(da")p(Bgr)p = Bpu(a) = Oy(a o™t (ap) = &%,

Choosing {0, } as basis for 75, we conclude from eq. (1.10) that {dxz*} is the basis, dual to {8,,}, of the cotangent
space, 7.5, dual to T, . In other words, when e, = 6u, then w* = dx*. A general 1-form, when written in a
coordinate cobasis as o0 = o,dz®, is often called a differential form. Warning: in general, a differential 1-form
is not the differential of a function!

To find the components of d f in the {dz*} coordinate cobasis, recall that the action of a cobasis on a vector t
outputs the corresponding component of the vector: dz*(t) = t*. Then, from eq. (1.7) and eq. (1.12):

[df](t) = t(f) = t"0,f = 0,fdat(t) (1.13)
so that the components are 9, f. If we hink of f as a 0-form, the differential of f is the gradient 1-form d f:
df = 9,fda" (1.14)

We recognise the well-known expression for the differential of a function in calculus, where it is taken to be a
scalar, a number. But d f, interpreted as the infinitesimal change of f does not know in which direction this change
should be evaluated. Only when a vector is inserted in its input slot, as in eq. (1.13), can it output a number, the
change of f in the direction of the vector.

As for the usual calculus interpretation of dz# as the difference between the components of two coordinate
vectors at infinitesimally close points, this may be acceptable in R, but not if 2 are coordinates on an arbitrary
manifold, since dx*, like all vectors and p-forms at a point, does not live on the manifold, but in the tangent
(co)space. Only in R™ can one ignore with impunity this crucial distinction between a base manifold and its
tangent space at a point.

12
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1.2.7 Vectors as linear mappings

Since L(V, R), or V*, is technically a vector space, it has its own dual space, £L(V*, R), or V**. We realise that
nothing prevents us (with finite-dimensional spaces) from considering the elements v € V as themselves linear
mappings on V*, and identifying V** with V! Then e, (w”) = 64", and we would find: v(o) = v%0,, exactly as
in eq. (1.11) above.

These considerations suggest that we can also view a 1-form (covector), as a kind of machine’ whose input
is a vector and whose output is a number; similarly, a vector can function as a device with a 1-form as input and
a number as output. To summarise, and noting that indices on vectors and covectors are labels specifying which
of them, not which of their components, we construct a table that tells us how to calculate the output of a 1-form
acting on a vector, and of a vector acting on a 1-form:

1-form Input vector Output Vector | Input 1-form Output
Cobasis element w® | Basis element ez | w(eg) = 63 € wh ez(w?) = 0%
Cobasis element w® % w(v) =v® e o ey(o) =0,
o Basis element e, | o(e,) = 04 v w® v(w®) =v®
o v o(v) = gav® v o v(o) = 1%,

Note that o(v) = v(o) = 0,0 is basis-independent, but only if o is referred to the cobasis of the basis in
which v is written. At this stage, there is no natural (basis-independent) isomorphism between a vector space and
its dual space, because there is as yet no unique connection between a given v € )V and an element of € V*. So,
tempting as it is to identify it with the scalar product of two vectors, let us resist that urge. The o, are components
of a 1-form, not of a vector! As we shall soon discover, vector and 1-form components behave differently under
the same linear transformation. For the moment o,v® is the real number resulting from the 1-form o acting on
the vector v or, equivalently, v on o. This mapping is represented by a linear combination of the components of v
with the coefficients of the combination the components of o or, equivalently, by matrix multiplication.

For a given vector v, there exists a unique set of parallel (n-1)-dimensional hyperplanes that can provide
a geometric picture of 1-forms. This is very easy to do when n = 2 (vector in a plane). Then any number
a = o1v' + o9v? determines a straight line perpendicular to v with equation 09 = a/v? — oyv! /v?. The lines
generated by different values of @ all have identical slope —v! /v2.

1.2.8 Transformations on bases, cobases, and components

Let (U1, z) and (Us,y) be two overlapping charts (see definition 1.2) on a manifold M, with x and y their co-
ordinate functions, respectively. Consider a point P € U; N Us. Let us obtain the relation between 9, ‘9073 and

8,

function f. We remember that because f acts on the manifold, we must write 9.« f |:c7: = 0u(fo r 1) ‘1'73" Insert

o the coordinates bases for the two charts. These are maps, which we let act on some arbitrary differentiable

y~! oy and use the multidimensional version of the chain rule (f o g)'(P) = ¢'(P) f'[g(P)] (written in the order
opposite the usual one):

Opnf| = 0Oy [(f oy~ o(yo w‘l)]
Tp Tp
= Opu(yoa™)"|, Oy (fo y_l)‘@orl)(xm
— axuyl/‘xp ay”f‘:y?) (115)

¥So far as I know, this metaphor was first proposed by Misner, Thorne and Wheeler (MTW) in their monumental textbook, Gravitation.

13
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A vector v € Tp must remain invariant under change of chart. That is: v = v% Bxu‘ )‘8 >\| . Inserting the
transformation law for the coordinate bases, we immediately find he transformation law for the cornponents of v:

vy = Owy”|, i (1.16)

What is remarkable of both transformations is that they are linear and homogeneous, even though the transfor-
mations beween (Up,x) and (Usz,y) can be non-linear. Thus, in coordinate bases, the coefficients, dyxy”, in the
transformation law are the elements of the Jacobian matrix of the transformation evaluated at P. Conversely, if
vy = vl Oyua”, one shows easily (do it!), using the chain rule on partial derivatives, that v is indeed unchanged by
the transformation.

In general bases, the transformations must be assumed homogeneous and linear, and take the form:

e, = LY ey = eyL®, (1.17)
where the prime refers to the y coordinates in eq. (1.15) and (1.16). Components transform as:
v = P LY, = L%, 0" (1.18)

This is the more traditional definition of a vector.

The two ways of writing v® in eq. (1.18) are equivalent, but the second one is a matrix product. The second
expression in eq. (1.17) (and also eq. (1.15)), however, is not matrix multiplication , because the subscript of the
basis vector is a label for a whole vector, not for a component of this vector.

L being non-singular, and therefore invertible, the action of the inverse transformation L~! is represented by:

v =L — ot = (LTHE (1.19)
Do not confuse matrix and index notation! Whereas matrix notation is readily translated into index notation, the
reverse generally requires some rearrangement. This is because index notation does not care about ordering—one
of its virtues—but matrix notation most certainly does.

Let {e,} and {e, } be two bases in V", connected by e, = e,/L" ..» where the LV, are the coefficients of
the matrix L representing a linear transformation L. Let {w®} and {w® } be their two respective cobases in V*.
Then, writing w® = M O‘B/wﬁl where the M“ g/ are the matrix coefficients of the corresponding transformation
M between the cobases, it can be shown (EXERCISE) that M is the inverse of L, ie. M4, L” /5 = 0 in index
notation and M = L™! in matrix notation. This means that the transformation that takes the unprimed cobasis to
the primed cobasis must be L: w = Lo‘/gwﬁ .

In the same way as for vector components, we can then obtain (EXERCISE) the transformation law of the
components o, of a I-form o. Since o must be cobasis-independent, o,w® = ngwﬁl yields:

, (1.20)

while the inverse matrix, M = L™, takes the components in the opposite direction.
The following table summarises all the possible transformations, with the derivative expressions for compo-
nents applying in coordinate bases:

Care should be exercised when com-
paring this table to the expressions

_ _1 _ _ ! _ !
ew = es(L71)7, = epduya” €a = eB’Lﬁa — eﬁzﬁaxﬁ given in §2.9 and in Box 8.4 of MTW
v = La'ﬁ B = aﬁxa' 8 = (L™ )a B = Dgrz™ B which refer to Lorentz transforma-
- — 3 T 7 tions. In their potentially confus-
(6% _ [0 _ (6% . . .
w® = LYpw” = dgz® v = (L) g’ = gz w ing but standard notation, the matrix
Ow = 0g (L—l)ﬁa, g = gﬁ,Lﬁ'a =0y O with elements L% is actually the

inverse of the matrix with elements
LP : we prefer making this explicit
by writing (L_I)O‘B,.

!
ooVt =0og VP

14
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Another word of caution: transformations in coordinate bases may well produce components in non-normalised
bases, even if one starts from a normalised basis. This does not occur in the case of rotations and Lorentz boosts,
but it will when we transform from Cartesian to curvilinear coordinates.

Also, if we wish to stick to a coordinate basis, we cannot call 9, f the components of the gradient vector, V f.
These do not transform as the components of a vector, as can be seen by calculating 9, f in terms of 0, f using the
chain rule (EXERCISE) and comparing with the form of the above transformation matrix in terms of derivatives.
Moreover, everyone knows that in curvilinear coordinates (polar, spherical, cylindrical), the components of the
gradient vector are not just the partial derivatives with respect to the coordinates. But even in Cartesian coordinates,
which is a coordinate basis, 8# f are not the components of a vector, but of a 1-form!

1.3 At Last, Tensors!

Our previous discussions make it straightforward to extend the concept of linear mappings to that of multilinear
mappings, ie. mappings which are linear in each of their arguments, with the other arguments held fixed.

With V and its dual space V*, equipped respectively with coordinate basis {8,,} and cobasis {dz"} (1 <i <
n), we construct the space of multilinear mappings, {7 : V* X ... x V* x V x ... x V — R }, in the following
way:

Definition 1.13. Contravariant tensors T € 7" of rank r are real multilinear functions of r I-forms:

T(o1,...,00) = opy...0op T(da?, ..., datr) = THHro, ..oy, (1.21)
Covariant tensors S € 7, of rank s are real multilinear functions of s vectors:
S(u, ..., uy) = u .. w80y, ...,0,,) = Sy, u". . u (1.22)
Mixed tansors of type (7, s) are real functions of r covectors and s vectors:
Qoy,...,00,uy,...,u5) = 0y ...0p v . wsQ(dx, ..., dat,8,,,..., 0y,)
= QM Oy O U (1.23)

THr-be Sy b, and QF1kr, ) are the contravariant components of T, the covariant compo-
nents of S, and the mixed components of Q, respectively, in the chosen basis and cobasis.

Following the metaphor of tensors as machines, to output a number from a (r, s) tensor, one must
supply 7 1-forms and s vectors as input, one for each slot.

1.3.1 The tensor product

There is an important kind of multilinear mapping we can construct, this time out of known building blocks.

Definition 1.14. The Kronecker (tensor) product space of V] and V5 is a set of bilinear mappings
L(V1, V2, R), denoted by V' x V3, with as product elements the covariant tensor o ® 7

oc®T7(u,v) = o(u)T(v) (1.24)

forallue Vi,ve Vs, o cVi,andT €.

Similarly, the product space L(V5, V5, R) = V; X Vs, has as elements the contravariant tensor of
rank 2:

u®v(o, 7) = u(o)v(r) (1.25)
Finally, there are tensor product spaces V; ® V5 with product elements u ® o (7, v) = u(r)o(v),
and V; x Vs, with product elements o ® v(u, 7) = o(u)v(7). If a tensor is the tensor product of
other tensors, we say that it is decomposable.

It is important to note that the tensor product is not commutative!.
15
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Example 1.5. Let P be the vector space whose elements are polynomials of some degree n. Such a
space can be constructed provided we define addition and s-multiplication of polynomials. Then we
can construct amap T : P x P — R defined by fol p(z) q(z) dz, where p, ¢ € P. This bilinear
map—call it the inner product— which takes as inputs two vectors and outputs a number, is a (0, 2)
tensor.

Now take Vi = Vo = V. If {9,,} and {8, } are coordinate bases for V), then {9,, ® 8, } is a coordinate basis
for V ® V. Similarly, if {dz®} and {dz”} are coordinate bases for V*, then {dz® ® dz”} is a coordinate basis
for V* @ V*.

We assert that any contravariant tensor of rank 2 lives in V) x V, and any covariant rank-2 tensor lives in V* x V*,
that is:

A = A"9,®9,, B = B,sdz® ®dz”? (1.26)

Therefore, the action of A on pairs of one-forms and of B on pairs of vectors is given by:

A(U’ T) - ijaﬂ ® 8, (07 T) = A“Vau(o-) 81/(7') = A“VU,uTu
(1.27)
B(u, v) = Busda® ®da’(u, v) = Basda®(u)da’(v) = Bagu®o®

As we have said before, both A and B can be viewed as operators, or devices, requiring two 1-forms or two
vectors, respectively, as ordered input, to output a product of numbers. But we can also input a single vector
(1-form) and obtain a 1-form (vector) as output, so long as we specify into which of the two input slots it should
be inserted. For instance, we could write B(u, ), or B( , u), but just B(u) would (in general, but not always, as
we shall see in a moment) be ambiguous. For instance:

B(u, ) = Bysda®(u)d2’ = ogda’
B( ,u) = Bysda®das®(u) = 7,dz®

where 03 = B,gu®, and 7, = B,g u?. Unless the components B, 3 happen to be symmetric in their indices, the
two resulting 1-forms are not the same!

With this in mind, A (o, 7) is the same as o (A( , 7)), where A( , T) is (exercise) a vector. In other words,
the same machine can be put to quite different tasks.

More generally, if {9, },...,{0), } are bases of V, and {dz*1},...,{dxz"s} (co)bases of V*, then ), ®- - - ®
0,, ®dx"1 ® - - - ® da”s forms a basis for 7,". Therefore, any tensor can be written in terms of its components as:

T = Tmm'urul...us am R--® aur Rdzr"' ® - Q dz¥s (1.28)

To obtain a number, all input slots must be filled; but, as we saw for rank-2 tensors, we can also input one less
vector and get a 1-form as output, or one less 1-form to get a vector. More generally, reducing the number of input
vectors from s to s —m causes T to output a tensor of covariant rank (0, m); reducing the number of input 1-forms
from r to  — ¢ outputs a tensor of contravariant rank (g, 0).

It is important to remember that, in general, interchanging vectors or 1-forms in the input results in different
output. Therefore, one should be mindful of the ordering of the vectors and 1-forms that one feeds into a tensor.

1.3.2 Transposition, symmetric and skew-symmetric tensors

Interchanging any two contravariant or any two covariant slots of a tensor produces a transpose of this tensor.
Strictly speaking, interchanging a covariant and a contravariant slot of a tensor does not make sense,

Definition 1.15. If a tensor remains unchanged under transposition of two of its input slots of the same
type, we say that it is symmetric in these slots. Its components are unchanged under permutation of
indices corresponding to those slots.
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If a tensor switches sign under transposition of two of its input slots of the same type, we say that
it is antisymmetric in these slots, and the components corresponding to these slots also switch sign.
inserting the same 1-form (in the contravariant slots) or vector (in the covariant slots outputs zero.

Symmetry and antisymmetry are basis-independent properties.

Example 1.6. Take a covariant antisymmetric tensor of rank 2: F = F,,; dz/" ® dz”, where square
brackets around indices mean that they are antisymmetric. Then F(u, u) = F,,u* u” = 0. To see
this in index notation, just rename p as v and v as p and transpose indices in the antisymmetric F,,
and symmetric u* u” to get Fy,,ut v’ = —F,,u* u”. Similarly, inserting the same cobasis 1-forms
in two antisymmetric contravariant slots, or basis vectors in two antisymmetric covariant slots, just
makes the corresponding indices identical, and the corresponding components vanish.

Among important tensors are those which are completely symmetric in all their covariant indices and all
their contravariant indices (eg. 4, , = Auﬁmum where fi,, ... ji, 1s any permutation of ji; ... ui5), and those
which are completely antisymmetric (skew-symmetric, alternating) in all their covariant indices and all their
contravariant indices.

A completely symmetric tensor of rank r in n dimensions has (”+:_1) = (n+r—1)!/(n—1)lr! independent
components. A skew-symmetric tensor has (:f) = n!/(n—r)lr! independent non-zero components in all coordinate
systems.

In three dimensions, many physically relevant tensors are symmetric, eg. examples 1.6, 1.7 and 1.8 (moment
of inertia, electrical polarisation, multipole moment) in B&F, as well as the Maxwell stress tensor. Antisymmetric
3-d rank-2 tensors are not usual, although I will argue toward the end of the module that in three dimensions a
magnetic field is more naturally described by a rank-2 antisymmetric covariant tensor than by a vector.

In four dimensions, we also have symmetric tensors, such as the important energy-momentum tensor which
carries all the information about the energy and momentum density at a point, plus the flux of these quantities at
that point. And there is a famous antisymmetric, covariant, rank-2 tensor, the Faraday field tensor F, whose six
independent non-zero components are the components of electric and magnetic field 3-vectors.

Even when a tensor is neither completely symmetric nor skew-symmetric, it can be useful to construct a sym-
metrised or skew-symmetrised version of it. The simplest example is that of a rank-2 contravariant (or covariant)
tensor. Its components can be written as:

1 1
TH = Z(TH +T"M) + =(T" —T"") = TWv) 4 luv]
2 2
with round brackets around symmetric indices. In this case, we say that T has been decomposed into a symmetrised
tensor, with components 7(**) and a skew-symmetric tensor, with components 7!
More generally, (r,0) and (0, s) tensors can be symmetrised and antisymmetrised, in the following ways:

Definition 1.16. To symmetrise the components of a covariant tensor T, we can apply the following
prescription to its components:

1
Tusoris) = 53 D Ty i, (1.29)

where the sums run over all permutations of 1, ..., s. Contravariant components are symmetrised by
the same procedure.

Definition 1.17. To antisymmetrise the components of a covariant (or contravariant) tensor T, we can
apply the following prescription to its components:

T

1
pn] = 5 0 Tore, (1.30)

17
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where the general permutation symbol, 5511 Zj °, is defined as:

+1 j,...j, aneven permutation of 4, ... i,
(551 st _ —1 j,...Jj, an odd permutation of 7, ... 7, (131)
Lot 0 j,...7, notapermutationof i, ... i,
0 j, = jori, = i, forsomek, !

The permutation symbol is seen to be antisymmetric in its upper and lower indices. Clearly, as ex-
pected, 17, . ,..] = 0 whenever any two of its indices are the same.

s! is the number of terms in all these summations, ie. the number of permutations of the indices of the tensor.
The normalisation factor 1/s! ensures consistency in the event that the 7}, ., should already be symmetric or
skew-symmetric.

(0, s) skew-symmetric tensors live in a space denoted by A*(V*), whose elements are also called p-forms (p
is traditionally used instead of s); very often, V* = R".

EXERCISE: Symmetrise and antisymmetrise F (o, 7,0). Write Fg and F, in an explicit basis such that F =
FH ’\eu ® e, ® e). How many components do Fg and F, have when F is defined over a 3-dim space? a 4-dim
space? Can you reconstruct F#** from F(#A) and FlwAl?

1.3.3 Transformations on tensors

Using the transformations for a basis and a cobasis in the table of section 1.2.8, it is straightforward to generalise
the transformation laws obeyed by tensor components. First, write T in the original basis and in the new (primed)
basis:

T = THM*, 8,8 08, ad" ®- - @di’ = Ta’l---a’rﬁ,l__ﬂ; Doy @ ® Doy Qdzf1 ®---@deP

1

‘We obtain:

Lol ool ! ! -1 —1y\v,
T4 arﬁﬂ__ﬂ; = Tty Ly, o Loy (L )”151 (LT 8 (1.32)
In traditional treatments, this transformation law actually defines a tensor. Scalars (tensors of type (0, 0)) must
remain invariant; and we know how the components of vectors and 1-forms transform. What about, say, those of
a tensor of type (2, 0)?

7o =, 1P, = LY, L) = T =LTL

where L is the transpose of L. Sometimes, as with 3-dim rotations, L= L_l; sometimes, as with Lorentz boosts,
L = L. Tensors of rank 2 ((2,0), (0, 2), (1, 1)) can be represented by n x n-dim matrices T, where n is the
dimension of the spaces V and V* on which they are defined. Unless they are decomposable, this is not true of
tensors of higher rank. But the index notation itself does not care about the rank of a tensor.

An immediate consequence of eq. (1.32) is that a tensor that is zero in one basis will remain zero in any other
transformed basis. Thus, any equation made of tensors that is valid in one basis must hold in any other basis.
This might seem trivial in the geometric notation T of tensors, but the nice thing is that relations between their
components are also basis-independent!

In the older view of tensors defined in terms of transformations, it is possible to restrict the tensor character
to objects which may have it under certain transformations, but not others. For instance, 4-dim tensors might
owe their tensor character to how they transform under Lorentz transformations, while 3-dim tensors might be
tensors only under rotations. Then writing equations in terms of 4-tensors guarantees that they are consistent with
Einstein’s Relativity, ie. an equation valid in one Lorentz frame is valid in any other Lorentz-transformed frame.
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The transformation rules can always be used to establish whether an object is a tensor. For instance, on a space
of dimension n, the Kronecker delta, with components ¢¥,, is represented by the n x n identity matrix. It is a
mixed rank-2 tensor. Indeed, from the transformation law, eq. (1.32):

oy = DMLY, 0% = LPALTY, = 1,

which are the components of the identity matrix. Here we learn that there is something more to 6#, than just being
a tensor: its components remain the same under changes of basis!

1.3.4 The Levi-Civita symbol

Definition 1.18. In a Cartesian orthonormal basis of a n-dim space, the Levi-Civita symbol, ¢, , ,

is defined in terms of the general permutation symbol, 5311 Zy " (eq. (1.31)), as:

_ sl..n
Curttn = Opi i,
It is skew-symmetric in its n indices, with €, _,, = +1, where the indices are in ascending order. In
pseudo-Riemannian manifolds, it is traditional to use €; ,,_;, the 0 index corresponding to time.

The determinant of a » X n matrix L is a product of its elements antisymmetrised with respect to rows (or
columns):

detL = ¢, L'y---L, (1.33)

This equation means that the Levi-Civita symbol is a tensor only when its components are transformed with
a matrix whose Jacobian determinant is 1 (eg. rotations in 3-dim space, Lorentz boosts), in which case these
components, like those of the Kronecker delta, are invariant under changes of basis. Indeed, if the Levi-Civita
symbol is to be a tensor, the transformation laws on its components demand that:

1 =€, =6, L L, = detl
We shall discover a little later how the Levi-Civita general tensor (in all bases) can be constructed.
Fortunately, we can avoid using the transformation law (1.32) if we build tensors from other objects known to
be tensors. The following sub-sections present some important examples.

1.4 Two More Ways to Construct Tensors

1.4.1 Contracted tensors

Definition 1.19. The contraction of a mixed-type tensor is a linear mapping 7. — 7?__11, (r > 1,

s > 1). More precisely, going back to eq. (1.21), insert input (co)bases into only two tensor slots:

ot =dzt (1 <1 <r)and u, :8,,j (1 <j<s),withy, = p; =

T(...,dz7,...,0,,...) = T7" ,  0,®..00, ®0,, 6 © de"e. . dr"'edr" ...
(1.34)

i+1

Note the need to keep track of the position of the tensor slots. In terms of the components of a tensor, it
just involves making one contravariant index u the same as one of the covariant indices, v, by multiplying the
component by 6%, thus forcing a summation over these indices.

For instance, consider T € 7—11. The contraction of T = T30, ® dz? is a scalar, called its trace:

Tt T = T(da", 8,) = T du(dzt)da’(8,) = TF, = T", 8",

When contracting tensors of type higher than 2, it is important to specify which indices are being contracted. Thus,
the tensor 78, ® 9, ® dz? has two possible contractions: the vectors T#”, 8, and T, 8,,.
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1.4.2 Inner product

Up to now, in the space 7, of tensors, there has been no unique link between tensors of type (r,0), (0,7), or
(r—gq, q), all of the same total rank. If we wish to establish such a link, a new object must be introduced: a bilinear
covariant tensor denoted by g = g, dz" ® dz" in a coordinate basis.

Indeed, let us insert only one vector in, say, the second slot of g:

g( ,u) = g, dz"dz"(u) = g,u"dz" = 1

As expected, the result is a 1-form, which we have called 6. The correspondence will be unique if we demand that
g be symmetric, because then g(u, ) =g( ,u),org,, =g,, = §(9,, 8,) when working in a coordinate basis.
So, although sometimes called a form, g is not a 2-form because it is not antisymmetric. As befits any (0, 2) tensor,
inserting vectors in its two input slots yields the number: g(u, v) = g, u¥ v” = ugv, with the last expression in
matrix form.

In effect, g may be thought of as an invertible (ie. detg # 0) mapping from V to its dual space! Once defined,
it establishes a unique correspondence between a vector u and a 1-form u.

Definition 1.20. The inner product of two vectors u and v, <u, v >, is defined as:
<u,v>= g(u,v) = g, u"v" (1.35)
Often, <u, v > is written u - v.

Definition 1.21. In a coordinate basis, we take: g,, =< 8, 8, >, which is just the naive scalar
product of the two basis vectors 8, and 9,,. In a general basis, g,, = <e,, e, >.

g(u, u) = g, utu is called the norm of u. If it is positive (negative) ¥ u, we say that g is positive
(negative) definite. But if g(u, u) = 0 for some non-zero vector (null vector) u, then g is indefinite.

As mentioned above, g must be invertible, and we can always write: u = g~ 'g(u) = g1 (4) = u,g~ ! (dzH).
Now g~! must take 1-forms to vectors, which means it must be a (2, 0) tensor g=* = (g~1)* 0, ® 8,. Then:

u = uy, (97) 0 8p(da*) = u, (971) 8005 = u, (971)™ Ba

As will be justified soon, we identify (g~!)** with the contravariant components of g, g"*, and, comparing with
u = u® d,, we conclude that u* = g""u,,, u* being thought now as the contravariant components of the 1-form.

These mappings between ) and V* can be applied to any tensor T € 7 in other words, g may be used to
convert any contravariant index of a given tensor into a covariant one, while g—! may be used to convert any
covariant index of a given tensor into a contravariant one. The total rank of the tensor is not changed.

Definition 1.22. Converting a contravariant index of a tensor T to a covariant one is called “lowering
the index”. It is always accomplished by contracting any one index of g,,, with the index to be
lowered, eg. T#, = g, \T* = Tg. After lowering an index, the corresponding input slot now
accepts a vector instead of a 1-form.

Converting a covariant index of a tensor T to a contravariant one is called “raising the index”. It is
accomplished by contracting any one index of g"¥ with the index to be raised, eg. T+, = g"\T), =
g~ ! T. After raising an index, the corresponding input slot now accepts a 1-form instead of a vector.

It is usual to speak of g, u” as the covariant components u,, of u as well as of u, In that sense u and u can
both have covariant and conravariant components. When u = u“au, we think of it as a vector; when we write it
as u,dx”, we think of it as a covector. Thus, we can say that the inner product sets up an isomorphism between
a vector space and its dual. Because of this relation, we also have: 8, = g, dz”. Now, thanks to g, the same
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tensor can have all-contravariant, all-covariant, or mixed components, with any one input slot accepting a vector
or a covector, as appropriate for the corresponding index! In particular, g also has mixed components:

g", = g(dz", 8,) =<dz*, 9,> = dz#(8,) = o, (1.36)

Since, as we have seen, 0%, is basis-independent, so is g*,, unlike g, and g"”. But g, can also be obtained by
index lowering (or raising): g"*g,, = g*, = 0*,, which justifies our earlier assertion that g** are the components
of the inverse of g. We also see that on a n-dim space, g*,, = ", = n.

We also understand why, if 6*, are the components of the identity matrix, I, d,, = g,,
general be the entries of I.

A final word of caution: before we introduced the inner product, we always wrote our matrices as L*,, with
the left index a row index. Why do we not write the matrix of g’s components the same way? Because L*, is a
transformation between two bases in V", whereas g,,,, transforms from a basis in V" to the dual basis. For instance,
in R3, the basis dual to {e1, e, €3} cannot be reached by any combination of rotations and translations. Also, L,
is not the component of a tensor, whereas g,,,, is.

6%, = g,, will not in

1.4.3 The metric

The inner product that we have introduced plays another extremely important role: it allows us to define distances
and lengths in V™

Definition 1.23. As a metric tensor (metric for short), g tells us how to calculate lengths and distances
in a vector space. The name is often extended (abusively) to its components g,,,,. Thus,

As® = g, Azt Az” (1.37)
gives the interval between two points labelled by z* and z# + Ax*.

In old-style notation, one often writes the metric in terms of an infinitesimal interval, or line element:

ds? = Gy Az’ dz”

with the da* the components of an infinitesimal displacement. In modern notation, however, one
identifies the bilinear form ds? = g = 9y Azt @ da” which then represents the interval As? for a
Ax to be specified: As? =< Ax, Ax >, identical to the standard eq. (1.37).

Example 1.7. Consider the position vectors x; and x5 in R3, with components:
T T
xi — (z1,91,21) X2 — (22,92, 22)

If we choose a positive-definite g with matrix representation g = I:

1 00 Tr1 — T2
9(Ax, Ax) = g, Ax' Ax” = (x1 — 22 y1—y2 21 —22) [0 1 0 Y1 — Y2
0 0 1 z1 — 22

The result, (As)? = (21 — 22)% + (y1 — y2)? + (21 — 22)% = (Ax)? + (Ay?) + (Az)?, is recognised
to be the “Pythagorean” distance squared between two points: |x; — Xa|2.

Example 1.8. In R*, let x; (i = 1, 2) be two position vectors with (ct;, z;, y;, 2;) as contravariant and
(—cti, x4, Yi, z;) as covariant components. Then take the indefinite n = g with matrix representation:

0 0 0
0 10 .
Ny = 001 0l = diag (-1, 1, 1, 1)
0 0 01
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Therefore:
9(Ax, Ax) = —*(t; — t2)? + (z1 — 22)® + (y1 — y2)? + (21 — 22)°

is the spacetime distance between two events in Einstein’s Special Relativity, with c the speed of light.
Because 7 is indefinite, there exist non-trivial null vectors (with zero norm) such that g(x,x) = 0.
And, just as 0,z = 6", we must write 0,x,, = 1.

The metric, or line element, is said to define the geometry of the space. Two spaces of the same dimension can
have different geometries, eg. R* can be endowed with a positive-definite (As? > 0) metric, but it would not be
the metric of 4-dim spacetime.

Quite often, we will wish to work in bases other than coordinate bases. The formal properties of g that we have
reviewed still hold, but its covariant and contravariant components can be different, even in the same coordinates:

Definition 1.24. A basis {e,} such that g(e,,e,) = &1 when ;1 = v and 0 otherwise is said to be
orthonormal. A useful notation to distinguish it from a coordinate basis is {e; }. This is an extension
of the usual definition of orthonormality which admits only +1 and 0; it is useful in the case of
indefinite metrics.

An orthonormal basis can be found locally (over a sufficiently small coordinate patch) for any metric, if necessary
by using the Gram-Schmidt procedure, with some modifications if the metric is indefinite.

Definition 1.25. Let n, (n_) denote the number of diagonal elements g(e;;, e;) which are equal to
+1 (—1). The signature of the metric is defined by s = n4 —n_. Since n +n_ = n, the dimension
of the space, we also have s = n — 2n_, and detg = (—1)"~. n4 and n_ are basis-independent, and
therefore so is the signature.

The sign of the overall signature of an indefinite metric is arbitrary and must be set by convention, often a source
of much confusion. Example 1.8 sets s = +2, a good choice of sign when the spatial indices 1, 2, and 3 are often
raised or lowered. In the more general spacetimes of General Relativity, s = —2 is quite often (but not always. ..
see Misner, Thorne and Wheeler’s Gravitation) used. Thus, beware!

Definition 1.26. A n-dim space endowed with a metric of signature +n is called Euclidean. If
n_ = 1 (or n_ = n — 1), the space is pseudo-Euclidean, or Lorentzian (aka Minkowski when
n = 4).

Example 1.8 has a Minkowski metric in four-dimensional space.

EXERCISE: In Minkowski R*, take (ct, x, y, z) to be Cartesian coordinates, and (ct, r, 6, @) to

be the usual spherical coordinates (with ¢ the azimuthal angle). Consider the coordinate cobasis
{dt, dr, d 0, d ¢} and the non-coordinate cobasis is {d#, d, dé, dngb} = {d(ct), dr, rdf, r sinf de}.
First, write down the general form of the bases {eg, €1, €3, e3} and {&g, &;, &2, €3} of which the
two cobases are duals (this should be trivial). Then obtain the coordinate-basis vectors by proceeding

as in example 1.4, and use them to calculate the g, directly.. Finally, show that the non-coordinate
basis given is orthonormal. An easy way to do this is to expand g in the coordinate cobasis and use
the above relation between the two cobases.

Thanks to the metric, we recover the vector gradient of a function as defined in calculus. You may have
noticed that throughout our discussion of manifolds and tangent spaces, no mention was made of an inner product
on them, because none was needed—until now. An inner product, or metric g, pairs the 1-form d f with a vector,
V f; indeed, from eq. (1.35):

<Vfv>= gV V) = 6, (VN = (0,0)0" = [df](v) (1.38)

where v is an arbitrary vector, and the components of V f in a coordinate basis are given by: (V f)* = ¢** 0, f.
Only in a Euclidean metric with a standard basis are the components of the vector gradient the same as those of
the 1-form gardient.
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0

Example 1.9. In a Minkowskian manifold with Cartesian coordinates (2° = ct, 2!, 22, 23), equiped

with the metric g = n = diag(—1,1,1,1):

df = 9,fdt + 9,fda’
Vf = _8ctf O, + 8Zf62 (82 = gijaj = 82)

There is something interesting about the determinant of the metric tensor which we find by writing the trans-
formation law of the tensor: g; , = Opxg, ﬁ(‘),,rmﬁ, as a matrix equation, and taking the determinant. Defining
g = det g, 5, we obtain:

2

' ‘ oz 1", (1.39)

= ou
where |0x /02| is the Jacobian of the transformation matrix from x to x’ coordinates. We discover that g does not
not transform as a scalar, ie. it is not invariant.

Definition 1.27. A quantity that has extra powers of |0x/0x’| as factors in its transformation law in
addition to the usual 0,y and/or Dna* factors is called a tensor density. Thus, g is a scalar density.

What might seem no more than an exotic property becomes more relevant when we consider the n-dim volume
element as usually written in an integral. This, as we know from calculus, transforms as : d"z’ = |9z’ /0z|d"x
(note the position of the prime in the Jacobian!), so is not an invariant. As a result, the volume integral of a scalar
function is not an invariant, yet there should be no memory of the variables of integration left after integrating. But
if nstead we transform \/m d"™z, we obtain:

0
Vigha'e' = |25 Vil |5 d"e = Igld"a

which is seen to be a scalar! Then integrals written as | \/@ f(x)d™z are invariant, but what we thought we
were integrating is in fact the scalar density \/m f(x). This concept of tensor density as a notational device has
been widely used in General Relativity, although post-1970 literature largely dispenses with it when p-forms are
involved. Indeed, later in section 1.5.2, we shall introduce a deeper definition of the volume element.

oz’

Ox
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1.5 Exterior Algebra

1.5.1 The exterior product

Definition 1.28. The exterior (wedge) product of two 1-forms is the antisymmetrised tensor product:
ONT = 0QRT —TRO

Being skew-symmetric, the exterior product of two 1-forms can be called a 2-form.

In general, p 1-forms can be used to construct a simple (or decomposable) p-form:

ol A ANo? =8P, g @@ ol (1.40)

Needless to say, this expression can be directly applied to a basis of V*, {da*} (u =1,...,p):

dz? Ao AdaP?(By,,. .., 8y) = O b O, 0, = Gy (1<p1<...<pp<n)
(1.41)

Thus, from {dz”} (1 < p < n) abasis of A”(V*) can be constructed which contains n!/(p!(n —p)!) elements.
In particular, a n-form on a n-dimensional space is a one-component object, in the sense that it must be a multiple
of the unique basis element, dz! A dz? A ... A dz™, with indices in increasing order. If p > n, then at least
two indices in the wedge product of the p basis 1-forms (or of the components of the p-form) must be identical.
Therefore, skew-symmetry forces the maximum rank of a non-trivial p-form in n dimensions to be n.

The exterior product of a basis of A” and a basis of A?is a basis, dz”1 A ... AdzP» AdxPr+1 A ... AdzPra,
of /\p +q, again with indices in increasing order, and p + ¢ < n.

By extension, a (p + ¢)-form can be constructed out of the antisymmetrised tensor product of & € A? and
7 € A% In geometric and index notation:

My ppl Vg
oNT(Up,s ooy U, ) =0p )l oy, oy ) T(0, L wy) P < fhy oo <y, V<< U,
(1.42)
ol eyl
(o /\T)plmppﬂ = Oprepprg  Opyepsy Tvp.wy Py < fhyooo < fyy Uy < Vyooo <V,

The wedge-product defines a so-called exterior (Grassmann) algebra.

The exterior product, in contrast to the vector (“cross”) product of vector analysis which it generalises, is
associative: o A (T AN0) = (o AT)NB.

Another very important property of the exterior product of a p-form and a g form is that:

ohNT = (1)1 A0 (1.43)

This follows directly from eq. (1.42) by noting that it takes pq transpositions to get 6;1::::;5;”“” into 5511_'_'_',2 v :qu

This means that the exterior product commutes except when both forms have odd rank.
Eq. (1.42) is easier to use than it might seem. Here are three examples:

q

Example 1.10. Some people believe that we live in an 11-dimensional world. Let us work out one
component of the 3-form that is the exterior product of a 2-form, o, and a 1-form, 7:

_ SHVA
(0 AT)136 = 011360, T p< v
_ 3611 3116 6113
= 01136 T36Ti1 T 01136 31176 + 01136 T611Ts

= O36T11 — 031176 T 061173
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Example 1.11. In two dimensions, the exterior product of two 1-forms, ol and o2, is:

o' No? = (olda! + oleda?) A (oFdat + o?pda?)
= olyo%ydz! Ada? + olye? dz? Ada!t = (011022 - 012021) dz! A da?

= det Sdz' A da?

where S is the 2 x 2 matrix whose two rows are the components of o' and o2, respectively.

Example 1.12. In three dimensions, {dz! A dz?, dz' A dz?, dz? A dz3} forms a basis of the space
of 2-forms, /\2(1)). Therefore, the most general (not necessarily simple!) 2-form in a 3-dim dual
space can be written as:

1
T = modzt Adz? + m3da? Ada? + 13 dad Ada! = 2 T dz* Adx” € /\2 (1.44)

The summation on the right of the second equality is now unrestricted.

Three-dimensional simple 2-forms ol A o2, however, have the coordinate form (EXERCISE):

(011022 - 012021) dz' Adz? + (013021 - 011023) dz® Adz' + (012023 — 013022) dz? Ada?

(1.45)
In Euclidean R? with Cartesian coordinates, the components would be those of the vector product of
the two vectors associated with o' and o2. It suggests that we could associate with a vector v not just
a 1-form with components g,,,,v”, but a 2-form 7 with Cartesian components 7;; = ez-jkvk. /\"_1 and

/\1 both have dimension n, which in turn suggests that, eg., a simple 2-form o' A o might in some
sense correspond to a 1-form. But the fact that the vector product is a pseudo-vector means that we
are not quite ready for this; we still have to introduce another important idea, that of orientation, in
section 1.5.4.

In four dimensions, the basis for /\2 contains 6 elements. EXERCISE: What are the components of the exterior
product of two 1-forms in three and four dimensions? (Given the basis elements dz* A dz, you should recognise
that the components must be of the form (no pun intended) a/ﬁag — ZU,E.)

More generally, consider simple p—forms on a n-dimensional space. In terms of a basis {dz"}, we have for

1-forms o#: o = o#,da" (the superscripts on o and dx being labels for the 1-forms). Thus:

o' AN.. NP = aluldac”l AL /\apupdxup = alul . ..ap,,pdac”l A...A\Ndz"
= [0'1“1 .. qup 55;:::i2] dz"" @ ... dz" (unrestricted sum over v;)
1 fhq et
= [0y 0Py, & ] dE AL AdEY <L <y (1.46)

where the summation over each v; (1 <% < p) runs from 1 to n,

If we construct a p x n matrix S whose i row is the n components of the 1-form o, we may notice that the
expression inside the square backets in eq. (1.46) is nothing but the determinant of the p X p submatrix extracted
from column indices v, ...vp of S, with v, < ... < vp. Therefore, in eq. (1.46), each term in the sum over the
v indices has as coefficient a p x p determinant. Each row of a determinant contains p out of the n components
of the 1-forms o, and these components, labelled by v < ... < v, must be the same as the ones on the wedge
product of basis covectors dx*1 A ... A dz*? in that term.

The output (a number!) resulting from inputting uy, ..., u, into the simple p-form ol AL AaPis:
o' A AoP(uy, ..., u,) = det[of(u;)] (1.47)

ie. the determinant of the p X p matrix S whose entries are S°; = o (u;). As we have seen, these are simply

aflu’; , with g running from 1 to n.
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Example 1.13. For a 3-dim V* of which the 2-forms dz® A dz? are basis elements, we have:

dz' Ada!(u, v) = da'(u)da!(v) — da’(u)da'(v) = | uj
vt v

In R™ with Cartesian coordinates, we interpret this (up to a sign—see 1.5.2 below!) as the area of the
parallelogram whose defining sides are the projections of u and v on the z*-27 plane.

We have noted that when p = n, o' A... A" is a one-component object. We can also see that the summation
in the second line in eq. (1.46) can have only one term with the v; indices increasing from 1 to n:

o' NN = (ol 0" S dat AL Ade" = detSdal AL A da” (1.48)
where the matrix S is now n x n. Note that the indices 1. .. n are not summed over.

Example 1.14. There is another useful definition of the permutation symbol, 5;1',',',’;’;, equivalent to
the one given by eq. (1.31), and which follows directly from (1.41):

Ot = da"m Ao AdE" (O, -, Op,)
Then eq. (1.47) becomes:
0y e 0T,
Ot = | : (1.49)
7"y, 57,

Another application provides an easy test for the linear independence of p 1-forms: if their exterior product is
different from zero, those p 1-forms are linearly independent. If they were not, one of them at least could be written
as a linear combination of the others and antisymmetry would force the exterior product to vanish. Conversely, if
the p 1-forms are linearly independent, o' A - - - A @ cannot vanish.

Example 1.15. In general a p-form F' is not simple. If it is, then the 2p-form F' A F must vanish by
antisymmetry. But to what extent does the converse hold?

Let F AF =0, and take F € /\2. When n = 2, F = Fjoda! A dz? is by inspection always simple,
with no need to invoke F A F = 0.

Forn = 3, F A F still trivially vanishes V p < 3. That vanishing will lead to F being simple, but the
argument is a little more involved. We can always write:

F = Fppdz' Adz? + Fisdz! Adaz® + Fysdz? Adz® =0 + 7 Ad2?

where o is a 2-form on the 2-dim subspace, spanned by dz' A d2?, of the 3-dim space, and T is a
1-form on the same 2-dim subspace. Then o is simple, ie., 0 = a A B (a, B € /\1) because n = 2.

Thus, FAF = c Ao + 20 AT Adz® = 0. Also, 0 A o = 0 because o is simple. Then
a A B AT Adz® = 0. But the only possible linear dependence between the four 1-forms is between
o, 3 and T since none of them depends on da3. Therefore, \jax + \o3 + A\37 = 0.

If A3 = 0, then 3 is a multiple of o, so & = 0, leaving F = 7 A da?, a simple form. If A3 # 0,
T = ax + b3, and we obtain:

F = aAB+ (aa+b8) Ada?® = (a+§,@)/\(ﬁ+adw3)

which is a simple form. Thus, 2-forms (and in fact p-forms) on 3-dim space are always simple!
EXERCISE: A 2-form in n = 4 is simple if, and only if, FAF = 0. Also, when F A F # 0 in
n = 4, F can be written (EXERCISE) as the sum of two simple 2-forms. Note that these statements
hold whether or not a metric has been introduced.
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1.5.2 Oriented manifolds, pseudo-vectors, pseudo-forms and the volume form

Definition 1.29. Two bases are said to have the same (opposite) orientation if the determinant of
the matrix of the transformation between the two bases is positive (negative). Therefore, bases fall
into two classes, or orientations. Orienting a manifold then means arbitrarily specifying one of the
two orientations to be positive (right-handed), and the other negative (left-handed). Manifolds on
which transport of a basis around some closed loop leads to a reversal of orientation are said to be
non-orientable (eg. the Mdbius strip).

In R3, for instance, e, A e, Ne, e, Ne, Ne; and e; A\ e; A e, can be transformed into one
another by matrices of determinant +1. By convention, they are all taken to be right-handed. But
e, Ne, \Ne, = —e; Aey, /\ e, cannot be reached from e, A e, A e, by a transformation with a matrix
of positive determinant: it is an element of a left-handed basis.

Definition 1.30. An object that behaves in all respects as a vector or a p-form, except that its sign is
reversed under a reversal of orientation of the manifold, is called a pseudovector or a pseudoform.

Example 1.16. Generalising example 1.13 above, the simple n-form dz!' A --- A dz™, when acting
on the vectors vy, ...V, in that order, outputs a mumber of magnitude equal to the volume of the
parallelopiped whose edges are the vectors vy, ...v,. Using eq. (1.48), this is readily computed as
the determinant of all the vector components. But there is also a sign involved, with + corresponding
to the orientation defined by the vectors being the same as the orientation of the basis in which the
vectors are written. We then say that this volume is oriented, in the sense that it changes sign under
interchange of any two basis vectors, and we recognise it as a pseudoform.

Definition 1.31. In general coordinates u’ on a n-dim manifold, we define the volume pseudoform:

oz

3 dut Ao Adu™ = V/|gldut A-- A du”
u

d"u = ‘

where the z* form an orthonormal basis, usually Cartesian, and we have used eq. (1.39) with |g| = 1
for orthonormal bases. Both bases are connected by a transformation that preserves orientation.

1.5.3 The Levi-Civita pseudotensor

We have already remarked on the fact that the Levi-Civita symbol does not transform as a tensor. Consider,
however, the volume pseudoform of definition 1.31. By inspection it is a n-form with the single independent
component (d"u); ., = m . Its other components are obtained by antisymmetrising with the Levi-Civita
symbol, which we shall now denote by [, ... u,,] to avoid any confusion later. That is:

(dnu)ul...un = \/E[#l---ﬂn]

The objects on the right are themselves the components of a covariant pseudotensor, €, of rank n. Henceforth,
whenever we write components €, ... ,, , they are to be understood as \/|g| [ty - . . f1,,], so that €, _,, = +/]g]|.
We obtain ! ™ by raising the n indices of ¢; _,, with g. In general coordinates:

1 _1 n_—
et =gl gt =gt g™ /gl 8L, = det g*? \/]g] = — = S

1)r=lg| Vgl

In orthonormal bases, this is simply: €' " = (=1)"-¢; .
Both €”1-+¥» and €, ..., being antisymmetric, we can relate the permutation symbol to the Levi-Civita pseu-
dotensor:

_ vy...
"y, = QO
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To determine a, we note that €' "¢, , = (—1)"~. The relation is then:
5V1#1 e 5V1Hn
e, L, = (1) e = (=) : (1.50)
5,/”#1 e 6Vn#n
For instance, in a Euclidean 3-dim space, n_ = 0, and the expanded product has six terms. When contracted
over the last or first indices, we obtain (EXERCISE): € kelnk = 6467, — 67,6%,. Other expressions for the

product of Levi-Civita tensors in a 4-dim Minkowski space can be found in MTW, pp. 87-88.

1.5.4 The Hodge dual of a p-form

In section 1.5.1 we had pointed out that it might be possible to associate a 2-form with a vector. Now we can do
this in all generality on n-dim metric-endowed spaces. To a vector v corresponds a pseudoform o of rank n-1:

o= 1€, . AUt AL Adutn (1 < .oo < fhn—1) (1.51)

which, like v, has n (independent!) components. In 3-dim R? we have the pseudo-2-form:
o= /lg| ("U3 du! Adu® — v?dul Adu?® 4+ ol du® A du3)

And there must also be a mapping between the 1-form dual to v and the (n-1)-pseudoform. We now generalise
to a linear mapping between A” and A" F.
Definition 1.32. Let V" be endowed with a metric and a basis {9, }. With € the Levi-Civita pseudo-
tensor, the Hodge dual’ maps a p-form o to a (n-p)-form %o with components:

1

(%), = o1 i et (= "M €0 i, p<e<pp) (1.52)

from which it is obvious that the Hodge dual of a p-form is a pseudo-form, and vice-versa. It can
be shown that, given a metric g, 4% = (—1)"~ (—1)?(»P)g. So the mapping is idempotent in
Euclidean spaces (n_ = 0) of odd dimension, such as R?. In a 4-dim Minkowski space (n_ = 1),
Hodge duality is idempotent only on 1- and 3-forms.

One immediate application of eq. (1.52) is that the n-dim volume form is the Hodge dual of the 0-form 1:

*1 = ¢, , du"' A---Adut (1 < .o < fin)

= Vgldu' A--- Adu”

A very important consequence of the fact that +#«o = 4o is that a p-form and its Hodge dual contain exactly
the same information! Thus, “dualising” a p-form (or an antisymmetric contravariant tensor) can remove some
(or all!) the redundancy due to anrisymmetry while preserving its information. For instance, in 4-dim Minkowski
space, one might be a bit intimidated by a 4-form with components 7,,,, until one realises that it is dual to a
pseudo-0-form, so one independent number instead of 4* = 256. Or a 3-form with a priori 43> = 64 components
can be Hodge-dualised, that is, written in terms of only the four components of its dual pseudo-1-form, which are
(up to \/@ ) the only independent components of the 3-form.

Example 1.17. If T is a (2, 0) skew-symmetric tensor:
1 1% : 3
(*T)y = §ewj>\T inR
1

In the first line, if the metric is Euclidean and Cartesian, it is not hard to work out that %7} = 723,
*T, = T3, and *T3 = T2, so that the tensor (1-form) dual to T contains only the three independent
components of the original tensor.

"Here, the meaning of “dual” has no relation to its other use in “dual” space or basis.
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In example 1.12 we had noticed that in the 3-dim Euclidean space of p-forms, both {dz!,d«? dz3} and
{dx? A dz?, dz® A da!, do!t A dz?} are bases, the first being used to generate 1-forms and the second 2-forms.
Now we know that the two bases are each other’s Hodge dual. In fact, instead of Hodge-dualising the components,
we can Hodge-dualise the (co)basis: #(duft A --- Adutr) = 6”1"'”?%“___% dut'ptr A - Adut'n, with p, g <
-+ < p,, (or divide by (n—p)!if the summations are unrestricted). There are corresponding expressions for Hodge-
dualising coordinate bases or the components of contravariant tensors, ie., the Hodge dual of a contravariant tensor
(or its components) also exists, as the above example shows.

Example 1.18. If o and 7 are 3-dim 1-forms, the 2-form: o A T = (0973 — o37)dz? Ada® +
(o311 — o1m3)dzd Ada! + (o179 — oo71)da! A da? has as its Hodge dual on a space with metric
g the pseudo-1-form:

x(oAT) = /|g| [(o2m3 — o3m2)da’ + (031 — o173)da® + (0172 — o971) da?]

If o corresponds to the vector u and 7 to v via the metric, this is the same as saying that #(u A v) =
u X v, or, according to eq. (1.52), (u x v)# = %g“”emp(u”v}‘ — ™Y = g“”ep,j)\u”vA. In other
words, when calculating a vector product, one is implicitly taking a Hodge dual; this is the only way

that the result can be a pseudo-vector.
It is easy to recover all the relations of vector analysis in Cartesian R3. For instance:
u-(vxw) = eyputv’w’
= wleyutv” (cyclic permutation of indices on €)
= w-(uxv).

Why not try your hand at a few if you have never done it, if only to practice index manipulation.

1.6 Exterior Calculus

Definition 1.33. A tensor field T(p) on a manifold A" is a function of points p € M"™ whose
components T'(p) are real-valued differentiable functions of coordinates on the manifold.

Examples: the coordinate vector field 8,,, the gravitational and electric fields, the metric tensor with
components <8, 8, > in a coordinate basis.

The components of a (r, s) tensor field with respect to the coordinates z* in n dimensions are the n"** real-
valued functions T(dz*1, ..., da*r, 8, , ..., 8,,).

How do we describe the change of a tensor field at a point? More precisely, how do we differentiate it? We
already know from section 1.2 how to take the directional derivative of a (0, 0) tensor, ie. a function. On a “flat”
(without curvature) manifold, directional derivatives of tensor components, which are functions, can be calculated
in the same way.

For general (, s) tensors, however, because of point-dependent bases, defining differentiation requires extra
structure, called a connection, or covariant derivative. Raising this important issue is like opening Pandora’s box
(aka can of worms), because there are a lot of ways to construct such a connection. A few, however, have gained
favour as “natural”. We shall discuss a particular type of differentiation that offers a neat unification of the ideas

of gradient, divergence and curl in vector calculus, and for which a connection is actually not needed.

1.6.1 Exterior derivative

We introduce the exterior derivative operator’, d, which acts on p-forms o = o Mlm#p|dw“1 A ... A datr

[ty - ppl = py < ... < py,) defined over some manifold M™ to give p + 1-forms, also defined on M". Let o
be a p-form and 7T a g-form. The operator satisfies the following properties:

TSome authors prefer the notation VA for the exterior derivative.
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(@) do = 9, 0, ., | da"® Adat AL Adatr = (d‘fwl---up\) AdzFt AL A datr
In terms of components:

VoUy.-..Vp

(da)lul---up+1| - 5“1~~~“P+1 v Olv1y| = 6#1Jﬂ2~~~“p+1 o 6#20“1---ﬂp+1 REEEE

(b) d(o + 7) = do + d7 (p = 9).
(c) If o is a O-form, ie. just a function, then do is the 1-form gradient of that function.

(d) d(c A7) = do AT + (—1)? o A d7 (aka the antiderivation property of d with respect to the exterior
product).

(e) d%6 = 0 (Poincaré’s lemma).

We shall not prove the antiderivation property (you can do it as an EXERCISE), but Poincaré’s lemma is so
famous and important that it deserves some proof.
First, for an arbitrary function f (0-form):

d’f = d(0,fdz") = 0,0, fda" Ada” = 0

since 0,0, is symmetric in y and v. If g is another function, d(df A dg) = d%f Adg — df A d?g from the
antiderivation property; this must vanish since d? applied to any function gives zero. By extension, the exte-
rior derivative of the exterior product of any number of arbitrary differential 1-forms also vanishes. Now, from
properties (a) and (d) above:

d’c = d[doy,, | Adz" AL Adatr]

= &0y, ] Ada" AL Ade (D)o, A d[dat AL A datr]

The first term vanishes because we have already shown that d is nilpotent on functions; the second vanishes
because we have also shown that the exterior derivative of a wedge product of differential 1-forms vanishes.

Example 1.19. In R3, with u, v, and w as arbitrary coordinates, the differential of a function f in the
coordinate basis {du, dv, dw} is the 1-form:

df = 9,fdu + 0,fdv + Oy fdw (1.53)

Only if the coordinates are Cartesian is this also valid for an orthonormal basis in the same coordi-
nates. In a spherical coordinate basis {dr, d 8, d ¢}, for instance, df would keep the above sim-
ple form. If instead we insist on using a basis whose components are normalised to unity, such as
{d7, d 6, d ngb} = {dr, rd 0, r sinfd ¢} — as is almost always the case in vector analysis applied
to physics — consistency demands that we write:

df = arfdf+lagfdé+#a¢fd$ (1.54)
r rsin 6

Example 1.20. As an example of the first property of d, the exterior derivative of a 1-form o is the
2-form:

0 = do = 9,0,dz" Adz¥

(1.55)
= (0,0, — 0,0,)da" ANdz¥ (n<v)

where we have used the fact that the exterior derivative of the O-forms (functions) o, are 1-forms. The
components of 6 are: 0, = 9,0, — 9,0,. (EXERCISE: what would be the exterior derivative of a
2-form? What would its components be?)
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Example 1.21. What about the exterior derivative of a 1-form o = o,du + o,dv + o, dw in R3?
Using the equivalent form: do = do,, A dz¥, we get:

do = (&,au dv + Oy0, dw) Adu + (8u0v du + 9,0, dw) Adv + (auaw du + 9,0, dv) A dw

= (0yow — Owoy)dv Adw + (Oyoy — Oyow)dw Adu + (Oyoy — Oyoy) du A dv
(1.56)

Taking the Hodge dual gives the pseudo-1-form:
*do = /|g| [(&,o—w — Owoy)du + (Owoy — Ouow)dv + (Oyoy — 0yoy,) dw] (1.57)

By analogy with tensor algebra results, we recover the covariant version of the components of the
3-dim curl of a vector, but only in Cartesian coordinates! Only in those coordinates is 1/|g| = 1, with
covariant and contravariant components the same in Cartesian R".

As we know all too well, the vector components of the curl of a vector in curvilinear coordinates can
be quite complicated, but this complication is largely due to our insisting on working with objects
which are less natural. Indeed, when a curl is called for, it always is the curl of a 1-form, and there
is little need for its contravariant components which are sure to be more complicated because of the
curvilinear metric being used to raise indices.

It is interesting that, in vector calculus with Cartesian coordinates, we could write o as A - dx, with
A a corresponding vector. Then the right-hand side of eq. (1.56) would correspond to V x A - dS,
where dS is a surface element with Cartesian components dy A dz, dz A dz, and dz A dy. Then we
could write d (A - dx) =V x A - dS.

Example 1.22. Here is an intriguing example: the exterior derivative of a pseudo-2-form 7 in R? with
some metric g. Since this will be a pseudo-3-form, we expect it to be a one-component object. Indeed:

dr = (Oy7y,du) Adv Adw + (0yT,, dv) Adw Adu + (0T, dw) Adu A dv

(1.58)
= (OuTyy + OuTypy + OwTyy) du A dv A dw

Now, in three-dimensions 7 can be viewed as the Hodge dual, 7 = %o, of the 1-form o = o, du +
oydv + oy dw. In terms of components, 7, = €, 4o Inserting and then taking the Hodge dual of

the last expression, using #(du A dv A dw) = €123 = (—1)"- /,/|g| from section 1.5.3, gives:

(—1)" «d*o = ES (1.59)

1
9
Vgl K(Vlg

Definition 1.34. Extending to n dimensions, we call the right-hand side the divergence, div B, of the
n-dim vector B with components B* = ¢*. It is valid in general coordinates in any metric-endowed
space.

In vector calculus with Cartesian coordinates, 7 = B'dy A dz 4+ B2dz A dz + B3dx A dy = B - dS, and eq.
(1.58) could be written as: d(B - dS) = V - Bd?.

The operator #d + sends a p-form into a (p-1)-form. In mathematical references, this operator is introduced
(up to a sign!) as the codifferential operator, §. We quote without proof the relation between them: When
acting on a p-form in a Euclidean manifold, § & = (—1)"Pt*)*lxd xo, and 6o = (—1)"PTDxd xo in a
pseudo-Euclidean manifold. Actually, these expressions happen to hold also in a Riemannian (curved) or pseudo-
Riemannian manifold!

Like the exterior derivative, the codifferential operator is nilpotent. Indeed, % = #d ##d # = +#d? % = 0.
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Definition 1.35. We define the divergence of any p-form: div o := —do = (—1)"P+t)+"- 4 d %o
This ensures consistency between eq. (1.59) and the conversion between #d # and 4. We extend eq.
(1.59) to the divergence of any p-form o on a n-dim space:

1 1

(div o), ., , = may( |g|avu1___up71) = may(\/mgw%m%fl) (1.60)

From eq. (1.59) also follows the definition of the 3-dim Laplacian of a scalar function f in coordinates

ul.

1 . 1 .
— 9;(+/|g|0" = ——0; 170 (1.61)
\/m ( ‘g’ f) \/m ( ’9‘9 ]f)

1.6.2 Laplace-de Rham operator, harmonic forms, and the Hodge decomposition

Vif =

Definition 1.36. The Laplace-de Rham operator is defined as A = §d +déd = (d + §)%. Itisa
mapping A : A? — AP. When acting on a 0-form (scalar function), A = & d always; then we also
speak of the Laplace-Beltrami operator.

It is not hard to show that it reduces to the negative of the Laplacian operator of vector analysis, ie. A = 6dd =
—%d xd = —0;0" = —V?2, when acting on 0-forms on Euclidean R? with Cartesian coordinates. We shall define
V2 so that V2 = — A when acting on any p-form in Euclidean R? equipped with a standard basis.

For instance, let it act on a 1-form o in Euclidean R3. That is, take Ao = #d «do — d #d o using the
conversion formula between § and sd %. Using eq. (1.57), the first term is the curl of a curl, whereas the second
is the gradient of a divergence. Thus, we recover the expression well-known from vector calculus: VZA =
V(V-A)—-V x V x A, where A is the vector associated with the 1-form o.

When acting on functions (0-forms) in Minkowski space, the Laplace-de Rham operator becomes the negative
of the d’ Alembertian wave operator [0 = 0,0": A = —[. In fact, this will define the d’ Alembertian of any p-form
in a Minkowski manifold.

Definition 1.37. A p-form o is said to be harmonic if Ao = 0. This generalises the notion of
functions being called harmonic when they satisfy the Laplace equation.

Definition 1.38. A closed form is one whose exterior derivative vanishes. A p-form that can be written
as the exterior derivative of a (p-1)-form is said to be exact.

Clearly, Poincaré’s lemma states that an exact form is closed. But is a closed form exact, ie. if do = 0, does
it follow that o = d, with 7 uniquely determined? The answer is no, if only because one can always add the
exterior derivative of an arbitrary (p-2)-form 0 to 7 and still satisfy do = 0. Also, the converse of Poincaré’s
lemma (not proved) states that only in a submanifold in which all closed curves can be shrunk to a point does
do = 0 entail the existence in that submanifold of a non-unique (p - 1)-form whose exterior derivative is o. In
topology, we say that the submanifold must be simply connected (eg. no doughnuts!).

We quote without proof an important result of Hodge: On finite-volume (compact) manifolds without bound-
aries, such as S™, or on a torus, Ao = 0 if, and only if, do = 0 and d*o = 0 (or § & = 0). We then say
that harmonic forms are both closed and co-closed. This property also holds on open manifolds (eg. R") if o has
compact support (it vanishes outside a bounded closed region), or if it goes to zero sufficiently fast at infinity.
This is often the case for physically useful quantities.

Definition 1.39. Assuming a compact manifold without boundaries or, failing that, compact support
or sufficiently fast fall-off at infinity, the Hodge decomposition of a p-form is:

o = da + § 3 4+ harmonic form (1.62)

where « is a (p-1)-form and 3 is a (p+1)-form. This decomposition is unique, in the sense that each
term in the sum is unique, but not a or 3 themselves. da, & 3 and the harmonic p-form in the
decomposition live in orthogonal subspaces of A”.
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Example 1.23. In non-compact Euclidean R3, if A is a vector field with compact support, then the
Hodge decomposition says that its associated 1-form can be written as the exterior derivative of a 0-
form (ie. the gradient of a function), plus the divergence of a 2-form, 3, plus some harmonic 1-form.
Now, since #/3 is a pseudo-1-form in R3, § B = «d %3 is a 1-form, and we find from eq. (1.57) that
this term in the Hodge decomposition corresponds to the curl of a vector. Therefore, we obtain in
terms of vectors the Helmholtz decomposition for a vector field with compact support or sufficiently
fast fall-off at infinity:

A=Vop+VxM+ H (1.63)

where ¢ is a scalar field, M a vector field, and H another vector field which satisfies V2H = 0
everywhere. But if H vanishes at infinity in R?, then it must vanish everywhere.

The curl of the first term in the Helmholtz decomposition vanishes identically, and is often called the
longitudinal projection of A; the divergence of the second term vanishes identically, and we can call
it the transverse projection of A. It follows that V - A contains no information whatsoever about the
transverse part of A, whereas V x A knows nothing of its longitudinal part. This provides a very
useful and powerful tool for analysing 3-dim first-order field equations (eg. Maxwell’s equations)
which are usually statements about the divergence and the curl of the fields. Conversely, if V- A = 0
everywhere, we can conclude that A is purely transverse, since then the 3-scalar field ¢ in eq. (1.63)
satisfies the Laplace equation everywhere, which means it must vanish if it has compact support or
fast enough fall-off.

1.6.3 Exterior derivative and codifferential operator of a 2-form in Minkowski spacetime

LetF € /\2 on Minkowski (pseudo-Euclidean) R*. Demand that F be exact, with compact support or sufficiently
fast fall-off at infinity. Then there exists a 1-form A such that F = dA, and F,,, = 0,4, — 0,4, in any
metric. This means that dF = 0. It is clear from Poincaré’s lemma, d>A = 0V A, that any information about F
contained in dF = 0, is of no use whatsoever in determining A: we say that it is an identity on A.

In addition, we give the exterior derivative of the Hodge dual of F, the pseudo-2-form d xF, as a “source”
pseudo-3-form J, with corresponding Hodge dual 1-form J = %7 . Then we have the inhomogeneous equation:

d*F = 4 J (1.64)

Interestingly enough, one can view eq. (1.64) as a statement that the source 3-form is exact, and therefore
closed. This is a very important property because, if we take the exterior derivative of the equation, the left-hand
side vanishes identically, and the right-hand side becomes: d J = 0 or, equivalently, the better-known statement
that the 4-divergence of the source 1-form vanishes: *d % J = 0. d J = 0 is actually a (metric-independent)
conservation law for the source!

What we have just seen is Maxwell’s theory, with F' the Faraday 2-form (tensor), A the electromagnetic
potential 1-form, and J the electromagnetic 4-current.

Our treatment assumes a mostly positive metric, as in MTW or Griffith’s Introduction to Electrodynamics.
With a mostly negative metric, there would be a minus sign on the right-hand side of eq. (1.64).

Because the differential operator d is metric-independent, we have given both the homogeneous and inhomo-
geneous first-order Maxwell equations in terms of exterior derivatives of F' and its dual #F'. It is easy to convert
the inhomogeneous equation to a divergence, simply by taking its Hodge dual:

#*d*F = 4dn*xJ = 4nJ <— divF = —4nJ (1.65)
In terms of Cartesian components, this can be shown (EXERCISE) to be equivalent to'

OHF, = —4rJ, & 9, F" = —4xJ

¥ Again, with a mostly negative metric, such as in Jackson’s Classical Electrodynamics, there would be no minus sign on the right-hand
side. This is because F has opposite sign between the two conventions so as to obtain the same relations between the electric and magnetic
fields and the vector and scalar potentials.
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the latter form being more appropriate if we insist on thinking of the source term as a vector. I would argue,
however, that the less conventional form eq. (1.64) is much the more natural. The exterior derivative is metric-
independent, and its index form can be written entirely with covariant indices, the natural ones for p-forms. But
to obtain its equivalent in divergence form, we have to Hodge-dualise the right-hand side, so that the vector J
source depends on the metric (see the paragraph after eq. (1.52)), whereas its 3-form version does not. The price,
of course, is that the 3-form version has 64 compnents.

It is worth noting that, although dF = 0 and the source equation (1.64) completely determine F, A is deter-
mined only up to an additive term d f, where f is an arbitrary differentiable function.

As a 3-form, the homogeneous equation dF = 0 also has a lot of components, and when it comes to solving
the system, we may want to extract only the independent ones. Well, this equation is the same as d #* (*F) = 0 for
which the Hodge dual is % F = 0. In other words, the divergence of the dual of F vanishes, which represents only
four equations. Actually, this is a general, easily shown property (EXERCISE): whenever the exterior derivative
of a p-form in some manifold vanishes, so does the codifferential of its dual, and vice-versa.

Another great advantage of writing Maxwell’s equations in the geometric, index-independent formalism is
that, provided the source is smoothly varying, they are formally the same in curved spacetime! All the extra terms
due to the covariant derivatives that one has to introduce in General Relativity cancel out, essentially because they
are symmetric in the same indices in which the p-form equations are antisymmetric. In index notation, however,
only the equations involving no Hodge dual remain the same. Thus, the homogeneous Maxwell equation in the
form of a divergence becomes metric-dependent, and in index notation will not be the same in curved spacetime!

Finally, nothing prevents us from constructing an extended Maxwell-like theory (which does not describe
electromagnetism) involving F as a 3-form instead of a 2-form. In the past few decades it has received a good deal
of attention in some quarters.

1.7 Integrals of Differential (Pseudo)Forms

In the course of figuring out the meaning of | o, where we now use the notation o to show explicitly the rank
of a p-form, we shall discover that pretty much any integral that makes sense in n-dim calculus can be written as
the integral of some p-form or pseudo-p-form.

1.7.1 Integrals of (pseudo)p-forms over a p-dim submanifold

As a warm-up, consider the integral of the Hodge dual of a scalar function f, [ % f, over a n-dim region V in R"™
(eg., over some volume in Rg). The Hodge dual of a scalar function, of course, is a n-form. Then:

/V*f: /Vf(u)\/mciulA...Adu” = /Vf(x)dxl/\---/\dx” = /Vf(x)d"x

where u are general coordinates and d”z is in the volume pseudo-n-form in Cartesian coordinates. If the coordi-
nate basis {9, } (1 < p < n) has the same orientation as the (arbitrarily chosen) orientation of the region, then we
define:

Definition 1.40.
/f(x)dwl/\---/\dw” = /f(x)dgn1 e da” = /f(x)d"w (1.66)
\% \%4 \%4

ie. the ordinary multiple integral of a scalar function of n variables in n dimensions.

When a p-dim region R is embedded in a n-dim manifold, it will be described with some coordinates u(x), that
is, n functions u* of the p Cartesian coordinates x7 that parametrise RP. Also, an orientation can be defined for the
region. What is the meaning of the integral of a p-form over such a region? We give two examples in R3.
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Example 1.24. Integral of a 1-form over a curve or “line integral”

As we have seen before, a curve C' can be parametrised in terms of some parameter ¢ € R, with d;
defining the positive orientation of the parameter space R. Then, if « is a 1-form on R?, eq. (1.66)
and the chain rule yield:

/Ca = /Ca,-dui = /abai[u(t)] dyu' dt = /aba(dtu)dt

Only if R3 is given a metric and the curve parametrised with Cartesian coordinates is this the usual
integral of a vector A along the curve, [ A-dx. In general, to integrate a vector along a curve, a metric
must be introduced so as to transform the vector components into its associated 1-form’s components:
JA -du= [ gijAj dyu® dt. But no metric is needed to integrate a 1-form along a curve, and this is
the simpler and more natural operation.

If o is exact, then we immediately have the fundamental theorem of calculus:

/Cdf _ /ab(‘)uifdtuidt - /abdf = f(b) — f(a) = /acf

where JC' is the boundary, ie. the end-points, of the curve.

Example 1.25. Integral of a 2-form over a surface

Let S be some surface embedded in R? and described with three coordinate functions u’(z!, z%). The
surface is parametrised with (2!, %) € R?, with basis vectors 8,1 = 8 along the x! direction and
0,2 = 8, along the z? direction, for which some orientation has been defined as positive. What
meaning can we give to the integral of a 2-form 3 over S? From the chain rule, example 1.13, and eq.
(1.66) we find:

8= [ sdu ndit = / Binu(at,a?)] (r? yu — Opud D) dat da®  (j < )
S S

The integrals in R? on the right are over a rectangular region in parameter space. The two coordinate
vectors (see section 1.2.3), 0ju and dqu, are tangent to the surface at every point, and are usually
linearly independent, so form a basis for the space of (pseudo)vectors tangent to the surface. Here
again, no metric is required.

Now the Hodge dual of 3 , which is a pseudo-1-form, has an associated pseudo-vector B with, as
components, the contravariant components of the Hodge dual, B! = eijkﬁjk (j < k), eg., B =

B23/+/ 19|, etc. Then:

B! B* B3
Bjk (Z?luj(‘)guk - Z?guj Z?luk) = eijk Bi (81uj82uk - Z?guj 81uk) = \/ \g[ alul 81u2 81u3
82u1 82u2 82u3

From eq. (1.47), we recognise the last member of the equality as the output obtained from inserting the
three vectors whose components are the rows of the determinant, into the three input slots of a simple
3-form—more accurately, a pseudo-3-form which, from definition (1.31) can be identified with the
volume pseudo-form d3u. Then our integral can be written:

/ﬂ = /dgu(B,alu, dou) dat dz?
S

This makes it obvious that the integral is independent of the orientation of R?, since switching it flips
the sign of both B and d>u. At every point on the surface, we can choose the unit n normal to the
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surface so that n and the vectors d;u and dxu tangent to the surface form a right-handed (positive
orientation) system. We also note that only the normal component of B can contribute to the integral
(WHY?).

Then the scalar functionl d3u(B, 014, O2u) is the normal component of B multiplied by the surface of
the parallelogram defined by the coordinate vectors. Defining the surface element dS = |01 u x doul,

there comes:
/B:/BndS:/B-dS (1.67)
S

where the often used last expression is called the flux of the pseudo-vector B through the surface S.
It does not depend on the parametrisation chosen for S which is integrated out. The same result holds
if 3 is a pseudo-2-form, with B now a vector.

1.7.2 Stokes Theorem

This famous theorem, which we shall not prove, equates the integral of the exterior derivative of a differentiable
(pseudo)p-form, w, over a bounded region V' in a manifold to the integral of w over the boundary 0V of V. A
technicality is that both V' and 0V must have compatible orientations.

/dw :/ w (1.68)
\% ov

The boundary need not be connected, and it can be broken up into non-overlapping parts when it cannot be covered
by a single coordinate patch. Then we simply sum the integrals over each part.

Example 1.26. At the end of example 1.24 we had already worked out an application when w is a
O-form: the fundamental theorem of calculus. When w is a 1-form and V" a 2-dim surface in Euclidean
R3 parametrised with Cartesian coordinates and bounded by a closed curve C, the same example gives
immediately: [, w = ¢, A - du. From eq. (1.56) and example 1.25, [(dw = [(V x A - dS, and
we recover the well-known Kelvin-Stokes formula. Only if we want to work with that usual vector
calculus relation is a metric required.

Finally, when w is a pseudo-2-form in Euclidean R3, V a volume and S a surface enclosing the
volume, we recover the relation fV V- -BdV = fs B - dS from examples 1.22 and 1.25. This time, a
metric is needed.

1.8 Maxwell Differential Forms in Three + One Dimensions

With F' the Maxwell 2-form, define two 3-dim p-forms: an electric field strength 1-form £ and a magnetic field
strength 2-form B, by:
F = Fdz" Adz” = EAdt + B (1.69)

where:
E = Flod:L'l + Fgod:L’2 + F30d:L'3 B = Flgdl’l Andz? + F31d:L'3 Adz! + Fdi[L’2 A da? (1.70)

Now, formally, d = d + dt A 9. where d denotes the 3-dimensional exterior derivative. Then the homogeneous
Maxwell equation, dF = 0, becomes:

d+dt A§[ENAt + B] = dEAAt + dB + dt A9,B
[ I ]
= (de + a,B) Adt + dB
=0
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In the second line, the plus sign in the bracket results from the double transposition needed to bring d¢ to the right
through the two basis 1-forms of B. We conclude that in three dimensions, the homogeneous Maxwell equation
gives rise to:

dB =0 dé + 9B = 0 (1.71)

Expand the potential 1-form A as —¢ dt + A, where ¢ € A" and A € A', both in rhree dimensions. Expanding
F = dA, or using the Poincaré lemma for d, one obtains (EXERCISE):

E = —do — A, B =dA (1.72)

I wish to reiterate that eq. (1.71) and (1.72) are metric-independent, and will thus hold in flat or curved spacetime,
so long as we use a coordinate basis.
The Hodge duals of eq. (1.71) can be written as:

div*B = 0 *dE + 9B = 0

If we identify the contravariant components of the pseudo-1-form *B with the usual components of the magnetic-
field pseudo-vector, and use eq. (1.57), we see that these are equivalent to the homogeneous Maxwell equations in
their vector-calculus form: V-B =0and V x E + 0;B = 0.

After Hodge-dualising the second equation (1.72), these are readily identified with the standard expressions
for the fields in terms of the scalar and vector potential *d.A. But we also see that it is much more natural to view
the 3-dim magnetic field as a 2-form which is the exterior derivative of a 1-form, than as a pseudo-vector which is
the curl of another vector. In the same vein, I contend that it is more natural to describe the electric field strength
with the 1-form £ than with the vector E. It is consistent with force and momentum also being more naturally
1-forms (consider eP+=" 1),

The inhomogeneous (source) Maxwell equation requires much more care, because the Hodge dual inevitably
involves a metric, and because a 4-dim Hodge dual is not necessarily like a 3-dim Hodge dual! First, we must
derive an expansion of *F in terms of £ and B. A safe, if somewhat inelegant, method is to expand it in terms of
the components of F' = %F,de“ Adx”:

N 1
F = ZF'LLV E/J,l/a

= — /gl [F%d2® Ada® + F*dz® Ada' + FPda' Ada? + (FPda® + F¥'d2? + FPda') A di]

Bd:na A dz?

Now we must write this in terms of the covariant components of F, and this is where the metric must come in,
since FH = gho gV Fop:

FO = (g% — g% Fjo + ¢¥ g% Fyy, Fi9 = (g7 — ¢'g?)Fiy + ¢"* g7 Fy

We know that Fjo and F}, are the components of the 3-dim p-forms € and B, respectively. If g% # 0, each
contravariant component of F will involve both € and B, which will lead to very complicated results. When
g% = 0, however, we are left with F0 = %044 | o, and I’ i = ¢'*gil Fy,;, and lowering the spatial components
of F involves only the spatial sector of the metric (ignoring the ¢°° factor), the same sector that is used to raise
indices on the Levi-Civita tensor. Also, if we take g"C = —1 (mostly positive) Minkowski metric, the \/m factor
is the same for the three-dimensional metric determinant as for the 4-dim one. Because of all this, we can now
write:

1 ) ) 1 L
>k]l—“ = — §€iijZOdZ"] A\ dxk + ieijk‘Fdek A dt
where the roman indices run from 1 to 3. Now we can relate the two terms to £ and B:

1 ) ) 1 . . 1 L
3 eiijZdeJ Adz* = 5 eijkgoog”Flodwj Adzk = 3 9VeiixEidad Adat = g0FE = —*€
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Also: 1
with no assumption needed for the spatial part of the 4-dim metric. Then our expansion is *F = —*B A dt + *&

where it is understood that, on the right-hand side only, the 3-dim Hodge dual is taken. It is not difficult to show
(EXERCISE) that: d*F = —(d*B — 0,*E) Adt + d*E.
We define the Maxwell source pseudo-3-form as the expansion:

J =p—jAdt = pejda’ Adad Ada® —*Tadt (i<j<k)

where p is the charge scalar density, p the three-dim charge-density pseudo-3-form and J the 3-dim current density
1-form. Inserting these expansions in eq. (1.64) yields the two 3-dim Maxwell field equations:

d*€ = 4np, d'B =j+ € (1.73)

Taking the 3-dim Hodge dual of these equations recovers the vector-calculus form of Gauss’s law for electricity
and the Ampere-Maxwell equation.
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2 MODULE II — GROUP THEORY 1: Discrete Groups

One of the most beautiful and useful concepts in physics and, dare I say, mathematics, is that of symmetry.
Loosely speaking, it recognises the existence of patterns or, mathematically-speaking, a characteristic behaviour
of objects under transformations. When a symmetry in a problem is detected, the problem is amenable to much
simplification and might even be solvable. Useful information can be recovered even if the symmetry is only
approximate, or is “broken” in a way that can be understood. Equally important, a symmetry often signals the
existence of a conserved quantity. For instance, from space-translation invariance (aka homogeneity of space) fol-
lows linear-momentum conservation, whereas time-translation invariance generates energy conservation; isotropy
of space (its invariance under rotations) leads to angular-momentum conservation. Conservation of electric charge
is embodied in the gauge invariance of Maxwell’s equations, which itself can be seen as generating constraints
that automatically suppress potentially disastrous negative-energy modes.

In modern mathematics, the language of group theory provides a unified and systematic framework for clas-
sifying and describing symmetries. In part because it is jargon-heavy, group theory is often relegated to the fringes
of most physicists’ training. Yet much insight can be gained from at least a modicum of familiarity with it, and
this is what we shall now attempt to acquire.

2.1 Groups: Definitions, Taxonomy and Examples (BF 10.1)

As much of what we are going to discuss involves mappings, it is worth saying a few words right at the outset
about what kind of mappings will be of interest to us.

Most important, we will want to be able to compose mappings. For instance, if f and g are two mappings, we
want to be able to apply one, and then the other; we shall denote’ a binary composition by f o g or f * g, with
the understanding that g is applied first. In order that a string of such mappings be uniquely defined, they must be
associative, and thus reducible to a succession of binary mappings. Moreover, we should like to be able to retrace
any step we take in a unique way; this can be achieved by demanding that any mapping f we consider be invertible
with a mapping f~!. Therefore, there must exist an identity mapping, e, such that f x f =1 = f~lx f =e.

2.1.1 Basic definitions and nomenclature

The mappings of interest to us belong to a more general type of collection of objects called a group:

Definition 2.1. Let GG be a set of distinct objects endowed with an associative binary composition law
or operation such that:

*Va,b e G, axb € G,

* there exists a unique element e € G such that, Va € G,exa=axe =aq;
* Ya € G, there exists a unique element a! € Gsuchthata ' xa=axa" ! =e;

then we say that G is a group.

Two remarks are in order. The composition law is often called group multiplication, a term we shall try to avoid
because it almost irresistibly evokes ordinary multiplication. Also, although a group composition law definitely
meets the requirements set out above for mappings, group elements themselves may be mappings, or transforma-
tions (eg. translations, rotations, permutations), but also numbers, vectors, matrices, etc.

The composition of two elements of G is in general noncommutative: a x b # b * a.

Definition 2.2. When a * b is commutative, Va, b € G, we call G an Abelian group.

Definition 2.3. A group of n elements (n < 00) is said to be finite and of order n.

fSince a binary composition is not necessarily a multiplication, we avoid the potentially misleading f - g notation of Byron and Fuller
(and many others).
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Definition 2.4. A group is discrete when it contains a countable number of elements. All finite
groups are discrete, but infinite discrete groups exist. Infinite groups which are not discrete are called
continuous.

Definition 2.5. A group of the form {e, a, a?, ..., a® '}, where a’ = axa ... i times, and where
n is the smallest integer for which a™ = e, is called Z,, (sometimes C,), the cyclic group of order n.

All @' in Z,, are distinct for, supposing a' = a’, we would have a*~/ = e, withi — j < n, and n
would not be the smallest number of compositions of a that yields e.

Given any element a; of a finite group, there will be an integer m such that a}"* = e. Then we say that a; itself
is of order m. If m is smaller than the order of the group, the group is not cyclic. One shows (EXERCISE) that
groups whose elements all have order 2 are Abelian.

Here are a few straightforward examples of groups: C under addition, with e = 0 and a~! = —a; C — {0}
under multiplication, with e = 1 and 271 =1 /z; the set of complex n x n matrices with non-zero determinant,
GL(n, C), under matrix multiplication, with e = I; the set of the n complex roots of 1 under multiplication, with
e=1.

It is important to keep in mind that a given set may be a group under one operation, but not under another.
Thus, the set Z is not a group under multiplication (and neither is Z — {0}); but is is a group under addition with
e=0anda™! = —a.

Exercise: spot any discrete and cyclic groups in these examples.

2.1.2 Cayley tables

Let a; (# = 1,...,n) be an element of a finite group. By convention, a; = e. We can construct a n X n
composition table, or Cayley table, whose i element is a; x a;. Then the first row and the first column must
be {e, ag, ..., a,}. They are sometimes omitted by authors who are not nice to their readers.

A constraint (and check!) is that any column or row of the composition table of a finite group must contain all
elements of the group, and only once. Indeed, suppose that in the row corresponding to a; we had a; xa; = a; xay,
for some j, k. But since a; must have a unique inverse, this would force a; = ay. A similar argument can be made
for columns.

Another constraint is that a; xa; = a; only if a; = e, and a; xa; = a; only if a; = e, which occurs only in the
first row and the first column, respectively. It follows that a; x a; = a; and a; x a; = a; are ruled out in the other
entries.

Constructing Cayley tables for cyclic groups is easy. Let us do it for n = 2, 3, and 4:

e la elalbl|c
el a b T e alblc|e
ale b el a blclela

clelalb
{ey a} {e’a’ b — a2} 5

{e,a, b=a?c=a’}

Notice that, for n = 2 and 3, these tables are the only ones we can construct that meet the two constraints
mentioned just above. Therefore, finite groups of order 1, 2 and 3 are cyclic. The n = 4 case, however, would
seem to open up more possibilities: if a x a = b, the constraints determine the other entries, and we obtain a table
for the cyclic group Z4. But we could also take a x a = c and a x a = e: In the former case, the constraints
determine the rest of the table; in the latter case, we can choose b x b = a or b x b = e, yielding:

Qoo
SRS E=AEs)
(SR ESH RSN Re
Qoo
Qoo
a0

QlSe|lo
Moo |
QS e (o
oo e
[S R =l = N
oo e
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By relabelling b <— c in the first table, and a <— b in the second, and re-ordering the rows and columns,
we obtain tables which are identical to the cyclic table, and we conclude that in they are really those of the cyclic
group of order 4.

The last table is genuinely different. it corresponds to a group of order 4, called the four-group—aka Felix
Klein’s Vierergruppe V—in which every element is its own inverse (and thus of order 2), with the fourth element
constructed out of the other two non-identity elements (otherwise V' would be cyclic!): {e, a, b, axb}. An example
is the symmetry group, D>, of a rectangle centered on the origin: the identity, one rotation by 7 and two reflections
its axes.

EXERCISE: Is it possible to construct the Cayley table of a group of order 5 from the requirement that all its
elements be of order 2?

2.1.3 Generators of a group

Cyclic groups and the four-group illustrate a very useful feature of some groups: the fact that all their elements
can be generated by a subset of those elements. More precisely:

Definition 2.6. A set of generators of a group G is a subset of G from which all other elements of G
can be obtained by repeated compositions of the generators among themselves.

Any element g of a finite group generates a cyclic group Z,,, where n is the order of g, whereas the four-group
is obtained from two generators. EXERCISE: construct the Cayley table for the group of order 6: {e, a, b, b*, ax
b, bxa}.

As another example, we can think of a rotation by /6 about the z axis as the generator of the finite group of
rotations by k7 /6 (k =0, ..., 11).

2.1.4 Isomorphisms

We have just been introduced to the important idea that groups which look different may in some sense be the same
because their composition tables are identical or can be made to be identical by relabelling. We now formalise this
idea:

Definition 2.7. If there exists a one-to-one correspondence between all the elements of one group

{G, o} and all the elements of another group {H,*} such that under this mapping the two groups

have identical composition tables, then the mapping is said to be an isomorphism, and GG and H are

isomorphic: G = H.

Another definition can be more helpful when, as happens with continuous groups, there is no composition
table as such:

Definition 2.8. If there exists a one-to-one mapping f between all the elements of one group {G, o}
and all the elements of another group {H,*} such that under this mapping, f(a), f(b) € H and
flaob) = f(a)x f(b)Va, b € G,then f is an isomorphism of G onto H, and G = H.

Other examples of isomorphic groups are

* the group of permutations of two objects (S2), the group of rotations by 7 around the z axis, the group
{1, —1} (under multiplication);

* the group of complex numbers and the group of vectors in a plane, both under addition;
e the continuous groups {R, +} and {R", x} with the exponential as the isomorphism. Later we will see

that because e*e? = e*1¥, e” € {R™, x} provides a one-dimensional matrix representation of {R, +}.

Definition 2.9. A homomorphism, like an isomorphism, preserves group composition, but it is not
one-to-one (eg. it could be many-to-one). .
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2.2 Special Subsets of a Group (BF10.3)

There are a number of useful ways to classify the elements of a given group.

2.2.1 Special Ternary Compositions: Conjugacy Classes

Definition 2.10. Given a € G, any element b € G which can be obtained as b = x ca o =1, where
x € G, is called the conjugate of a by x. This conjugation operation, which consists of two binary
compositions, is analogous to similarity transformations on matrices.

Now conjugacy has the following properties:

1

* Reflexivity: a =eoaoe -, or a is self-conjugate.

o Symmetry: letb=2o0aox"'. Thena =yoboy !, withy =z~! € G.
* Transitivity: letb =2 oaoxz"'anda =y ocoy~'. Then:

1 1 -1

b==zo0ao0x™ ! = gzoyocoy tox ™t = (zoy)oco(zoy)™!

and since x oy € G, b is conjugate to c.

This leads to the definition:

Definition 2.11. The subset of elements of a group which are conjugate to one another form a conju-
gacy, or equivalence’, class, often abbreviated to just a class.

The systematic way of constructing the class for any element a; of a group is to form:
-1 —1 -1 -1
(ecajoe ", a10a;0ay , ..., G;—10G;00;_1,0i1100;0q; q, )

From this it follows that e is always in a class by itself, and that each element of an Abelian group must also be in
a class by itself. Since the cyclic group of order n is Abelian, each of its elements is its own class, and the same
goes for the four-group.

Classes are disjoint: they have no element in common (EXERCISE: show this).

Elements in the same class share some properties. In particular, they must all be of the same order (EXER-
CISE). In a particularly important type of group, matrix groups, conjugate matrices are similar to one another; they
could represent the same “thing” in different bases.

EXERCISE: obtain the classes for the group: {e, a, b, b*, axb, bxa}.

Note that there is another way to form interesting sets of conjugates: Va; € G, form set {z o a; o x71} fora
givenz € G.

2.2.2 Subgroups

Definition 2.12. A subset H of a group G that behaves as a group in its own right, and under the same
composition law as G is said to be a subgroup of G: H C G. A subgroup H of G is proper if it is
non-trivial (ie. not e) and if H C G (ie. H # G). Unlike classes, the subgroups of a group are not
dsjoint, and can have more elements than e in common.

The four-group V' has the (non-disjoint) proper subgroups: {e, a}, {e, b}, and {e, ¢ = a x b}. By inspection,
the group of order 6 {e, a, b, b, ax b, b* a} contains the proper cyclic subgroup {e, b, b?} of order 3.

T Actually, conjugacy is only a particular type of equivalence.
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A Small Zoo of Famous (and Important!) Subgroups:

* The set of even integers is a subgroup of {Z, +}, which is itself a subgroup of {R, 4}, which is a subgroup
of {C,+}. All those subgroups are proper.

* The special subset SL(n, C) of the General Linear group G L(n, C) of transformations represented by n x n
invertible complex matrices which have determinant one.

* The subset U(n) of the General Linear group G L(n,C) of transformations represented by n x n complex
matrices which are unitary (U'U = 1), and whose determinant has the form ¢!?. SU(n) is the special
subgroup of U (n) matrices with determinant 1.

* GL(n,R), which has SL(n,R) as a proper subgroup. is a proper subgroup of GL(n,C),

* The subset O(n) of the General Linear group GL(n, R) of transformations represented by n x n real matrices
which are orthogonal (O™ O = 1), and whose determinant is 1 or —1. SO(n) is the subgroup of O(n)
matrices with unit determinant, isomorphic to the group of rotations on R".

New Notation:

1. It is now time to wean ourselves from the often cumbersome star (circle) notation for group composition.
From now on, we shall omit them whenever there is little risk of confusion with ordinary multiplication.

2. If H and H' are two subsets of {G, %}, often we shall writte H H' = H x H' for {hh/ = hx W} Vh €
H, WWeH.

Let us try out our new notation on the following definition:

Definition 2.13. A subgroup N C @ is called invariant (or normal) if N = G N G~'. More
precisely, if gh g™ € NVYh € NandVg € G, N is an invariant subgroup of G. Alternate notation:
N <G, G> N.

From this definition, we see that any invariant subgroup must be self-conjugate. As well, the identity and G
itself are always invariant subgroups. EXERCISE: Show that the set {g;” ! gj_1 9i95} Vgi, g; € G, keeping only
distinct objects, forms an invariant subgroup of G.

Definition 2.13 is sometimes written G N = N G, but it does not mean that an invariant subgroup must be
Abelian (although it can be). Rather, it means that if you compose any element of N with any group element from
the left, there is some element of N which, when composed with the group element from the right, gives the same
result.

Definition 2.14. The centre of a group is the set of all its elements that commute with all elements of
the group.

Example 2.1. From the composition table for the four-group, it is straightforward to work out that
each of its non-trivial subgroups, {e, a}, {e, b}, {e, ab}, are invariant. Indeed, the four-group is
Abelian, and all the subgroups of an Abelian group are invariant. Like all Abelian groups, the four-
group is its own (trivial) centre.

A very powerful method for finding invariant subgroups is based on the following lemma : Let H C G. Then
H is invariant if and only if it contains complete classes, ie. if it is a union of classes of GG. Indeed, if H is invariant,
all the conjugates (elements in the same class) of any h € H are also in H, and this holds for all classes, which
are disjoint; so only complete classes can be in H. Conversely, let a subgroup H of G be a union of complete
classes; this means that the conjugates of all elements of H are in H, or ghg~' € H ¥ g € G, which is precisely
the definition of an invariant subgroup.

Definition 2.15. A simple group has no invariant subgroup other than itself and the identity.
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2.2.3 Cosets and factor groups (BF 10.3)

Definition 2.16. Let H be a subgroup of GG, and let g € G. Then g H is a left coset of H for a given
g, and H g is a right coset of H. The set of all left (right) cosets of H is called the left (right) coset
space of H.

Every coset g H of H must contain the same number of elements, equal to the order of H.
If H is invariant, to any ot its left cosets corresponds an identical right coset, and vice-versa, as follows
immediately from Def. 2.13. In particular, the right and left cosets of any Abelian subgroup are identical.

Example 2.2. Let G = R? under addition, and H be a plane containing the origin. For a given vector
a,a+ H € H if a € H; otherwise, a + H is another plane H' parallel to H, and we would say in
this language that it is a left (or right) coset of the plane through the origin. And H itself would also
be a coset.

The most important property of cosets is that they are either disjoint or else identical.

Indeed, let g1 h1 = go ho for some hy, ho € H and g1, go € G. Therefore, g1 = g9 ho hl_l. Now consider
some other element of the same coset, g1 h3 (hg € H); then gihs = go (ho hl_1 h3) = g2 h4, where hy =
ho hl_l hs € H. That is, if two elements of different cosets are the same, then any other element, say g h3, in the
first coset, must be equal to some element of the second coset. Since the same argument holds when we switch g;
and go, we conclude that if g; H and go H have one element in common, they have all their elements in common
and are thus identical. The same proof applies to right cosets. Thus, we can say that the coset space of a subgroup
H C G provides a partition of G.

An immediate consequence of this property is that since e H = H is a left coset of a subgroup H, that coset
contains e and is the only coset that is a group. No other coset of H can be a group since it cannot contain e. For
any other element h of subgroup H that is not the identity, we still have h H = H because H is a group, and all
cosets h H = H are in fact the same one, ie. H itself.

If H C G, every element of G must occur either in H or one (and only one) of its other cosets.This forms the
foundation of the proof of Lagrange’s Theorem: The order n of a finite group is an integer multiple of the order
m of any of its subgroups. Indeed, since every element of the group is either in the subgroup or in one of its other
k distinct cosets, each with m elements, (k + 1)m = n. The ratio n/m is called the index of the subgroup.

Let a € G. Clearly, it generates a cyclic subgroup of G of order m: {e, a, a?, ..., a™ '}, where m < n is
the order of a. Therefore, the order n of G must be an integer multiple of the order m of any of its elements. If n
is prime, m = n or m = 1, and we have proved that the only non-trivial finite group of order prime is the cyclic
group.

Now consider the set whose elements are the subgroup as a whole and all its other cosets, each also as a whole:

Definition 2.17. A factor space for H C G is the set of all left cosets of H. Note that the elements
of this space are the cosets themselves, each considered as a whole.

Factor spaces of a subgroup H are not necessarily groups; but there is one important exception:
Definition 2.18. To an invariant subgroup N of G is associated a factor group of G, G/N, whose
elements are /V and all its cosets. Again, /N and its cosets themselves are elements of the factor group,

not the elements of NV or of the cosets. The order of G/N is the order of G divided by the order of N,
ie. the index of N, hence the name quotient group often applied to G/N.

To show that the factor space of an invariant subgroup is a group, we note that for any coset g IV,

(yN)N = gNN = gN; N(@gN) =gNN =gN
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where we have used the associativity of the group product and the invariant nature of N. This establishes that [V
must be the identity of the factor group. The composition law follows from:

(1 N)(g2N) = 12NN = (g192) N
sinceg N = N g Vg € G, Lastly,
(gN)(g'N) = gg'NN = N = e

So g~! N is the inverse of g N.
Factor groups can be useful when, for one reason or another, we do not need to distinguish between the
elements of subgroups of a group.

2.2.4 Direct Products

Definition 2.19. Let H; and H> be subgroups of G which have only the identity e as common element,
and let hy ho = hohy Yhy € Hy,Vhe € Hy. Ifitis possible to write g = hy hy Vg € G, then
G = Hi x H, is said to be the internal direct product of its subgroups H; and Hs. The latter are
invariant (EXERCISE).

Example 2.3. We can think of O(3) as the direct product of SO(3) and the subgroup consisting of
the identity matrix and the reflection matrix —I. This latter group is obviously Abelian and, since its
elements commute with all 3-dim rotations (ie. the elements of SO(3)), it is an invariant subgroup
and the centre of O(3). Also, the four-group introduced in section 2.1.2 can be seen as Zy X Za, or
{e, a} x {e, b} = {e, a, b, ab}. However, Z, # Zy X Z,, even though Z5 is an invariant subgroup
of Zy, and thus Zy = Z,/Z5!.

Another well-known way of constructing a (this time, external) direct product of, say, two a priori unrelated
matrix groups with elements A € H; and B € H, would be:

A0

0 B
Or we could construct {1, —1} x {1, —1} = {(1, 1), (1, —1), (-1, 1), (=1, —1)}. the external direct product
of Zy with itself, in this realisation. This, of course, is the four-group.

2.3 The Mother of All Finite Groups: the Group of Permutations
2.3.1 Definitions, cycles, products

The most important finite group is the group of permutations of n objects, S,,, aka the symmetric group, which
contains n! elements corresponding to the n! possible rearrangements of the objects. A permutation is by definition
a bijective mapping. Following a standard convention, we notate, with 1 < k£ < n!:

Definition 2.20.

B 1 2 3 n
= <7Tk(1) m™(2) m(3) ... Wk(n)>

The horizontal ordering of the initial objects is immaterial. Also as a matter of convention, we agree
that it is the objects in the slots which are rearranged, not the slots. It is quite possible to define 7y (j)
as the mapping of whatever object happens to sit in slot j; but, again following standard usage, eg.
in BF, we define 7 (j) as the mapping, in a given slot, of the object labelled by j to another object
labelled by a number between 1 and n. Finally, we do not have to use numbers as labels, but they offer
the greatest range.
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In a permutation, an object ¢ may be mapped into itself, ie. it stays in the same slot. But more typically object
1 is mapped to j, while j is mapped to k; and so on along a chain that ends back at object a after [ steps. When
this occurs, we speak of a [-cycle. More precisely:

Definition 2.21. Let 7, € S, and let [ be the smallest integer for which [r(j)]' = j, for some
1 < j < n. Then the sequence of objects in [r,(7)]' is called a [-cycle (sometimes a r-cycle...).

This suggests a much more compact notation for 7, one in which we bother to write only the [-cycles (I > 1), and
consider a given permutation as the product of simpler permutations.
As an example, we write:

1 2 3 456 1 2 3 456 1 2 3 456 1 2 3 4 5 6
(5423 16>_<5234 16)(142356)(1 23456)2(15)(243)
It is easy to see the advantages of the cycle notation introduced at the end of the line! Note that the cycles are
disjoint. Any permutation can be, and usually is, represented by a sequence of disjoint cycles.

Insight: if one imagines n states of a system being evolved through discrete time increments by successive
applications of .S,,, the cyclic structure means that not all states are accessible from a given initial state, only those
allowed by the cycle to which the initial state belongs. The time evolution of the system is therefore constrained.
We could assign some quantity that takes some value corresponding to each particular cycle. Then we could say
that this quantity is conserved, in the sense that the time evolution of an initial state is constrained to states that
have the same value of the conserved quantity, because they are the only ones accessible from the initial state.
Perhaps this gives us an inkling of a connection between groups and conservation laws.

Any 7, € S, can always be written as the product’ of transpositions, or two-cycles. Indeed, a I-cycle may
always be decomposed as a product of [ — 1 transpositions, but these are not disjoint.

Definition 2.22. A permutation is even (odd) if it is equivalent to an even (odd) number of transposi-
tions, or switches; thus, a [-cycle which contains an even number of symbols is equivalent to an odd
permutation, and vice-versa. An even permutation is said to have parity 1, and an odd permutation
parity —1. We expect that parity will put strong constraints on the group product table of S,,.

Transpositions always have odd parity. The mapping from S, to the parities {1, —1} is a nice example of a
homomorphism.

Definition 2.23. A permutation with only one cycle of length [ > 1 is a cyclic permutation of length

L.
In cycle notation, So = {e, (12)} and S3 = {e, (12), (13), (23), (132), (123)} = {m1, w2, 73, T4, 75, T6},
are the smallest non-trivial symmetric groups. For S3, note the three-cycles (123) = (% g :1)’) and (132) =
( ;’ % g) I have deliberately changed the order of the latter from what it is in BF, but if you write out the corre-

sponding permutation in full notation for BF’s (32 1), you will see that it is identical to mine. So long as we cycle
through in the same direction (here, to the right), the order of the elements in a cycle does not matter!
Warning: do not confuse the symbols in a 3-cycle with the outcome of a permutation in Ss!

2.3.2 Subgroups of S,

One obvious subgroup of .S, is the so-called alternating group, A,,, of all its even permutations. Odd permutations
cannot form a group, because their product is always an even permutation. Another, less obvious, but important
subgroup of .S, is the cyclic group of order n, generated by the permutation (123 ... n), which returns the initial
state to itself after n products.

TSince there is little scope for confusion in the context of S, we replace “group composition” with “group product”.

46



Lecture Notes on Mathematical Methods 201920

Now for subgroups of S3: Lagrange’s Theorem allows only non-trivial proper subgroups of order 2 or 3. The
alternating subgroup Ajs is read off the list of the elements of S3: {e, (132), (123),} which must be cyclic
because all groups of order 3 are isomorphic to Z3. Note: this is not a general feature as the cyclic subgroups of
higher order generated by odd permutations in S,,~3 contain permutations of both even and odd parity.

The product of a transposition by itself is the identity, so momy = m3m3 = mymy = e. Then the other
(isomorphic!) subgroups of Ss are {e, 2}, {e, w3}, and {e, w4 }. The centre of S3 —and of S,,~3 — is just e.

2.3.3 Cayley table of S,

The group-product table of S contains 36 entries, “only” 25 of which are non-trivial, from which we have just
found three. But I claim that no more than one other product needs to be worked out with the explicit form of the
permutations; the rest can all be found by a bit of astute reasoning.

The entries of the 2 x 2 sub-table for rows and columns corresponding to 75 and 7g are determined by the
fact that they must be even permutations (since they are the group product of even permutations). The diagonals
cannot be e; if they were, the other entry in the same row would be the same as the the first entry of its column.
Alternatively, 75 and g being the only non-trivial elements in As, they must be each other’s inverse.

Next, the non-diagonal elements of rows and columns corresponding to 7y, 73 and w4 must be either 75 or
mg, the only even permutations other than e. To fill in this sector only requires calculating one group product, say,

T T3
(123 123—:{);?—123—77
277 \2 1 3 321_312_312_5

The other unfilled entries in rows and columns for 75 and g must be either 7o, 73, or m4. For columns 75 and 7,
applying 7o to wo g gives w3 = mg w5, Which determines the rest from the general table-building rules. Similarly,
Ty T3 T3 = W9 = Ty 3, and the other entries in the 75 and 7g rows are determined. Here is the final result in two
equivalent forms:

(& ) T3 | T4 5 6 (& 5 6 T | T3 | T4
) (& 5 6 T3 | T4 5 6 (& T4 | T2 | T3
™3 | T (& 5 T4 | T2 . 6 (& 5 T3 | T4 | T2
T4 | 5 | T6 € T2 | T3 - o | T3 | T4 e | 5 | Te
Ty | T4 | T2 3 6 (& T3 | T4 | TQ T (& s
Teg | T3 T4 | T2 e 5 T4 | T2 T3 s | T (&

2.3.4 Cayley’s Theorem

Why is S, so important? As so often, the Cayley table of a group G of order n gives the key to the answer.
Va; € G, the row {a; a;} (1 < j < n)is merely a bijective rearrangement of {a;}, that is:

al as . a aj a9 e a
a; ? Mo, = ", Q; Q5 —> Mg, = n
a; a1 a;az ... Q;Qp 7 aiajal aiajag aiajan
But we can also write:
aj as PN (7% aj ay aj ag PN aj an
7Tai = =
a; a1 Q;Qo ... Q;Qp a;i(ajar) a;(ajaz) ... a;(ajan)
a; al a; ao a; a ai as a
— J J ] n n
- Ta; Ta; =
a;a; a1 a; ;a2 ... Qa;Qa;0an ajar a;az ... Gajap

. aj a9 Ay,
aiajal aiajag aiajan
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What we have shown is that 7,4, To; = Tq,q;; in other words, by definition 2.8, permutations preserve the group
product of GG, and we have Cayley’s Theorem:
Every group of order n is isomorphic to a subgroup of S,, whose elements (except for e) shuffle all objects in
the set on which it acts. By Lagrange’s theorem, the index of a finite group as a subgroup of S, isn!/n = (n—1)!.
We have already seen an example of this: the cyclic group of order 3 is a subgroup of S3, and there is only
one instance of Z3 C S3. EXERCISE: How many distinct instances of Z, C Sy are there? How many of the
four-group?

Example 2.4. Another interesting example of a relation between a group and S,, is a permutation
7 € S that defines an action of S5 on R? which permutes the coordinates z* of a vector, z'm = 7.
We can define an action of 7 from the right such that, for instance, (1, =2, 3) * 15 = (23, x1, T2).
Since we act from the right’, the vectors are columns; with implicit summation over j, this action can
then be represented by a matrix T (7):

.Z'Z7T5 = sz(ﬂ'g,) x sz(ﬂ'g,) = 1 0 0 s .Z'Zﬂ'ﬁ = TZ]'(TI'G) 7 le(ﬂ'ﬁ) = 0 01
010 1 00

Note that 75 mg = e, so that w5 and mg are the inverse of one another. This is reflected in the T
matrices: they are each other’s inverse and transpose, and they have determinant +1, so they are
elements of SO(3). EXERCISE: Is this true of 7%;(m2,3.4)?

2.3.5 Conjugates and Classes of S,,

To find the classes of S,, we must form, for each 7; € Sy, all its conjugates 7; 7; 7Tj_1. This seemingly daunting
task can actually be performed fairly easily, thanks to the nature of S,,. To keep the following manipulations as

uncluttered as possible, let us write 7; = a and 7; = b, witha = ( 12 . ;‘L> and b = ( L2 I:LL > Then:

ai as ... b1 ba ...
bapt _ (12 o m\ (1 2 om\ (bbb _ (12 .om) (b b
o bl bg bn a; a ... Qap 1 2 ... n o bl b2 bn a; ag
a ay ... ap by by ... bn>
_ 2.1
<ba1 bay .. ban> <a1 as ... ap 2.1)
B < by by ... b, >
bay, bay .- ba,
How did we obtain < N > in the second line from (b11 b22 e ) in the last member of the first line? Well,
a1 Dag -+ Dap s On

a1 must occur in some slot on the top line of the latter; since the order of the slots in the permutation is arbitrary,
we move that slot to first position and rename the upper element a;. Then we do the same for 2 — ag, etc. The
bottom elements are then the outcome of permuting a; with permutation b to get b, .

Something very important can be deduced from this result: All permutations in a class have the same cycle
structure, not only for S, but for all finite groups because of Cayley’s theorem. Since classes are disjoint, classi-
fying the elements of S,, according to their cycle structure also uniquely yields the classes of S,,! In groups other
than S5, although all elements in a class have the same cycle structure, elements with the same cycle structure may
belong to different classes (eg. Ay C Sy, Z4 C Sy)!

Take S5 as a simple example. As classes we only have C; = {e}, Co = {(12), (13), (23)}, and C3 =
{(132), (123)}. Thus, because it is the only subgroup of Ss (apart form {e} and Ss itself) that is the sum of
complete classes, and whose order divides the order of S5 (6), C1 + C3 = {e, (123), (132)} = Ajz is the only
invariant® proper subgroup of Ss.

"We are getting a little bit ahead of ourselves. If we acted from the left, vectors would be row-vectors, and we would have z’m =
z? T;" (), with 5 and 7 interchanged. The difference between the right and left actions of a group will be discussed in section 2.4.2.

#Note that this subgroup being Abelian is not sufficient to establish that it is invariant; it must be self-conjugate with respect to all
elements in S3.
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Now consider Sy. There are two other permutations with the same cycle structure as (12)(34): (13)(24) and
(14)(23). Apart from this and the separate class {e}, the other classes of Sy are easily obtained as (12) and its 5
conjugate transpositions, (12 3) and its seven conjugates, and (12 34) and its five conjugates. All five classes are
of course disjoint.

In the literature, classes of .S,, are routinely identified by partitions of n reflecting their cycle structure. Thus,

a given class will be written (¢%¢ ... j%), with (1 < (i, j) < n), where «; is the number of i-cycles in the class.
Start with e, which is always a class of S,,. Its cycle structure can be written as a product of n 1-cycles:
e =(1)(2) --- (n). So the class would be denoted in this notation by 1. A transposition must have one 2-cycle

and n—2 1-cycles, and S, must contain n(n—1)/2 of them (eg., six for S4 as above); it is denoted by (21"~2). An
n

arbitrary permutation involves «; i-cycles, and Z ta; = n. It is in that sense that we say that the cycle structure

(2
of a class corresponds to a partition of 7.

Once we have noticed this correspondence, it becomes rather easy to find how many classes there are in .S,
and what their cycle structure is. We adopt the usual convention that represents the cycle structure of a class by
(A1 > A9 > --- > \,), where the \; must sum up to n. Thus, the only possible partitions of S5 would correspond
to classes (13), (21), and (3), ie. a class with three 1-cycles (the identity), a class with one 2-cycle and one 1-cycle
(the transpositions), and a class with one 3-cycle. As for Sy, the only possible partitions of 4 give rise to the five
classes (1%), (212), (22), (31), and (4).

It is important not to confuse the cycle notation we first introduced, which is suitable for individual permu-
tations, with this standard notation which lists all the cycles in a class as a whole, including 1-cycles when they
occur (whereas the other one ignores them).

The number of elements in a class of .S, is the number of distinct ways of partitioning n numbers into the cycle

structure of the class: |
n

(2.2)

atl.apller L nan

where ;! is the number of non-distinct ways of ordering «; commuting cycles of a given length, and ¢*¢ is the

number of equivalent orderings of the symbols inside each i-cycle occurring o times. From this expression it
should be easy to recover the number of elements in each class of Sy as given above.

Now we can identify (EXERCISE) the invariant subgroups of S without writing down its 24x24 Cayley table!

2.3.6 Graphical representation of classes: Young frames

A graphical way of representing the classes of .5, is to take n squares and arrange them in rows and columns so
that each column corresponds to an ¢-cycle and the number of boxes cannot increase from one column to the next
on the right, and from one row to the one next below. The game then consists in building all possible arrangements
that satisfy this constraint. For instance, with Sy, the possibilities are as follows:

[ ] -
[T 1] H H

Then we just read off the cycle structure for each: (14), (212), (22), (31), and (4), respectively. Suddenly, finding
the classes of such monsters as, say Ss, no longer seems so intimidating. These diagrams are known as Young
frames.

2.3.7 Cosets of S,

Now that we know the Cayley table of S5, finding the left cosets of its subgroups is as easy as reading column
elements in the table. Take the subgroup {e, ma}; its cosets are 7 {e, ma} = {my, T m2} (1 < k < 6). So each
coset consists of the first entry and the entry in the o column in each row of the table. There are thus only three
distinct cosets: {e, ma}, {m3, ms}, {ma, m5}. As stated earlier in Definition 2.17, this set of cosets is the factor
space for {e, mo} C S3, which can be written as the partition e {e, mo} + w3 {e, ma} + m4{e, m2}. But the
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right cosets (EXERCISE) are not the same as the left cosets, as expected since {e, 72} is not invariant. The same
arguments apply to the subgroups {e, w3} and {e, 74}.

Turn now to the remaining non-trivial proper subgroup of S3, A3 = {e, 75, 7g}, of all even permutations in
Ss. Its left cosets are {7y, 7k 75, 7k 76 }. For instance, by inspection of the Cayley table of S3, 7o {e, 75, T} =
{ma, w3, m4}, which is identical to the other cosets 73 {e, 75, w6} and 74 {e, 75, m}. Also, e{e, w5, M6} =
ms{e, w5, w6} = me{e, w5, M6 }, as expected. So another partition of S is provided by {e, 75, 7} + 72 {e, 75, 76}
Note that the left and right cosets are now identical, another way of saying that {e, 75, 75} is invariant, as we had
found through simpler means. Then { {e, 75, g}, {m2, 73, w4} } is the factor group of S3 . From the Cayley table
for S3, we see that the element {e, 75, 7} is the identity, and that this factor group S3/As is in fact isomorphic to
Z and can be identified with it. It is easy to show that Z5 is a factor group of S,, V n. Equivalently, A,, is always
a normal subgroup of .S,.

2.4 Representations of Groups

We have already mentioned that groups can be associated with symmetries, but we have to make this connection
explicit in the language of group theory. We wish to flesh out the rather abstract ideas and tools we have introduced.
We shall find that linear operators on vector spaces (most often, on a Hilbert space) provide us with this connection.

2.4.1 Whatis a symmetry?

Let G be a group of linear transformations that act on some x € R"™. Let us also give ourselves functions f(x) that
are square-integrable, ie., that live in a Hilbert space, £? = #, which we call the carrier space. Consider a linear
operator Ay such that, V f € H, [Ax f](x) = h(x), where h € H. Introduce a set of operators, {7, }, with each
T, corresponding to a group element g € G, that like Ay act on those functions f themselves (not on x!). Then
we transform A, under G in the following way: T, Ay Tg_l.

Definition 2.24. When T, Ay Tg_ I = A, Vg € G, Ay is said to be invariant under the action
of the group. If also [T, f](x) = f(x), f is invariant under G itself as well. (eg., f(r) in polar
coordinates under rotations)

Since the condition for invariance can also be written as T, Ay = Ay T;, Vg € G, then an operator that is invariant
under a group of operators must commute with all the operators in that group.

If Ax has eigenvalues and eigenfunctions. and if it is invariant under G, then there should exist a set of
functions {f*} such that:

[Ax Ty fi] (x) = [Ty Ax fi] (x) = Ag [Ty f'](x)

which says that if f is an eigenfunction of Ay, so is Ty f*, with the same eigenvalue. If the eigenvalue is non-
degenerate, ie. if f is unique, then 7, f* must be proportional to f*, ie., f* is also an eigenfunction of T, but with
some a priori different eigenvalue also depending on g. In the degenerate case, however, given IV eigenfunctions,
all we can say is that the T}, f ¢ are linear combinations of { f7}:

Ty ' = f’ Dj'(g) (2.3)
with summation up to N over repeated indices implied.

Definition 2.25. Let g € G. We distinguish between an action from the left, [T} f](x) = f(g~'x),
and an action from the right, [T, f](x) == f(xg),V f.

Why did we define the left action of ¢ € G as g~ ! x, and not gx? Well, let us check whether the {Ts} do
form a group with, first, the group action from the left defined as g~! x, and then, as gx. Denote by Ty,g, the
transformation associated with the group product pair g; g; € G. Then, with g; = 4 and g; = j in subscripts so as
to lighten up the formalism:

[T f](x) = f((sig)) %) = flg; e ' x) = [T} fl(g;' %) = [T f] (%)
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which means that the T’ operators form a group; but what if instead:

[T f]1(x) = flgigix) = [T f(g;x) = [T}T; f](x)

Something awkward has happened: if we write the left action as g x, the associated transformations do not form a
group! And, as you should verify, neither do they if we write the right action as x g~
So, as a matter of notational consistency, we should always write x g for the right action and g~! x for the left

action, which is indeed what BF do (without much explanation) for the left action.

2.4.2 Matrix representations of a group (BF10.4)

Definition 2.26. A representation D of a group GG is a homomorphic mapping onto a set of finite-
dimensional invertible matrices such that D(e) = I, the identity matrix, and D(g;) D(g;) = D(g; g;).
in the sense that matrix multiplication preserves the group composition law.

If the homomorphism is one-to-one, a representation is faithful. The dimension of the representation
is the rank of its matrices or, equivalently, the dimension of the carrier space on which it acts.

Whenever we find a set of degenerate eigenfunctions for some operator that is invariant under a group G, as in eq.
(2.3), we expect to be able to connect these functions to a representation of the group.

Matrix representations arise in a much more general context than symmetry. The matrices GL(n, C) of rank n
can be thought of as the set of all invertible linear transformations of a vector space of complex-valued functions
V = {f(x)}, where x € R". If {e;} is a basis for V, then x = 2 e;, where the * are the components of x in the
basis, and the subscript 7 on the basis vectors specifies which vector, not which component of the vector.

Even addition can be represented by matrix multiplication: D, Dg = D3, where o and 3 are two values of
a group parameter, eg. angle of rotation in a plane, Lorentz boost.

Now let us simplify things a bit by taking f(x) = x. Then the left action of an element g € G, expressed in
terms of the linear transformations T, must be written as:

Ty(x) = g 'x = 2'g le; = 2 (e Dji(g_l)) = g (Dji(g_l)xi) (2.4)

Only this exact definition of the associated D matrices preserves the group product of GG. Indeed:
giler = ¢ D7i(gr ")
g lerle = g e DVi(gr!) = ex D(gy ) DVilgr )

Comparing with g, ' g e; = ex Di(g; ' g; "), we see that D(g;" g;') = D(g;") D(g; "), or D(g1 g2) =
D(g1) D(g2), as required for the D matrices to have the same product rule as the group. This is perfectly consistent
with eq. (2.3) above, but now we know that eq. (2.3) corresponded to the left action of the group, g~! f?, which
was not so obvious because of the use of the T;; operators which always act from the left.

It is an instructive exercise to show that the proper way of expressing the right action of the same group, x g,
in terms of its (right) representation D matrices is:

Xg = ealg = (Dij(g)mj) e (2.5)

in which D acts on the the 2* written as a column vector. Because of this, some people see the right action as the
more “natural” one. For a given g, the right D matrices are in general different than the left ones. See the Appendix
at the end of this module for more details on left and right action.
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2.4.3 Non-unicity of group representations

One might hope to define an algorithm that would churn out the representation of a group. But there is no such
thing as a unique representation! Indeed, suppose we have a set of n-dimensional matrices which represent a group.
It is always possible to obtain another representation, of dimension 1, by mapping these matrices to the number 1.
This is called the identity representation, and it always exists. Also, the homomorphic map of the same matrices
to their determinant preserves the group product (since det (AB) = (det A)(det B), which provides another
one-dimensional representation. Of course, nobody claims that such representations are faithful. ..

Also, we can make a change of basis: €] = e;5/;, ore; = € (S —1)J ;- Then we have the similarity
transformation: D’(g) = SD(g)S™!, and the D’ obey the same product rules as the D matrices.

Definition 2.27. Representations connected by a similarity transformation are said to be equivalent
if the transformation matrix is the same for all group elements. They differ only by a choice of basis.

Example 2.5. Consider the continuous group, called SO(2), of rotations around the z axis embedded
into the group of three-dimensional rotations. We focus on its left action and look for representations.

We parametrise a rotation by g = R,, such that R, ¢ = ¢ — a. This would correspond to rotating the
standard basis in R? by « (passive transformation), so that a vector at angle ¢ is at angle ¢ — « after
the rotation; or, equivalently, rotating the vector by —« in the initial basis. One method for finding
representations is to use definition 2.25 (with T, = R) and eq. (2.4), which here give:

[Rafi]() = fi[Ry' 8] = fildp+a) = D (—a) f;(¢)

We want to find a set of functions which transform into linear combinations of themselves under R,.
Try fi = cos ¢, fo = sin ¢. Then:

[Raf1](¢) = cos(¢p+a) = (cosa) cos ¢ — (sina) sin ¢ = (cos—a) fi(¢) + (sin —a) f2(¢)
[Raf2](¢) = sin(¢p+a) = (sina) cos ¢ + (cosa) sin ¢ = — (sin—a) fi(¢) + (cos —a) fa(e)

Compare this with D;7(—a) f;(¢), and switch the sign of « to obtain the D(a) matrix:

DO(R,) = < Ccos « s1na>

—sina  cosa

Well, that’s one two-dimensional representation for SO(2), and it is probably the most often used.
But it is not the only one! If we had instead chosen f; = €'®, f» = e~i?, going through the same
procedure would yield another matrix:

o) = (%)

[§]

so here is another two-dimensional representation. But is it different? In fact, no, because the trans-
formation S~ D) S, with the single matrix S = (} i) / V2, diagonalises DY into D@ for any
angle o, ie. for all elements of the rotation group.

But there are more: each linearly independent function e!® and e~ is also a perfectly acceptable
one-dimensional representation of SO(2)! Both D™ and D® can be viewed as a joining of these
one-dimensional representations, which we shall call D® and D™ Since ¢ is a representation of
U(1), this establishes the isomorphism of SO(2) and U(1) via the mapping e!®. Obviously, there is
something special about e*'®. Before we discover what it is, let us look at another instructive example.

Example 2.6. Let us work out a three-dimensional representation of the left action of S3, 77! x, on
R3. Since S,, merely shuffles the components of x it preserves its length, which is the definition of
orthogonal matrices, ie., those whose transpose is their inverse. In fact, S,, C O(n)! Then, from eq.
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(2.4), 7Tk_1X = wieij Z‘(ﬂ'k_l) = (wiDij (ﬂk))ej S0 as to view the permutations as a shuffling of the
components of x (written as row vectors—see the Appendix at the end of the Module!), and we have:

100 010 001
DV(m) = (0 1 0], DV(my) = (1 0 0], DV (m) = [0 1 0],
001 001 100
100 01 0 001
DV (my) = [0 0 1], DV (xs) = [0 0 1], DV(m) = [1 0 0
01 0 100 01 0

This so-called left defining (fundamental) left representation of S; is faithful: it is one-to-one with
the m; € Ss. An analogous n-dim defining representation can be constructed for any .S,,.

Now, I claim that there exists another (two-dimensional!) representation of .Ss:

DWW:DsznWm=<3$

DW@=DW@=DWm=<?®

One immediately checks that products of these matrices are consistent with the group products of S
as given earlier in its Cayley table. So they do form a representation of S3, albeit not a faithful one.

Even less faithful, but no less acceptable, is the one-dimensional representation obtained by mapping
the 7; to their parity values:

DO () = D@ () = DO (mg) = 1
D®)(my) = DO (r3) = DO (my) = —1
And, of course, we can always map all the 7; to 1 and get another (trivial) representation!

On the other hand, we could join D™ and D@ into a D® = DM ¢ D® (direct sum) representation
whose six matrices are 5-dimensional and block-diagonal, each with the submatrices on the diagonal
taken, one from D®) (the upper one, say), and the other from DM, fora given permutation ;.

A less trivial object, the direct product D*®? = D(®) @ D) of two representations D™ and D'?) is the matrix
formed from all the products of their elements:

(D®F)*, = (D)) (DD, (2.6)
2.4.4 The regular representation of finite groups

Definition 2.28. The regular representation of the left action of a finite group is the set of matrices
DL(g), derived from the group product, with g € G, such that:

: : L ggi =g

D"(g)gi = g8 = g D’i(g) Vged D'i(g) = Y

0 gg # g
The regular representation is seen to be closely related to the Cayley table of the group. Its dimension
is equal to N, the order of the group. We can also see that D7;(e) = §7;, ie. D¥(e) = I. Also, the

other matrices in the representation must have a 1 as their (ji)*™® element and 0 for all other elements
in row j and column 7; by inspection, this 1 is never on the diagonal.

Similarly, we can define a regular representation,DR( g), for the right action of a group:

. - : 1 gig?! =g or gg=g
D (g)gi = gig™' = Di’(g)gy Di’(g) = {0 gig !+ g-] or gj-g # 8i
? J J g
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A note of caution: do not confuse the dimension of a representation, ie. of its carrier space (the space of
functions on which group operators act), with the dimension of the coordinate space on which these functions act.

2.4.5 Invariant Spaces and Kronecker sum

To understand what relationship may exist between representations, it is time to bring in a very useful concept:

Definition 2.29. Let {f (i)} be a subspace H(?) of the space H of functions on which the linear trans-
formations {7} associated with a group G' act. If, V@D e #® and Vg € G, Ty f@ e HO, the
subspace is invariant under G.

Definition 2.30. Let 7£(!) and #(?) be subspaces of a Hilbert space #{ such that 7{ is the sum of
the two subspaces with the zero function as the only overlap between the two. Then, if any function
in 7 can be written uniquely as the sum of a function in #(!) and another in %), # is called the
Kronecker (or direct) sum of ) and H?), written H = HY) & H?. The dimension of A is the
sum of the dimensions of H(1) and #(?.

2.4.6 Reducible and irreducible representations (BF10.5)

Definition 2.31. If some function space # has a proper subspace invariant under G, in the sense that
the action of D(g), Vg and on any function in the subspace, always yields a function in the same
subspace, then the representation consisting of the matrices D(g) (Vg € G) is said to be reducible.

Definition 2.32. If a space H has no proper subspace invariant under a representation of a group G,
that representation is said to be irreducible. Its dimension is often called degree by mathematicians.

Definition 2.33. If, V g € G, the matrices in a representation D(g) can be brought into diagonal block
form by the same similarity transformation, then the representation is reducible to lower-dimensional
representations whose elements are the block matrices.

If there is another level of invariant subspaces, so that any or all of these block matrices can themselves
be written in diagonal block form, and so on, until we are left with only irreducible representations,
then D(g) is fully reducible, in the sense that:

D(g) = a1DW(g) ® aaDP(g) ® --- ® ay DM (g) 2.7)

where a; is the number of times the irreducible representation D® (g) occurs in the direct sum.

It can be shown that every representation of a finite group is fully reducible.

When the n-dimensional function space H has proper invariant subspaces, it means that while H may have
a set of linearly independent functions, there are at least two subspaces in H, each of which has its own smaller
set of linearly independent functions which transform among themselves. Indeed, let 7 be an invariant subspace
of dimension d, and let {e1, ..., eq, ...} be a basis of H with {ey, ..., e;} a basis of #4. We write vectors of

functions in H in block form <g), where A € H* has dimension d, and B belongs to the complement subspace

H P, of dimension n-d. When the complement subspace is also invariant, as it always is in cases of interest to
physics (see section 2.4.7 just below), then a representation matrix:

~ (D) 0
D(g) —( 0 DB(g)> (2.8)
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maps vectors <g) into other vectors <g:) where A’ € H4 and B’ € H”. The submatrix DA(g) has dimension

d, and D (g) has dimension n-d. Also, since:

(DA(g) 0 )(DA(g’) 0 >: (DA(g)DA(g’) 0 )
0 DBy 0 D) 0 D”(g) D" (g)

DA(g) and D®(g) do preserve the group product, eg: DA(g)DA(g’) = DA(g g’), as they should.

Going back to SO(2), the D®? representation we have obtained is clearly fully reducible as it is written in
block-diagonal form, with 1 x 1 submatrices D®) = el and D® = e~ (je. it is diagonal), and we can write it
asD® = DO g D(4), where both D® and D® are one-dimensional and, therefore, irreducible.

Example 2.7. The 5-dimensional representation, D™, we have constructed for Ss in Example 2.6 is
(by construction) reducible since it is in block-diagonal form, so D@ = DM g D®. What about that

last two-dimensional representation ((1) (1)) and ((1) (1)) ? The first is already in block-diagonal form and

1
0

one identical to the identity representation D®) = 1, and the other the “parity” representation D®).
Then we can write: D@ = DM & D® & DO, As for DU, it is itself reducible (EXERCISE)
to two irreducible representations, D(S), and a set of six 2-dim matrices. Therefore, the 5-dim DW
is fully reducible, since it can be written as the direct sum of four representations, one 2-dim, one
1-dim, and two 1-dim (the parity of the elements), all irreducible. Can you see why these irreducible
representations could not all be one-dimensional?

the second can be diagonalised to ( _01 > , Therefore, we obtain two 1-dim irreducible representations,

So this reduction algorithm certainly works, but it would be nice not to have to rely on looking for invariant
subspaces and similarity transformations, which can get quite involved.

2.4.7 Unitary representations (BF10.6)

A representation D(g) is unitary if DT(g) = D(g™!), Vg € G. In terms of matrix elements, D;;(g™") = D3;i(g).
Notice that D®) and D™ for S O(2) are unitary,. So are the left and right regular representations of a group.
Now, if D(g) is not already unitary, we can always find a similarity transformation matrix S, the Hermitian

square root of §? = > D(g)D(g), such that D’(g) = SD(g)S™" is unitary (EXERCISE—first, show that

D'(¢)S’D(¢) = 52). Any representation of a finite group is equivalent to a unitary representation, whose

matrices are unitary. This is also true for certain infinite (continuous) groups, such as compact Lie groups. Also, it

can be shown that if a subspace is invariant under a unitary representation, its complement must also be invariant.

2.5 Schur’s Lemmas and the Classification of Group Representations (BF10.6)

We now present two fundamental results of group theory which provide useful criteria for the irreducibility of
representations and from which can be derived relations that are of tremendous help in classifying representations.

2.5.1 Schur’s Lemmas

Schur’s First Lemma: The only complex matrix M that commutes with the matrices of a given irreducible
representation D(g), Vg € G, is a multiple of the identity matrix.

Indeed, since any M € GL(n, C) has at least one (perhaps complex) non-zero eigenvector, let M A = A A. If
M and D commute, we have M (D A) = DM A = X (D A). This means that the D(g,) A are also eigenvectors
of M Vg, € G; since they span the same vector space as the eigenvectors A of M, that space is invariant under G.

By definition 2.32 of irreducibility, however, that space  on which D acts has no proper subspace itself
invariant under GG. Therefore, the subspace spanned by the eigenvectors associated with this one eigenvalue is the
whole of #H. In other words, V¢ € H, ¢ = a, A®) where AP) = D(g,)A, and:

My =a,MAP = \a, AP = Ay
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so that all vectors in ‘H are eigenvectors of M, with the same eigenvalue A. This can happen only if M = A 1.
As a corollary, if a matrix can be found which is not a multiple of | and yet commutes with all matrices in a
representation, that representation must be reducible.

From this Lemma follows an immediate consequence for Abelian groups, whose elements commute, so that
any matrix D(g) in a given representation commutes with the matrices for all other group elements in this repre-
sentation. Assuming a n-dim irreducible representation, the the Lemma requires that D(g) = A, I, Vg € G. But
the n x n identity matrix, which is diagonal, cannot be irreducible if it represents all group elements, contradicting
our assumption. We conclude that all irreducible representations of an Abelian group are one-dimensional.

It is not so hard to find matrices that satisfy the conditions of Schur’s First Lemma. For instance, let C be a
class of G, and let D(g,) be a matrix in a given irreducible representation of G. Construct a matrix by summing
all the matrices D(g,) in the representation that correspond to elements g, of C:

M = > D(g) Vg, €C (2.9)
p

Now, if g’ is some arbitrary element of GG, we have:

D(g)MD(g" ") = ) D(g)D(g)D(g") = > D(g'geg ™) =M

where the next-to-last equality expresses the fact that the matrices preserve the group product, and the last equality
results from the fact that, since g’ g, g'~1 € C, the left-hand side of the last equality is just a rearrangement of the
previous equation. Thus, D(g) M = M D(g) Vg € G, and, from Schur’s First Lemma, M = A1, with A a constant
that depends on the class and on the representation. Thus, the trace of M, Tr M, is n\, with n the dimension of
the representation.

Before proceeding to find A\, we establish an interesting fact: In a given representation, all matrices associ-
ated with elements of the same class have the same trace. Recall that the class to which g belongs is made of
{g'gg’~1} Vg’ € G. Then the trace of D(g’ g g’~!) is equal to the trace of D(g), which we denote by .

Using this fact and the definition of M, we have: Tr M = n.y, where n. is the number of elements in the
class. Since that trace is also n A, we find: "

(¢

M = <y (2.10)
n

Schur’s Second Lemma: If a non-zero matrix M exists such that D(® (g)M = MD®) (g) Vg € G, then D(*) and
D) must be equivalent irreducible representations. If D and D are inequivalent, M = 0.

This lemma can be proved (pp. BF615-617) by assuming unitary representations. This makes for no loss of
generality for finite or compact Lie groups, since these (eg. O(n)) have finite-dimensional representations.

2.5.2 An orthogonality relation (BF10.6)

Another important consequence of Schur’s Lemmas is the fact that the matrix elements of all the inequivalent irre-
ducible representations of a finite group, or those for infinite groups that have finite-dimensional representations,
form a set of orthogonal functions of the elements of the group. More specifically, if {D(g,)} is the set of all
matrices Dy, in an irreducible representation D, then, for two such representations labelled by o and 3::

Ng ' l N 4
> (D) (D) = 2058 bas 2.11)
p=1 @

where IV is the order of the group and n,, is the dimension of D). The sum is not matrix multiplication! Each
term is the product of some ik entry of Dl(,a) and [k entry of Déﬁ,)l, with ¢k and [k the same for each term.
P

"This is because Tr AB = A;7 Bji = Bji A;7 =Tr BA.
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In the case of unitary representations, this relation simplifies to:

Al ; l N
> (D) (D), = —Gé’ 50k 0ap 2.12)

p=1

These relations set powerful constraints on the matrix elements of representations.
Eq. (2.11) is so important that it deserves a proof. Fortunately, this proof is fairly easy. Construct a matrix:

Ng
=Y DX DY) (2.13)
p=1

where D™ and D are m-dim and n-dim inequivalent irreducible matrix representations of GG, and X is any
arbitrary operator represented by a m x n matrix X. Note that the sum runs over all the group elements, each one
labelled by a value of p. Then, for some g,y € G,

Ng
@M (ﬁ (6
D’ M (D Z X [D}
The sum on the right-hand side is just a different rearrangement of the sum that defines M, so that:
_ p@ B)-1
M=D,'M [Dp, ]
Thus, M meets the condition for Schur’s Lemmas: DI(,O‘) M=M Déﬁ ) Vg € G. When a # 3 M = 0 from the

Second Lemma. When o = (3, let us choose X to be a matrix whose only non-zero element, 1, is its (k‘l)th entry.
We can write this formally as: X", = §"" 8,,! to obtain:

' Nc ) Ng ) l
M = 3O, X B = D (0f), (B
p= p=

Because Déa) M=M Déa), Schur’s First Lemma requires that M = Ax |, ie.:

Ng
i g (@ _ oy D
My =Y (D) k(Dggl) = 0
p=1 J
Taking the trace (setting ¢ = j with summation over repeated indices) and interchanging the D factors to get a
matrix product, there comes:

& /(@) \! '
o a l
I;(Dgpl)j (Dz(r ))]k = Ak Na

The product inside the sum now implies matrix multiplication and, because the D matrices preserve the group

product of G, we have:
Ng Ng

p=1 p=1
Comparing, we get: \';, = Ng6'y/n,. Then there only remains to collect the results for & = 3 and a # 3 into
the compact forms (2.11) or (2.12).
This means that the matrix elements ]7\‘,—‘(*} Dqu) of a unitary irreducible representation must be orthonormal

functions of the group elements g, and therefore linearly independent over the space spanned by the group ele-
ments. Furthermore, they form a complete set.
EXERCISE: Show that for a finite group the sum over all elements g,, of the matrix elements (Dp)ij (¢ and j
fixed) of an irreducible representation is zero. This property can provde a useful.check.
57



Lecture Notes on Mathematical Methods 201920

2.5.3 Characters of a representation (BF10.7); orthogonality of the characters

Definition 2.34. The character of a representation D(g) of a group G is defined as a map from G to
C:
x(g) = TrD(g)

Therefore the character of a representation for g € G is just the trace of its representing matrix D(g).
Characters of reducible representations are compound; those of irreducible representations are called
simple. Language alert: Mathematicians speak of the “character” of a representation as the set of
traces of the matrices for the classes in the representation.

Matrices for equivalent representations all have the same character; in other words, any statement about char-
acters is basis-independent! Also, if g and g’ are conjugate to one one another, there must exist an element g’ of
G such that

D(g’) = D(g")D(g) D~ (g")
Therefore, all the matrices representing group elements in the same class and representation have the same char-

acter. If they are to be inequivalent, two representations must have at least one different character for some class,
Now we can set k = ¢ and [ = j in eq. (2.12):

Ng

) *)J Na ¢ ¢ Ng
E:I(DI(? )) Z(D})ﬁ) )jj = n—adj(gij(;aﬁ = Eéiéag
p:

where repeated indices are summed over. Since §*; = ng, this can be rewritten as:

Na
S XX = Nabag (2.14)
p=1

This is our first orthogonality relation between the characters of irreducible representations.

Some of the terms in this sum will be identical since they correspond to group elements in the same class. So,
instead of thinking of this sum as over all the elements of the group, we can collect all terms belonging to the same
class, which we label with k, and sum over the classes, ie. over k:

Ne
> i = Nodag (2.15)
k=1

where ny, is the number of elements in class k, and N, is the number of classes in the group. This looks for all the
world like an orthogonality relation between two vectors, +/ny/Ng (@ and \/ny /Ng x®), each of dimension
Ne.

For a given irreducible representation, eq. (2.15) becomes:

Ne
S = No (2.16)
k=1

This is a necessary and sufficient condition for the representation to be irreducible!

Example 2.8. Take for instance the 3 x 3 representation of S5 found in section 2.4.3. There is one
element, the identity, with trace 3, in its own class, three elements (the transpositions) in another class
with trace 1, and two elements (the cyclic permutations) with trace 0. Eq. (2.16) gives: nq X% + 7’L2X% +
n3x3 =1(3)? + 3(1)% 4+ 2(0)? = 12. This is not equal to 6, the number of elements in S3, therefore
the representation must be reducible.

According to eq. (2.15), the character “vectors” of the NV, different irreducible representations are orthogonal.
There are N, such orthogonal vectors, and their number may not exceed the dimensionality of the space, N, so
that NV, < N.. We will need this result a little later.
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2.5.4 Multiplicity of irreducible representations and a sum rule for their dimension

Now consider the decomposition of a fully reducible representation into a direct sum of irreducible ones, given in
eq. (2.7). If we take its trace, we get an equation for the compound character x(g): x(g) = aq X' (g), where
the (direct) sum runs over the NV, irreducible representations of the group. The compound character is seen to
be a linear combination of simple characters with positive coefficients (the number of times a given irreducible
representation appears in the decomposition).

Multiplying this relation by y* (%) (g) and summing over group elements now labelled by an index p, we find
from eq. (2.14) which expresses the orthogonality of the characters:

Ng Ng
ZXPX?»@ = Ga Zx;a) 37 = aaNadap = agNe
p p

Thus, the number of times—multiplicity—each irreducible representation of a group occurs in the direct-sum
decomposition of a reducible representation is readily calculated in terms of characters, often making this direct
sum easy to obtain:

R
G0 = o 20 2.17)
P
We can now exploit the regular representation to obtain other general results for irreducible representations.
As we have seen in section 2.4.4, the entries of the matrices of the regular representation can only be 1 or 0.
Since only the identity will map a group element to itself, the only matrix with 1 anywhere on the diagonal is the
identity matrix. Therefore, in the regular representation, the characters x(g) all vanish except for x(e) = Ng.
Now, when g, = e, the multiplicity relation (2.17) gives:

1

aa:N—GX

(@XM (e) = x*@(e) = na

where, as before, n,, is the dimension of the a'" irreducible representation and we have used the fact that only

X (e) can contribute to the sum since the characters of all other group elements in the regular representation vanish.
Therefore, the multiplicity of an irreducible representation in the decomposition of the regular representation

is the dimension of that irreducible representation, and it is never zero. Next, taking the trace of the Kronecker

decomposition (2.7) for the identity group element of the regular representation yields a relation between its com-

pound and simple characters: Ng = ) Gq no. Combining those results, there comes an important sum rule:

This powerful sum rule tells us that the dimension of any irreducible representation must be smaller than the
square root of the order of the group. In fact, any representation of dimension larger than v/Ng must be reducible.
Thus, when Ng = 2 or 3, all inequivalent irreducible representations are one-dimensional. When Ng = 4, we can
have only four inequivalent 1-d irreducible representations; n, = 2 is ruled out because there would be no room
left for the identity 1-d representation. When Ng = 5, eq. (2.18) does allow the identity representation together
with one 2-d irreducible representation; but we know that this group, Z5, is Abelian, and so admits only five
inequivalent 1-d irreducible representations. For a group of order 6, the sum rule allows either six 1-d irreducible
representations, or two 1-d and one 2-d irreducible representations.

We also see that all the irreducible representations of a group must appear in the Kronecker decomposition of
its regular representation.

2.5.5 Another orthogonality relation

Let us go back to our first orthogonality relation, eq. (2.12). What it says is that the set {\/n/nc (D(O‘))ij (gp)}s
with ¢ andj fixed but 1 < p < Ng, of an irreducible representation «, can be viewed as the Ng components of a
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vector orthogonal to any other such vector corresponding to other matrix elements, whether or not they correspond
to the same representation as that of the first vector. There are Ng such vectors and they form a complete set with
completeness relation expressed as:

Ny na

N a)\? ) *\ @
Z ZN—G(Df’(’ )) j (D;(:’) )j = Opp (2.19)
« 27]

where N, is the number of irreducible representations. Again, the left-hand side is not matrix multiplication.

Well, what can we do with this result? We can take the equation for each p, where p is an element of some
class k, and sum over all elements of the class; we can also do this with p’ over the elements of another class k’.
When k # k', the right-hand side of the double summation must vanish because classes are distinct; when k = &/,
the double sum collapses into one which adds up to 1. On the left-hand side, we may recognise sz (D;(,a))zj as
an element of the matrix M introduced in eq. (2.9). The completeness relation now reads:

Ny na

Ng )\ ) x\ 1
>3 R, 04, =
a4,

But there we had also found that M(®) = (nk/ na)x(a) I. Inserting and carrying out the sums over ¢ and j gives
another orthogonality relation:

n o3 * (¢
D 7 B (2.20)

Thus, the characters in the k" class in a given irreducible representation can be considered as components of
vectors forming a basis of a space whose dimension is /V;, the number of irreducible representations. There are
N, such orthogonal vectors, one for each class. But, in a /V;,-dimensional space, there cannot be more than N,
orthogonal vectors, and N, < Nj.

In section 2.5.3, however, we had argued that NV, < N.. These results together lead to the important statement:

The number of irreducible representations of a group is equal to the number of its classes: N, = N¢.

2.5.6 Exploring representations with Young diagrams

We have already discussed how Young diagrams could be used to find and label classes of Sy. But, much more
often, it is representations that they help to label. We will be looking at Sy whose classes we have associated with
partitions of N and, noting that the number of irreducible representations is also the number of classes, we will
construct their Young diagrams with the same partitions )\; of N, where the \; sumupto N and A\; > ... > A\y.
So the Young diagrams for the irreducible respresentations of Sy look exactly like those for its classes.

What will be different is the labelling of the Young diagrams: instead of taking the partitions as the number of
boxes in columns from left to right, we take them as their number in rows from top to bottom. For S3, this gives:

T H

(3) 21) 13

The sequence of representation labels is just the reverse of that for classes! If they are not cycles, what are they?
To discover the meaning of these Young diagrams we consider how the corresponding permutations act on
functions in the carrier space of the N!-dimensional regular representation. We start by giving ourselves a set of
functions {¢;} (1 < i < N), each of one variable, where the choice of the same symbol as for particle wave-
functions in quantum mechanics is intentional (some authors use the Dirac notation for them). Then with products
of these we construct functions of IV variables ;. For instance, the product 1y ny = ¥1(z1) - ¥1(zy) spans

a one-dimensional subspace which contains functions which are obviously completely symmetric, ie. invariant,
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under any of the N! possible permutations of the variables. Thus, our subspace qualifies as an invariant subspace
for the regular representation, and it makes sense to associate it with the 1-d irreducible identity representation
which has the same character, 1, for all elements of Sy. We shall follow the usual convention by associating it
with the single Young diagram with one row of N boxes. Its label will therefore always be (V).

With the same set {¢; }, we can also construct the completely antisymmetric function:

Yi(z1) o Yi(zy)

Yp.N) = . :
Un(z1) - Yy(zy)
This function changes sign under any transposition in its set of variables, and the 1-d subspace it spans is also
invariant, because the function resulting from multiplying ¢}, ) by £1 is obviously in the same subspace. We
associate this subspace with the 1-d irreducible representation which sends each element of Sy to its parity, 41 or
—1. Again by convention, this in turn corresponds to the single one-column Young diagram with N rows.

Other irreducible representations, and thus Young diagrams, have a mixed symmetry which can be used to find
their dimension. This is even stronger than eq. (2.18) which is only a constraint on the possible dimensions. Here
is one way to do this.

* Take the Young diagram for each irrep, and fill each of its /N boxes with numbers from 1 to /N in all possible
permutations to generate N! Young tableaux. Then assign a function with N subscripts, living in the carrier
space of the regular representation of Sy, to each tableau. The order of the subscripts follows the order of
numbers in the first row, then the second row, until the last row. These functions represent products of
functions, each of one coordinate, but we no longer treat them explicitly as such. They form a basis for the
carrier space of the regular representation.

* Symmetrise each function with respect to the numbers in each row of the tableau, and antisymmettrise the
result with respect to the numbers in each column. This yields, for each diagram, a new, mixed-symmetry
function, w(i) (1 < i < N), that is a linear combination of the previous N! basis functions for the carrier
space of the regular representation.

Example 2.9. For the (21) irreducible representation of S3, the Young tableaux and corresponding
mixed-symmetry functions would be:

112 1|3
3 | T = hiog + Y13 — P3a1 — oz 5 | U = gy + 312 — oz — P3n
211 213
3 | UO) = yorg + Y123 — Y312 — Y132 1 | UW = gz + 321 — i3z — Y312
311 3|2
5 | TO) = ah319 + Y132 — Y13 — Y123 1 | VO = gy + tPa31 — 123 — s

The question now is, are these mixed functions independent? Since we expect the regular repre-
sentation to be reducible (fully reducible, in fact), there should exist a lower-dimensional invariant
subspace, the carrier space of our irreducible representation of interest, and we should be able to show
that there are only n, < 6 (for S3) independent combinations, where n, will be the number of basis
functions for the invariant subspace, and therefore the dimension of the irreducible representation of
S5 carried by that space.

We note immediately that linear combinations that differ by a transposition of numbers in a column of
their tableaux cannot be independent: they are the negative of one another. So we have at most three
linearly independent combinations. But we also see that U(1) — w(2) — ¥(3) = 0, leaving only two
independent combinations, which we take to be @) and \I'(Z), and which are the basis functions for
the carrier space of a 2-dim irreducible representation.
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This rather tedious procedure can be made much faster by filling the tableaux in all the possible ways subject
to the following rules: the number 1 fills the uppermost, leftmost box; and the numbers must increase down any
column and to the right along any row. The number of ways this can be done is the dimension of the representation.
For instance, the (2 1) Young diagram of S5 generates the two tableaux with so-called standard numbering:

1]2] 1]3]
3] 2]
o) Ve

each corresponding to one basis function in the 2-dimensional invariant subspace carrying the (2 1) irrep of Ss.
There is, however, a much more convenient method for calculating the dimension of the representation associ-
ated with a Young diagram if one does not wish to construct bases for the subspaces:

Definition 2.35. For any box in the Young diagram associated with an irreducible representation,
draw a straight line down to the last box in its column and all the way to the right end of the box’s row.
The result is called a hook and the number of boxes traversed by the hook is the hook length of this
box.

Then the dimension of the associated irreducible representation is the order of Sy, IV!, divided by the product of
the N hook lengths for this diagram..

Definition 2.36. Irreducible representations for which the Young diagrams are the transpose of each
other, ie. for which the length of each row in one is equal to the length of the corresponding column
in the other, are said to be conjugate. Their dimensions are the same.

A self-conjugate irreducible representation is one for which the Young diagram and its transpose are
identical.

Now it can be shown that the product of an irreducible representation with a 1-d representation is itself an ir-
reducible representation, which may be the same (when the 1-d representation is the trivial one). This goes for
their characters also. When the completely antisymmetric (1V) 1-d representation exists, as is the case for Sy,
the characters of a conjugate irreducible representation can always be written, class by class, as the product of
the characters of its conjugate representation and the characters in the (1"V) representation. Therefore, characters
for the same class in conjugate representations are either identical or differ only by their sign. Characters of a
self-conjugate representation in a class that has negative parity must vanish.

2.5.7 Character tables

A character table contains all the distinct characters for all the irreducible representations of a group. Each row
contains the characters of all the group elements in a given representation, and each column contains the characters
of a class of the group in all its representations.

The first row corresponds to the identity 1-dim irreducible representation, (IV); all entries in that row must be
1. Also, the first column corresponds to the identity class; each entry in that column must be the dimension of the
representation (ie. the trace of the identity matrix for each representation) for the corresponding row.

If we are dealing with S, we always have another 1-dim irreducible antisymmetric representation (called
the sign representation by mathematicians), (1), whose 1 x 1 matrices, and characters, are the parities 1 of its
classes. We choose to place the characters of this representation in the bottom row of the table.

What about the entries which are neither in the first/last row nor in the first column? Well, we can assign some
algebraic symbol to the unknown characters and then spot conjugate representations. If there are any, the character
in each column of one of representation in a conjugate pair must be the character of its conjugate multiplied by the
character (£1) in the antisymmetric 1-d row. If there are self-conjugate irreducible representations, any character
sitting in the same column as a —1 in the last 1-dim row must be zero.
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In the case of Sy, extra information can be extracted from the defining representation, of dimension N, of
the group. This always reducible representation is in fact fully reducible to a 1-d representation and a (N - 1)-
dimensional irreducible representation. Indeed, let (1, ..., x ) be a set of coordinates in the carrier space of the
defining representation. It is easy to construct a fully symmetric combination of all those coordinates:

T+ ... + TN

X =
N

This function spans the 1-dim subspace of RY invariant under any permutation of the coordinates and is the carrier
space of the irreducible representation of Sy labelled by (N). Since the defining representation is unitary, the
complementary subspace is itself invariant, and is the carrier space of another irreducible representation. Indeed,
let this (IN-1)-dim subspace be spanned by NV - 1 functions of the mixed-symmetry form:

ry + ...+ 21 — (j—l)l’j
iG -1

These V-1 Jacobi coordinates can be shown to be linearly independent, so that there is no proper invariant
subspace, and the representation is irreducible. The functions are symmetrised with respect to j - 1 coordinates
and then antisymmetrised with respect to the N*" one. This allows us to identify the representation with the
(N-11) irreducible representation of Sy.

The characters of this (V-1 1) representation can be calculated as follows. First, we note that for a class
labelled (... 2% 1%), the characters of the defining representation are equal to the number of objects that the per-
mutations in the class leave invariant, ie. « (see for instance the defining representation of S5 in section 2.4.3).
Since this character must be the sum of the characters of the (/V-1 1) and of the (V) irreducible representations,
we find that the characters of each class labelled by « in the (V-1 1) irreducible representation are just o — 1.

If Sy has an N-dim irreducible representation, other low-hanging fruit helping to find characters involves the
() class, whose permutations shuffle all N objects, and whose N-dimensional matrices representing them must
have diagonal entries 0, resulting in a character that is 0.

Next, we let eq. (2.15) and (2.20) provide constraints on the remaining unknowns:

Yio1 =

2<j<N

* The first says that complete rows in the table (each for a different representations) are orthogonal, with the
understanding that each term in the sum is weighted by the number of elements in the class (column).

* The second says that complete columns (each belonging to different classes) are othogonal.

Now, if /3 refers to the identity representation, then, for any irrep « other than the identity, eq. (2.15) becomes:

Ne
S ™ =0 2.21)
k=1

This is usually the best way to use eq. (2.15), at least at the beginning, because the resulting constraints are
linear. Unfortunately, many of these relations will be automatically satisfied and will not yield new information,
because of the strong constraints on the characters imposed by conjugation and self-conjugation of the irreducible
representations. When all possible information has been extracted from eq. (2.21) and (2.20), and there still
remain unknowns, one can try to spot reasonably simple quadratic relations from eq. (2.15) as well as using the
normalisation of rows and columns.

Two last but important remarks: the characters of the 1-dim representations of any group (eg. those of an
Abelian group) must preserve the group product. Also, although the characters of Sy are real, characters of other
groups (eg. Z,,) can be complex.

There exist even more sophisticated methods for determining the characters of a group (eg. by generating them
from the characters of a subgroup, or of a factor group), but lack of time and space prevents us from discussing
them here. In fact, character tables for well-known groups can be found in specialised books and on the web.
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Let us use these rules to find the characters of S5 as a 3 x 3 table, with classes corresponding to columns and
irreducible representations to rows. The first and last row can be immediately written down from our knowledge
of the parity of each class (—1 for the transpositions and +1 for the cyclic permutations). Note also that the (21)
representation is self-conjugate, so we can put 0 for the character in the (2 1) class, because the parity of that class
(last character in the column) is —1. The (2 1) representation is the (V-1 1) representation discussed above, and
its remaining character is determined by its belonging to a class with a = 0; thus, the character must be —1. The
linear constraint (2.21), as well as the other orthogonality rules, are automatically satisfied. Collecting yields:

%) @2y 6

ny 1 32
(3) 1 11
(21) 2 0 —1
(13) S |

EXERCISE: work out the character table and irreducible representations of Z,, the cyclic group of order 4. You
may make the task easier by remembering that products of characters belonging to a 1-d irreducible representation,
which are the actual representation matrices, must mimic the group product of the corresponding elements.

Example 2.10. Lifting of a degeneracy by a weak interaction

Consider a physical system in a rotationally-invariant potential that depends only on distance to the
origin. This often occurs in quantum mechanics, and the result is that the eigenstates labelled by the
integers that characterise eigenvalues of L? and L,, | and m, with — < m < [, exhibit a 20+ 1-
fold degeneracy, in the sense that they all have the same energy. This is also manifested by the way
spherical harmonics, which are eigenfunctions of L? and L, for a given value of [, as well as of the
Hamiltonian, transform under a rotation by some angle .. Using eq. (2.3), we have:

[RaYim] (6:8) = Yir(6,6) (DD)™ ()

where the D) matrix is an irreducible representation of the rotation group SO(3) which acts on the
invariant space spanned by the 2]+1 Y}, for that [. Also, a sum over m’ from —[ to [ is implied.

We can simplify things by noting that rotations by an angle « about any axis are all equivalent to (in
the same class as) a rotation by that angle around any axis. Since we are only interested in characters,
take this axis to be the z-axis. Then [RaY}n](0,¢) = ™Y, (0,¢) = Y (0,6 + «) because the
dependence of the spherical harmonics on ¢ is €™?. The D¢ (o) matrix is diagonal, with entries
running from e~ to ¢!®, and its character is not hard to compute:

l 2l i .

; ; ; o [1— elHhe sin(l +1/2)«
) ic\ym —ila ia\n —ila

X (a#0) = E (€)™ = e E (€)" = e < 1 _ ol sin(a/2)

m=—I n=0
(2.22)

where we have recast the sum as a geometric series by redefining the index as m = n — .

Now let us turn on a weak interaction whose corresponding potential is no longer rotationally-invariant,
but still retains that invariance for rotations by a restricted, finite set of angles, which we collectively
denote by /3. This would happen, for instance, if we embed our spherically-symmetric atom in a crys-
tal lattice. Suppose this restricted set of rotations actually is a group, or more precisely, a subgroup of
SO(3). Then the matrix D" (B) should be a representation of that subgroup, but that representation
may no longer be irreducible. This will certainly happen for any D" whose dimension is too large to
satisfy the sum rule (2.18) that applies to the finite subgroup.

The set of Y}, transform as: RgYj, = Yy (D(l))mlm(ﬁ), with summation over repeated indices
implied. If the induced representation D of the restricted-symmetry subgroup is reducible, there
exists a matrix S independent of 5 which transforms all its matrices into block-diagonal matrices
D’ = S~!'D S, something which was impossible when there was no restriction on the angles.
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But we do not have to know S to extract useful information. Indeed, because D and D’ have the
same trace, we can calculate the characters of D) () for all elements of the restricted-angle subset
in SO(3). Then we find the character table of the restricted-symmetry group, which is finite. If
there is a row in the table that exactly matches the SO(3) characters of DU (), then D (p) is
not only an irreducible representation of SO(3), it is also an irrep of its subgroup defined by the
angles allowed by the restricted symmetry. The corresponding invariant subspaces are identical, and
the original 2]+ 1-fold degeneracy for that value of [ is still present after the perturbation has been
turned on. As [ increases, however, the dimension 2/ + 1 of D) (0), which always appears as the first
character corresponding to the identity class of SO(3), will eventually exceed the fixed dimension of
any irreducible representation of the subgroup. Then all the corresponding D" (8) will be reducible to
a direct sum of the irreducible representations of the subgroup, given by eq. (2.7), with the multiplicity
of each irrep calculable from eq. (2.17).

For instance, suppose that the perturbation has cubic symmetry. A cube is invariant under':

* 6 rotations by +/2 around the three axes through its centre that intersect faces through their

centre;

* 3 rotations by 7 around these same axes;

* 8 rotations by +27/3 around the four axes through diagonally opposed corners (vertices).

* 6 rotations by 7 around the six axes intersecting the centre of two diagonally opposed edges;
With the identity rotation, these add up to 24 elements forming a subgroup of SO(3) isomorphic to
S4. The correspondence between rotations and permutations is obtained by considering each rotation
as a shuffling of the four pairs of diagonally opposed vertices, each pair labelled 1 to 4. The five

classes of Sy are (1%) ( the identity), (2 12) (6 rotations by 7), (22) (3 rotations by ) , (3 1) (rotations
by +27/3), and (4) (rotations by £ /2). The character table of Sy is:

(1Y (213 (2 (31) (@)

n | 1 6 3 8 6

Dy = (4) 1 11 11
Dy = (1%) 1 -1 1 1 -1
D) = (2%) 2 o 2 -1 0
Dy = (31) 3 I 0 -1
D) = (21%) 3 -1 -1 0 1

Here, the irreps of Sy (or of the group of symmetries of the cube) are ordered by increasing dimen-
sion instead of their mixed-symmetry structure. With eq. (2.22), we calculate the characters of the
representations of S induced by D=1 (3) and D(=?)(3), with angles /3 running through the values
corresponding to the five classes of Sy:

(Y (211 (2% (1) 4) (Y (@1%) (28 (31) (4)
DD |3 1 -1 0 -1 D=2 5 -1 1 -1 1

The [ = 1 irrep of SO(3) restricted to the angles allowed by the cubic-symmetry subgroup has the
same dimension and the same characters as the representation (31) of Sy in the above character
table for S4. The invariant spaces are the same and there is no lifting of the unperturbed 3-fold
degeneracy. The | = 2 irrrep of SO(3), however, has no identical row in the Sy character table,
and must correspond to areducible representation of Sy. With eq. (2.17), we calculate the following

'See, eg: http://demonstrations.wolfram.com/RotatingCubesAboutAxesOfSymmetry3DRotationIsNonAbelian/.
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multiplicy for each irrep of S4 that can appear in the decomposition of D(=2) (B8): a1 =az =a4 =0,
and a3 = a5 = 1. Then we have the decomposition:

D(2(8) = Ds)(8) @ Dis(B)

The unperturbed 5-fold degeneracy of the [ = 2 states is partially lifted to become two “levels”, one
3-fold and one 2-fold degenerate.

2.6 Other Examples of Symmetry Helping to Solve Problems

In what follows, I wish to illustrate with a couple of other simple examples how powerful the use of symmetry can
be in the solution of many problems.

Example 2.11. First, consider something ultra-simple: two identical bodies of mass m separately undergoing
simple (undamped) harmonic motion due to the same external force. Let X = (i 1) be their displacement vector

away from their respective equilibrium position. (We have assumed that both objects lie some distance away from
one another on the z axis.) This vector is a solution of Newton’s 2°¢ Law for the system, X = —M~'KX, where:

e () k)

with k the restoring constant associated with the motion. We call M~*K the dynamical matrix of the system.
Of course, as we all know, both bodies oscillate at the same frequency wy = \/k/m. The space of solutions is
spanned by the two eigenvectors (}) and (_11 > both with the same eigenvalue wg. This is a two-fold degeneracy.

Now suppose that we introduce an internal interaction which is linear in the bodies’ displacement (ie., usually,
it is weak enough). We then say that the two bodies are weakly coupled.
The dynamical matrix becomes:

2 2 2

M_lK _ (UO +w1 —wl
2 2 2
w7 wj +wy

where wy parametrises the coupling.
This coupled system retains a “mirror” symmetry, in the sense that, under reflection about a perpendicular

plane halfway between the rest positions of the bodies, X — X' = — (if ) . Indeed, we write in matrix form:
wosx 5o (0

2nd

Apply S to Newton’s Law. In matrix form:

= SX = —SM'KX = —(SM'KS™!)(SX)

that is: )"(/ = — (S M~ 1K S_l) X'. But, if Newton’s 2" Law is to be invariant under reflection, )"(/ = M KX
This forces SM~'K = M~1KS. In operator language, because S and MK commute, they must have a common
set of eigenvectors.

Call these eigenvectors A. Finding the eigenvalues and eigenvectors of M~'K may be hard; finding the
eigenvalues and eigenvectors of S is not. We know that S2 =1, so that if SA = MA, A\ = 1. Then A, = (_11),

with eigenvalue Ay = 1, and A_ = (%), with eigenvalue A\_ = —1. Now it is a simple matter, knowing the

eigenvectors of M~ 'K, to find the normal frequencies of the system, ie. the eigenvalues w4 of the M~'K operator,
which satisfy MK AL = w3 A.. These eigenvectors are called normal modes; the entries of a normal-mode
vector are the relative amplitudes of the motion for each body when the system oscillates in that particular mode.
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Their importance lies in the fact that any displacement vector X of the system must be a linear combination of its
normal modes.

Using group-theoretic language, S forms the regular 2-dim representation of the group of reflections of two

objects about the plane, which has the same group-composition table as S3. This can be reduced to 2 1-dim (irre-
ducible) representations: 1 and —1. Notice how the coupling has broken the initial degeneracy of the uncoupled
system: now w_ = wqg and wi = w% + 2w?, with one eigenvector for each.
Example 2.12. This time, we take six identical bodies arranged on a circle 60° apart. Each is subject to an identical
external linear restoring force giving rise to small oscillations about their equilibrium position and tangent to the
circle. Each are coupled by an identical weak interaction to their nearest neighbours £60° away; similarly, they
are coupled to their second next neighbours, £120° away, by another (even weaker) interaction that is identical
for both these neighbours; finally, a third (weakest) interaction couples each one to its opposite counterpart, 180°
away. We wish to study the effect of the coupling on the motion of the bodies tangent to the circle.

Because of the symmetry of the interactions and of the system, the dynamical M~!K matrix must have the
form:

2 2 2 2 2 2
Wy —Wi Wy —Wy —Wy —Wj

2 2 2 2 2 2

—wi Wy —Wp —WwWy —Wz3 —Wp

2 2 2 2 2 2

M-IK = | %2 7% % W Twr Ty
= 2 2 2 2 2 2

—W3 Wy —Wwi Wy —Wp —Wy

2 2 2 2 2 2

—Wy —Wg —Wy —Wy Wy Wi

2 2 2 2 2 2

How can we use the symmetry to find the normal modes of the system? By recognising that the system must be
invariant under 60° rotations. This operation is isomorphic to a cyclic permutation: (123456) € Zg. The regular
representation matrix for this element of Zg looks like:

0100 0O0
001 00O
S:000100
00 0O0T1PO0
00 0O0O0T1
100000

Invariance under S means that M~'K and S commute. In fact, this last statement can be used to obtain the form
of the M~!K matrix given above.

Now, as in the last example, the eigenvectors of S satisfy SA = AA. But since S® = I, we immediately find
that the eigenvalues are the sixth roots of 1, as expected for the cyclic group. Therefore. A(,,) = emm/3 (0 <m <

5). To each value of m corresponds an eigenvector A ,,,) with components A’ m) = )\g D = eim-Dm/3,

As in Example 2.11, these eigenvectors are also the normal modes of the system. Inserting into the eigenvalue
equation M~'K Ay = w%m) A ;) with the coupling parameters w5y = w(1) and w(y) = wy) yields the
dispersion relation:

w(m Zw U3 — 2 902 cosmar/3 — 2w3 cos2mr /3 — (—1)" w3
We note that A(l) = A(s), and A(z) = A(4). These modes are complex, which is a problem if they are sup-
posed to correspond to real relative amplitudes. But we also note that w(;) = w(s), and w(g) = w(y); therefore,
the corresponding eigenvectors span two invariant 2-dim subspaces, which allows us to take appropriate linear
combinations of the eigenvectors to turn them into real modes of the same frequency.

Again, the coupling has lifted the original 6-fold degeneracy of the uncoupled system, but there is still some
degeneracy left because of the two 2-dim subspaces.

This is as far as we can go without knowing the interaction parameters themselves. But we have succeeded in

nailing down the relative amplitudes of motion of the bodies in each normal mode without that explicit knowledge!
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2.7 APPENDIX — The Right and Left Actions of a Group on a Vector, with S,, as Example

First, we recall some important properties of linear transformations. For simplicity we shall take these transforma-
tions to act on vectors x = z'e; € R",, with the standard basis {e; }. It is customary to distinguish between active
transformations: x — x’ = z'%e; = €; (AZ j ) where the transformed coordinates z”* are those of a new vector;
and passive transformations that leave x invariant but transform the basis to {e]}: e/ = e; P/,.

Paaive transformations, unlike active ones, require the transformed vector x’ to remain the same as the initial
one, because all we have done is change the basis. To preserve x, we must also transform its components with the
inverse transformation:

x = (eJ{ x'j)P = ¢ Pij (P_l)]k 2 = e = e’ = x
Now, although an active transformation is quite different from a passive one, the result should be mathematically
equivalent to the result of transforming the basis with the inverse transformation. In other words, the components,
(«'y )7, of the new vector produced by the active trnsformation should be the same as the those of the initial vector
in the transformed basis, that is, (2/y)) = (z})) = (P_l)jk z*. Comparing with (zy)) = AJ} z*, we see that
that the passive transformation is indeed inverse to the active one.

2.7.1 Right action

This is often the easiest to work with. According to definition 2.25 directly applied as in eq. (2.5), TgR(x) =xg.
Now x = x'e;, and when it comes to representation matrices, we have the choice between acting on components
z' and acting on basis vectors e;;

4 . = zlg = (Dg‘)i_mj
xg = e z'g = € [(D?) jx]] RJ i
= ejg = ej(Dg,l) ;

1

Notice that the action on the basis vectors involves the matrix for g=", as expected for the passive transformation

associated with the active one on the components.

(a) Components

For g = 7 € Sy, the expression for 'y, is equivalent to 2™ () = (Dg)ij 27, so that (D?)ij = 57rk(i)j,

and the i*" row of the n-dim DgR matrix is the standard-basis vector e .Form, =75 = (132) € Ss, forin-

7 ()

stance, we find: [(DR)",, (DR)',, (DR)',] = (0,0,1), and form = (123): [(DX)",, (DR)',, (DR)',] =

(0,1,0), etc. There comes:

0 1 0\ /z! z? 0 0 1\ /z! 3 1 0 0\ /z!
gmy=(1 0 022 =|2a! zirg=(0 1 o[22 ] = |22 ma=1[0 0 1]z
00 1/)\z? 3 1 0 0/ \«3 z! 01 0/\z?
0 0 1\ /z! 3 0 1 0\ /z! z2
xiﬂ'g,: 1 0 0ff(2?2]=12! fL'i7T6: 0 01 22| = |23
010 a3 x2 1 00 a3 xt

where Df}g) = (DR )_1, and vice-versa, as expected from the Cayley table of Ss.

(b) Basis vectors

Now the 7 shuffle the basis vectors themselves (not components). The expression for e; 7y is not matrix
multiplication! Indeed, e; 7, = e (D}:‘,l)J gives the entries of the it™ column of the n-dim DgR,l matrix in
ki

. 1 .
the standard basis: e; 7, = [(Df_‘,l) s e (Df_‘,l)n ] More succinctly, because e, ;) = e; g, we get:
ko ki

(DS,;l)] =0 15 OF the .i™™ column is the standard-basis ector e, ;.

7
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Using basis vectors to find Dﬁg), for instz;nce, we hazwe: e] s 3: e3 =(0,0,1) = [(D};) 11, (D}:‘S)zl, (D}:‘S)gl] ,
and ea 15 = €1 = (1,0,0) = [(D}:‘S) o (D}:‘S) o (D}:‘S) 2], etc. The resulting matrix is the one that was
obtained from the components for the right action of 7g, and its inverse will be the matrix for the right action

of 75, the same that we found somewhat more directly by acting on components.

2.7.2 Left action

1

Under the left action of g, we have: TgL (x) = g~ x. Once again this can act on basis vectors or on components:

. 1 _ LoV Ly J

glx = 2ig e = o' [e(DLL) ] & G =G (Dgfl') ej (Dg); |
e = “1gi — (DL )" 2 = 27 (DY) °

& T = (Dgfl) = (Dg)j

where the last equalities on the right hold when the matrices are orthogonal (eg., rotations). In that case we can
find the left-action matrix for g directly

(a) Basis vectors
— S N _ L1 L 2 L\" th
In the case of g = 7, € S, we have: 7, " e; = (i) = [(Dm)i ) (Dm)i ey (Dm)i ] as the i*® row

of D%k. In short (Dl;k)ij = 5W;1(i)j . For instance, taking as before 7, = (75, 76) € S3 immediately leads to:
010 0 01
D:. = (0 0 1 D:, = (1 00
1 00 010

These are the D" matrices found in example 2.6. The left and right representations for each single transposition
are identical.

Components

In the case of g = 7, € S, we have: 2™ = zJ (Dl;k)ji, so that (Dg;k)ji = 5j7”€(i). Working with our
trusted friends (75, m) € S3, we obtain:

010 00 1
D:. = (0 0 1 D:, = (1 00
100 010
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3 MODULE III — GROUP THEORY 2: Lie Groups

3.1 Definitions

In this module we focus on a class of groups with an infinite number of elements. As groups, they of course satisfy
the algebraic properties of a group as set out in definition 2.1. But we shall put in an extra requirement: that each
group element g, be in correspondence with a point P in some manifold. This means that the index *“p” can in fact
be taken as a set of continuous, real variables, and we write a group element as g(P) and say that the manifold
parametrises the group. More precisely:

Definition 3.1. Let P be any point in a n-dim manifold M"™ which is obtained from two other points,
Py and P, from a mapping P = ¢(P1, P). Let g(P;) x g(P2) = g(P) be the group product of an
infinite group G. If the map ¢ and its inverse are differentiable, then G is a Lie group.

The important point to remember here is that since they correspond to points in a manifold, elements
of a Lie group can be parametrised in terms of smooth coordinates on this manifold.

A Lie group is real if its manifold is real and complex if its manifold is complex.

The dimension of a Lie group is the dimension of its manifold.

Definition 3.2. A Lie group is connected if any pair of points on its manifold is connected by a
continuous path.

The subset of all elements in a Lie group whose corresponding points in M™ are connected by a
continuous path to the identity must be a subgroup of the Lie group. Thus, even if it is itself not
connected, a Lie group must contain a connected subgroup.

Example 3.1. An infinite line with a coordinate patch —oco < x < oo (z € R) is a 1-dim manifold.
In section 2.1.1 we stated that C was a continuous group under addition. So is R itself, and if we write
a group element as g(x) = e”, we can easily deduce the function corresponding to the group product.
Indeed, g(z) = g(x) xg(y) = g(x + y), and we are not surprised to find that: ¢(z,y) =z + y.

Example 3.2. What if we restrict § = x € R so that 0 < 6 < 27? We can define group elements
g(0) = ' with the group product:
g(@l) *g(eg) = g(@l + 6 mod 27‘1’)

The group manifold here is the unit circle, S', with each point on the circle parametrised by its polar
angle 0, and ¢(60;,62) = 61 + 6,. Note that this manifold is real, so that the group is real even though
its elements are complex! It is Abelian, and connected.

Example 3.3. Real invertible 2 x 2 matrices form a group whose elements can be written as g(z) =

<w1 w2> . If we impose the condition that the matrices have determinant 1, we see that the number
3 T4
of parameters is lowered by 1. We compute the set of three functions z; = ¢;(x1, 2, 3,Y1,Y2,Y3)

consistent with the group product:

(331 45) > (Z/l Y2 21 22
140 a3 Ity2ys | = 1429 23
x3 1 Y3 Y1 z3 Z1

We obtain:
1+ Y2Y3 14z 23
21 = T1y1 + T2Y3 Zg = XT1Y2 + T2 ———— 23 = r3y1 +Yys—————
Y1 L1
In this particular parametrisation, the mappings ¢; are all differentiable only off the z; = 0 and

y1 = 0 planes. Whatever the manifold for the group is—see later—it cannot be covered with just this
coordinate patch.

The inverse mapping corresponding to g(z)~! can be read off the inverse matrix g~!.
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Example 3.4. If we demand instead that the general complex 2 x 2 matrices be not only unimodular,
but unitary as well, the treatment is simpler. Introduce the parametrisation:

z wy ag + iag as + iaq
—w* 2*)  \—(a2 —ia1) ap — iag
with the condition |z|? + |w|?> = a3 + a2 + a3 + a% = 1 which guarantees that the matrix is unitary

with determinant equal to 1. The group manifold is thus the unit 3-sphere S® embedded in R* with
coordinates (ag, a1, a2, as) € R; this is a real three-dimensional Lie group as was the last example.

Definition 3.3. A Lie group is compact when the volume of its manifold is finite.

3.2 Some Matrix Lie Groups

Amazingly enough, it turns out that almost all Lie groups of interest in physics, the so-called classical Lie groups,
are either matrix groups or groups of transformations isomorphic to matrix groups. The only group product we
ever have to consider is matrix multiplication, and inverse elements are just inverse matrices.

One useful and satisfying way of classifying Lie groups is to begin with n X n invertible matrices over some
field F of numbers, the general linear group GL(n,F), and then identify interesting subgroups by imposing
constraints on the group elements of GL(n,F). Some of these have already been mentioned in section 2.2.2. For
a start, GL(n,R) C GL(n,C).

Following standard usage, we introduce the diagonal matrix I with p elements equal to +1 and ¢ entries equal
to —1, where p + ¢ = n. In this notation, I, is the n-dim identity matrix, and also the orthonormal metric in
Euclidean n-dim space.

3.2.1 Groups obtained from linear constraints

A host of matrix subgroups are obtained by imposing linear constraints on their elements so that they have some
block structure (eg. upper or lower triangular block form), and perhaps further demanding that some of the diagonal
elements be 1. We shall not consider these here.

3.2.2 Bilinear or quadratic constraints: the metric (or distance)-preserving groups

Definition 3.4. The set of unitary transformations T of a complex matrix M € GL(n,C) is defined
by:
M= TMT!

where the subgroup of matrices T leaves M = |, (the Cartesian n-dim metric) invariant:
TLT =TT =1,

that is, those matrices for which T~! = TT, and we call that subgroup U(n) C GL(n,C): Both U(n)
and its matrices are unitary. Example 3.2 referred to U(1).

Definition 3.5. The set of orthogonal transformations T of a real matrix M € GL(n,R) is defined
by:
M- TMTT

(TT is the transpose of T), such that T leave |, invariant:
TL,TV =TT =1,

that is, those matrices for which T~! = TT. The group of such matrices is called O(n) and is
orthogonal.
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Be aware that n in O(n) or U(n) refers to the dimension of the matrices, not that of the group, which is the
number of coordinates on its manifold! The O(n) matrices have determinant +1, whereas the absolute value of
the complex determinant of U (n) matrices is equal to 1. Thus, (can you see why?) O(n) is not connected. Neither,
for that matter, is U (n).

Finally, the symplectic group Sp(2n,R) C GL(2n,R) leaves invariant the antisymmetric “metric” matrix

0 1 . S . . . . . .
< | 5 ) . The classical Hamiltonian equations of motion are form-invariant (covariant) under symplectic trans-
—In

formations.

The group manifolds (and thus these groups themselves) are compact because their matrices define closed,
bounded subsets of the manifolds that parametrise GL(n,C) and GL(n,R). O(n) and U(n) preserve the length
(or norm) of n-vectors in Euclidean R", and therefore also angles between those vectors (eg., the angles of any
triangle are determined by the lengths of its sides).

We also have the non-compact groups which preserve the indefinite metric 17, defined by the transformations:

TETY =1 O(p,q) 3.1)
TIUT =18 U(p,q) (3.2)

A famous example is O(3,1), aka the full Lorentz group, that leaves the pseudo-Euclidean Cartesian metric on
R* (or space-time distance) invariant; equivalently, the norm of a 4-vector x is left invariant by 3-dim rotations,
Lorentz transformations (boosts), and space or time reflections. In principle, from the condition: T | é T =1 é,
one could work out detailed constraints on the elements of the O(3, 1) matrices to find that there are six independent
parameters, but this would be needlessly messy. There are far better ways of parametrising the group to extract all
this information, and much more, as we shall see.

3.2.3 Multilinear constraints: the special linear groups

The special linear subgroups SL(n,C) C GL(n,C) and SL(n,R) C GL(n,R) contain matrices with determi-
nant 1. This last constraint is n-linear.
Example 3.3 actually referred to SL(2,R) with the constraint 124 — zox3 = 1, a bilinear constraint.
SL(n,R) is often referred to as the volume-preserving group in R™. But it does not preserve all lengths!
Important subgroups of the special linear groups and the metric-preserving groups may be obtained as their
intersections. Thus, SO(n) = O(n)NSL(n,R) and SU(n) = U(n)NSL(n,C). These groups are compact. The
group of example 3.4 was SU(2).
A little earlier, we stated that O(n) and U(n) are not connected, but we know that they must have connected
subgroups, ie. groups with elements connected to the identity by a continuous path. These are SO(n) and SU (n).

3.2.4 Groups of transformations

Continuous transformations in physics act on vectors, or on functions of vectors. These transformations belong to
groups which are usually isomorphic to Lie groups.

Here, instead of passive transformations as in Module II, we will use the more usual active transformations,
which map a vector into a new vector in the same basis.

1. Translations Let 7}, act on x € R3 so that Tax = x + a, where a € R3. This can be generalised; indeed,
let f be an analytic function acting on R x R™. The left action on f of the operator 7T, associated with T} is:

[Tha fl(x) = f(T,x) = f(x— )a) acR" AcR

These are translations in the direction of a; they form a group which is isomorphic to G = {R,+}, the
addition being on the parameter .
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2. Rotations

Parametrise 2-dim rotations in the z = 0 plane of a Cartesian coordinate system by R, with Ro¢ = ¢ + «
(active rotation of a vector), with [R,, f](¢) = f(¢ — a), and —7 < ¢ < 7. In terms of the left action on
x € R3: x' = R&Z) x (ie. x’ obtained by rotating x by +« around the z axis), the matrix associated with
R&Z) Nnow 1is:

cosaa —sina 0
sinaw  cosa 0 Then : [Rq, f](x) = f(R5'x) = f(zcosa+ysina, —zsina+ycosa, 2).
0 0 1

At least formally, this generalises immediately to arbitrary rotations in 3-dim space: [R f](x) = f(R™'x),
where R can be factorised as R, g , = Ra R R, @, 8 and ~y being the famous Euler angles. We are not
even going to try to write down the corresponding matrix; it is not so illuminating anyway. But it is not hard
to see that it must have determinant 1 and (in Cartesian coordinates only) be orthogonal, which means it is
an element of SO(3).

3. We also have scale transformations x’ = ax, with ¢ € R a non-zero positive constant, and x € R" in
Cartesian coordinates. (Think of zooming in or out.) The group of these transformations is isomorphic to
G L, (1,R). The restriction to Cartesian coordinates is important: in spherical coordinates over R?, only the
radial coordinate would scale.

4. Lorentz and Poincaré transformations

Lorentz boosts are given in Jackson’s Classical Electrodynamics, eq. (11.19), for the R* coordinates ct and

3-dim x:

v—1
B

where (3 is the velocity of the primed frame in the unprimed frame, and v = 1/4/1 — 32. Jackson’s eq.
(11.98) expresses this transformation in matrix form. It is not pretty. To include 3-dim rotations, just
replace x by R;’l 2X in the second equation. It is not worth writing the resulting 4 x 4 matrix which will
be an element of SO(3,1) if we exclude time reversal and space reflection; otherwise the relevant group
will be O(3,1) (or O(1,3) in a mostly negative metric), the full Lorentz group. The transformation is a
homogeneous one, which in the 4-vector formalism is written: x’ = Ax, where x is a general 4-vector (not
necessarily position).

ct’ = y(ct - B-x) x' = x+ (8-%)B — 1B(ct)

We can extend the full Lorentz transformations to include space-time translations t; this makes them inho-
mogeneous:
xX = Ax +t

Whereas the homogeneous transformations left the norm of of a 4-vector invariant, these leave invariant the
norm of the difference between two 4-vectors.

If we call A the full Lorentz transformation matrix, we can construct the matrix for these transformations by
adding to A a fifth row and column whose last element is a 1 that does not do anything, that is:

xX\ (N t)\ (x

1/ \0 1 1
These 5 x 5 matrices are elements of the 10-parameter inhomogeneous Lorentz group, or Poincaré group,
I150(3,1).

These examples illustrate the isomorphism between physical transformations and matrix Lie groups. We can
then identify, say, a rotation with a SO(3) matrix. In fact, we go so far as calling SO(3) the rotation group. The
same applies to the other cases.
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3.2.5 Operator realisation of groups of transformations: infinitesimal generators

Now we explore more deeply this isomorphism between groups of transformations of functions and Lie groups.
We shall express the left action of a few transformations as differential operators, a far from gratuitous exercise.

1. Translations

We can first look just at functions f(z) (z € R). Then the result of a translation T,z = x 4+ a (a € R) on f,
with a < «, can be Taylor-expanded about z:

[Tafl(@) = f(T,'2) = flz—a) = (1 — ady + ...) f(z) = exp(—ady) f(z)
In R? this generalises to:
[Tafl(x) = f(T3'x) = f(x—a) = Z%(—ai 0)" f(x) = exp(—a’ ;) f(x)  (33)
n=0

The operators —0; are called the infinitesimal generators of translations. In quantum mechanics, it is the
Hermitian momentum operator p = —ihd that is called the infinitesimal generator of translations. Then we
would write the translation operator as: T, = e 2P/%,

We note that the infinitesimal generators —0; commute amongst themselves.

2. Rotations

For rotations R,,¢ = ¢ + « in the (zy) plane by a small angle o

[Rofl(¢) = F(RJ'9) = f(d—a) = (1 —ady +...) f(¢) = exp(—ady) f(¢)

As we have seen in the last section, in R? with Cartesian coordinates, this gives for the left action of a
rotation Rgf)x = (rcosa —ysina, rsina + ycosa, 2):

[Rgf)f] (x) = f(R'x) = flzcosa+ysina, —zsina +ycosa, 2)
If we Taylor-expand the right-hand side of the last equality, we obtain:
REf(x) = [1 + a(yd, — z9,) + ...] f(x) = exp(aM.) f(x) (3.4)

where M, = y 0, — x 0,. We proceed in exactly the same way for rotations about the x and y axes to arrive
at the general rotation operator:

Rapy = exp(aMy) exp(BMy) exp(yM;) (3.5)

where M, = 20, —y0d,, My=20, —20,, M,=y0d, — xd, or, more simply: M; = —eijkznk@k.
Again, in quantum mechanics, these infinitesimal generators of rotations are redefined as L = iAM and
interpreted as the (Hermitian) angular momentum operators in Cartesian coordinates.

The infinitesimal generators do not commute. Indeed: [M;, M;] = €;;* My, , or [L;, L;] = ihe;* Ly.
(Note: we could have written — some do! — the infinitesimal generators of translations to define M as the
negative of the above. The cost, however, would be an extra minus sign in the commutation relations.)

3. Dilatations or scale transformations

In a n-dim space with Cartesian coordinates x*, consider the scale transformation: 7,2* = (1 + k)z*. In
the limit of small x, T, 2 ~ (1 — x)z*. As before we Taylor-expand a function f(7,;'x#) in the small

parameter k:
f(T;lx“) = [1 — kato, + -+ ] f(@") = exp(—katd,) f(z") (3.6)

We identifiy D = —x#0,, as the infinitesimal generator of dilatations.
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We can now find the infinitesimal generators of an arbitrary group of transformations with m parameters a’ in
the neighbourhood of the identity, such that a* = 0 Vi for the identity group element. These transformations map
a point in a manifold M™ (not the group manifold!) to another not far from the first that can certainly be described
by the same coordinate patch.

Let the transformations act (left action!) on a space (aka carrier space) of differentiable functions f defined on
M™:

T, f1(x) = F(T7'%)

Focus on T}, f, and take f as a function of the parameters a‘. As before, Taylor-expand the right-hand side to first
order, this time around the identity parametrised by a = 0:

[T, f](x) = (1 +ai 0, (T ey ‘azoaj + ) £(x)

where ¢ runs over the number (m) of parameters, ie. the dimension of the group, and j from 1 to the dimension n
of the space on which the functions f act.

Definition 3.6. The operators:

X; = 0(T'2)| 0 (3.7

a=0

are called the infinitesimal generators of the group of transformations. In some references, the
right-hand side is multiplied by —i (with appropriate adjustment to the expansion) so as to ensure
hermiticity.

For example, considering rotations around the z axis in R3, there is just one parameter (angle) a' = o, and only x
and y derivatives can occur since z does not depend on ¢, and the second term in the square bracket of eq. (3.4) is
recovered.

3.2.6 Infinitesimal generators of matrix Lie groups

Now we show how to linearise matrix groups and find their infinitesimal generators. This is not hard at all if we
know the matrices. In general, the matrix elements will be analytic functions of some (non-unique!) set of group
parameters a’, and all we have to do is Taylor-expand the matrix to first order in the group parameters around the
identity element I, for which the a® all vanish:

Ma = 1, +d'X; Xi = 9;Ma| (3.8)
a—=

where we understand that differentiating a matrix means differentiating each of its elements. The matrices X; are
the infinitesimal generators of the group. Again, some prefer the definition X; = —id,;M a|a:0.

Example 3.5. GL(n,R)

Let the matrix elements M* ;j be written as M i j= 5t i+ a’ j- In matrix form, this is
Ma = In —|-CLZng (Eg) 1= (5%5 i

The Eg matrices are the infinitesimal generators of GL(n,R); they have zero elements except for the
(i7)™ element which is 1.

cos —sinf

Example 3.6. A slightly more exciting example is Mg € SO(2): <sin 0 cosf

>,f0r0§9<27r,

that effects rotations in a plane. Taylor-expand to first order:

1 —
M9%<9 19>:I2+9X

75



Lecture Notes on Mathematical Methods 201920

Then the infinitesimal generator of SO(2) is a matrix fully consistent with the constraints on SO(n)
generators as we shall discover in section 3.3.4:

0 -1
X = Mo, = <1 0>

We shall write the space it spans as:
0 —46
s0(2) = ( 0 0)

Another example (EXERCISE) that is quite easy to work out is SL(2,R); it will have three infinitesimal
generators. Similarly, using the parametrisation of example 3.4, we see that an element of SU(2) may be written
as a’ly + a’X;, where X; = i are the generators of SU (2), with o; the Pauli matrices.

How the generators may be found when the group matrices are not known will be discussed after we formalise
this linearisation procedure.

A couple of remarks are now in order.

* The term “infinitesimal generator” means exactly that: an operator that effects an infinitesimal transforma-
tion away from the identity. We want to reconstruct a finite transformation out of a succession of infinitesimal
transformations involving only the first-order contribution in the expansion of a transformation or a matrix.
That is:

T no_ 1 ( A"
M, = nh—{go(Ma/") = nh_}ngo (1 + (a'/n)X;)

Now the following relations on any (well-behaved) linear operator A hold:

, IR 1 - A"
exp(A) = 7}1—{20 (1 + EA> et = ZEA dAeA‘A_O = ZF 3.9)
n=0 N n=0

since the right-hand side of the first relation is equal to its derivative when n — oco. Therefore, M, =
exp(a’X;). This exponential map, useful though it is, must still be handled with some care as we shall
discover later.

* To understand the importance of infinitesimal generators, consider that taking linear combinations of group
elements, such as, for instance, the matrices of SO(3) does not give an element of SO(3). In other words,
linear combinations of matrix representations of the rotation group are not rotations. In general, group
products are non-linear in the group parameters, so linear combinations cannot be expected to preserve
them.

Linear combinations of infinitesimal generators of rotations, however, are generators of rotations! Indeed,
there is a set { X;} of infinitesimal generators of a Lie group that forms a basis of a linear vector space. An
arbitrary vector in the space can always be written as b* X;, with b; the group parameters.

3.3 Lie Algebras

3.3.1 Linearisation of a Lie group product

The study of a Lie group G can be considerably simplified by linearising its group product around the identity.
To linearise the group product, we first write g, ¢’ € G in the neighbourhood of the identity as g = ¢ + aeX
and ¢’ = e + beY, where € is an arbitrarily small real number and a and b are real, but arbitrary. X and Y are
infinitesimal generators of g and g’, respectively. Now expand g g’ to first order in e:

ge' ~ e+ e(aX +bY) + ...

Since aX + bY is a generator for the group product gg’, we see that the generators indeed form a linear vector
space, as asserted at the end of the last section.
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Now consider the combined group product h = gg’ (¢g'g)~! € G. h = e if the group is Abelian. Let us
expand it to first non-vanishing order, this time writing g = e + ;X + €2X2/2, ¢ = e + €Y + €3Y2/2, where
€1, €9 are arbitrarily small:

1 1 1 1
gg (g'g)_1 ~(e+eaX + §E%X2)(e + Y + ingz)(e —a X + §E%X2)(€ — Y + §€%Y2) + ...

~e+ e (XY —YX)+ ...

All other order-¢; €2 contributions cancel out. We write [X, Y| = XY — Y X, the commutator of the infinitesimal
generators X and Y. [X, Y] is the generator for gg’ (¢’ g)~! and must thus be an element of the same vector
space as X and Y. When the group product commutes, the corresponding commutator of the generators vanishes.
Mathematicians often define g g’ (¢’ g) ! as the “commutator” for the group product, but we shall reserve the term
for [X, Y.

It is straightforward if somewhat tedious to show that the Jacobi identity holds, just by expanding it:

(X, [V, Z]] + [V, (2, X]] + [2, X, Y]] =0 (3.10)

Because [X, [V, Z]] — [[X, Y], Z]] # 0, Lie algebras are non-associative.

3.3.2 Definition of a Lie algebra

Now we are ready for an important definition that collects and generalises our findings:

Definition 3.7. A Lie algebra g (no relation to the metric of Module I) is a finite-dimensional vector
space equipped with a bilinear product, the Lie bracket [, |, which:

e islinear: [aX + bY, Z] = a[X, Z] + b[Y, Z] Va,beRorC;
* is antisymmetric: [X, Y] = —[Y, X];
« satisfies the Jacobi identity: [X, [Y, Z]] + [V, [Z, X]] + [Z, [X, Y]] = 0.

In physics, we usually take the Lie bracket to be the commutator XY — Y X. Also, many physicists,
because they always deal with the algebra, not the group, use G to denote g; this is confusing.

It is important to keep in mind that in a Lie algebra the action of one element X on another one, Y, is not given
by some linear combination of them, nor by the straightforward composition of the two, XY (which may not be
in the algebra); it is taken to be their commutator. The closure property of a Lie group translates into the closure
of its algebra, in the sense that the commutator of any two of its elements is also an element of the algebra.

The algebra =i g is said to be an essentially real Lie Algebra. We have already seen that the linear and orbital
angular momentum operators of quantum mechanics were related to real infinitesimal generators in that way.

Sometimes, however, it proves very convenient to construct a complex extension of a real or essentially real
algebra, by allowing the coefficients of the expansion of its elements over a basis to be complex. For instance, we
might wish to construct J4 = J, £ 1iJ,. This gives us more flexibility in constructing useful bases.

The dimension n of a Lie algebra is that of the manifold of the group with which it is associated.

3.3.3 Structure constants of a Lie algebra

The commutators of its n infinitesimal generators which form a basis of a Lie algebra are themselves elements of
the algebra, so they must be written as linear combinations of those basis generators:

(X, X;] = Ciy* Xy (3.11)

The coefficients C’ijk are called the structure constants of the Lie algebra, whose structure they are said to
specify. In fact, with some rarely relevant caveats, they pretty much tell us everything about the group itself.
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The structure constants inherit the antisymmetry of the commutators: Cj,-k = —C,-jk . When the structure
constants all vanish, we say that the algebra is Abelian; then [X, Y] =0 VX, Y € g.
The Jacobi identity on elements of an algebra induces (EXERCISE) a relation between the structure constants:

Cii' C™ + Cii! Ca™ + Cri' Ci™ = 0 (3.12)

Defining a matrix (D;) jk = —C’ijk , we find (EXERCISE) that D satisfies the commutation relation (3.11). If
we can take the group’s representations to be unitary, as for compact groups such as SU(n) and SO(n), the
corresponding representations of the algebra are anti-Hermitian and we immediately find (EXEERCISE), since
they must satisfy the commutation relattions, that the structure constants are real.

The structure constants for the essentially real algebra +i g are just (exercise) iiCijk . Very often, in the case
of essentially real algebras, people will call the C’Z-jk themselves the structure constants instead of :l:iC’Z-jk.

Two Lie algebras are said to be isomorphic when they have the same dimension and structure constants (up to
a redefinition of their generators, eg. rescaling).

3.3.4 A direct way of finding Lie algebras

Suppose we do not have an explicit form for the matrix rrealisation of a Lie group in terms of the group parameters.
All we know is the constraint(s) on the group elements. This is sufficient to find the Lie algebra; then the group
matrix can be reconstructed from the algebra.

The first thing to do is to linearise the constraints. We listed some important ones at the beginning of section
3.2. For Cartesian metric-preserving compact groups, M I, MT = 1,; for non-compact metric-preserving groups
(when the metric is indefinite), we have M Ig M = Ig, with p + ¢ = n. In both cases, the real version just entails
replacing the complex conjugate transpose by the transpose.

Linearising for the compact groups, we get:

(I, + eA)(l, + eA) = 1, + (AT + A) =1,

Therefore the matrices representing the algebra are antihermitian: AT = —A. Their diagonal matrix elements are
pure imaginary for unitary group algebras u(n); for orthogonal group algebras o(n), A is real skew-symmetric,
with n(n — 1)/2 independent parameters. Thus, o(n) is the set of all real skew-symmetric matrices of rank n.

If we choose to use essentially real algebras instead (eg. L as generators of so(3) instead of M in section
3.2.5), then M = I,, + ieA, and we find that the A matrices must be Hermitian: Af =A.

If the group is an indefinite orthogonal group, which is non-compact, the same process yields: ATIg = —IIA.
This is a bit messier, but we can simplify it by breaking A into block matrices. If S is a ¢ X ¢ matrix, Ta g x p
matrix, U a p X ¢ matrix, and V a p X p matrix, then:

st uh /-1, 0 -1, 0\ /S T
oyt + =0
T V 0o 1, o 1,)\U V
Expanding, we arrive (exercise) at three conditions on the block matrices:
St = —s, Vi = —v, TN =u

Both the S and V diagonal blocks are antihermitian. The off-diagonal blocks are each other’s adjoint. Over R,
this means that A has two antisymmetric diagonal block matrices, one ¢ X ¢ and one p X p; the off-diagonal
blocks are the transpose of one another. The number of parameters of the infefinite orthogonal group is then
p(p—1)/24q(q—1)/2 + pg = n(n — 1)/2., the same as for the compact orthogonal group O(n).

There only remains to notice that the non-zero elements of the infinitesimal generators can only be £1 (over
R) and also +1i (over C) because of the linearisation.

As we saw, another important constraint can be imposed on a group matrix M: detM = 1, which de-
fines SL(n,R). Anticipating a little, its algebra can be written as a sum of matrices C;, and we have M =
expCiexpCoexpCsg---.
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Now, since the determinant of a product of matrices is equal to the product of the determinants of the matrix
factors, and because—when a matrix A is diagonalisable— there exists a similarity transformation SAS~! which

takes A to A’ = diag(A1, ..., \;, ...), we conclude that det A is equal to the product of the eigenvalues of A.
Also:
1 1 /
SeAs ! = sIS™t + SAST! 4+ 5SAs—lsAs—l + ... =1+A+ 5(A')2 +...=¢r
where ¢? is a diagonal matrix with e’ as entries. In other words, the eigenvalues of e® are just e*. Then:

dete? = H M = exp Z)‘i — DA
i i

But Tr A’ = Tr(SAS™!) = Tr A. We obtain via this elegant (but limited to diagonalisable matrices!) deriva-
tion an important basis-independent relation:

det (eh) = eTA (3.13)

valid for any square matrix. This is immediately extended to det (¢AeB...) = T (A+B+.) and since all
SL(n, R) matrices can be written as a prodiuct eeB (to be shown later), we immediately deduce that all ma-
trices in the algebra sl(n, R) must have vanishing trace, including the generators that live in su(n) and so(n). This
is why it can be said that s[(n, R) consists of the set of all traceless matrices of rank 7.

Note the interesting fact that since antisymmetric real matrices must be traceless, o(n) and so(n) are identical!
This is very much related to the absence of a continuous path from the O(n) identity (which is unimodular)
to orthogonal matrices with determinant —1: O(n) is not connected. For instance, spatial inversions cannot be
linearised; one cannot invert axes by a “small” amount! It does not make sense to speak of the infinitesimal
generators of spatial inversions if we cannot take a system gradually, in steps as small as we wish, from its initial
state to its final transformed state. In three dimensions parametrised with spherical coordinates, spatial inversion
is performed by f(r,0,¢) — f(r, m — 0, ™ + ¢), but without intermediate steps. So the infinitesimal generators
of O(3) are those corresponding to its connected SO(3) subgroup, the group of rotations.

While we are at it, and since the exponential representation of group matrices in terms of their algebra matrices
can allow us to reconstruct the group elements from the algebra, we note an important but difficult to prove
expression which says that the familiar rule e®e® = ¢®*® does not hold for matrices unless they commute! This is
the so-called Baker-Campbell-Hausdorff (BCH) formula:

1 1
AeB = o€ C = A+B+§[A,B]+E<[A,[A,B]]+[[A,B],B]) . (3.14)
By comparison, it requires little effort to show (EXERCISE) that:
d,A™' = —A 1 (d,A)A"!

Also, if A and B are square matrices, and if the explicit dependence of another matrix C on a real parameter A is
given by C()\) = e*BAe*B, expanding plus repeated differentiation with respect to \ yields (EXERCISE):

1

1
BAe™® = A+ B A+ 5B B A+ .+ —

[B,[B,... [B,A]] + ...

This relation also holds for linear operators.

Example 3.7. The generators of SO(3) live in a three-parameter algebra:

0o -6, 6, '
s50(3) = 0, 0 -0, = 0'M; (3.15)
-0, b, 0
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But how did we pick the signs above the diagonal? Consider counterclockwise rotations by a small
angle # around an axis whose direction is specified by the vector ii. An active transformation rotates
a vector x by adding a small vector that is perpendicular to both the axis and to x. By geometry, we
find that, to first-order, the transformed vector is x’ = x + i x x. Expanding gives:

¥~ x4+ 0nyz—n,y) v ~y+0n,z—ngz2) 7 m oz +0(ngy — nyx)
0 -6, 0, T
= xX'=x+ [ 6. 0 —0, y
—0, 0, 0 z

where @ = 6. The matrix is indeed the so(3) algebra of eq. (3.15). How does this compare to the
operator algebra as laid out in eq. (3.4) and the couple of equations that follow it? By identifying
« = On,, etc., we can write the first order in the expansion of the general rotation operator as:

0 —60. 6,\ (9,
(x y 2)| 6. 0 —6.][9,
6, 6, 0]\

z

The matrix is the s0(3) algebra matrix. The operator algebra has the same commutator structure,
[M;, Mj] = €*Mj, as the matrix algebra s50(3) (and also as the su(2) matrix algebra!), which
establishes the isomorphism of the algebras (but not of the groups...).

A rotation by a finite angle 6 around an axis i can now be written as:

R(O) = e "M
with the generator matrices:
00 0 0 01 0 -1 0
M,=1[00 -1|], M,=[0 00], M.=[1 00
01 0 -1 00 0 0 0
Often, SO(3) generators are written as J;; = €;;xM*. Since (M;);x = —€; 5> the matrix elements

are: (J;;)!m = —eijkeklm = —(8;'6;™ — 5;™5;'). The labels (i5), i < j for J refer to the plane in
which thoe rotation is generated. This allows a straightforward generalisation to rotations in n > 3
dimensions, where an axis does not uniquely define a plane of rotation. Their commutator algebra can
now be obtained by computing (EXERCISE): [Jpn, Jpq] Zj = (Jmn)ik(Jpq)kj - (Jpq)il(Jmn)lj and
rearranging the eight resulting terms, yielding a result’ for the commutator that is important because
it appplies to rotations in dimensions N > 3:

[mns Ipgl = 0" pJng + 6% Jmp — 0% Jnp — V0 Iing 1<m<n<N,1<p<qg<N
(3.16)
Only one term on the right can contribute (EXERCISE), and the commutator vanishes unless one (and
only one) number in the pair (mn) is equal to one (and only one) number in the pair (pq).

Example 3.8. The so(4) Lie algebra is the set of all antisymmetric 4 x 4 real matrices. It is now
appropriate to use the 4(4—1)/2 = 6 J;; generators, introduced in example 3.7, that generate rotations
in the (i7)-plane. With eq. (3.16) it is easy to compute the nine non-trivial s0(4) commutators. Taking
Jia = Njand J;; = eijkMk (1 <14, j < k < 3), they can be written as:

[M;, Mj] = € My, [M;, Nj] = €, Ny, [Ni, Nj] = e M (3.17)

TAs a mnemonic device, in the commutator on the left take the first and third indices for the d, and the second and fourth for .J, in that
order, for the first term on the right; then cycle through to generate the last three terms, using first J;; = —.Jj; so that after cycling one
index on the delta belongs to the (mn) pair and the other to the (pq) pair.
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The commutators can be decoupled by transforming to the basis:

1 1
Yizi(Mi-l-Ni) Zizi(Mi_Ni)
from which we immediately obtain the decoupled relations:
Vi, Yj] = €, Y, i, Zj) = 0, Zi. 23] = e Zi (3.18)

By inspection, the Y; and Z; separate into two su(2) (or s0(3)) algebras, and s0(4) = su(2) & su(2).
In terms of dimensions, 6 = 3 & 3. At group level, we say that SO(4) is locally isomorphic to the
direct product SU(2) x SU(2); it is globally isomorphic to (SU(2) x SU(2))/Z since a pair of
elements of SU(2) and their negatives correspond to the same SO(4) rotation.

The algebra now reads: so(4) = a'Y; + b Z;, and since [Y;, Z;] = 0, an element of SO(4) takes

the form: e Yi ¢b*Zi,

Example 3.9. The so(3, 1) algebra of the group SO(3, 1) derived from the metric-preserving con-
straint is:

0 & & G
G 0 =0, 6,

— YT v
s50(3,1) = 6. A oFM, + ("K, (3.19)
C: —b, 0, 0
where the infinitesimal generators can be read off:
000 O 0 0 0O 00 0 O
00 0 O 0 0 01 00 -1 0
M. = 0 00 -1 M, = 0 0 00 M. = 01 0 O
001 0 0 -1 0 0 00 0 O
and
0100 0010 0 0 01
10 00 0000 0 00O
Ko = 00 00 Ky = 1 000 K. = 00 0O
0000 0000 10 00

One shows (EXERCISE) that the commutators of the infinitesimal generators are:
[Mi, Mj] = EijkMk [Mi, Kj] = Eijk Kk [KZ', Kj] = —Eijk Mk (320)

Although the number of generators is identical to so(4), there is an important difference between these
relations and the ones derived in example 3.8: the minus sign in the relation for the K. It follows if we
take N — i K. Then the complex basis in which the commutators decouple is: LZ-i = (M; +iK;)/2,
yielding (EXERCISE) : [L", L] = ¢;;* L and [L;", LT] = 0.

As in example 3.7, by defining J;; = e,-jkMk and Jy;, = K;, 1 < i < 3, one rewrites the commutator
relations (3.20) as a relation valid for any so(p, q) algebra:

[JW, Jag] = Nuadvg + Mpdua — Musva — Mwadus 0<(u,v)<3 (3.21)

where J,, = —J,,, (indices are labels of the generators .J, not components!), and 7,,,, is a diagonal
matrix with 3 entries =1 and one entry F1, depending on the sign convention, or in general, the
diagonal matrix with p entries £1 and ¢ entries F1, with p + ¢ = N.

One very important realisation of this algebra interprets 6; as the three angles rotating around Cartesian
axis 1 < ¢ < 3,and (; = ﬁl tanh ™! 3 the rapidity parameters for pure Lorentz boosts along the x,
y and z axes. Then s0(3, 1) is called the Lorentz algebra for Minkowski spacetime. In this context,
N in €q. (3.21) are the components of the Cartesian metric tensor. Then the relation can also be
derived (EXERCISE) in the operator realisation: J,,, = x,,0,, — x,,0,. This algebra is also that of the
infinitesimal transformations z'* = w*,x", with w#, given in eq. (3.19), and Wypy = —Wyw-
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3.3.5 Hard-nosed questions about the exponential map — the fine print

Three theorems by Lie, which we have implicitly made use of, show that for any Lie group a Lie algebra can be
found which is characterised by the structure constants. But can we go back from the algebra to the group? Up to
now, we have relied on the exponential map to do this, but it is not always possible, at least with just one map.
We already know that we cannot recover orthogonal matrices of determinant -1 in O(3) from the 0(3) algebra.
Do we fare better with special linear transformations whose matrices SL(n,R) all have determinant 1? No,
according to the following counter-example (provided, I believe, by Cartan). One form of the s[(2,R) algebra,
which is the set of all traceless matrix operators, is: X = e 2
To + x3 -1

independent result (EXERCISE):

. Exponentiating gives the basis-

. Iy coshr + X—Siﬁhr r2 >0
X = EX”: b + X r2 =0
no Igcosr+XSi% r? <0

2 2

= x% + m% — x5 = —det X, which makes the results basis-independent. The structure is reminiscent
of the light-cone structure obtained by endowing the parameter space R? with an indefinite metric invariant under
SO(2,1). Inside the light-cone, for any value of x3, the values of the other two parameters are confined inside
a circle of radius smaller than x3. The corresponding generators map to compact group elements. Outside the
light-cone, however, the generators can grow without restriction; they map to non-compact elements of SL(2,R).

So far, so good. But a glance at the above expressions shows that TreX > —2 always. Yet SL(2,R) has a

large subset of elements with trace smaller than —2: matrices of the type <_5\ _1(} A) (A > 1), for instance.

where r

These cannot be reached with the above exponential map.
Cartan argued that all the group elements could nevertheless be reached by writing:

X = X, + X = <””1 ””2> + <O _””3)
T2 —T1 T3 0

and taking the product of the exponentials of X, and Xj,, which is not X since [X,, X;] # 0. Then (EXERCISE):

XaoXo — (7 +y T cosrs — sinzg

- r z—y) \sinzs cosxs

where z = coshr’ > 1,2 = 2 sinh s/, and y = & sinh ¢/, with r* 2 = 22+ 3. Each matrix is unimodular, and the
trace of the product is now 2z cos x3 = 2 cosh ’ cos z3 which is unrestricted. One exponential, €X, corresponds
to a compact generator, and the other to non-compact generators.

In example 3.3 we noted that we needed more tools to tell us what the manifold of SL(2,R) was. Now we
know! The parameters of the non-compact matrix satisfy 22 — (2 4 32) = 1 which is the positive-z hyperboloid.
Topologically, it is equivalent to R?. The parameter values —m < z3 < 7 map the X, subalgebra to SO(2) C
SL(2,R), whose manifold is S*. We conclude that SL(2,R) is non-compact, and that its manifold is R? x S?.

These considerations do not detract from the usefulness of the exponential map as a link between a Lie algebra
and a Lie group; they just mean that in the case of non-compact groups a little more care should be exercised.

3.4 Representations of Lie Groups and Algebras

3.4.1 Representations of Lie Groups

Definition 3.8. As for finite groups, a representation T, of a Lie group G (g € () is a homomor-
phism of G to the group of general linear matrix transformations G L()) acting on a vector space V
called its carrier space.
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For compact Lie groups, V is a finite-dimensional Hilbert space H, ie. a vector space over C equipped
with an inner product. For non-compact groups, however, it may well happen that the Hilbert space is
infinite-dimensional.

Of particular interest are the irreducible representations of (G. They satisty Schur’s lemma in its version for
continuous groups:

A unitary representation T, of a group G is irreducible if, and only if, the only operator A on # that satisfies
AT, =T, AVg € G is a multiple of the identity.

The following statements, which we quote without proof, apply to compact Lie groups:

* An irreducible representation of a compact Lie group must be equivalent to an unitary representation. All
unitary representations of a compact Lie group are finite-dimensional. Thus, all irreducible representations
are finite-dimensional.

* Every representation of a compact Lie group that is not already irreducible is fully reducible, in the sense
that it can be written as the direct sum of irreducible unitary representations.

* An important theorem by Peter and Weyl states that:

Let {T(O‘)} be the set of all irreducible non-equivalent unitary representations of a compact Lie group. Then
the functions \/@TZ(]O‘) where n,, is the dimension of the representation and 1 < 4, j < n,, form an
orthonormal basis for (L2)¢, the Hilbert space of square-integrable functions on the manifold of G; that is,
if fo € (L2)q, we have that:

Z b T(a /fg d:“g

a7Z7]
where dyi, is the volume element of the group manifold.

Example 3.10. Consider the Abelian group U(1) with S' as its manifold. Its unitary irreducible repre-
sentations are of course 1-dim: 7™ (0) = ™, (m € Z because T"™ (0 + 27r) = T(™(f)). Then the
Peter-Weyl theorem asserts that {7°™)} is a basis for L£(S), the space of differentiable square-integrable
functions on S*, which must be periodic:

21

Z @™ Cm = f(6)e ™7 dg
0

m=—00

which we recognise as a Fourier expansion.

3.4.2 Representations of Lie algebras

Lie algebras, as we have seen, can be realised as (differential) operators, or also as gl(}), the set of all linear
transformations on some vector space V. V will be a Hilbert space over R or C, and we will have gl(n,R) or
gl(n, C) realised as n x n real or complex matrices. In fact, a finite-dimensional algebra will always be isomorphic
to some matrix algebra.

Definition 3.9. Let g be a Lie algebra. A representation T of g maps elements of the algebra to
elements of the general linear invertible matrix transformations on its carrier space (or module) ).
The mapping is a homomorphism. The dimension of a representation is that of its carrier space.

g has a Lie bracket, the commutator, and its representations must satisfy this product. Thus, if T is a
representation of g, we must have VX, Y € g:

Txy] = [Tx Ty

The defining (fundamental) representation of g is the matrix obtained directly from the constraints

on the algebra.
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3.4.3 The regular (adjoint) representation and the classification of Lie algebras

We have already noted how eq. (3.12) for the structure constants could be written as the commutator of matrices
whcih we now recognise as providing a new representation of the algebra:

Definition 3.10. The regular (adjoint) representation of a Lie algebra associates with each element
Z of the algebra a matrix Rz (or ady) such that [Z, X;] = (RZ)Z.j X, where the X; are the in-
finitesimal generators that form a basis for the algebra. (Warning! Some authors use the definition
Z, Xi] = (Rz)’, X;.)

Clearly, then, the regular representation of a basis generator is just the structure constants: [X;, X;] =
(R Xl.)jk X = C’ijk X%. And its dimension is that of the algebra, ie. the number of generators (or
parameters).

We confirm that R is a representation (EXERCISE, with the Jacobi identity): [Rx,, R Xj]X L= R[ X;, XJ.}X k-

Example 3.11. Take the defining, two-dimensional representation of the essentially real version of the
su(2) algebra with as basis set the three Hermitian Pauli matrices, o;, with commutators: [0, ;] =

2i eijkak. Then ad,, (o) = 2i ez-jkak, and (adai)jk =2i el-jk, and we have:

0 0 0 0 0 —2i 0 2i 0
ad, = [0 0 2i ady, = [0 0 0 ady, = [—21 0 0
0 —2i 0 2i 0 0 0 0 0

If we write the regular representation of a generic element of this algebra as R = aiadm, we obtain
the Hermitian matrix:

0 2i as —2i as
R = —2i as 0 2i (23]
2ia9 —2iag 0
Note that the commutation relations [o;, ;] = 2i¢;;7oy, can be written equivalently as: [S;, S;] =

ieiijk, simply by the redefinition S = o /2. This particular form is often preferred in quantum
mechanics, particle physics and related fields.

Definition 3.11. A subalgebra of an algebra is just a subspace of the algebra g which closes under
commutation. A subalgebra g, is invariant if, for each X € goyp, and VY € g, [X, Y] € ggup- An
invariant subalgebra is sometimes called an ideal, but we shall not be using this term.

The centre 3 of an algebra is the largest subalgebra whose elements commute with all elements of
the algebra. This means that, for a commutative (Abelian) algebra, the centre is the algebra itself. By
definition, 3 is an Abelian invariant subalgebra, but not necessarily the only one.

An invariant subalgebra generates an invariant subgroup via the exponential map. To prove this, we must show
that if g = ¥ and g’ = eY’, where Y is a generator in an invariant subalgebra and Y’ € g, then g’ -1 gg =
oY "e¥eY' = eZ is also in the subgroup generated by the subalgebra. But this is the case by virtue of the Baker-
Campbell-Hausdorff formula, eq. (3.14), since Z is calculated from commutators of Y with other generators and
so must be in the invariant subalgebra.

Definition 3.12. If a sequence of transformations exists that puts the regular representation of a non-
Abelian Lie algebra into block-diagonal form, with the blocks irreducible non-zero subrepresentations,
the representation is said to be fully reducible. In this case, the regular representation can be written
as a direct sum of irreducible representations. Of course, these irreducible representations cannot all
be one-dimensional. In this basis, the block submatrices commute with one another.
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Like the structure constants, the regular representation summarises the structure of the Lie algebra. This algebra is
a vector space spanned by a basis of generators. But we can decide to transform to another basis via a similarity
transformation. The question is: can we transform the regular representation to a basis where it takes a form that
might help classify the algebra?

Definition 3.13. If an algebra has no non-trivial invariant subalgebra, its regular representation is
irreducible and we say that the algebra is simple. In that case, the representation leaves no proper
subspace of its carrier space invariant.

Definition 3.14. A Lie algebra that contains no Abelian invariant subalgebra is said to be semisimple,
ie. it has zero centre (no non-zero element commutes with all other elements). A semisimple Lie
algebra is either simple or the sum of simple Lie algebras (that may occur more than once in the sum),
and its representations are the direct sums of irreducible representations. A semisimple algebra always
has at least two complementary invariant subalgebras, with all the generators of one commuting with
all the generators of the other(s), but not amongst themselves.

From these two definitions it follows that all simple algebras are semisimple since they are already in (single)
block form. Non-simple semisimple algebras must contain a proper, non-Abelian, invariant subalgebra.

Abelian Lie algebras (eg. u(1), s0(2)) are not semisimple, and therefore not simple. Apart from so(4) (see
below), the non-Abelian so(n) algebras are all simple, and so are the su(n) and sl(n, R) algebras.

Example 3.12. From eq. (3.17), no basis generator of s0(4) commutes with all others: The algebra
has no non-zero centre! It is therefore” semisimple. Its structure constants determine the 6-dim regular
representation of a generic element of s0(4) in block-diagonal form:

0 as —a9 0 0 0

—as 0 a1 0 0 0

R — a9 —al 0 0 0 0
0 0 0 0 bs —bo

0 0 0 —bs 0 b1

0 0 0 b —-by O

The blocks cannot be further reduced, so(3) being simple; s0(4) is semisimple, but not simple.

3.4.4 The Cartan-Killing form

Again, we recall that a Lie algebra is a vector space. As such, not only does it have a basis which can be chosen at
our convenience, it can also be equipped with a (non-unique!) inner product. One such inner product* is:

Y, Z) = Tt'YZ

Definition 3.15. The Cartan-Killing form (CK-form) of a Lie algebra is a symmetric bilinear form
whose components are defined as the inner product of all pairs of elements of the algebra in their
adjoint (regular) representation:

(Y, Z) = Tr (RyRy) = (Ry)F (Ry){! (3.22)

The CK-form for basis generators X; is easily calculated: (X;, X;) = C; k C; i\ If the algebra has n
parameters, the CK-form has n(n + 1)/2 components.

"The fact that for a given 4, j Y; and Z; in the decoupled basis of eq. (3.18) form an Abelian subalgebra does not invalidate our
argument, because this subalgebra is not invariant.
* Another inner product which is sometimes introduced is the Hilbert-Schmidt product: (A, B) = Tr(ATB).
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An important property of the CK-form is its invariance under the action of any element g in the Lie group
associated with a Lie algebra. Let X and Y be elements of a Lie Algebra. Then:

(sXg ' gYg ') = Tr (R_RyR,-1R,RyR,-1) = Tr(RxRy) = (X, V)

where we have used the property Tr AB = Tr B A. Linearising this after writing g = 4, we obtain (EXER-
CISE):
([, X],Y) + (X,[2,Y]) =0 (3.23)

This could be shown directly from (Y, Z) = Tr'Y Z, but it would not be so easy to interpret the result. Because
it can be derived from the invariance of the CK-form under the group of which the algebra is the linearisation, we
can say that eq. (3.23) is a manifestation of the invariance of the CK-form under the algebra as well as the group.

Definition 3.16. A CK-form is degenerate (or singular) if there exists at least one element Z in the
algebra for which (Z, Y') = 0VY € g. This can happen only if the matrix with elements (X;, X) has
a row and column entirely populated with zeros, which forces its determinant to vanish. Otherwise,
the CK-form is non-degenerate.

Alternatively, a CK-form is non-degenerate if there exists a basis in which all its diagonal elements
are non-zero (so that its determinant does not vanish). Then we say that it induces a Cartan metric
g on a Lie algebra, with components g, = (X, X)), where {X,} is that basis. If the algebra is
compact, we can transform to an orthonormal Cartan metric g = kl,,; if the algebra is non-compact,
we can transform to an indefinite metric k1, with p + ¢ = n, the dimension of the algebra (and rank
of the adjoint rep). In these two cases, it is habitual to call I, and I} themselves the metric, which is
then manifestly orthonormal.

Like all metrics, an orthonormal Cartan metric can be used to raise and lower indices. In particular, introduce
fux = Culg,y. Inserting g, = (X,, X)), and using eq. (3.23), it is straightforward to show (EXERCISE)
that f,,, , is antisymmetric in all its indices.

Now, if a Lie algebra has a non-zero centre (ie. a subalgebra whose elements commute with all the elements
of the algebra), its CK-form must be degenerate because the adjoint representation of any element of the centre
vanishes trivially. We have also said that the centre of an algebra is an Abelian invariant subalgebra. Cartan’s
criterion asserts that a CK-form is degenerate if, and only if, an algebra has an Abelian invariant subalgebra —
that is, if there exists at least one generator which has vanishing commutator with all other generators.

This leads to the useful alternate definition:

Definition 3.17. A Lie algebra is semisimple if, and only if, its CK-form is non-degenerate,

Example 3.13. xiaj is a basis of the operator realisation of gl(3, R). Then z'0; commutes with every
other element of the algebra, and gl(3, R) has a non-zero centre; its CK-form is degenerate, therefore,
it is not semisimple.

Example 3.14. In example 3.11, we have already obtained the adjoint representation for the generators
of su(2). If we use the more standard representation corresponding to S = o /2, then the adjoint
representation matrix is merely divided by 2, and is also the one for s0(3) because the structure
constants for the two algebras are now identical. With S in the adjoint rep, eq. (3.22) then gives:

(SZ', SZ) = Tr(Slsl) = TI‘(SQSQ) = TI‘(SgSg) = 2

with all other traces 0. The CK-form is then 2I. This confirms that the CK-form for su(2) induces an
invertible definite (Euclidean) orthonormal metric, g = . Therefore, the group is compact as well as
semisimple, and we can write the structure constants as the skew-symmetric f;;;, = i€;;;, (or in some
sources just €;).
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The CK-form as defined above in terms of the regular representation for each generator can be tedious to
calculate if we need all its components. That representation generates huge matrices for any but the smallest
groups. If it is invertible (non-degenerate), however, we can extract useful information from it with much less
work by working in terms of the parameters a* such that R = a#X;:

(R, R) = d"a"Tr (X, X,) = a’aug,, = da, (3.24)

where we have used the Cartan metric to lower the parameter index. Inspection of a* a, will reveal whether the
group is compact or non-compact.

Example 3.15. Going back to the defining representation that we wrote for Z € sl(2,R) in section

(3.3.5):
_ T T2 +2x3) _ 1 0 0 1 0 1
Z = <x2—x3 2y ) =N (0 —1>+””2 <1 0>+w3 (-1 0)

The corresponding independent non-zero structure constants are: 5> = 2, C5,? = —2, and Cpg' =
—2. From these we build the regular-representation matrix:

0 —21‘3 —2%2
R = 21’3 0 2:L'1
—21‘2 2%1 0

Now, we only need to calculate the diagonal elements of R* and sum them to get: (R, R) = 8(z7 +
T3 — 3::2))) We deduce that the algebra is non-compact: X; and X5 are non-compact, while X3 is
compact. This is consistent with what we found earlier about the SL(2, R) manifold.

Interestingly enough, using the defining representation directly, we would find (EXERCISE) 2(x? +
r3— x%) Far from being a coincidence, this opens up the possibility of calculating a* a,, in eq. (3.24)
directly from the defining representation instead of the more unwieldy regular representation. This is
because for semisimple algebras the defining and regular representations are both faithful, and thus

contain the same amount of information.

3.4.5 Cartan subalgebra of a semismple algebra

Now we would very much like to find whether some elements H; of a semisimple algebra have a diagonalisable
adjoint-representation matrix, and satisfy the eigenvalue equation:

Ry, (Y) = [H, Y] = &Y (3.25)

for some Y € g, which makes Y an eigengenerator of H;. In fact, we would like to know the maximal subset of
r simultaneously diagonalisable operators in a given Lie algebra. These operators, H;, must all commute between
themselves, ie. they form an Abelian (but non-invariant!) subalgebra ).

Definition 3.18. A maximal Abelian subalgebra of a semisimple Lie algebra is called a Cartan subal-
gebra §j. Its dimension r < n defines the rank of the algebra. It is not unique, although its dimension
is. The elements of a Cartan subalgebra are called the Cartan generators of the algebra.

Example 3.16. Let {J,, J_, Jo} = {J1 +iJa, J1 — iJa,J3} be a basis of a Lie algebra, with
[Ji, J;] = i€;;*J;. These commutation relations translate into: [Jo, Jo] = £Jy, [J4, J-] = 2.Jp.
The corresponding adjoint-representation matrices of Jy and .J; are immediately found:

1 0 0 0 0 0
adj, = |0 —1 0 adj, = [ 0 0 2
0 0 0 -1 0 0
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Because ad j, is diagonal, Jj is a Cartan generator; comparing with eq. (3.25), ad , has a complete set
{J4+, J-, Jo} of eigengenerators for the corresponding eigenvalues {1, —1, 0}. But ad;, has only
one eigenvalue, 0, and therefore one eigengenerator which cannot form a basis of the algebra. It is not
diagonalisable and not a Cartan generator; the same holds for J_. Thus, the algebra contains only one
Cartan generator and is of rank 1.

Another important thing we learn from this is that the structure constants in the complex extension of
an algebra can be quite different from those of the algebra itself, even in its essentially real version.
Indeed, the adjoint representation of .J3 found — up to an overall constant — in example 3.11 is not
diagonal, and has only zeros on its diagonal, in contrast with with ad ;, in the complex extension. Of
course, this does not affect the CK-form which, being a trace, is basis-independent. We also notice that
the diagonal elements of ad j, are precisely the structure constants involving Jy. Is this a coincidence?

We arrive at the same results by working out the secular equation for eq. (3.25), ||R — Als|| = 0,
R being the regular presentation of example 3.11 for the basis {J;} = {o;/2}. Then ||R — Al3|| =
—A(A2 +a?) = 0, where a® = a? + a3 + a3. The fact that the eigenvalues {0, 4-ia} are complex tells
us that we should use the complex extension of the algebra (which indeed we did when using the basis
{J+, J—, Jo}!), and the number of independent non-zero eigenvalues gives the rank of the algebra,
here 1.

The secular equation itself also yields the rank of the algebra: the number of independent functions of
the parameters (just one, a, in our example) in the secular equation is the rank of the algebra. It can
be shown that the rank of a su(n) algebra is n — 1; also, s0(2n) and so(2n + 1) algebras have rank n.

2019-20

An important point is that the same analysis could have been carried through using the three 2 x 2 matrices of the
defining representation of the algebra (su(2)), with the same conclusions. Indeed, in the usual Pauli matrix basis:

ag—)\ al—iag

su(2) — Aby|| = a1 +iay —as — A

=XN-d =0 a® = a} + a3 + a3

gives A = *a. Again, the secular equation has one independent function of the parameters.

often much smaller than those of the adjoint representation.

3.5

Weights and Roots of a Representation of a Compact Semisimple Algebra

Definition 3.19. Let |u) be an eigenvector common to all Cartan basis generators H;, living in the
carrier space of some representation D of the generators. Then H;|u) = p;|p). The set {p;} (1 <
1 < 1) corresponding to each eigenvector can be viewed as the components of a r-dimensional vector
called a weight p of the representation. The number of these weights, ie. the number of eigenvectors,
is equal to the dimension of D.

Definition 3.20. Following standard notation, let { E,, € g} denote the set of eigengenerators of an
element H; of the Cartan subalgebra of the complex extension of a semisimple Lie algebra, such that
[Hi, Eq] = a;Eq, 1 < i < r. Then the set of eigenvalues, {c;}, of the [H;, | operator associated
with each eigengenerator E,, can be viewed as the components of a r-dimensional vector called the
root . We can also write [H, E,] = aFy.

As noted previously, the advantage of the defining representation is that the dimension of its matrices is most

Do keep in mind the crucial distinction between the eigengenerators, whose associated eigenvalues are the root

components, and the eigenvectors that live in the carrier space and whose eigenvalues are the weights.

Clearly, any Cartan generator [, has the root o« = 0, because [H;, H;] = 0V j. Thus, we can write an algebra
g as the sum of its Cartan subalgebra, with roots zero, and the non-Cartan generators with non-zero roots. The set
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of all non-zero roots is called the root system of the algebra. The Cartan and non-Cartan generators form a basis
of the algebra, called its Cartan-Weyl basis.

As we are soon to discover, all the information about a semisimple algebra is encoded in its system of 7-
dimensional roots. Like the weight vectors, these roots can be seen as living in a 7-dimensional space. A metric is
induced on this root space by the metric of the Cartan subalgebra, so that we can represent it as having r Cartesian
axes, each associated with a Cartan generator H;. The root vectors can then be represented in a root diagram.
The i** component of each root is the projection of the root along the H; axis. This root space is almost always
much easier to work with than the algebra itself, simply because it is of smaller dimension.

Also, each n-dimensional representation (often called a multiplet) of a semisimple Lie algebra is associated
with n weights which are r-dim “vectors” with as i component the corresponding eigenvalue of the simultane-
ously diagonalisable Cartan generators, H;, of the algebra, acting on their carrier function space, as in definition
3.19. Just like roots, these weights can be plotted on a diagram, the weight diagram, or lattice, with each eigen-
value component of a weight being its projection along the associated H; axis.

3.5.1 Properties of eigengenerators in the Cartan-Weyl basis

Those eigengenerators of H;, E, € g (all of them generators in the complex extension!), which are not Cartan
generators are quite interesting. An important fact, which we shall not prove, is that they are uniquely labelled by
their roots. To each non-zero root corresponds one and only one such generator, which spans a 1-dim subalgebra.

Now let v and 3 be two non-zero roots. Then, from the Jacobi identity and definition 3.20 of the roots, there
comes:

[H;, [Ea, Egl] = [[Hi, Eal, Eg] + [Ea, [Hi, Eg]] = (@i + 8i) [Ea, Eg]

Therefore, either [Eq, Eg| = 0, which happens when ac+ 3 is not a root, or it is proportional to the eigengenerator
Eq4p of H;, with eigenvalue o; + (3;. and we can write:

[FEa, Eg] = CapEayp (3.26)

Note how only one generator contributes to the commutator in the Cartan-Weyl basis when 3 # —a. When either
« or 3 vanishes, Cg is equal to the other root, and we recover the defining equation for the roots in def. 3.20.

Going to definition 3.10 of the adjoint represepresentation, one should now be able to see that, in the Cartan-
Weyl basis, the adjoint representation of a Cartan generator is a diagonal matrix, with 7 Os and «; as the rest of the
n—r diagonal entries. And all diagonal entries of the adjoint representation of any other generator E, must be
zero. From this, the following statements about the CK-form of an algebra can be derived (EXERCISE):

hij = (HZ, H]) = kpéij, (HZ, Ea) = 0, (Ea, E,@) =0 (a—i—ﬁ # 0and notaroot)

where h;; are the components of the metric of the Cartan subalgebra.

To go further, work with Hermitian Cartan generators: Hj = H, of the essentially real algebra. Then, if
[H;, Eq] = «;Eqy, we immediately find by taking the adjoint that [H;, EL] = —aZEL, which we can write as
[H;, E_o] = —a;E_q. Thus, non-Cartan generators and non-zero roots always come in pairs, { Eo, F_q = EL}
and +a. In fact, —a is the only possible multiple of «x that is a root. The generators E. ., of the complex extension
are computed from the pairs X}, and X; of non-Cartan generators of the algebra as: (X, +1X;)/v/2.

When 8 = —a, eq. (3.26) would map [E,, Eg] to a generator with zero root, ie. one that lives in the Cartan
subalgebra. Therefore, [E, 3] must belong to §) as a linear combination of the r Cartan basis generators:

[Ea, E_o) = NH; 1<i<r

Now take the inner product of this equation with H;. For semisimple algebras, we know that (X;, X;) = g;;.
Then the right-hand side gives \/ h;j. For the left-hand side, we have:

(Hi7 [Eaa E—a]) = (E—OL7 [Hi7 Ea]) = 04 (E—OL7 Ea)
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where we have used eq. (3.23) (or, alternatively, the cyclic property of the trace of a product). Therefore, \! =
h9aj(E_q, Eq). Now the E generators live in the complex extension, so that (E_q, Eo) = (Xg, Xi) = gkk-
We also recall that for a compact semisimple algebra, g = kl: the metric on g, including its restriction on $), is
diagonal with identical entries. Then k% = 1/g.s, and \* = ;. We arrive at yet another useful result for the
commutator of two non-Cartan generators with opposite root vectors:

[Ea» F—a] = 0;H; = a-H (3.27)

Here, o - H should be seen as just another way to write o; H;, and there is a summation over ¢ implied.
Now is a good time to discover what those non-Cartan generators of the complex extension do for a living. We
have:
H Eiy = [H’i7 E:I:a] + BioH; = toiEr + EroH;

When this acts on a common eigenvector of the H; in the carrier space, there comes:
H; Exolp) = *aiBialp) + ExaHilp) = (i £ i)Eralp) (3.28)

We see that F' o |p) is an eigenvector of H; with eigenvalue p; + «;, from which we conclude that the F, act as
raising and lowering operators on the carrier space of the Cartan generators, changing weights by +ca. This result
holds for any irreducible representation. Thus, if we can find the weight vectors, the root vectors must be all the
possible differences between them; often, this is the quickest way to obtain the roots.

Example 3.17. Start with the defining representation of the 3-dim su(2) algebra:

1/0 1 1/0 —i 1(1 0
']1_§<1 0> ‘]2_§<i o> J°_§<o —1>

su(2) is semisimple, and one Cartan and one pair of non-Cartan generators can fit in it, thus one
independent non-zero root vector. This is an algebra of rank 1, and the roots are one-dimensional.
The diagonal generator .Jy is identified with the sole Cartan generator. The weights of Jy in the
defining representation are 1/2 and —1/2 (corresponding to the doublet of eigenvectors ( é) and (?)).
Once the weights have been found, the roots must be among all the possible differences between the
weights, ie. 1. These roots raise or lower the weights by 1.

Then, without any direct computation, we can state from eq. (3.27) that [Fy, E_1] = Jy. Also,
from the definition of roots, [Jy, E+1] = £F1;. The structure of the algebra then determines the
non-Cartan generators. [Jy, Ey1] = £FE4; gives, up to a normalisation constant A:

0 1 . 00 .
FEi = A <O 0> = A(Jl + IJQ), EFEq4=A <1 O> = A(Jl — 1J2)

A is determined by the other commutation relation, yielding finally: Fy = (J; £ iJ2)/v/2, as we
should have expected. We recognise the set {.Jy, E+1} as the basis for the complex extension of su(2).

Because su(2) has rank 1, this is a somewhat trivial application of the machinery we are developing,
but it comes into its own with algebras of higher rank.
3.5.2 Structure constants and the root system

We now concern ourselves with finding the (real!) structure constants C g in eq. (3.26), without explicit calcula-
tion of commutators. They satisfy several symmetry relations. For instance:

Ca = —Cap Cov-p=— ;‘;ﬁ = —Cap (3.29)

The first is read off the equation, while taking the adjoint of the equation gives the second relation.
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Also, let ¢, 3, and o + 3 be non-zero roots; then v = —(a + (3) is also a non-zero root, Using the Jacobi
identity on E, Eg, and E., plus eq. (3.26) and (3.27), leads (EXERCISE) to:

(@Cpy + BCya + ¥Cap) -H =0
since the H; are linearly independent, this equation can only be satisfied if:
aCpy + BCya + YCap = a(Cy — Cap) + B(Cra — Cap) = 0
which yields additional symmetries on the structure constants of a semisimple algebra:
Cg—a-B = C_a—pa = Cap (3.30)

A very important result can now be derived.

Going back again to eq. (3.26), we can write: [Eq, Egial] = CapraEpti2as -+ [Bas Egtkal =
Ca,pikalpy(k+1)a- But there must exist a value k& = p > 0 such that B + (p + 1)a is not a root, so that
Ca.B+pa = 0. Similarly, if we start from: [F_q, Eg] = C_q gEg_q, there must exist a value £ = —¢ < 0 such
that 3 — (¢ + 1) is not aroot, and C_ o g—_4a = 0.

Next, start from the always useful Jacobi identity and evaluate the commutators using eq. (3.26) and (3.27):

[an [Eﬁ—i-kay E—a]] + [E,B-i-kow [E—aa Ea]] + [E—aa [Eaa E,B-i—ka]] =
Lo, Egi(h-1)a) Cotba,—a — [Egtkas @ H] + [E_a; Egiir1)al Capria = 0
Capii-1a Cotka—a + a- (B + ka) + C_g gy (k41)a CaBrka = 0

Applying the symmetry relations (3.29) and then (3.30) to the first and last term on the left yields the recursion
relation:

C2 prtha = Capira + @- (B + ka)

We already know that, by definition of p, Co g+pa = 0. Then, from our recursion relation, C? B+ (p—1)ax

a8+ pla?, C aﬁ+(p 9o =C2 Brp-na T B+ (p- Dla? =2a-8 + (p—2)]a]2,etc Generically:
C st = -k + D |a-p + L5 o)
The recursion stops when k = —¢, ie. when C_4 g—ga = —Ca,—(3—ga) = —CB—(g+1)a,a = 0:
0 = Ci,ﬁ—(q—i—l)a = (p+qg+1) {a Jé; + 5 yap]
or:

2—7 = —(—9) (3.31)

the so-called “ master formula”. We will use it to prove a crucial fact a little later.

Each pair o = V2 2F /|| of normalised non-Cartan generators of a semisimple algebra, together with
the combination: Hy, = 2 - H/|a|?, forms a su(2) subalgebra. There is a distinct su(2) subalgebra for each pair
of non-zero roots. Indeed:

2 2F
= 22 2 [H, Eig] = Lovalel Eiq = +2 V2Bia
|af? |af? [e]

Together with eq. (3.27), we recover the su(2) structure constants in the basis of example 3.16, with ﬁa = 2Jy
and Iy = Ji. The non-immediately zero commutators with elements of the other su(2) subalgebras can also
be found. For instance, one easily shows (EXERCISE) that [Ha, Fig] = *+(q — p)Fig. And, provided one
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accepts the following formula: |a + 3|/|8| = y/¢ + 1/p (check with all possible angles allowed by eq. (3.32)
below), then it is not hard to obtain: [Fia, Flg] = +(q + 1)F41p. In this basis, all the structure constants are
real integers. This result, due I think to Chevalley (~1955), means that any semisimple algebra, not just su(2), has
a real version.

Thus, if a semisimple algebra has dimension n and rank r, it contains (n — r)/2 distinct su(2) subalgebras,
each having as Cartan generator a different element of the Cartan subalgebra, plus two non-Cartan generators
corresponding to the root that labels the su(2) subalgebra.

Once we have put all the roots on a root diagram, we notice how symmetrical the diagram looks. This is
because, of course, not all the n — r roots can be linearly independent; only r of them can be.

Definition 3.21. A positive root is one whose first non-zero component is positive; otherwise, it is
negative. The r (rank of the algebra) positive roots which cannot be obtained from a linear com-
bination of other positive roots are called simple, or independent. The other positive roots can be
obtained as linear combinations of the simple roots, with positive coefficients.

Roots may be obtained from other roots via a Weyl reflection with respect to a Weyl hyperplane in
the root diagram. There is a Weyl hyperplane perpendicular to each root through the origin of the root
space. For instance, the reflection of a root with respect to its own Weyl hyperplane gives o« — —ax.

Roots are in fact extremely constrained. If, when we derived eq. (3.31), we had started instead with [Elg, Eq]
—q

).

CBaEa+p, and added/subtracted integer multiples of 3 to cv, we would have found that 28-a/|B> = — (¢
Multiplying the two expressions, we arrive at the important expression:

(a- B)2 2 1 / /

" = c08°Oog = - (p—q)(p' —¢q (3.32)

The relative length of the roots is seen to be constrained to |a|/|3| = /(¥ — ¢')/(p — q). Also, if & and 3 are
simple roots, & — (3 cannot be a root; otherwise, either it or 3 — o must be positive, and a simple root could be
constructed out of two different positive roots: eg., 3 = (8 — ) + a. This means that C,,_g = 0. Comparing
with Co _g4¢a = 0, derived from eq. (3.29) applied to C_4 g—qa = 0, we see that ¢ = 0 for simple roots.
Therefore, from the master formular (3.31), the angle between two simple roots satisfies cosog < 0, so that
/2 < fap < .

Since (p — ¢)(p’ — ¢’) must be an integer, There are only five possible values allowed for cos? g in eq.
(3.32), and this, for any two roots of any semisimple algebra: 0 = 6,3 = £90°; 1/4 = 6,3 = 60°,120°;
1/2 = 0o = 45°,135°; 3/4 = 0o = 30°,150°; and 1 = 6,3 = 0°, 180°.

Thanks to all these constraints, a systematic and exhaustive procedure exists to construct the root space for
all four families of classical semisimple groups, and for the five so-called exceptional groups. With the subscript
denoting the rank of the algebra, the four families are:

* Ap—1 (n > 1), corresponding to SU(n), SL(n,R), SU(p, q), with p + ¢ = n (no relation to the p and ¢
above!)

* B, corresponding to SO(2n + 1) and SO(p, q), with p + ¢ = 2n + 1.
* C,, corresponding to Sp(n) and Sp(p, q), with p + g = 2n.
* D, corresponding to SO(2n) and SO(p, q), with p + g = n.

SU(2), SL(2,R), both A;, SO(2) (D), and SO(3) (B1) , all have the same one-dim root space with the two
roots £1. Only five two-dimensional root spaces (four classical and one exceptional) can satisfy all our constraints;
but By and (5 are rotated from each other by 45°, so are taken to be the same. And there are only four three-
dimensional root spaces. Beyond three dimensions, root spaces can no longer be represented on root diagrams.
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Instead, one uses Dynkin diagrams, which are planar and represent only the simple roots and the angle between
them. They are equivalent to a root diagram..

Finally, a few words about weight diagrams. One of the Cartan generators, say H;, will always be the Cartan
generator of a su(2) (and so(3) - see section 3.6.1 below) subalgebra. Then weight points are arranged on lines
parallel to the H; axis, with each line corresponding to an irreducible representation (multiplet) of su(2) labelled
with j, an integer multiple of 1/2, and containing 2j + 1 weights. These weights can be generated by applying the
lowering non-Cartan generator of su(2) to the weights in each su(2) multiplet, starting with the highest one, ie. by
repeated addition of the r-dim root, (—1,0, ..., 0), to that highest weight. This root, as well as (1,0, ..., 0) (which
moves you up from the lowest to the highest weight) , is always a root of the semisimple algebra. Needless to say,
as you move parallel to the H; axis, all other eigenvalues in the weights remain the same. since you are moving
perpendicular to all other H; axes. One can use other roots to move from one line of weights to its neighbouring
lines.

The number of weights for these different su(2) multiplets must add up to the dimension of the multiplet
of the semisimple algebra. The su(2) multiplets must fit snugly inside this multiplet. For instance, take the 10-
dimensional representation (decuplet) of su(3). The rank of this algebra is 2, and thus the weights are 2-component
“vectors”. There are four eigenvalues for the other Cartan generator, Ho, in this representation, and the weights
are organised on an inverted-triangle lattice made of one horizontal su(2) quadruplet, triplet, doublet and singlet,
in the direction of decreasing H» eigenvalues.
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3.5.3 Casimir invariant operators

Each irreducible representation of a Lie algebra can be labelled with the eigenvalues of some function of the basis
generators of the algebra.

Definition 3.22. A Casimir invariant operator C for a representation of a Lie algebra is an operator
that commutes with all the generators of the representation.

When the representation is irreducible, C' has to be a multiple of the identity by Schur’s lemma. All elements of
an invariant subspace of the carrier space of the representation will be eigenvectors of C with the same eigenvalue.
When the algebra is semisimple, a theorem by Chevalley guarantees the existence of a set of Casimir operators as
polynomials in the generators, whose eigenvalues may be used to characterise the irreducible representations of
the algebra. More precisely, each invariant subspace of the carrier space has a set of basis vectors, each labeled by
an eigenvalue of each Casimir operator. The number of Casimir operators is the rank of the algebra.

In other words, if f(x) is in an invariant subspace of the Hilbert space which is the carrier space of the algebra,
for each Casimir operator C;, C;f(x) = g(x) is a set of equations invariant under the group transformations, in
the sense that under the action of the group, any f(x) in the invariant subspace is sent into another function g(x)
in that same invariant subspace.

Because a Cartan metric can always be defined for a semisimple algebra, I claim that g"” X, X, is a Casimir
operator, where the X, are basis generators of such an algebra. Indeed:

[QW Xu Xy, Xp] = QW (Xu [Xm Xp] + [Xu’ Xp] X,,)
= ¢ C,)N X, Xy + X0 X))
= 9" g fupa (X0 X + X2 X))
=0

because g* g Jupa 18 antisymmetric in, and the term in round brackets is symmetric in, v and A. For instance,

we found in example 3.14 that for s0(3), the Cartan metric is g,,, = J*,. We immediately get:
C=X'X,=J+J+J2=1J

where J is the angular momentum operator of quantum mechanics. Because s0(3) has rank 1, this is the only
Casimir invariant in this case. Then the eigenvalues of J? each label an irreducible representation of s0(3).

3.6 More on finding irreducible representations
3.6.1 Irreducible representations of so(3)

To find the irreducible representations of s0(3), our approach is to find the eigenvalues A of the Casimir operator
J2. 50(3) has one Cartan generator, .J,, whose eigenvalues m are the weights of the representations. The other gen-
erators, J, and J,, do not commute with J, and therefore are non-Cartan. We choose a Hermitian representation
for the generators.

First, go to the complex extension of s0(3) via the change of basis: Jy = (J, £iJ,)/V2, Jo = J.. J, and J,,
are Hermitian, but J are not: we have Jl = J_, and Ji = Jy. Jp and J1 commute with J 2. by definition of a
Casimir operator. The commutation relations between J,, J, and J, give [Jy , J+] = £J4, and we identify from
definition 3.20 the roots of J as +1, with +1 the simple root. Eq. (3.27) then leads directly to: [J1, J_] = Jp.

Also, eq. (3.28) becomes for s0(3):

Jo(Jxf) = (m £ 1) (Jef)
and, since JJ? must commute with J4:

J(Jef) = J=(J*f) = A(J+f)
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True to their nature as ladder operators, .J, raises, and .JJ_ lowers, the weights m by 1, but they cannot transform f
into an eigenfunction of J2 with a different eigenvalue. Consequently, all the eigenfunctions of .Jy reachable with
the ladder operators in a given invariant subspace are also eigenfunctions of .J? with the same eigenvalue \.
Another expression will come in handy, relating .J? to the generators. Use the definition of .J1. to write:
Jidy = = (L2 + T} Filhe,Jy]) =

(J2+ T2+ Jo) == (J2 = T + 1)

1
2

N | —
N —

so that:
JE=20pJe + JEF o (3.33)

For a given value of A\, we expect that there should exist a highest weight, my.x = 7, as well as a lowest
weight, muyi, = 5/, since the corresponding irreducible representation must be finite-dimensional.

Now act with J on the highest-weight eigenfunction of .Jy, f;. Then J f; = 0 and, from the identity (3.33),
we find:

Pfy =30+t =iG+0f = Af
Similarly, act with .J? on the lowest-weight eigenfunction of .Jy, fj» keeping in mind that f; is also an eigenfunc-
tion of .J? with the same eigenvalue as fi

Pty =G —d'fy =30 -0 f = Xy

Comparing yields A\ = j(j +1) = j/(j' — 1), and thus 5/ = —j. It follows that the weights m go from —j to j
in NV integer steps, ie, j = —j + N, so j = N/2.
We conclude that:

* The eigenvalues of the Casimir operator J2 are j(j + 1), where j is a positive integer or a half-integer.

* For a given value of j, the weights m can take 25 + 1 values, from —j to j. Therefore, odd-dimensional
irreducible representations correspond to integer j and even-dimensional ones to half-integer j.

With the help of eq. (3.33), we can now exhibit the full action of J_ on an eigenstate f;,, of J 2 and Jy. Let
J_fjm = c— fjm—1. Then, if the f},, are normalised:
Uil 34 I=Fim) = [ G Iid- Fimds
= (J- fimlJ= fim)
= cc. = |c_|?

But since 2J4 J+ = J? — Jg + Jp, we also have that:

Fiml T~ fym) = 5 iml(? = T+ J0) fam) = 5 (§G+1) = m® + m)

Comparing yields c_ up to an unimportant phase factor which we put equal to 1. We find the coefficient in
J4+ fjm = ¢4 fjm+1 in a strictly analogous way. The results for both ladder operators are:

Jifim = —=ViG+1) — m(m £1) fjmn (3.34)

1
V2
Each value of j labels an invariant 25+ 1-dimensional subspace of the carrier space of s0(3) of which the 25 + 1
eigenfunctions f;,, form a basis.

The entries of the three representation matrices D7(Jo) = (fjm|Jo fim), DV (Jx) = (fjme|Jx fim) are:

5m’,m:|:1

D, (Jo) = mmim D, (Ji) = NG

VEFm)GEm+1)  m| <j (335
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This form for the coefficients is often quoted, but the equivalent form in eq. (3.34) is often easier to use since only
the second factor in the root changes. The representation matrices for J, = (J4 +J_)/v/2, J, = (J+ —J_)/(iV2)
and J, = Jy are easily recovered if needed. Keeping in mind that the rows and columns are labelled by the values
of m from j to —j, we have for, say, j = 1:

10 0 010 000
DY (Jy) = [0 0 0 DYJy) = [0 0 1 DYJ) =110 0
00 -1 000 010

3.6.2 Representations of su(2), SU(2), and SO(3)

The j = 1/2, defining irreducible representation of su(2) can be written in terms of the three matrices s, and s :

10 0 1 0 0
=10 -4 =10 0 ==\ o0

Transform to the basis s, = (s, +s_)/2, s, = (s, —s_)/2i, s, = s;. Then the structure constants for this
representation are identical to those of the j = 1/2 irreducible representation of so(3). Indeed,

[8:5 Sj] = ieijk Sk
The s matrices are Hermitian; they are also traceless, as expected for su(2). As before, a finite SU(2) trans-
formation can be reconstructed with the exponential map, corresponding to a rotation parametrised by 8 = 6n:
S(0) = el%%S where the direction of # is the axis of rotation.

But the isomorphism between su(2) and so(3) does not translate into an isomorphism between SU(2) and
SO(3)! Indeed, whereas a SO(3) rotation by 27 is identical to the identity, a SU(2) rotation by 27 is equivalent
to minus the identity, because of the factor 1/2 lurking in the s matrices.

There is a 2 — 1 homomorphism that maps SU(2) to SO(3): £5(8) — R(0), and because of this SU(2)
can be represented by SO(3) matrices. But the map is not uniquely invertible, and therefore SU(2) matrices are
not stricto sensu representations of SO(3). Only the ones that correspond to integer SU(2) j are; those with
half-integer SU(2) j are called spinor representations, and we say that integer and half-integer representations
of SU(2) together form projective representations R, of SO(3), in the sense that Ry, . Ry, = g, g, Rg,g,, With
aeC

Wigner matrices Dg = e'%%"'%7 (with s; the triplet of su(2) basis generators of the irreducible representation
labelled by ), is the name given to the irreducible representations of SU(2), and the matrix elements are called
Wigner functions. They can be rather complicated, except when i = Z and s, = s is diagonal, in which case
(Dg)m/m = emgm’ (Im| < 7). Fortunately, they are tabulated in many places for small values of j and are easily
calculated by computer.

Y

3.6.3 Tensor product representations

Definition 3.23. Let f; ymy and Jjom, b€ two basis functions associated, respectively, with irreducible
representations D4 and D2 of g € SU(2) or SO(3), such that:

Sg fj1m1 = fjlm’l (Dél)mlm17 Sg fj2m2 = fj2m’2 (DéQ)mQ

where S, is the transformation associated with g. Then we form the tensor product representation
Dt ® Dlz.
g g -

ma2

Se Fivm Fjams = Fjomt Fjsmy, (DT)™, (D)7, (3.36)

In Dirac notation, the product of the basis functions would read: |j; m1, jomso) = |j1 m1) |j2 m2).
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Such a product is needed when a system responds to transformations in more than one way, either because of
the coupling of two separate systems (eg. particles) or because two distinct dynamical variables of one system get
coupled. A common transformation on the whole system is to be written as a direct product of transformations on
each of its parts in its own subspace.

Linearise eq. (3.36) using the generic expansion D = | + a’X;, where X stands for a generator of SU(2)
or SO(3) in that representation. We find that the generators of the composite representation are the sums of the
generators of the distinct terms in the tensor product, so that:

x(1®2)(fj1m1 szmz) = (X(l) fj1m1) sznw + fjm"u (X(z) fj2m2) (3.37)

that is: X('®2) = XD @1 + 1® X or, more sloppily, X = XM + X When the generators have diagonal
representations, as happens with Jy (SO(3)) or s¢ (SU(2)), we find, eg.:

JO(fj1m1 fjgmz) = (ml + m2) fjlml fj2m2

Note that [X (1), X ()] = 0, because they act on distinct subspaces.

As before, we expect the product representation to be reducible, ie. there should exist linear combinations
¢ (or |jm)) of the product basis functions f;,,,, fj,m, Which transform among themselves. In other words, we
are looking for invariant subspaces of the Hilbert product space. Those linear combinations take the form of the
invertible transformation:

Sjm = > (ma, oy ma [im) fimy Fisms (3.38)
mi,ma2
where m = mq + mo, and |j; — jo| < j < j1 + j2. The real coefficients (jlml, j2,m2|jm) are known as
Clebsch-Gordan or Wigner coefficients. They are unique up to a phase convention and can be calculated or
looked up in tables.

One easy way to obtain the ¢y, in terms of the f; .. f;,m, is to start with the highest weight component,
m = j1 + jo2, of the highest j irreducible representation: j = j1 + j2. Of course, @j, 1j, j1+jo = [j,j; Jjajo- NEXt,
apply J_ on the left and on the right, using eq. (3.37), until the lowest weight component of the j irreducible rep-
resentation, ¢; _;, is reached. Now obtain the linear combination for the highest weight of the j - 1 representation,
®j—1,j—1, by demanding that it be orthogonal to ¢; ;_1, and repeat with J_. Continue until all values of j allowed
by |71 — jo| < j < j1 + jo have been reached.

3.6.4 Irreducible (Spherical) tensors

Suppose that a set of functions f,, in the carrier space of SU(2) or SO(3) transforms under a group element

parametrised by @ = 6n as: Rg f;,, = fjm/(Dg)m/m. Then the set {f;,,} form a basis for an irreducible
representation of SU(2) or SO(3) labelled by j.

Definition 3.24. The components T7,,, of an irreducible spherical tensor T'; of rank j are operators
that transform as:

RoTj,, Rg* = Ty (D)™ (3.39)

m

If we linearise this equation, we obtain (EXERCISE) an alternative definition of spherical tensors in terms of
generators JU) of an irreducible representations of the algebra:

[JD Tj] = Ty (J(j))m/m (no summation on 7) (3.40)

where j is the label of the irreducible representation.
For SU(2) or SO(3):

= mTy, 9. 1) = VEFmGEm+ )T (3.41)

As a direct consequence of these commutation relations, the matrix element of 7},,,, (joms|T},,[j1m;), vanishes
unless my = my+m and |j; —j| < jy < j1+J. These are the famous vector addition rules as applied to spherical
tensors.

[JO(J) ) Tym]
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3.6.5 The Wigner-Eckart theorem

The Wigner-Eckart theorem says that if T is a spherical tensor under SU (2), then its matrix elements, written in
bra-ket notation, (jyms|T},,|j1m4), can be factored as:

. , (Jimq, gmljams) . ,
(Jams] T]m ljimy) = %, F 1 (gl Tj l171)
2

(3.42)

where (j,||T;||7;) is called the reduced matrix element and does not depend on m, my or ms. So the dependence
of the matrix element on these numbers is carried entirely by the Clebsch-Gordan coefficient!

The Wigner-Eckart theorem applies to unitary representations of Lie groups, not only to those of SU(2). The
Clebsch-Gordan coefficients and the labelling with eigenvalues of Casimir operators will be appropriate to the Lie
group.

As aresult, ratios of matrix elements for a given j but different values of m are just ratios of Clebsch-Gordan
coefficients.

Example 3.18. Suppose that T transforms as a scalar under some Lie group. Then the relevant
representation matrix of the group is just the identity matrix. If the Lie group is SU(2), j = m = 0,
and the vector-addition rules collapse the Wigner-Eckart theorem to:

. . (ol T l]51)
m T m = —
<J2 2| |Jl 1> 2y 1 1

From this we see that matrix elements of scalar operators between weights associated with different
irreducible representations of a group vanish.

1. smi1
5 ]25 m2

Essentially, the importance of the Wigner-Eckart theorem resides in its separating symmetry-related (‘“geomet-
rical”) aspects of matrix elements from other (“dynamical”) aspects which may be difficult to calculate and which
the theorem shoves into the reduced matrix element.

3.6.6 Decomposing product representations

The problem of decomposing representations of a semisimple group into their irreducible representations can
often be treated in a fairly intuitive way. Consider SO(3) again, and its 3-dim carrier space of functions f(x) and
g(y) (eg. in quantum mechanics, the wave-functions of two particles), each of which transforms in some known
way under 3-dim rotations. We can form tensor products, f(x) ® g(y), of such functions, whose transformation
properties are derived from those of the functions.

For instance, if our functions were 3-dim vectors, we would have a 9-dim product representation (ie. one with
nine weights, or basis vectors for its carrier space) , with components 7%/, which under rotations R would tranform
as:

T = R') RI, TH (3.43)

We know that the 7% can be decomposed into a symmetric and an antisymmetric part, each of which transforms
separately under rotations, in the sense that the 6-dim symmetric part rotates into a symmetric object, and the
3-dim antisymmetric part into an antisymmetric one. Thus, we have easily found invariant subspaces. But we
can go even further. The trace of 7%, T, is invariant under rotations, forming a 1-dim invariant subspace which
should be separated out from the symmetric part.

Note that the trace is obtained by contracting T/ with the metric of the carrier space, with components Gijo
which here is just the identity matrix invariant under rotations. Similarly, the antisymmetric part can be obtained
with the Levi-Civita symbol which is also invariant under rotation. Thus, we can write:

(TZ] + T]z) + §€Uk €1im Tlm — 5 <T2j + Tt _ ggm Tkk> + 5 (TU _ sz) + ggm Tkk

(3.44)
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The numerical coefficient of the trace term has been chosen so as to make the symmetric term traceless.

But we can also think of eq. (3.43) as a 3® 3 exterior direct product a rotation with itself, so a 9 x 9 matrix, with
each row labelled by a pair {ij} and each column labelled by a pair {kl}, acting on a 9 x 1 matrix with entries
T* labelled by the pairs {ki}. The direct-product matrix is a representation of SO(3). Indeed, under a rotation
Ry followed by Ro, T — (Rs Rl)im(Rg Ry)/ LI, where now the 9 x 9 matrix is formed from the matrix
product Ry R;. The representation is reducible, that is, it can be transformed via an angle-independent similarity
matrix to a block-diagonal matrix with a symmetric traceless 6 x 6 block (which acts only on the symmetric
traceless part of T) , an amtisymmetric 3 x 3 block acting only on the antisymmetric part of T , and a 1 acting
only on the trace of T.

We obtain the following decomposition into irreducible representations: 9 = 5 & 3 © 1

As expected, the total dimensions on the left and right match. The result is also consistent with what we would
find by decomnposing a j; ® jo = 1 ® 1 SO(3) product representation with the method of section 3.6.3 to obtain
a direct sum of three irreducible representations labelled by j = 2 (of dimension 5), 7 = 1 (of dimension 3), and
7 = 0 (of dimension 1).
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4 MODULE IV — Elementary Theory of Analytic Functions

4.1 Complex Numbers

We construct an extended algebra over the real numbers with the following structure: z = x + €y, where x (the
real part) and y (the imaginary part) are real numbers, € is an independent, non-real quantity endowed with a rule
that characterises the algebra. One can think of it as a device that allows us to extend arithmetical operations from
the real numbers with essentially no change.

Addition and multiplication are straightforward:

21+ 20 = 21+ €y1 + a2 + €y2 = 11 + 22 + €(y1 + y2)
2120 = (x1 + €y1)(w2 + €y2) = 102 + e y1y2 + €(z1y2 + yiz2)

If the extended structure is to be at least a ring of numbers, it should close under multiplication. This is achieved
if €2 itself is of the form a + eb, with a, b € R. Itisusual to choose b = 0 and a = +1.
To any extended number z one associates its conjugate z* =z = x — ey. z = z* if and only if z is real. Since

2 2 — €292, Also, to perform a division, one must first make the denominator real:

eisreal, sois |22 = 22" = x

21/z2 = 2123/|22|%. This of course requires that |25| # 0. Multiplication is both commutative and associative.
One extended algebra, that of the hyperbolic-complex numbers, is obtained by choosing €2 = +1. Another
algebra, that of the complex numbers, is characterised by € = i, where i2=—1.

When multiplying or dividing such numbers it is usually more convenient to use the polar representation:

z = re?
To find » = |z| (the modulus, or absolute value) and 6 (the phase, or argument), we invoke the beautiful
generalised Euler relation:
0 coshf + € sinh 6 e = +1
e =
cosf + € sinf e = —1

which can be proved by expanding the exponential in a Taylor series.

If we write a spacetime event at position  and time ¢ as z = ct + ex, hyperbolic-complex numbers provide
a natural language for special relativity. For instance, consider the “hyperbolic rotation”: 2/ = ze™?, with
tanh ¢ = 8 = v/c. Then cosh ¢ = 1/4/1 — 32 = 4, and sinh ¢ = /3. Expanding with Euler’s relation yields:

7 = ct' + ex’ = (cosh¢ — esinh¢)(ct + ex) = y(ct — Bz) + € [y(z — Bet)]

which we recognise as Lorentz transformations. From now on, however, we focus on complex numbers.
The connection between Cartesian and polar representations of complex numbers is provided by:

_ 9 — S22 1 2
z = rcosf +irsinf = z + iy v TC_OS " $1+y
y = rsinf 0 = tan""(y/x)

We recognise these expressions as the transformations between Cartesian and polar coordinates for vectors in
two-dimensional Euclidean space. Thus, complex numbers can be mapped to points in a complex plane with
coordinates (z,y) or (r,0). The last expression containing the tangent cannot distinguish between angles in the
first and third quadrant and between the second and fourth quadrant of the complex plane. Which angle to choose
must be decided from the signs of x and y.

The field C cannot be ordered. Even saying thati > 0 ori < 0 leads to —1 > 0, as can be seen from i > 0
and 0 = —i(i —1i) < —i(—1) = —1, using the muliplication rules for a field.

Two-dim rotations and complex numbers are representations of one another. To perform a rotation by angle 6
in the complex plane, multiply by e'.

TFor an accessible introduction, see http://dx.doi.org/10.1063/1.530244 (free access from a Uof T computer) and refer-
ences cited therein.
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4.2 Holomorphic Functions of a Complex Variable (BF 6.1)
4.2.1 Differentiability of complex functions

Introduce a one-to-one mapping f : C — C from one complex plane to another w = u + iv: Of course, we
are interested in mappings, or functions, that are continuous and differentiable. But d, f(z) is not quite like the
gradient of a two-dimensional vector which is function of x and y. With the gradient, we ask how the vector
changes under 2 4 dz or y + dy, keeping the other variable constant; in the case of f(z) = f(re'?), we think that
the derivative d, f(z) is well-defined only if it is invariant under 6 + df. In other words, it should not matter in
which direction we vary z: the derivative should be isotropic. More formally:

_ o fE+HAZ) — f(2)
d:f = Allgo Az

4.1)

where the limit exists, and therefore must be independent of the phase of Az.

It is difficult to overemphasise how strong a constraint this is on functions of a complex variable! It imposes
stronger restrictions than any that appply to functions of a real variable. All the properties and applications we are
going to review follow from it.

4.2.2 Cauchy-Riemann Relations

We need a more workable criterion than eq. (4.1) for complex differentiability. This can be readily derived by
writing f(z) in the often useful representation:

f(z) = u(z,y) + iv(z,y) (4.2)

where v and v are real functions of the real and imaginary parts of z, x and y. Then f maps regions in the z plane
to regions in the w = u + iv plane.
If we write d, f(z) = p(z,y) + ig(z, y), then:

6f = d.f(2)6z = [p(z,y) + iq(z,y)] bz + idy) = du + idv

Equating real and imaginary parts gives:

du = pdr — qoy = Oyudx + Oyudy
v = qdr + pdy = Ovdr + Oyvdy

By omparing these equations, we find that complex differentiability yields a system of coupled differential equa-
tions for u and v, the Cauchy-Riemann equations:

dpu(z,y) = dyv(z,y), Oyu(z,y) = —dpv(z,y) (4.3)

We see that the real and imaginary parts of a complex-differentiable function are not independent: if one is known,
the other can be calculated up to a constant. For instance, given u(x,y), dyv(x,y) is calculable from one Cauchy-
Riemann condition, and if it can be integrated with respect to y, v is known up to some function g(z). The other
Cauchy-Riemann equation provides the derivative of g which can then be retrieved up to a constant.

Definition 4.1. Let the function f(z) satisfy the Cauchy-Riemann equations (let it be complex-
differentiable) at a point zp; in addition, let it be complex-differentiable over a finite, open neigh-
bourhood of zy, (or, alternatively, continuous over that neighbourhood). Then f(z) is said to be
holomorphic, or regular, at z.

A function f is said to be analytic at z if there exists a series Y a,(z — 29)™ (n > 0), and also a
r > 0 such that the series converges to f(z) for |z — 29| < r. We see that an analytic function is
holomorphic; the reverse will be shown to hold (but not for functions of a real variable!) later.

Points at which a function is not holomorphic are called singularities (or singular points); if a function
is nowhere singular in the complex plane, we say that it is an entire function.
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By differentiating one Cauchy-Riemann relation with respect to x and the other with respect to y (and vice-
versa), we show that the real and imaginary parts of a holomorphic function must satisfy the Laplace equation:
V2u = V2v = 0, and are thus both harmonic. This intimate link between the Laplace equation and holomorphic
functions is crucial. Because, as we shall see in a later chapter, boundary conditions uniquely determine the
solutions of the Laplace equation, we expect functions holomorphic over a region in the complex plane to be
determined by their values on the boundary of the region. This, as we will soon discover, provides the justification
for the important process of analytic continuation of a function.

In general, a function f = u(z,y)+iv(z,y) might be expected to depend on both z and z* since x = (z+2*)/2
and y = (z — 2*)/2i. If so, then:

(Gxu + Gyv) + %(&Cv — Gyu) 4.4)

) .
Ourf = 00f 0w + 0yf Ory = 5(dsu — Oyv) + %(amv + Oyu)

8zf = a:cfazw + 8yfazy =

N =

The Cauchy-Riemann conditions are seen to be equivalent to imposing 0, f = 0, so that f is a function of a
complex variable, not just a complex function of two real variables. The message is clear: a holomorphic function
of a complex variable cannot depend on the complex conjugate of that variable.

Holomorphic functions can always be constructed out of harmonic functions u of two real variables. When
this is done, one should be able to write the functions f = u -+ iv in terms of z only, with no z* dependence.

From eq. (4.4), it should also be clear that d, f can be written in terms of derivatives of either u or v. For
instance, 0, f = O,u — i0yu, and the complex derivative of f can be calculated with the sole knowledge of the real
part of f!

4.2.3 Single- and Multi-valued Functions (BF 6.2)

It is not hard to come up with holomorphic functions. We have already seen how they could be generated from
harmonic functions of two real variables. Useful examples are the exponential function e” and the trigonometric
functions (sin 2, cos z, tan z), which share with their real cousins all the usual relations and properties. They are
obtained by a process called analytic continuation from the real axis into the complex plane. Apart from tan z,
which is singular at z = (n + 1/2)m, they are entire functions.

Simply by replacing z = x + iy, one readily obtains the u + iv forms:

e = e”(cosy + isiny)

cosz = cosx coshy — isinx sinhy 4.5)

sinz = sinx coshy + icosx sinhy
Unlike cos x and sin -, however, neither | cos z| nor | sin z| is bounded:
|cos z|* = cos®x + sinh?y, |sinz|? = sin?z 4 sinh?y

Another, and perhaps the most important, example is the power function 2", with n € Z*. Indeed, most common
functions can be written as power series, which means that they can be approximated by polynomials. The closed
unit disk centered on the origin of the complex plane is defined by |z| < 1. Then it should be clear that the function
z™ maps the disk into itself.

Roots and logarithms require a bit more care. Let us look at roots first. Here we must use the polar representa-
tion of z, re'?, and we have:

S /0 Gi(0+2mk) /n k=0,1,...,n—1

While /" is unique, the whole function is multi-valued: if we start anywhere on the positive real axis (§ = 0),
every time we go around by 27, we arrive at a different value; only after n loops do we recover the value z(6 =
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0) = r1/™_ This means that, starting from the singular point at the origin (where the root has no finite derivative),
the function is not continuous, and therefore not holomorphic anywhere on the positive real axis!

Whenever there exists a point zy around which we must circle by an angle larger than 27 in order to come
back to the same value f(z1) that we had at z; when we started, we say that zg is a branch point. We can recover
single-valuedness of a function by using the Riemann construction: we imagine that along the line of singularities
starting at the branch point, the complex plane defined by 0 < 6 < 27 is joined smoothly to another complex
plane 27 < 6 < 4, and so on until the last plane 2(n — 1) < 6 < 2n is joined smoothly to the first complex
plane. The different planes are known as Riemann sheets on each of which a different branch of the function is
defined, with the line on which the sheets are joined a branch cut.

More simply, we can think of the root as a bunch of n single-valued functions, each defined on one sheet
2(k — 1)w <0 < 2km,withl <k <n.

Another well-known example of a multi-valued function is In z:

Inz = Inr +1(6 + 27n)

where any integer value of n corresponds to the same point z. Thus, for a given z there are infinitely many values
of the log, each separated from its neighbours by 427 i. This time, each Riemann sheet 2(k — 1)7 < 0 < 2k7
may be joined on the real axis to make In z holomorphic everywhere except at z = 0, where it goes to —oco.
Or we can think of each sheet as providing one branch which is non-holomorphic on the real axis. In the range
0 < 6 < 27, Inz is often called the principal branch, or principal value, and denoted by Log z in tables of
integrals or mathematical handbooks.

Useful representations of inverse trigonometric functions in terms of logarithms can be obtained, for instance,
to discover the principal branch of those functions:

is easily inverted to yield:

with principal branch i[Log (1—iz)—Log (1+ iz)] /2. Similar expressions can be found (EXERCISE) for cos ™! z

and sin~1 2.

4.2.4 Conformal transformations

When f = u + iv is holomorphic, the functions u(z,y) and v(z,y) define a transformation whose Jacobian is:
d(u,v)
A(z,y)

because of the Cauchy-Riemann conditions and eq. (4.4). The transformation is one-to-one invertible at points
where the Jacobian, and therefore d, f, does not vanish. Points where this is not true are said to be critical.

= 0pudyv — Oyudv = (Opu)? + (Oyu)? = |0pu + 10yul* = |d.f|?

Example 4.1. Consider the transformation w = Inz, with z = 7e!®. Then u = Inr and v = ¢.
Focus on the principal branch 0 < ¢ < 27. Circles of radius r centered on the origin are mapped into
vertical lines © = Inr. Annular regions r; < r < ry are mapped into vertical strips Inr; < u < lInry
and height 0 < v < 27. Finally, rays centered on the origin ¢ = ¢ are mapped into horizontal lines

U:¢0.

Holomorphic functions considered as transformations turn out to be the two-dimensional version of a very impor-
tant class of transformations!
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In order to find what such transformations are, consider first a n-dimensional space with line element ds? =
Guv (z)da* dx”, where g, are the covariant components of the metric tensor for this space (see module I for more
details). Now we know that dz* = Jatdaz’®. Since ds? is independent of coordinates, we obtain the usual
general law for the transformation of covariant tensor components:

ds? = Jop (") da'®d2’® = g, (2)0ux" dgrz” da'™ dz'P

Comparing without imposing restrictions on the dz gives the usual transformations of tensor components (implicit
summation over repeated indices):

9os(@") = g (x)00a* Dgra” or g™ (') = g°F(2)Dpa™ Dga’ (4.6)

Definition 4.2. Let Q(x) be a positive function. Then the product ¢'* (z) = Q(x)g"” (x) is a confor-
mal transformation. It can also be interpreted as mapping a metric tensor in x coordinates to a metric
tensor g"(x) in 2’ coordinates.

A conformal transformation preserves the magnitude and sense of the angle between two vectors A
and B, eg., the tangent vectors of two curves intersecting at some point.

Specialise to a two-dimensional Euclidean space with g*” = ¢,,,. Call x' = z, 2% = y, and the transformation
functions: 2'! = u(z,y) and 2’2 = v(x,y). Using: 6% (2)d,2"* gz’ = Q 5", we quickly find (EXERCISE):

(0,u)* + (Oyu)? = (0zv)* + (9yv)? from the 11 and 22 components

Opu0pv = — Oyu Oyv from the 12 component

The first line can be rearranged as:

(8wu)2

1+ <gyz>2] = (Byv)?

Oyu = £0yv O,v = FOyu 4.7

Inserting the second line yields:

which, when they hold over an open neighbourhood, we recognise as the Cauchy-Riemann equations guaranteeing
that v +iwv is holomorphic. Since, as we shall see later, holomorphic functions are analytic, it means that conformal
transformations in two dimensions have an infinite number of parameters (the coefficients of the series). In higher
dimensions, the number of parameters is very much finite (eg. 15 in four dimensions).

Alternatively, if less generally, we can show that holomorphic functions rotate the tangents to all curves at that
point by the same amount. Indeed, consider the tangent to some curve at zg and its image w via f. If the curve is
parametrised by ¢, d;z and d;w are the tangent vectors at zg and at its image wy, respectively. Then:

dtw|w0 = dzwdtz|zo = dzfdtz|zo

Writing d. f = Re'®, we conclude that dtz‘zo is rotated by an angle « to obtain dtw‘wo. Since this applies to the
tangent of any curve through zg, the angle between the tangents of any two curves at 2y is left unchanged by the
transformation, and the latter is conformal.

If f = u + iv is holomorphic, one can show (exercise) by applying the Cauchy-Riemann conditions to the
scalar product of the gradients of u and v that curves of constant » and v are perpendicular to each other.

One of the most useful conformal transformations is the so-called fractional (aka bilinear, homographic,

Mobius) transformation:

az + b
= - 4.
f(2) poo— ad —bc # 0 (4.8)
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where the condition ad — be # 0 ensures that the transformation has a unique inverse. It is usual to scale the four
parameters (leaving the transformation invariant) so that ad — bc = 1. The transformation can be rewritten:

v
zZ+ v

f(z) = A+

where A, p and v are constants. Since z + v represents a translation, 1/(z + v) an inversion, and multiplication by
1 a dilatation combined with a rotation, the bilinear transformation is a combination of all these.

Example 4.2. If 2 lies in the upper half-plane, the bilinear transformation:

zZ — 20

w = el —
zZ — 20

maps the upper half-plane into the interior of the unit circle, |w| < 1. Indeed, |w| = |z — z0|/|z — Z0|
which is smaller than 1 except when z lies on the real axis, in which case |w| = 1.

Example 4.3. Under transformation (4.8), circles are mapped into circles. To see this, we note first
that the general equation of a circle in the xy plane can be written: A(22 + y?) + Bz +Cy+ D = 0,
with A > 0 and D > 0. Transforming to complex coordinates yields azz* + Bz + g*2* + v = 0,
where o« = A, § = %(B —1iC),and v = D. When a = A = 0, the circle collapses to a straight line.

Now, under w = 1/z, this becomes yww* + fw* + f*w + a = 0, a circle. Under w = az (a € C),
it becomes aww* + fa*w + f*aw* + yaa® = 0, another circle. Translations also map circles to
circles. Since a fractional transformation is a combination of inversion, dilatation plus rotation, and
translation, then it indeed maps circles to circles.

Conformal transformations are often used in some fields of physics or engineering to map a complicated set
of objects to a simpler one. Finding the right one can be a black art, but extensive catalogues do exist, eg. S. G.
Krantz, Handbook of Complex Variables (Birkhauser, 1999), pp. 163-184.

4.3 Complex Integrals (BF 6.3)
4.3.1 The Cauchy-Goursat theorem

The integral of f(z) = u + iv over some path C between two points A and B in the complex plane is written:

/Cf(z)dz = /C(udx—vdy) + i/c(vdx+udy) = /CF-dl—i-i/CG'dl 4.9)

where F = uX — vy and G = vX + u¥y. The integral from point B to point A on the same path is the negative of
the integral from A to B.

Now consider a closed path, also called a contour. If it encloses a simply-connected region S (no “holes” with
points not belonging to S) in the complex plane, and if the derivatives are continuous everywhere in .S, Stokes
theorem requires that:

jff(z)dz _ /(VxF)-dS —|—i/(V><G)-dS
C S S
where dS = zdS. Evaluating the “z”” component of the two curls gives (V xF), = —(0yu+0,v) and (VX G), =
Oyt — Oyv.

Now, if f(z) is holomorphic everywhere in S and on its border C, the curls vanish because of the Cauchy-

Riemann conditions, and the Cauchy-Goursat theorem' holds:

j{ f(z)dz =0 f(#) holomorphic within and on C (4.10)
C

"The best proof of the Cauchy-Goursat theorem relies only on f(z) being holomorphic on S and its boundary C, but it is a lot fussier
than the one we present, which strictly speaking applies to the Cauchy theorem (continuity of derivatives assumed).
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The Cauchy-Goursat theorem is readily extended to multiply-connected regions. Indeed, suppose there is a hole
in S. Consider a path that goes some distance along the exterior contour, then leaves it on a path that takes it
to the boundary of the hole, which is then traversed in the direction opposite the exterior contour, coming back
to the latter on the reverse interconnecting path, and then finishes the trip along the exterior contour back to the
initial point. The net contribution to the integral of the two interconnecting paths vanishes. The complete contour
encloses a simply connected region, so ¢ f(z)dz = 0. But this is equivalent to an integral over the exterior
boundary plus an integral over the interior boundary, along a path such that if you walk on this boundary, S is
always to your left.

The converse of the Cauchy-Goursat theorem, Morera’s theorem, also holds: if f(z) is continuous in a simply
connected region and if § f(z)dz = 0 around every simple closed curve in that region, then f(z) is holomorphic
all over the region.

4.3.2 A few consequences of the Cauchy-Goursat Theorem

If f(z) is holomorphic within and on a (closed) contour C' around a simply connected region, then we have the
following:

* Obviously, the integral of f(z) between any two points in that region is path-independent.

¢ Fundamental Theorem of Calculus:

b
| e = £y - P 4.F(2) = f(2) @11
where F' is holomorphic.

* Winding number:

On a circle C of radius r centered on zg, we obtain by direct integration:

1 2 1 )
jé dz = / ﬁireledﬁ = 27i
cZ—20 0 Tre

This result is totally independent of the radius of the circle, or indeed the shape of the contour, as well as of
z itself!

Definition 4.3. We define the winding number with respect to zj as:

1 dz
We(z) = 5—

21 Jo 2z — 20

(4.12)

where W (29) € Z™ and C' is any loop enclosing zg. Since the circle can be deformed into a loop of any
shape that encloses zy, clearly the winding number counts the number of times any closed loop goes around
zp in the counterclockwise direction.

* Cauchy-Gauss Integral Formula:

Suppose that f(z) is holomorphic on a closed region of the complex plane with border C'. Consider a circle
Cp, centered on a point zy, with no point outside C'. Then, from the Cauchy-Goursat theorrem:

J@) g, - f TE
Cc?— 2 Co # — 20
We can also write:
—EZ) dz = f(20) 7{ —iz + —f(z) : 1(z0) dz = 2mif(z0) + —f(z) : f(z0) dz
Co # 20 Co # 20 Co z 20 Co z 20
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The last term on the right vanishes. To see this, invoke Darboux’s inequality:

/C 9(z)dz

where M is the maximum value of g(z) on C and L is the length of C. The middle equality results from
|z122| = |21]|22], working in the complex representation, Now call § = |z — z| the radius of Cj. Because
f(2), being holomorphic, is continuous at zy, we know that for any € > 0, no matter how small, we can
choose § small enough that |f(z) — f(z0)| < e. From the Darboux inequality:

< / ‘g(z)dz‘ = / ‘g(z)‘|dz| <ML (4.13)
C C

() = (o) .

< E(271'5) = 2me
Co Z = Z0

(=9

Since € can be arbitrarily small, we can make the absolute value of the integral as small as we wish.

Therefore, for any 2 inside a region, enclosed by a contour C, where f is holomorphic, the Cauchy-Gauss
Integral formula holds:
1
f(20) = 5= S g, (4.14)
21 Jo 2z — 20
Thus, f(z) on the (closed) boundary of a region in the complex plane determines its values everywhere
inside, provided only that f is holomorphic over the whole region.

* Write the integration variable in the Cauchy-Gauss formula as (, with zg = 2z, and differentiate it with
respect to z:

O (GE

2ri Jo (¢ — 2)?

where the integral is well-defined so long as z is not on the contour (see p. BF333 for a different proof).
We can go on differentiating any number n of times. Unlike for functions of a real variable, f(z) being
holomorphic implies the existence of not only its first derivative, but of all its derivatives, and the following
rather cute relation holds:

d:f(2) =

_ £(©)

o 2mi fo (C = z)n ]

dZf(2)

d¢ (4.15)

Example 4.4. Evaluate, over the circle |z| = 3:

2z
e
—d
74 CET
This might seem quite hard until we spot the resemblance of the integrand with that in eq. (4.15)
with zg = —2, and n = 3. Then:

3 _ 3 f(<)
dzf(z)‘zz_2 - %%C(g_ 2)4 d<
Here, f(¢) = ¢, and:
e T o5, 8wy
fiﬂ:?’ (C + 2)4 dC - ?dze z=—2 - Te

Note again that it matters not a jot that the contour is a circle and what its radius is, so long as the
point z = —2 lies inside: the result is exactly the same.
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e Liouville’s Theorem:

If f(2) is an entire function whose modulus is bounded, ie., if | f(z)| < M, then f(z) is a constant. To prove
this, all we have to show is that d, f(z) = 0. We have just seen (eq. (4.15)) that:

L FO g

2mi Jo (¢ — 2)?

where we can choose C' to be a circle of radius r centered at z. Then, evaluating the absolute value in the
polar representation and then using the Darboux inequality:

T L e < L [Tirola <2
0

r2e2if o r r

d:f(2) =

1

’dzf(z)‘ = %

Since f is entire, we can take r to be arbitrarily large, and is derivative indeed goes to 0, proving the theorem.
This means that entire functions such as e* and sin z are necessarily not bounded (as we have seen before in
the case of the latter).

* Fundamental Theorem of Algebra:

If P(z) = ) a,z" is a polynomial of degree N > 1, then it has as at least one root, ie. there exists z = z;
such that P(z1) = 0.

To show this, it is sufficient to assume that P(z) # 0 everywhere, which leads to 1/| P(z)| being everywhere
holomorphic (entire). Moreover, 1/P(z) is bounded, and thus, by Liouville’s theorem, is a constant, which
is impossible. Thus, there must exists at least one value z; of z such that P(z) = (z — 21)Q(z) = 0, where
Q(z) is a poynomial of degree N — 1.

We can go on to argue in the same way that ((z) must also have at least one root, ie. a value zo where it
vanishes. At the end of this process, we find that P(z) must have exactly N roots.
* Poisson’s integral formulae

Let f(z) be holomorphic on and inside a circle C of radius R, and z = 7 e'? be any point inside the circle.
Then, from the Cauchy-Gauss integral formula (4.14):

1) = 5 9. 2L ac

2mi CC_Z

Now the point R?/Z lies outside the circle, so that the function f(¢)/(¢ — R?/%) is holomorphic inside,
and its integral along the circle vanishes from the Cauchy theorem. Therefore, we can write:

(IO g f SO N L[ =B
10 = 5 (L0 - L T ma) = o f e 10
1 r? — R? d 1 R2 — 2 d
) 10T = 0T

2mi Jo 7(¢— 2)(1 - {/7)
- 1 2m R2—7’2 i B ”
~2m R2+T2—2chos(9—¢)f(Re )dqs_jéopr(g_(?)f(Re )dl

where, in the last line, we have gone to the polar representation z = r ¢!’ and ¢ = R e'?, and where:

1 RZ — 2
2R R? + r2 — 2Rr cos(6 — ¢)

P.(0 —¢) =

is an example of a 2-dim Poisson kernel, here for a disc of radius K. This result is also an example of a
convolution integral known as Poisson’s integral formula on a circle.
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There is a companion formula on the half-plane. Let f(z) be holomorphic in the upper half-plane, and
consider a semi-circle of radius R in the upper half-plane, centered on the origin, and with its base on the
real axis. Let z = a + ib be a point inside the semi-circle. Then the Cauchy-Gauss formula and Cauchy’s
theorem give, respectively:

1 f(Q) _ 1 f()
ﬁ C'C_Zd(’ 0_% CC—EdC

flz) =

Subtracting and combining yields:

1 z —Z

OR =l A e R0
1 [k b 1 b
= ;/_Rmf(x)dw—i— ;/i;é?mf(g)dg

This time, however, we impose the condition |f(¢)/¢{| — 0 as R — oo. Then the second integral on the
semi-circle vanishes as R — oo, and we are left with another Poisson integral formula:

1 [ b

™

What can we do with these Poisson formulae? Well, you can be the life of the party by easily proving that:

27 2 .2
/ R - dé = 2r
o R?2+r2—2rRcos(f — 9)

4.4 Power-Series Expansions of Analytic Functions — Laurent and Taylor series (BF 6.7)

Power-series expansions provide an important application of the complex differentiability of functions of a com-
plex variables.

Let f(z) be holomorphic between and on circles C and Co centered on 2y in the complex plane. Then,
everywhere in that region, f(z) can be expanded in a unique series, the Laurent series:

_ N n _ 1 ICON
where C' is any contour that encloses zp in the annular region, and we take C to be the outer circle. The series
converges everywhere inside the annular region between C7 and Cs. Outside this region, the series generally does
not converge, and a new one must be found that converges.

To prove this theorem, consider a contour that traverses C counterclockwise, but leaves C'; at some point
to go to C'y and traverse it clockwise, coming back to ' along the path connecting the two circles. Integrating
f(2)/(2' — z) over this contour, it is clear that the interconnecting path makes no net contribution to the integral.
And since f is holomorphic everywhere on and inside the contour, the value of f anywhere inside is given by the

Cauchy-Gauss iltegral formula (4.14) which, applied to this contour, is:

RO {C) DR B (€

U 2mi Jo, 2 — 2 2mi Jo, 2 — 2 d'
1 f(zl) / 1 f(z,) /
2mi %Cl [(Z, _ ZO) — (Z _ Z())] zZ + i 2 [(Z _ ZO) _ (Z/ _ ZO)] z

where the minus sign between the terms in the first line is due to C being traversed clockwise.
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Now we establish a useful identity:

N
1 1 29 1 zh 29 N+l 1
2 — 2 = —+ = _ - z : n+1 + o _
1 2 z1 Z1 21— 22 2 z1 Z1 — %2

n=0

where the last equality is obtained by iterating the first equality (corresponding to N = 0) N times. With this
identity, f(z) becomes:

z—zo L Z—ZO /
_27”2?4 2 — "+1f( ) de’ +27rlzj§ z—zom+1f( &) de’ +

N N
2= 20 - f(Z/) dz/ + i f Z — 20 i f(z,) dZ/
2 i oy \2 — 20 2=z 2mi Jo, \ 2 — 20 z—2

Define M1 2 = [f(2)|max on C12, d12 = |z — 2'|min With 2" € C1 2, and 1 2 = |2 — Z0|max,min, We note that
li <ri =12 —z|and ly > ry = |2 — 29|, where r; 2 is the radius of C 2. Then the absolute value of the last

two terms is bounded by:
Myry (AN Moy (1o \ VT
S + 2 —
dl <7’1 > d2 < lg > N—oo

Now, from the Cauchy-Goursat theorem, each integral in the first and second term is equal to an integral over an
arbitrary contour C that encloses zg between C' and Cs. All that is left is to redefine the index m in the second
integral as m = —n — 1 and rewrite it as a sum over negative n. After letting N — oo, we merge the two sums and
thus prove eq. (4.17). We can even deform C; and Cs to other contours, so long as we do not cross any singular
point on the way, ie., so long as f(z) remains holomorphic within and on the deformed contours.

Definition 4.4. If A,, # 0 for some n < 0, clearly f(z) has a singularity at z = z5. If A, =0V n <
—N (N > 0), then we say that f(z) has a pole of order N at zp. If N — o0, ie., if the series
of negative powers is infinite, and if it is isolated—in the sense that it is not a branch point—this
singularity is said to be essential. f(z) is called meromorphic in regions where it has no essential
singularity.

Because of their uniform convergence in the annular region, one can manipulate Laurent series as if they were
finite power series, ie., polynomials: they can be added, multiplied, and even divided to represent the addition, the
multiplication, or the ratio of the functions which they represent.

Now suppose further that f(z) is holomorphic everywhere inside C1, including at zo. Then A,, =0Vn < —1
so as to keep the Laurent series of f(z) holomorphic at zp. When only terms with n > 0 are present, we use eq.
(4.15) to obtain directly Taylor’s theorem for holomorphic functions:

[e.e]

f(z) = va drf(z)

n=0

(z — z)" (4.18)

20

valid anywhere inside a circle centered on zy where f(z) is holomorphic. It also establishes that holomorphic
functions are analytic in the sense of Definition 4.1, justifying the assertion that the two properties are equivalent.

Beyond its well-known usefulness, the Taylor series is also an accurate representation of f(z) within a radius
of convergence which extends all the way to its closest singularity. But since the function and all its derivatives
are known at any point inside the circle of convergence, we can choose another point inside the circle around
which to Taylor-expand, extending the domain in which we can calculate f(z) further, until another singularity is
encountered. This so-called analytic continuation can be repeated any number of times.

We conclude that knowledge of f(z) in some region of the complex plane is sufficient to determine it uniquely
everywhere it is analytic! This explains why we are able to start from the definitions and relations applying to
many functions on the real axis, such as e” or the trig functions, and extend them with impunity to the whole
complex plane, or at least to any region in which the same function, with x — z, is analytic.
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Example 4.5. The function 1/(1—z) can be written as the geometric series S1(z) = >~ 2", provided
that |z| < 1. Similarly, if |z 4+ 1/4| < 5/4:

4[4 1.1" 4/5 1
52(2)252[3(2+1)] IR ICEE A

n=0
The region in which Sy converges is larger than the circle of convergence of 57, and both represent

the same function in the overlapping region. Sy may be seen as an analytic continuation of .S; beyond
|z| < 1. Both S; and S, are Laurent series in their respective region of validity.

Example 4.6. The fact that the 271 A_; coefficient of a Laurent series is equal to § f(z)dz can
sometimes be used to evaluate the contour integral if A_; can be found in some other way. Take
f(2) = 1/[2%(z — 3)] which has singularities at 2 = 0 and at z = 3, but is analytic in the open annular
region 0 < |z| < 3. Now write f(z) = —1/[322(1 — 2/3)], and focus on the factor:

o

1 n
1-2/3 - 2(2/3)

n=0

The right-hand side can be thought of either as a geometric series or as a Taylor expansion around
z = 0 (since there is no singularity there). Then we reconstruct f(z) and find that it can be written as
the Laurent series:

flz) = —— - — — — — il — positive powers of z |z] <3

Therefore, A_; = —1/9, and we arrive at:

$ gl = ig
c22(z=-3) " 9

for any closed path that encloses z = 0 in the region 0 < |z| < 3.

For the region |z| > 3, this Laurent series is not well defined because its positive-power terms make it
diverge as |z| — oo. But we can write for that region only:

1 1 o
TP S L

n=0

Example 4.7. As a highly non-trivial example of a Laurent series, consider:

_ 1 _ 1 —i61/2 —i62/2 _ _
1) = S = A =tz 1 m=le 1

If we start at some z such that |z — 1| > 1, for instance at §; = 0 and 03 = 0 (positive real axis), it is
clear in this polar parametrisation that when we come back to the same point after traversing a circle
that encloses both singularities, both angles go from 0 to 27, and we come back to the same value of
f(2), so that the function is single-valued and analytic on the real axis for |z| > 1. If, on the other
hand, we start on the real axis between z = 1 and z = —1, and go full circle round one only of the
two singular points, only one angle goes from 0 to 27, and we come back to the negative of the value
of f(z) that we started from. Thus, there is a branch cut running between z = 1 and z = —1, and
f(2) is not analytic there.

Now f(z) is analytic everywhere in the region (centered on the origin) |z| > 1, and this is where we
look for a Laurent series. If we take the inner boundary Cs of the region of existence of the Laurent
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series to be of radius |z| = 1 + € around the origin, where € can be as small as we wish but not zero,
and if we further choose the outer boundary to have arbitrarily large radius, then A,, =0V n > 0.

To find the A, for n < 0, we choose a contour C' made of circles of arbitrarily small (but non-zero)
radius around z = 1 and z = —1, connected by a straight line hugging the real axis in the upper
half-plane and another one very close to the real axis in the lower half-plane. Although this might
seem to contradict the conditions |z| > 1 for the existence of a Laurent series, it does not: we use
the path-independence of contour integration valid anywhere in a region of analyticity to say that the
result is the same as if we had actually integrated on a contour with |z| > 1. The series itself, of
course, is valid only for |z| > 1.

The contributions from the two circles can be seen to vanish. Indeed, for the circle C’ around z = 1,
we write:
jé (2/2_1)—1/2d , jé \/Tl 1 &
———dZ = z
, (Z,)"+l fol /Z/ + 1 (Z/)TL+1 Z, — 1

The integrand is of the form f(z)/(z' — 1), where f(z’) is analytic on and within C’. Therefore,
from the Cauchy-Gauss integral formula (4.14), the integral is proportional to f(z’ = 1) = 0. Similar

considerations apply to the circle around z = —1, and we are left with the contributions from the
two straight lines above and below the real axis, arbitrarily close to it. Because of the discontinuity
across the cut, these do not cancel one another. We write V22 — 1 = +el™/2\/1 — 2, where the +

sign applies to the path from 1 to —1, in the upper half-plane, and the — sign to the path from —1 to
1, in the lower half-plane. So long as we keep the sign distinction, we can then integrate on the actual
x axis, and there comes for A,, # 0:

1 p—(ntl) o—im/2 p—(ntl) o—im/2 1 1 p—(ntl)
Ap = — —/ —dx+/ ——dx :—/ —dz n odd
" 2mi -1 V1 — 22 1 V1— a2 T JavV1l—a? ( )
The integral can be evaluated by Maple/Mathematica or tables, and we finally get, with v = —(n +
1)/2, the Laurent series:

1 1 1 11 31 1
Ve 22u V. R I 21 >

Although this series has an infinite number of negative powers, the singularities at z = =+1 are not
essential because, being branch points at the ends of the cut between z = 1 and z = —1, they are not
isolated .

4.5 Cauchy Principal Value of an Integral (BF 6.5)

Consider the following integral over the real axis, with —R < zg < R:

r0—0 R
lim {/ f(@) dr + / /(@) dw] P /
6—0 R T — X0 2048 T — X0 R:L'—l’o

where the symbol P means the Cauchy principal value of f(z)/(x — x¢). Note that 6 must be the same in
both integrals. If we can evaluate this, we can make sense of an integral over the real axis whose integrand has a
singularity at some point.

The principal value may always be written as:

P/Rx_wodm = f(xo)P/R ! dx+P/RMdﬂf

_RT—Xp R T —Xo

Now, if —R < 29 < R,
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R 1 zo—0 1 R 1
P/ dr = lim [/ dx + / dm}
_RT— X 6—0 _R T —Xo zo4+6 T — X0
= lim In 1t — 2o =In R~ 2o
550 R+ zg N R+ xg
This Cauchy principal value vanishes when the limits of integration are taken to infinity (R — c0).
Thus, we obtain the useful relation, valid when R > |z

_ R f(z —fl"o)
P/Rx—wo = f(zo) ln<R+ 0) / pr— (4.19)

The integrand of the integral on the right is not singular at x = xo when f(x) is differentiable at x(; then the P
symbol can be dropped.

Example 4.8. To illustrate this, let f(z) = x/(2® + 1), whose derivative exists everywhere. The
integrand on the right-hand side of eq. (4.19) becomes:

ﬂ@—f@@z< . 70 > I |~ 2o

T — T w2+1_:n3+1 -

z—x0 (224 1)(zd+1)

The integrand is manifestly not singular at xo, and we can drop the principal value symbol. Then:

P/R ’ de = 1 xo In B~ 2o + 2tan 'R (R > |xo])
_p (@2 +1)(x — ) a4l 0 R+ zg 0

The restriction to —R < g < R becomes trivial if R — oo:

> T T
de = ——
Pl e =

4.6 Hilbert Transforms (BF 6.5)

I have already mentioned soon after introducing holomorphic functions how, given the real part of some holomor-
phic function f(z), its imaginary part could be found up to a constant, and vice-versa. Let | f(z)| — 0 as |z| — oo
in either the upper or lower half-plane, but not both (since then f would be entire and bounded, thus constant,
ie. zero, by Liouville’s theorem). We will show that with this condition a stronger result can be obtained for that
same complex-valued function evaluated on the real axis: the real and imaginary parts of f(z) are uniquely related
via integrals over the real axis! Unlike when the Cauchy-Riemann conditions are used, we do not need detailed
knowledge of f(z) away from the real axis, just that it is analytic in, say, the upper half-plane, and that it vanishes
at infinity in that region.

First, we would like to integrate the function f(z)/(z — x) over a closed counter-clockwise path (contour)
consisting of a half-circle of infinite radius in the upper half-plane. centered on the origin, with its base along the
real axis. f(z) is analytic on and within the contour, but f(z)/(z — x¢) has a singularity at x on the real axis, so
it is not analytic on the contour.

A strategy to make sense of the integral is to “avoid” xg along a semi-circle C of radius § in the upper half-
plane, centered on xo, whose diameter extends from xy — 0 to xg + 6. Since now f(z)/(z — xg) is analytic
everywhere within and on the closed path we have chosen, the contour integral vanishes by the Cauchy-Goursat
theorem.

The contribution to the contour integral from the upper arc of radius R — oo is easily evaluated:

lim &) 4, — f(2)

™
lim i [ g
o0 Jisl=R 2 — R—oo Jy €Y — z9/R
y>
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Now, [elf — zo/R| > ‘1 — 0/ R)|. Therefore, so long as | f(z)| — 0 as R — oo, we have:

[ de,
R—o00 # — X0

Another part of our closed path is the small semi-circular arc Cy of radius 6, traversed clockwise:

J IR G S i O (PR S (R CEV.CO

—C Z— X0 —Cs Z— X0 —Cs Z— X0 Cs zZ— X0

< -
S \1—950/3\/ £(z)[d0 — 0

where |z — 29| = d. The last integral vanishes as § — 0. To see this, note that:

/ f(z Z_xoxo

(2) — f(z0)| can always be made smaller than any positive number
€, no matter how small that number may be, by taking § small enough, which the limit implies anyway. Then the
integral, which is smaller than 7e from eq. (4.13) (Darboux), can be made to vanish by choosing ¢ vanishingly
small. There is a much niftier way of calculating this integral over Cs, but that is for a little later.

The remaining contribution is the principal value integral of f(z)/(x — z¢). Thus, summing the non-zero
contributions to the contour integral to zero, we have succeeded in evaluating the Cauchy principal value:

lim
6—0

< hm/ F(2) — F(xo)| 46

6—0

77/ dz = i f(z0) (4.20)
1‘ — X

(EXERCISE: Can this result be used to evaluate the Cauchy principal value of the function in example 4.8?)
By taking the real and imaginary parts of this equation, we conclude that if f(x) is a complex-valued function of
a real variable such that f(z) is analytic in the upper half-plane (or lower half-plane, by a similar argument) with
|f(2)] = 0as |z| — oo, its real and imaginary parts are related by the Hilbert transforms:

wro) = 27 [ g o = - Lp [T B, @21)

Also, with R — oo, the relation (4.19) we derived in the last section becomes:

P/ x_wodx_P/ J $:§0$0)

Now, because f(z) is analytic on the real axis, it is differentiable at x(, and we can drop the P symbol in the
right-hand side. Then the Hilbert transforms become:

—0 r — X ™ J_00 r — X
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4.7 Dispersion relations (BF 6.6)
4.7.1 Non-locality in time

The behaviour in time, R(¢), of a system in response to a stimulus /(¢) cannot be instantaneous. We shall now
elucidate important consequences of this fact.

Suppressing any spatial dependence, the Fourier decompositions of R(t) and I(t) over the frequency domain
are (note the choice of sign in the exponentials!):

1 o0 . 1 [e'e) o,
R(t) = E /_OO T‘(W) e_lwt dw r(w) = _27T /_oo R(t/) elwt d¢
We are interested in situations where r(w) = g(w) i(w), with g(w) bounded Vw. Then:
L[~ St [0 et gy L[ > —iw(t-t") 1 34
R(t) = — dwg(w)e dt' et I(t') = — dw g(w) e I(¢)dt
2 —c0 oo 1T o o
- 7= _emit-mnar r=t-1)

where G(7) is the kernel, or response function:

G(r) = \/% /_OO g(w) e T dw g(w) = % /_OO G(7) T dr (4.23)

We see that R(t) depends on the whole history of I(t), and that the Fourier formalism provides non-locality in
time in a natural way, as the convolution integral (see section 5.5 of Module V):

R(t) = \/%/_OO Gt —t)I{t)dt

But this is a little strange: not only does R(t) depend on I(t' < t), it also depends on what I does at times later
than ¢ (t' > t)!

4.7.2 Causality and Analyticity of g(w)

If we impose causality, however, only values of the stimulus before ¢ can contribute to R(t). Thus, G(7 < 0) =0,
and we can write a very general relation:

R(t) = \/LQ_W /0 TG It — ) dr (4.24)

with the frequency dependence of the response function given by:

1 & -
g(w) = E/O G(r)e“T dr (4.25)

Now extend w to complex values and, on a contour enclosing the upper-half plane, evaluate:

j{ glw)e T dw = / gw)e ™ dw + / g(w)e ™ dw
C

—o0 |w|—00

Since we can choose any value of 7, let 7 < 0. Then the first term on the right, which is just G(7) (up to v/27),
vanishes because of causality. The integrand of the second term is bounded by |g|e>“)7; because here ¥(w) > 0,
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the integrand vanishes at infinity when 7 < 0, and the contour integral is zero. This establishes’ that g(w) is
analytic in the upper half-plane when causality is imposed. Thus, causality implies analyticity!

Other general information about the behaviour of the response function can be derived by further postulating
that G(7) goes to 0 at least as fast as 1/7 as 7 — oo. Then, if we repeatedly integrate by parts the integral in eq.
(4.25), we get, up to an irrelevant factor of 1/ V2

i 1
g(W) = JG(O) - EdTGL':O +

The first term vanishes from causality, and we find that:

Rlgw)] =~ O(1/u?) Sg(w)] = O(1/w?) (4.26)

w—00 w—00

Thus, |g(w)| — 0 as w — oo, and we have shown that g satisfies the conditions under which Hilbert transforms
may be written:

Sl .

1 o
Ry = 27 [ S04 dfw) 73/ Mo g (4.27)

With a little extra manipulation, we can rewrite these as more useful integrals over positive frequencies. To do
this, we must use the fact that reality of I(¢) and R(t), and thus of G(t), demands that g(—w) = ¢g*(w). Indeed,
g(w) being a complex function of a real variable, take its complex conjugate. Because R(t) and I(t) are real,
consistency demands (EXERCISE) that g(—w) = ¢*(w). This is a version of the Schwarz reflection principle.

In terms of real and imaginary parts, we have the crossing relations:

Rlg(—w)] = R[g(w)] Slg(—w)] = —Sg(w)] (4.28)

In other words, the real part of g is even, and the imaginary part odd, in their argument. Then:

ot = o | [T+ [T ]

S[g(w)] can be rewritten (exercise) in the same fashion, and we end up with the dispersion relations:

Rigw)] = =P / IpW,

_w2

Syt = — 22 [T T oy

U w?

(4.29)

These were originally derived in 1926-7 for electrical susceptibility x(w) by Kramers and Kronig.
This type of relation, which can be established with a minimum of assumptions (causality), can be very useful
and exists in other areas of physics (it was often used in particle physics in the sixties, for instance).
If S[g(w)] is sharply peaked around some frequency, say wp,, we approximate it by S[g(w’)] = gpd(w’ — wp),
in which case the integrand in the first relation is no longer singular at w, and we can drop the P to get:
2 wp

Rg(w)] = —9% 72

It could be argued that this is not sufficient because there could exist singularities whose contributions to the contour integral cancel
out. But it is easy to show that the n*"-order derivative of g(w) always exists, simply by differentiating eq. (4.25) n times and noting that
the resulting integrand remains bounded when 7 > 0 and (w) > 0. On the real w axis, g(w) is bounded, and any branch point can be
bypassed without changing anything.
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Therefore, in a frequency range where there is a peak in 3[g(w)], R[g(w)] decreases. In optics, this is known as
anomalous dispersion.

On the other hand, we can ask what happens if there is a frequency range over which $[g(w)] is very small.
Taking S[g(w)] ~ 0 for w; < w < wy in the first dispersion relation of eq. (4.29), there should be little contribution
from that frequency range. Then the rate of change of the real part of g(w) is

dw [ W S[g(w') dw [ W' Sg(w)

dLRgw)] = = ————%¢u+—— Tﬁ—jé

/

w2
If S[g(w)] > 0, as is the case for the index of refraction n(w) in an absorptive medium, the two terms are positive.
Therefore, because of causality, the index of refraction in a medium increases with frequency, except in regions
where J[n(w)] (absorption) is significant! This is called normal dispersion, because it is the usual case which
holds away from the absorption peaks.

We can also say something about R[g(w)] in the high-frequency regime. We remember that at high frequency,
eq. (4.26) says that the imaginary part of g(w), goes like 1/w?. The integral in the dispersion relation for
R[g(w)] is then dominated by the low-frequency behaviour of J[g(w)], in the sense that w’ < w, and we can set

w'? — w? ~ —w? in the dispersion relation. We obtain a sum rule that is fully consistent with eq. (4.26):
2 o0
lim w?R[g(w)] = — = / W' Slg(w')] dw’ (4.30)
W—>00 ™ Jo

For much more detail about the application of the principle of causality to the response of a dispersive dielectric
medium to electromagnetic waves, see sections 7.5 and 7.8 of Jackson’s Classical Electrodynamics.

4.7.3 Dispersion relations with one subtraction

When deriving Hilbert transforms, it is possible to relax the condition that | f(z)| — 0 at infinity, although there
will be a (fairly modest) price to pay. Suppose that instead | f(z)| goes to some constant which may not be known.
The function (f(z) — f(z1))/(z — x1) does go to zero as |z| — oo in the upper-half plane because of its 1/z
dependence; and if f(z) is analytic, it is also analytic. Thus, when restricted to a real argument, it satisfies eq.

(4.20):
7)/ f(z1) = i f(x) = f(z1)

= ir
(' —x w—xl) T — T

or, rearranging:

i (f(2) = f(a1)) = x—wlp/ /@) g wlp/= x_xl o

—z)((a) —xq (' —x)((z" — x1)

= (z—x 77/ x@?g,_xl)dw/_f(wl) (P/ w—x_P/ 1—351)

In section 4.5 the last two principal-value integrals were evaluated and found to vanish when the limits of inte-
gration extend to infinity. Taking the real and imaginary parts as before, we arrive at the once-subtracted Hilbert
transforms:

(
(4.31)
(

The integrals can be split in two and once-subtracted dispersion relations involving only positive frequencies
derived, analogous to eq. (4.29). We see that we need to know, eg. in the first relation, the real part of f at some
point on top of its imaginary part everywhere.
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4.7.4 Arrival of a Signal After Propagation

As another interesting physical application of these ideas, consider a plane electromagnetic wave train at nor-
mal incidence from vacuum to a medium of refraction index n(w). Then the Fourier representation of the wave
amplitude inside the medium (x > 0) is:

- _ ) iw[n(w)z/c—t]
P(z,t) \/E/_Oo<1—|—n(w)> Aj(w)e dw z>0

where:

Ai(w) = \/% /_00 (0, ¢) et ar’ (acts as i(w))

is the Fourier transform of the real incident wave amplitude as it reaches the medium. The frequency-domain
kernel function would be g(w) = 2e™(@)e/¢ /(1 + n(w)).

The integral for v can be evaluated by contour integration in the complex w plane. The integral enclosing the
whole upper half-plane vanishes: the integrand is analytic there, because electromagnetic considerations show that
both A(w) and n(w) are analytic there. Also from electromagnetism, when |w| — 0o, n(w) — 1 and the argument
of the exponential becomes iw[x — ct]/c, so that the contribution from the semi-circle at infinity also vanishes if
x > ct. Then the contribution along the real w-axis must also vanish, and there is no wave amplitude for x > ct.
This shows, without any detailed knowledge of n(w), that no signal can propagate in any medium faster than c.
We can say that analyticity implies causality (see also the more sophisticated argument at the end of BF 6.6).

4.8 Bessel Functions (BF 6.9)

The function e(®~1/%)2/2 wwhich is analytic ¥ w € C except at w = 0, can be expanded in a Laurent series for any
|w| # 0 in a region centered on, but not including, w = 0:

e(w—l/w)z/2 — Z Jn(z)w"

n=—oo
where, choosing the unit w-circle as contour and making the change of variable w = e/
1 e(w—=1/w)z/2 1 (™ ..
J - dw = — i(z sin 0—nb) d6
n(2) = 35 wer w0 T ap €
1 ™
= —/ cos(nf — z sinf)dl (4.32)

T Jo

This is an integral representation for the n'® order Bessel function of the first kind .J,,(z) (n € Z), which satisfies
(see pp. BF372-373) the Bessel equation:

22T (2) + z2dJa(2) + (22 = n?) Ju(2) = 0 (4.33)

e(w=1/w)2/2 j5 said to be a generating function for the .J,,(z); these are analytic at z = 0.
Bessel functions arise in the theory of diffraction, in the description of electromagnetic modes inside cavities,
and also as solutions of Laplace’s equation in cylindrical coordinates.

4.9 Calculus of Residues and Some Applications (BF 6.8)

4.9.1 Theorem of Residues

We know from the Cauchy-Goursat theorem that the contour integral of a function analytic on and inside a contour
C vanishes. We now show how the integral can be evaluated even if there is a finite number of singularities within
the contour.
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The way to do this is to choose another contour within which the function is analytic, and therefore over which
its integral still vanishes. This time the path leaves the original contour at a point closest to a singular point, goes
straight to within a distance of this point, goes all the way around the point clockwise on a circle, and finally goes
back to the original contour on the same interconnecting line, but in the opposite direction. The same procedure
is repeated for each singularity. It should be obvious that the second path is the sum of the original contour, the
incoming and outgoing paths to each singular point which generate cancelling contributions, and the sum of all
the circular paths around each of the singular points. Since the original contour is traversed counterclockwise by
convention, we have the Residue Theorem for n singularities:

fcf(z) dz = 27i Zz:; Res[f(z;)] Res[f( = 27“?{ f(z (4.34)

where each C; is the circle around one, and only one, singular point, which is now traversed counterclockwise, and
Res[f(z;)] is called the residue at the singular point z;. It should be clear from eq. (4.17) that a residue is just the
A_ coefficient of a Laurent series expansion of f(z).

The Cauchy-Gauss integral formula (4.14) is often useful to evaluate residues, for instance, if the integrand in
the residue integral only has simple (order 1) poles:

Then we simply write:

(2)dz _ 9(2) 1.
j{;i (z—21)(z — 20).(2 — 20) }2 (z—2z1) - (z—zi—1)(z—zip1) (2 —2n) 2— 2 d

The sum of all the residues is just:

L Nds — g(zl) g(zn)
Z 27i %Cz f(z)d (21 — 22)...(21 — 2n) ot (zn — 21)(2n — 22)-..(2n — Zn—1)

If there are poles of higher order, we can always use eq. (4.15) to express the residue in terms of derivatives, eg.:

1 9(z) 1 -1
— dz = d? z
271 ) (2 — z)" (n—1)! ~* 9(2)
Another technique, illustrated by example 4.6, is to expand the integrand in a Laurent series. The contour
integral of the n > 0 terms vanishes because of analyticity, and the remaining negative powers integrate to:

20

o0

1
2 Cof _2711%)2 (z — zo)" Z

4.9.2 Real definite integrals

d" Ta_,

Many applications of the calculus of residues involve the evaluation of real definite integrals, which we would like
to “complexify” so as to use contour integration. First, we establish a very useful result, generally referred to as
Jordan’s lemma:

Let f(z) be a function whose absolute value is bounded in the upper half-plane, with that bound going uni-

formly to 0 as |z| — oo for 0 < phase (z) < m; also, let & > 0. Then, on a semi-circle of radius R centered on
the origin, we have:

lim f(z)e*dz = 0 (4.35)
R—o0 |z|=R
y>0
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Indeed, in the polar representation with z = Re'?, the absolute value of the integral is bounded:

. /2 . w/2
f(z)e** dz| < 2|f(R)|max / Re R0 q9 < 2| f(R)|max / e 2R/ 4(RO)
z|=R
‘y‘>0 0 0
where the second inequality is justified by the fact that sin § > 260 /7 over the interval of integration (sin 6 —20 /m =
0 at the end-points, is positive at 7 /4, and has no minimum in the interval, so is positive or zero everywhere). When
R — oo, the integral on the right converges to a number and, because |f(z)|max — O at infinity, the bound on the
absolute value of the integral on the left-hand side also vanishes there. Actually, Maple easily evaluates the middle
integral as a~! in the limit R — oo. With a = aR:
> limit (a*int (exp (—a*sin (theta)),theta=0..Pi/2),a=infinity)/alpha assuming
a>0;
1/
Whichever way, we obtain the result sought.

Under the same condition on |f(z)] in the lower-half plane, Jordan’s lemma holds for o < 0, since siné < 0
in that region, provided we use a clockwise contour. From the above proof, the lemma also holds when o = 0.

Integrals of the form: [~ R(z)e'*" dx

* We consider first the case where the rational function R(z) has no pole on the real axis. The Residue theorem
allows us to evaluate the contour integral in the upper half of the complex plane, y > 0:

R(z) e dz :/ R(z) e dz + lim R(z)e**dz = 2mi ) Res[R(z)e'*?
§ 7 R i ], R > Res[ ()]

Provided that @ > 0 and that |R(z)| — 0 uniformly in 6 as p — oo, the integral over the semi-circle at
infinity in the upper half-plane must vanish because of Jordan’s lemma.

[If a < 0, simply take instead a clockwise contour in the lower half-plane (y < 0), and integrate from 27 to
7 so that sin § < 0 in the exponential.]

The result is then the following:

2mi Z Res[R(z) €] a>0
o0 . y>0
/ R(z)e**dx = . (4.36)
—00 —27i Z Res[R(z)e'*] a<0
y<0

* Now we let & = 0 and take some function Q)(x) with simple poles and |Q(z)| — 0 as |z| — co. As we
did in our treatment of Hilbert transforms, we take a contour consisting of a semi-circle of infinite radius
based on the real axis. We avoid the simple poles on the real axis by moving around them clockwise on a
small half-circle of radius p in the upper half-plane y > 0. Under our assumptions, the contribution from
the semi-circle at infinity vanishes. If on the real axis Q)(z) has only one simple pole at z = a:

00 0
P/_OOQ(x)dw + /l)i_%/w iQ(a+ pe?)pe?ds = 27TiZResQ(z)

y>0

using the Residue theorem. To make further progress, we first establish another useful result:

If f(2) has a simple pole at z = a, and C,, is a counterclockwise arc of radius p centered on a
and intercepting an angle «, then:

lim/ f(z)dz = iaRes f(z) (4.37)
Cp

p—0 z=a
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To show this, note that because f(z) must be of the form g(z)/(z — a):

a 0 . &8 .
/ 9(2) dz = / impeledH = / ig(a+ pel?)do
Cp 0 0

z—a pel?

Since g(z) is analytic at a, it can be Taylor-expanded around a, so that g(a + pe'?) = g(a)+
terms proportional to positive powers of p that do not contribute in the limit p — 0. We are left
with the result sought:

lim /Cpf(z)dz = iag(a) = iaRes f(2)

p—0 z=a
With o = —7 (semi-circle traversed clockwise!), and for a finite number of simple poles on the real axis
y =0,
oo
77/ Q(z)dx = 2ri ZRes Qz) + im ZRes Q(z) (4.38)
> y>0 y=0

Integrals of the form: [° z*~! R(z)dz, (A ¢ Z)

Here, R(z) must be rational, ie. of the form P, (x)/Qm (), P and @ being polynomials of degree n and m,
respectively. R(z) must be analytic at the origin with no poles on the positive real axis. Then @, (z) should have
no zero or positive real root. As well, |z*R(z)| — 0 both when |z| — oo and |z| — 0. These last conditions are
satisfied if A > 0 and if A\ + n < m, which means that m > 1. Then R(z) is guranteed to have poles somewhere
(other than zero) in the complex plane.

Since \ is not an integer, we expect a branch cut in 2! that starts at the origin and which we take to be along
the real axis. Then we only consider the branch:

A-1 ‘Z’A—l ei(A—l)B

z 0<6<2nr

It means that, at an arbitrarily small but finite distance above the positive real axis, AL = A1 and A1 =
22121 pelow (infinitesimally close to) the positive real axis.

We take a circular contour C at infinity centered on the origin, that runs back to the origin just below the positive
real axis, encircles the origin at infinitesimally small radius, and goes back to infinity just above the positive real
axis. The contributions to the contour integral from the two circles vanish, leaving those from the two sides of the
cut. So, from the Residue theorem,

0 oo . 00
/z>‘_1 R(z)dz = / 212D R(z) da + / e R(z)dz = —21:_1%/ 2V R(x)dx
C 0o 0 0
= 2mi Z Res[z)‘_lR(z)]
inside C'

which can be rearranged to:

/OO T R(z)dz = (-1)M! T Z Res[z)‘_lR(z)]

0 sin A\wm 4
inside C'
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S MODULE V — Approximation of Arbitrary Functions with Special Functions

There are some things that we do all the time in physics without quite realising how non-trivial they are. For
instance, we often expand functions over infinite series of known functions. We write solutions of the Schrodinger
equation as a linear combination of an often infinite number of eigenstates; or we expand in Fourier series. When
the series have a finite number of terms, there is normally no problem. When they are infinite, however, we must
answer the following question: Given some function h(z) defined over [a, b, under what conditions is it possible
to express h(z) as a linear combination of some possibly infinite set of functions defined over the same interval.
Since such linear combinations are in general infinite series, we want to know under what conditions on h(x) and

on the set { f, ()} a series Z cnfn(2):

n
* converges Vz € [a, b];

* converges to h(x) (almost) everywhere in [a, b].

Once we have found what kind of functions admit this approximation, we shall have to worry about what
happens when we take their derivative, and we will be led to a special kind of second-order differential operator
with rich applications.

5.1 Hilbert Space Without Tears (BF 5.1)
5.1.1 Complete, normed vector spaces with inner product

Consider a vector space V/, ie. a set which is closed under addition and multiplication by a scalar:

afi+ fo eV Vi, fo €V, acC 5.1

Definition 5.1. V is said to be normed if, V f € V there exists a real number, the norm || f|| of f,
such that: || || > 0, with || f|| = 0 only if f = 0 “almost everywhere”; |af|| = |a||| ]| Vo € C; and

1+ gll < IfIF+ gl

Definition 5.2. Let {h,, } be a sequence in a normed space. If, for any arbitrarily small positive number
€, there is an integer N (¢) such that ||h; — hy|| < e for j > N, k > N, we say that {h,,} is a Cauchy
sequence.

In an alternative and equivalent definition, the sequence is Cauchy when ||h; — hg|| — 0 in the limit
i, k — oc.

Definition 5.3. A vector space is said to be complete if there exists no Cauchy sequence of any of its
elements which converges to an element which is not in the space.

The space of real numbers is complete in that sense, but the space of rational numbers is not, since, for instance,
the (Cauchy) sequence {sy} of partial sums sy = Zév 1/n! converges to e, which is not rational.

Quite independently, we can also endow our vector space with a general inner product (or complex sesquilin-
ear form, as mathematicians sometimes call it) that has the following properties:
. (f1, f2) is a complex number.

[

. (f, f) is a real number which is either zero or positive.

- (f1s fo) = (fo, f1)™

. (f1 + f2, af3) = a(f1, f3) + a(f2, f3), where avis a complex scalar.
(afi, f2) = (f2, af1)" = a*(f2, 1) =" (f1, fa).

Properties (4) and (5) follow the convention, widely used in physics but not in mathematics, that the inner product
is linear in its second argument and antilinear (or conjugate-linear) in its first argument.

5 S N VSR N
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5.1.2 Banach and Hilbert spaces of square-integrable functions

Definition 5.4. A vector space which is normed and complete is called a Banach space. If, in addi-
tion, it is endowed with an inner product, it is also a Hilbert space 7.

Any finite-dimensional vector space is a Banach space. In general, this is not the case for the infinite-dimensional
spaces which are inevitably involved in the infinite series that we hope to use to approximate functions.

Consider the set {f(x)} of all complex-valued functions of a real variable defined on a closed interval [a, 0]
and which are square-integrable, in the sense that ff |f(x)|?dx is finite. Then we take (f, f) as the norm of f,
and we choose as the inner product :

(1, f2) /ﬁ ) fol) w(z) do (5.2)

where the real weight function w(z) > 0 everywhere in [a, b].

A theorem by Riesz and Fischer guarantees that the space of square-integrable functions is complete, and
therefore a Hilbert (and Banach) space.

There is a technicality which we should not gloss over. For eq. (5.2) to be an inner product such that (f, f)
is identified with the norm || f||, (f, f) = 0 should imply that f itself vanishes everywhere in [a, b]. But with our
choice of inner product, f is allowed not to vanish at a finite number of points (or, more generally, a countably
infinite one), and (f, f) will still vanish. If this happens, the set of points at which f does not vanish is said to
be a set of measure zero. Integrals involving sets of measure zero are usually handled by Lebesgue integration, as
opposed to the usual Riemann kind. The long and the short is that if f is zero “almost everywhere” in [a, b] (but
not everywhere), we can still have (f, f) = 0.

With f and g square-integrable functions, it is straightforward to show the identity:

I, ) = (f, Ng. 9) — %/ f(2) g(y) — f(y) g(x)|* dzdy
from which the Schwartz inequality immediately follows:

(5 9 < (f, Hgs 9) (5.3)

This makes it plain that square-integrability of two functions guarantees that their inner product is finite.

5.2 Orthonormality and Completeness of a Set of Functions (BF 5.2)

We will be especially concerned with the set of functions f; € H orthonormal with respect to a positive weight
function w(z) on [a, b].

Definition 5.5. When
i 1) /f w(z)de = &

we say that the f; are orthonormal with respect to w(x) on [a, b].

Now suppose there exists such an infinite orthonormal set { f;(x)}, with j = 1, 2, ... Pick some arbitrary
h(x) € H over [a, b, and compute a finite number of inner products ¢; = (f;, h). Then construct the sequence of

partial sums:
n
):chfj(w) n=1,2, ...
J
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Then, for any given h,,, and using the orthonormality of the f;, we can immediately write:

= Z ’Cj’27 hm h Z ’C]‘Z
J

while, from the Schwartz inequality, eq. (5.3), we have:

(hm hn)2 = (hm h)2 < (h’ h)(hm hn)

from which follows the inequality: s,, = Z cj|* = (hn, hn) < (h, B).

J
The sequence of s,, increases monotonically with n, always remaining bounded, yielding Bessel’s inequality:

o0
(hy h) > lim (A, hy) = > | h (5.4)
7j=1

That the sum on the right converges in the limit n — oo is important, because it means that our seemingly ad hoc
initial construction, the sequence of partial sums h,,, has finite norm and thus also converges in the limit n — oo.
The question is: to what?

Ask a slightly different question: given a square-integrable function h(z) over the interval [a, b], we would
like to “fit” it with a linear combination of our orthonormal f;, which are also square-integrable. The best fit is
obtained by minimising the mean quadratic error:

2

M = lim (b= a;f, h =Y apfy| = (b h) = D |(fi h) +Z|% (fj, b (5.5)
J J J

By definition, M > 0, and we already know from Bessel’s inequality that the sum of the first two terms on the right
is also positive. We conclude that we can minimise M by setting the coefficients a; equal to the inner products
¢; = (fj, h) introduced previously.

Now, is it possible for the mean quadratic error to vanish? Before answering this, let us recall a couple of
definitions for different types of convergence of series.

Consider the sequence of partial sums:

:f:kyl(gj) n=1,2, ...

Definition 5.6. If, for any arbitrarily small positive number ¢, we can find an integer n = N (¢) for
which |h(z) — h,(x)| < € anywhere in [a, b] when n > N, then the sequence of partial sums h,,(x)
converges uniformly toward the value h(x):

h(z) = lim h,(x)

n—o0

If NV also depends on z, we have a weaker point-wise convergence.

It will be convenient to relax this criterion slightly by allowing it not to hold at a countable number of points
in [a, b]. Then we say that we have convergence in the mean if:
lim (h — hp, h — hy) =0 (5.6)
n—oo
Uniform convergence would force h(z) = lim h, (x) everywhere in the interval. If this fails to occur at only a

countable set of points, this set of points is of measure zero and contributes nothing to the integral in the inner

product, so long as we treat the integral as a Lebesgue integral.
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Definition 5.7. For a given set { f; } orthonormal on [a, b], if it is possible by letting n — oo to make
the mean quadratic error vanish, ie. if the sequence {h,} with h,(z) = > ¢; fi(x) converges in the
mean to h(z), then the f; form a complete orthonormal set.

Note that we wrote the coefficients as c¢;, not c;y,, because they do not change as we construct partial sums of higher
n to improve the approximation.

When the f; form a complete orthonormal set, the vanishing of the mean quadratic error (eq. (5.5)) as n — oo
transforms Bessel’s inequality into the important completeness relation (Parseval equality):

[e.9]

(hh) = > e = S |(h5 0 (5.7)
J

J

which holds for any square-integrable function h(x).
A more intuitive—and certainly more useful than Definition 5.7—criterion for completeness is provided by
the following theorem (theorem BF5.2 on p. 222) which we quote without proof:
A set of orthonormal functions in Hilbert space is complete if, and only if, there exists no function
outside the set that is orthogonal to every function, in which case the set is said to be closed.

Essentially, what we are saying here is that a complete, orthonormal set of functions forms a basis for the
Hilbert space, in the sense that any function in that space can be expressed as a (possibly infinite) sum over the
basis functions.

Note that completeness of {f;} does not allow us to assert that an arbitrary function can be expressed as a
linear combination of the f; everywhere in [a, b]; for this to be true, we need to establish uniform convergence. If
only convergence in the mean can be proved, there will in general be a countable set of points in [a, b] where we
cannot say that h = Y ¢; f;.

5.3 Approximation by Polynomials: the Theorem of Weierstrass (BF5.4)

According to the Theorem of Weierstrass (1885), for any function f(q) continuous over [a, b], there must exist a
sequence of polynomials, Py (q), that converges uniformly to f(q) Vq € [a, b]:

flg) = ngnoo Py(q) (5.8)

where:
N v
Py(g) = Y oM
i=0

Proofs of the theorem by “elementary” methods (see BF) are rather tedious, and more sophisticated proofs—the
so-called Stone-Weierstrass Theorem (1937)— require concepts far beyond the scope of this course. One thing,
however, should be clear from the outset about what the theorem asserts. Since the coefficients aZ(N) depend
on N, we should not think of this representation of f(q) as a power-series expansion, in which the coefficients
would not change as more powers are included. As we improve the approximation with higher-order polynomials,
coefficients of a given power of ¢ will change!

The theorem may be extended so as to approximate functions of m variables :
N

Farg,-oqn) = lim 37 ait) gt g
i1 yeeyim =0
Although the Theorem of Weierstrass is somewhat unwieldy in actual computations, it can help us discover
various complete sets of polynomials over suitable closed 1-dim intervals, as well as other sets of complete func-
tions.
Let us illustrate this with one very important case of approximation in terms of trigonometric functions, the
Fourier approximation.

125



Lecture Notes on Mathematical Methods 201920

5.4 Fourier Series (BF 5.6)
5.4.1 Fourier theorem

We look at continuous functions g(x, y) defined in two dimensions, for which the Weierstrass theorem guarantees
the existence of functions:
N
N ik
S oty

]7k:O

which approximate uniformly g(z,y) over a finite interval in the N — oo limit. Since we are really interested in
a 1-dim case, we restrict ourselves to functions g(z,y) = f(6) which live on the unit circle and we go to polar
coordinates with = cosf, y = sin §. Expressing the cosine and sine in terms of exponentials, the theorem of
Weierstrass then requires that f(z) can be written in the form:

N
— 1‘ m:c
oy N
— 0 (N)
m + Z cosnx + bl") sinnz)
n=1

where f(z + 27) = f(x). Actually, f(x) need not be periodic so long as we are interested in approximating it
only in the interval [—m, 7].

Though uniform, this approximation is not quite satisfactory since the coefficients depend on N. But it points to
the set of functions e!"® /1/27 (n any integer) as being worthy of investigation. All that has to be done now is show
that the set is orthonormal and complete. Indeed, one easily shows that the set is orthonormal on [—7, 7r|; moreover,
it is complete (p. BF241). The equivalent set {1/v/27, (cos nz)/+/, (sinnz)/y/7} is also orthonormal and
complete.

It follows immediately that an arbitrary function can be approximated in the mean over [—m, 7| by the expan-
sions:

I & : ap X .
\/—2_7r _ZO:O c, e = ) + nZ::l (an cosnz + by, Slnnm)

The convergence becomes uniform (theorems BF5.4 and 5.5 on pp. 242-245) if the first derivative of the function
to be approximated is piecewise continuous over [—7, w]. Any point of discontinuity of the function requires
special treatment.

A change of variable x — 7wz /I generalises BF’s theorem 5.5 to any interval [c, ¢ + 2], and we can now state
the Fourier-series theorem in full:

Let f(x) and its first derivative be piecewise continuous on a closed interval [c, ¢ + 2l|, where ¢ € R.
Then in every closed subinterval over which f(z) is continuous, we have uniform convergence of the
sequence of partial sums to f(x):

flz) = % i cp e/ = % i:: <an cos 7L 4 b, sin nlﬂ> (5.9

where {ei"”/ LV21 } and {1/v2r, (cosnz)/ V1, (sinnz)/V1 } are complete, orthonormal sets over
[e, ¢ + 2l]. The Fourier coefficients are given by:
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1 c+2l )
C, = ﬁ/ f(l,)e—mwx/ldl,

c+21
/ f(z) cos nlﬂ dzx (5.10)

c+21
/ f(x) sin nlﬂ dz

At points of discontinuity of f(z), its Fourier series converges to the average of the two limits, from
the right and from the left, of the function.

ap =

~] =

b, =

~] =

If, and only if, f(x + 21) = f(x), ie. if f is periodic, are these expressions for f valid outside [c, ¢ + 2I]. If f
is non-periodic, we can still use the Fourier theorem in an open, finite interval whose length we identify with 2[;
outside this interval, we simply replace the actual f by an infinite succession of replicas of f over the interval so
as to create a function of period 2I.

The Fourier coefficients ¢, and {a,,, b, } satisfy the completeness relation (5.7):

N ] > (af + 5
s n—1
The Fourier theorem also applies to periodic analytic functions f(z).

5.4.2 Gibbs phenomenon

Note the emphasis on a closed interval in the Fourier theorem. If the (sub)interval should be open because f(z)
is discontinuous at its end-points, the sequence of partial (truncated) Fourier series converges point-wise, but not
uniformly, and truncated series may not approximate a function correctly at points that depend on how many terms
are kept. To see this, rewrite the exponential Fourier series from eq. (5.9) as a truncated series:

1 2 sin [(N + 1)m(z —2")/1]
_ = int(z—1z) _ = / /
fn(z) = 57 d:n f(z Z e = 2l dz’ f(2') Sini(m;lx/)
1 2T—a N 1 9

where the last equality is obtained from the change of variable and redefinition: 6 = 7(z’ — x)/l = 72’ /1 — .

Now suppose there is a discontinuity in f(z) at some point corresponding to @ = «ap € (0, 27). At the
discontinuity, the jump in the truncated sum can be written as: A fy = fy(ag+¢€) — fn (oo — €), with € arbitrarily
small but not zero. Calling the sine factor in the integrand F'(6) for brevity, we have:

1 2m—ag—€

fnlag+e€) = — df 10 + o +€) /7| F(0)

2 —ap—e€

2 2

—ag—¢ —ap+e€

1 —ap+e 1 2T—ag—€
= — df fI(0 + oo +€) /7| F(6) + —/ df fI(0 + oo + €) /7| F(0)

The first integral vanishes in the limit ¢ — 0 because the integrand is then continuous over the interval of integra-
tion. Similarly, we can split fx (g — €) into an integral from —«g + € to 2 — ay — € plus another integral from
2m — ap — € to 2m — v + €. Again, continuity of the integrand makes the latter integral vanish. We are left with:

1 2m—ap—€

Afy = o | . dé [f(l(@—l—ozo—i-e)/ﬂ) — f(l(@—i—ao—e)/ﬂ)]F(Q)
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Now, for large N, the function F'(f) more or less vanishes outside the interval [—7/(N + 1/2), n/(N + 1/2)];
inside this interval, 6 is very small, and we can approximate the jump of the truncated sum with:

Af [TINFY2) sin(N +1/2)0
A ~ 22— N
In ; 7

dd = 1.18Af
from which we conclude that, very close (= m/N) to a discontinuity, the Fourier approximation overshoots the
function by about 18%. This is often called the Gibbs phenomenon.

Here is an example of the Gibbs phenomenon applied to a square wave with a discontinuity of 1 at z = 0. I
have plotted the Fourier series:

N
2 . (2k+ D7z
y(@) i ;_: k 10 10
for N = 50 (on the left) and N = 2000 (on the right). As expected, the series overshoots 1 by about 0.09,

independent of IV so long as it is large enough. Note also the change of scale of the x-axis needed because the
overshoot becomes narrower as IV increases.

N =
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5.4.3 Multidimensional Fourier series

The Fourier theorem is readily extended to more than one dimension. Let F'(x) be a N-dimensional separable
function, in the sense that it is a product of N 1-dim periodic functions f;, each depending on one variable x;, each
having the Fourier decomposition:

fiz) = oikiTi
i) = T § ;oo
where k; = 7n;/l;. Then the Fourier expansion of F is:
1 .
F(x) = — chelk'x (5.11)

where ¢, = ¢cp, - - Cp N and V = 2V (I1---1n). We shall take this expression as the definition of the Fourier
expansion of a function of N variables that is periodic in all the variables.
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5.5 Fourier Integrals (BF 5.7) and Dirac Delta-Function (BF 5.3)
5.5.1 Fourier integrals

We would like to approximate a non-periodic function over the whole axis instead of just over some finite interval.
Using the complex-exponential form of the Fourier theorem, we write:

f((L') — L io: <L /l f(w/)e—imrm’/l dl’l> eimrm/l
Va2 \Va )

Now, in the summation, we redefine the index n so that k,, = n /I, where the new running index jumps by values
of Ak = m/l. Implementing this change in the summand gives:

o0

1 1 ! N —ikpx’ ’ iknT
f(z) = Nir Z <E/_lf(ac)e kn dac)Akek

kn=—00

Letting | — oo, or Ak — dk, one transforms the summation into a Fourier integral for a piecewise smooth f(x):

f(z) = \/g/_oo g(k) %% dk g(k) = 1/2;’@‘ /_OO f(z)e 1ok dqy (5.12)

where a is chosen by convention; some references choose a = 2, others choose a < 0. Here we shall opt for
another popular choice: a = 1. Also, we often write the Fourier transform of f(z) as f(k), or f(k)

f(x) and g(k) are called the Fourier transforms of each other’ and provide equivalent representations of
the same object. It is very easy to check (EXERCISE) that they inherit each other’s symmetry (if any) in one
dimension.

At points of discontinuity of f(x), its Fourier transform converges to the average of the two limits, from the
right and from the left, of the function.

It is tempting to see f(z) in eq. (5.12) as an expansion over a continuous basis of functions ¢'*. But this is
not quite like the discrete basis {ei””/ L V2l } whose elements certainly belong to the Hilbert space defined over
the finite interval (—1I, [). Here, the interval is infinite, and the functions ¢!*® are not square-integrable over that
interval. Therefore, they do not belong to the corresponding Hilbert space. Clearly, there must be a restriction on
f(x) which propagates to its Fourier transform g(k). This restriction is that f(x) must be piecewise smooth (its
derivative may not be discontinuous at more than a finite number of points) and that the integral of | f(x)| over the
whole x axis must exist.

Example 5.1. A nice model for pulses is the Gaussian time-domain function g(t) = e~*/2 This
pulse is centered at ¢ = 0, and 7 controls its width at any particular time. Transforming to the
frequency domain gives:

—w?72 /2

o) = = [ e v

where the last equality is obtained by completing the square in the argument of the exponential. The
integral, of the form | e /2 dg, is easily found by Maple/Mathematica or in tables, but it is in-
structive to see how we can evaluate it ourselves. Write in terms of two Cartesian variables and change
to circular coordinates:

00 2w 00 0o
// e_(x2+y2)/2 dm dy = / d¢ / e_p2/2 1% dp = 27 / e_u du
—o0 ¢=0 p=0 u=0

= 27

_t2/27—2—iwt dt = e_(t+i“”2)2/272 dt

TAs noted above, the sign of the argument of the exponentials is also a matter of convention, but it must change from one transform to
the other.
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But this integral is just the square of [ e=2*/2 dz. We arrive at:
glw) = Te T
Extending Fourier integrals to three dimensions is straightforward; with our conventions:

Flx) = — / e*x d’k

27T)3/ all space

1 . (5.13)

G(k) = / e KX dy

27T)3/ all space

EXERCISE: Calculate the 3-dim Fourier transform, f(k), of f(r) = ™" /r, where « > 0 and r is the radial
coordinate. Then take the limit « — 0. What happens if you had tried to find the Fourier transform of 1/r directly?

5.5.2 Differentiating Fourier transforms

Differentiating Fourier transforms is not hard, and it can bring dividends:
_ 1 ikjzi) 337 _ 1 ; ikjzd 33 _ n
Onf(x) = (27T)3/2/8n[f(k)e )’k = (27T)3/2/f(k)1kne iAok Op = 0/0x

Then it is easy to see that a second-order ordinary differential equation with constant coefficients: c, d2 f(x) +
i def(z) + ¢ f(x) = F(x), becomes:

1 : ikx 1 ikx
E/f(k)(—@ K2 +ick + ¢p) et dk = ﬁ/F(k‘)ek dk

Then, because the Fourier transform of the zero function vanishes everywhere, the differential equation is turned

into the algebraic equation:
F(k)

—C2k2 + iclk + Cp

flk) =

In principle, the solution f(z) follows by taking the Fourier transform of f(k), but that integral can be quite
difficult to evaluate. We will look at some ways of doing this in a later module.

One important use for Fourier series and integrals is the decomposition of a suitable function into a superposi-
tion of oscillating functions in their trigonometric or complex exponential forms. This spectral decomposition is
in terms of harmonics, or modes, of frequency n/l and amplitude |c,, | [eq. (5.9)] when performed over a closed
interval [—[, []. Over an infinite interval, the spectrum is said to be continuous with spectral density given by
g(k) in eq. (5.13), where k is the frequency.

The 3-dim algebraic equation inherits (EXERCISE) the vector structure of the derivative: V — ik, V- — ik,
Vx — ikx.

(5.14)

5.5.3 Dirac delta function

ikox

A famous Fourier integral is of a finite wave train f(z) = €% over [—[, [] and f(z) = 0 elsewhere. Its spectral

density is:
in(k — ko)l

e=to)e gy — /g Sk~ Ro)l
vV Var / m(k — ko)
The longer the wave train, the more sharply peaked its spectral density around the single spatial frequency kg. You
can watch it as it happens by entering the following command in Maple:

plots[animate] (plot,sin((k-k0)*x)/ (k-k0),k=-a..a,x=1..N);
where kO is a number and a should be no more than ten percent of kO; N can be very large but about twenty times
kO should be sufficient. Right-click on the output plot and choose Animate — Play in the drop-down menu. You
can vary the speed of the animation (FPS) at the top of the worksheet.

g(k)
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If we take the limit [ — oo, we find that:

1

- e—i(k:—k:o)x dr = lim Sln(k - kO)u
27

oo u—oo  w(k — ko)

Another instructive manipulation consists in inserting g(k) into f(z), both in eq. (5.12):

flz) = /_ T ) [% /_ % k(o) dk] da’

Compare this to the defining equation for the Dirac J-function:
o
fla) = / f(x)dé(a —z)dx (5.15)
—00
to obtain the Fourier representation of the J-function, perhaps the most useful:

sin(z — 2')u

Sz —a') = ! / =) qk = lim (5.16)

2 u—oo  m(x — ')
The last equality makes it plain that there must be an implicit limit in the integral since its integrand is not square-
integrable.

Other expressions (BF 5.3) for the §-function which can be useful are the Gaussian and Lorentzian representa-
tions:

o L2y _ o 1 €
o) = iy e = a1

The o-function §(z) vanishes everywhere except at x = 0, where it is singular. Because its integral over any
interval containing z = 0 does not vanish, it is not a function in the usual sense. Although something like it was
introduced by Weierstrass to prove his approximation theorem in 1885, only in 1947 was it rigorously interpreted
by Laurent Schwartz (1915-2002) in his theory of distributions.

The J-function can be used to extend the concept of orthonormality to a set {fx(z)} of functions with a
continuous index k. The functions are said to be orthonormal if:

| @) fetaydo = o) (5.18)

It also allows us to prove the Parseval-Plancherel theorem (or identity), for a Fourier integral:

/_ Z| f(a)| dz / dk g* (k) / dk’ g(k") [% / oi(K' —k)z dx] = / dk g* (k) / dk' g(K') o(K' — k)

(5.19)
— /_ lg(k)|” dk

This says that the norm of a function is invariant under a Fourier transform. See section 14.5 in Jackson’s Classical
Electrodynamics for an application to the calculation of the energy radiated per unit solid angle by a charge in
arbitrary motion.

The generalisation of the d-function’s Fourier representation to three dimensions is straightforward:

Bx—-x) = #/ elke(x=x) g3, (5.20)

Some care must be exercised, however, when relating 3-dim to 1-dim J§-functions in curvilinear coordinates:

1

Px — x) = ba — 2) sy — )8z — &) = 5

8(r =100 — 0) (6 — ¢)
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where the first expression is in Cartesian and the second line in spherical coordinates. This is so that, in any
coordinate system, the integral of 6°(x — x’) over whole space is 1. There is some awkwardness about §(7) since
r > 0: normally, the interval of integration in [ §(x)dz = 1 contains 0, where §(z) is singular, but with 7 the
lower limit lies at the singularity.. An exception has to be allowed for the radial variable, and §(r) defined so that

Jo(r)f(r)dr = f(0)

Moreover, the d-function can be expanded over any complete orthonormal set { fx(z)} (EXERCISE):

§(x — ) ka (5.21)

When £ is continuous, replace the summation by an 1ntegra1 over k. The J-function has lots of representations!

5.5.4 Convolution

Definition 5.8. The convolution [f; x f](z) of two functions f; and f5 is defined by:

[fix fol(x) = J%/:: fi(a!) fa(x — a') da’ (5.22)

This can be viewed as a weighted average of the input function f; at the point x with weighting given
by fo(x — 2'). As x varies, the weight function emphasises different regions of the input function.
The convolution is commutative, associative, distributive, and linear.

If we express the right-hand side of eq. (5.22) in terms of the Fourier transforms, g1 and g, of f1 and f5:

[fix fol(z) = \/%/_Zfl( L/%/ ga (k) eF@= w)dk} da’

1 > . )

= \/ﬁ/ {—\/ﬁ/ fi(z') e ke dw’} g2(k) e'*® dk (5.23)
1 0 .

- E/ g1(k) g2 (k) o Ak (5.24)

the convolution theorem then says that the Fourier transform G(k) of [f1 * f2](x) is the product g1 (k)g2 (k) of the
Fourier transforms of f; and f5. In other words, in Fourier space, the convolution integral becomes multiplication.

Convolution integrals pop up everywhere. We have met them in the Poisson integral and in the response
function (section 4.7) of module IV, and we will meet them again with Green functions in module VI.

5.5.5 Discrete and Fast Fourier Transforms

The Fourier transform is invaluable for the study of functions whose analytical form is known. In numerical
calculations, however, all we have is a table with a set of points in, say, time, and values of the function at those
discrete points. How can we adapt our Fourier formalism to deal with such cases?

We assume that N values of this function f(t;), (t; = jAt), are given at equal intervals At = T'/N over a
total period 7. When we try to write the Fourier transform f(w), we should not expect to be able to construct a
continuous transform: it too will be discretised at frequencies w;, = kAw, where the frequency interval Aw is to
be determined. Letting [ — >~ and dt — At, we write:

N-1
F(t5)eiont
0

~

flwp) = \/—_N

We want to reconstruct f(¢;) from f(wy). Our final result will look prettier if we multiply this by V27N /T and
redefine f(wy,) so that /27N f(w)/T — f(wy). Then, multiplying by e“x‘» and summing over k, there comes:

N-1 N-1
() estn =

k=0 7=0

f(t Z elwr(tn=t;) (5.25)
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N-1
. . : N 1—rN
With wy, = kAw, we recognise that the last sum over k is a geometric series of the form: rk =
. k=0 "

with r = elAw(t”_tj), and we obtain:

N-1 iNAw(tn—t;

elkAw(tn—t 1—¢ o 3
_ olAw(tn—tj)
o 1—e i

Now, if we can demand that this expression vanish when n # j, we will have an expression for f(¢;) that looks
usable. This will happen if NAw(t, —t;) = NAw At(n — j) is equal to 27r(n — j). Indeed, when n # j, the
numerator vanishes, but the denominator does not. And when n = j, the sum is simply N. Also, since At = T'/N,
we find the frequency interval we had to determine: Aw = 27/T. Eq. (5.25) now equals just v N f(t,), and we
arrive at the discrete transforms:

N— 1 N-1 .
flwg) = Z ekl ft;) = N ;:% [ wy) et (5.26)

7=0

where t; = jAt = jT/N and w;, = 27k/T. Other properties, such as the convolution theorem and Parseval’s
identity, are readily rewritten in their discretised form.

Discrete Fourier transforms can be used for the numerical solution of differential equations as well as for the
spectrum analysis of signals, but they can lead to rather heavy computations. Because & and j each take IV values,
our calculation contains a N x N matrix, and it will take a time of order N2. Fortunately, there exists a ridiculously
simple way of speeding up such calculations tremendously: the Fast Fourier Transform (FFT).

To get some idea of how it works, we shall require that N = 2, with [ a positive integer. Now split the sum for
f(wy) in eq. (5.26) into two sums, one over even, and one over odd, values of j. Since wt; = 27kj /N, we have:

N'—1 N'—1
_ Z f(t2jl)e—127rky’/N’ + e—127rk/N Z f(tzj/+1)e—127rky’/N’
§'=0 §'=0

Each sum looks exactly like the original sum, except that N has been replaced by N’ = N/2. Now, under
k — k + N’, each sum is invariant and the exponential factor in front of the odd sum switches sign, so that only

N’ = N/2 values of k need computing. Therefore, each sum corresponds to a gf x & matrix, and here is the

magic: the computation’s time is now of order 2(N/2)? = N2 /2, half of what it was bef20re.

Since N/2 is an even number, we can repeat the process, dividing each sum into two, ending up with a
computational time of order 4(IN/4)? = N2 /4. After [ such steps, what remains is a sum of NV complex products!
The computational time is now [V, ie. NlogyN. For 1024 points, a FFT computation would be about 100 times

faster than a direct calculation.

5.5.6 The Sampling Theorem (Whittaker,. .., Shannon)

This important theorem asserts that a frequency band-limited function is completely determined by sampling at
a frequency (the Nyquist frequency) that is at least twice the highest frequency occurring in the spectrum of the
function. The sampling theorem also tells us how to reconstruct the function from its samples. Analog to digital
conversion relies heavily on it.
With At the period between samplings, we sample the continuous function f(t) at t,, = nAt with an operator
called the Dirac comb:
comb(t Z ot —tn)

n=—oo

There is a corresponding sampling frequency ws. The result is a sampled function: fs(t) = f(t) (At)comb(t).
Now the comb-“function” admits a Fourier representation (EXERCISE):
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comb(t) = olhwst
At >

k=—o00

i f (t) eikwst

k=—00

Therefore:

What is the Fourier transform of f;(¢)? By linearity, just the sum of the transforms of f(t) e!*st, ie.:

fs(w) \/%/ f 1(]%.15 tdt Z f W — kws)

k=—o00

where we have used a tilde to make it clearer when we are talking about Fourier transforms.

What we have just found is that the sampled frequency spectrum is made of an infinite number of replicas of
the spectrum of the original function around integer multiples of ws.

Now suppose the frequency spectrum of f has limited bandwith, in the sense that f (w) = 0 when w > wWpax.
The sampled spectrum still consists of copies of this original spectrum. In practice, this means that for some
sampled value we cannot disentangle the contribution from f (w < Wmax), which is the one that carries information,
from contributions at w + kws which are spurious since there is no spectrum there! If, however, we sample at a
frequency larger than the Nyquist frequency, wn = 2wp.x, then the copies all lie above wy,ax, and we can pick
out the actual spectrum by filtering fs(w):

flw) = rect(w/ws) fs(w)

where we have introduced the rectangular function:

rect(u) = {1 ful <

5.27
0 |ul> 627

NI

According to the convolution theorem, f(¢) can be seen as the convolution of rect and fs:

£0) = <= [ et fe = )t

The Fourier transform of the rectangle function is easily found (EXERCISE): rfe\c/t(t) = g sinc (t/At), where:

sin wx

sinc(z) = (5.28)

™

is the sine cardinal function’. Inserting this in the integral expression for f(t) yields:

f(t):/m%fs(t = Z/ sinc(t'/At) f(t — ) 5(t — tn — ') dt!

-0 n=-—00

Thus, we arrive at:

Z f(tn smc< Af”) (5.29)

n=—oo
If the sampling frequency is above the Nyquist frequency, this exactly reconstructs f, even between samples!
Important as they may be, Fourier transforms fail to provide useful and accurate representations of many “real-
world” functions. Also, even the FFT method may be too slow for very large sets of data. More recently, a new
type of method, called wavelet analysis has been developed that obviates these problems. This topic lies well
outside the scope of this course.

"Sometimes, sinc(z) is defined as (sin x) /.
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5.6 Some Special Functions and their Defining Differential Equations

In the second half of this module we introduce a unified approach to the study of some functions which although
called “special” are ubiquitous in mathematical physics. The reason for the name has more to do with the fact
that they cannot be expressed in closed form in terms of elementary functions. Historically, they often appeared
first as solutions to second-order differential equations. In fact, these equations, along with appropriate boundary
conditions, contain all the information about the functions.

5.6.1 Self-adjoint differential operators (BF5.10)

Before we discuss the relevant ordinary differential equations, there are some things we should know about their
main ingredient: the differential operator d, = d/dz. This will be acting on functions living in a Hilbert space
endowed with the extended inner product introduced in Definition 5.2:

o= | " @) g(@) wlz) da (5.30)

with the real weight function w(x) > 0. w(z) can be used to restrict the interval to a finite one when appropriate.
In general, however, the outcome of differentiation will not be an element of the Hilbert space of which the
function being differentiated is an element. It is easy to find examples of this, for instance the function /= — a
which is square-integrable over [a, b] while its derivative is not. Because of this, we say that d, is not bounded.
This means that in a given interval we will have to restrict the set of functions on which the operator may act—its
domain— by specifying boundary conditions.
The kind of differential operator we are interested in takes the general form:

L = a(z)d + B(z)d; + v(z) (5.31)

where a(x), S(z) and y(z) are real. Assuming that L has square-integrable eigenfunctions f,, how can we
guarantee that L[f] is aquare-integrable if f(x) € H for z € [a, b]? A sufficient condition is that { f,,} forms a
basis of H on [a, b]. Indeed:

L[f] = ZanL[fn] = Zan)\nfn

which does guarantee that L[f] € H. The question then becomes: what kind of operator can have eigenfunctions
which form such a basis? Assume that L(f) € H and introduce an adjoint operator, L', which by definition
satisfies:

(L'f]. 9) = (f. Llg]) (5.32)

We shall demand that L be self-adjoint (Hermitian), ie. satisfy the condition (L[ fl, g) = ( 7 L[g]) for any
functions in Hilbert space on a given interval. Then the eigenfunctions f,, that correspond to different eigenvalues
are orthogonal and these eigenvalues are real. Indeed:

The case m = n constrains \, to be real, and m # n yields (f,, fm) = 0. This easily derived result is very
important. When we can convince ourselves that the orthonormal f,, form a complete set, we will have constructed
a basis for any function f € H functions in [a, b], so that L[f] € H, as required.

What restrictions does all this put on the coefficients in L, and perhaps also on the functions on which it acts?
Before we find out, let us bring in a very useful object:

Definition 5.9. Let f; and f5 be differentiable functions, and f’(z) = d, f (). Their Wronskian is:

Wip(x) = fi(z) folz) — faola) fi(z) (5.33)

W (z) can be written as a determinant, which allows us to extend the definition to n functions f;:
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fi dofr - d2Ufy
d, dg—l
Wi, pa(x) = det f.2 /> . /> (5.34)
fn d:cfn dg_lfn

The Wronskian provides a very useful and easy test of linear independence: Let f; and f, be differentiable
and non-vanishing everywhere in the interval [a, b]; their Wronskian, Wy, ¢, (x), vanishes V x € [a, b] if, and only
if, f1 and f5 are linearly dependent everywhere ( fs is the same multiple of f; V) in [a, b] (EXERCISE).

Now we are ready to compute (f, L]g]) — (L[f], g). The result is:

b b
(F.2lg)) = (EU7)9) = waWpey(@)|| — [ [(wa) — ws] Wp-y(a)do

The right-hand side vanishes and L is Hermitian (self-adjoint) if, an only if:

wa Wy = 0 (5.35)
(wa) = wp = wa = Cexp [/r b) dw'] (5.36)
az’)

where C is an arbitrary constant.

It is clear from condition (5.36) that if 5 = o/, then w is a constant which can be set to 1, and L is already
in so-called self-adjoint form; it enjoys full self-adjoint status when, from eq. (5.35), either o or the Wronskian
vanishes outside a finite interval (or fast enough at infinity), In general, however, L is not self-adjoint. But we can

always use the weight function w(z) that satisfies eq. (5.36) to make it so! Indeed, simply multiply L by w and
!/

apply wf = (wa)”:
wL = d; [(wa)d;] + yw (5.37)

Provided condition (5.35) is met, ( 1 L[g]) = (L[ fl, g), with the inner product now containing w as determined
by eq. (5.36) (or, equivalently, wL as the operator and 1 as weight function), wL is the self-adjoint form of L.

Example 5.2. One form of the equation satisfied by Bessel functions of order 7 is:

LiJn(2)] = (di + édx . Z—z + 1) Jn(z) = 0

A quick computation using the solution for w(z) in eq. (5.36) yields w(z) = z, As § = 1/z # d,a,
L is not in self-adjoint form. We can, however, multiply L by x to obtain a self-adjoint operator:

n2

L) = do (@ds Jn(@) + (v = =) Jula)
subject (since wa = x) to appropriate boundary conditions on the J,,(x).

Suppose now that we find that w(x) vanishes on the boundaries of an interval of interest. Since the constant
C in eq. (5.36) is arbitrary, we can match w(z) (x € [a, b]) at the boundaries to other functions w(z) outside the
interval for which the arbitrary constant C' in eq. (5.36) vanishes. w(z) can then be defined as:

o - (o 2p0e] oo
0 x>b, x<a

This allows us to use the whole axis as the interval of integration in inner products if this makes the integral easier

to calculate.
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Definition 5.10. Over the interval [a, b], the self-adjoint operator:
dy [(wa) dg] + yw

together with either the separated boundary conditions for the functions f € H on which it acts:

o fla) + cpdaf| =0, dy f(b) + dydsf| =0
a b

(with at least one constant in each equation being non-zero) or the periodic boundary conditions:

a

f(a) = f(b)7 d. f

b

for the functions on which it acts, form" a Sturm-Liouville system.

With appropriate boundary conditions on its domain, the operator L = d2 + q(z) is already self-adjoint and in
Sturm-Liouville form, since o = 1. It turns out that it is always possible to redefine the functions on which L in eq.
(5.31) acts so as to transform it into the form with only a second-order derivative with a constant coefficient. Some
of you have done precisely this when you eliminated the first-order derivative in the radial Schrodinger equation
for a spherically-symmetric potential by redefining the radial solutions: R(r) = u(r)/r.

Many differential equations in physics are eigenvalue equations of the form L[f] = Af. If L[f] is in its
self-adjoint form, and if f is subject to separated or periodic boundary conditions as defined above, we say that
L[f] = Af, where X is the eigenvalue associated with eigenfunction f, is a Sturm-Liouville problem.

We note that if there were two eigenfunctions, f7 and fs, differentiable everywhere and corresponding to the
same eigenvalue, that satisfy the same eigenvalue equation and separated boundary condition, say at x = a, then
the conditions could be trivially rewritten as:

(G e () = o

But since ¢; and ¢, cannot both vanish, the Wronskian W, f,(«) must vanish at the boundary and therefore
(differentiate its definition and eliminate second-order derivatives using L[f] = Af, then integrate to see that if
Wy, 1, (x) = 0 anywhere in the interval, Wy, 1, (x) = 0 everywhere) and the functions are linearly dependent. This
shows that the eigenvalues of a Sturm-Liouville operator with separated boundary conditions are non-degenerate.

It is important to remember that the eigenfunctions of a Sturm-Liouville operator do not form a basis for
the whole of Hilbert space, ie. for all square-integrable functions, but only for the subspace of square-integrable
functions that satisfy the appropriate boundary conditions for the corresponding Sturm-Liouville problem. Never-
theless, from Sturm-Liouville problems we can extract several bases composed of known functions over which to
expand many functions of interest.

Example 5.3. In this example, we illustrate the results of choosing different intervals and boundary
conditions for the same Sturm-Liouville operator, d2, with eigenvalue equation:

difn_)\nfnzo )\n<0

The eigenfunctions depend on the interval we choose. Over [0, L] and with the separated boundary
conditions f,,(0) = 0, f,(L) = 0, the eigenfunctions are sin(nmx/L). Note that these conditions are
not periodic! Indeed, the boundary conditions satisfied by the derivatives are d, f,|s—0 = (nm/L)
and d, fy,|z=1 = (—1)"(nm /L) which are not identical for all n.

If instead we take [—L, L] as our interval and periodic boundary conditions, f,(—L) = f,(L) and
defnlz=—1 = dufnl|s=L, the allowed eigenfunctions are now sin(nwx/L) and cos(nma/L).

We now have doubly degenerate eigenvalues, allowed since the boundary conditions are not separated.

The eigenvalues of the operator, however, are the same in all cases: \,, = —(n7/L)? (n € ZT).

"Here we shall not bother with the distinction between regular and singular Sturm-Liouville systems.
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5.6.2 Orthonormal polynomial solutions of Sturm-Liouville problems (BF 5.10)

We now focus on a particular class of solutions to a Sturm-Liouville eigenvalue problem: orthonormal polynomials,
Qn (), of finite degree n. Weierstrass guarantees that functions can be approximated by polynomials only on finite,
not semi-infinite or infinite, intervals, but if we can establish that a set of orthonormal polynomials is complete, we
have a basis for our Hilbert space. There will in general also exist non-polynomial solutions which fall outside the
scope of the following discussion.

We begin by establishing the completeness of the infinite set {Q,} of any polynomial eigenfunctions of a
Sturm-Liouville problem over the whole real axis. This can be done by showing that {Q,,} is closed, ie. that there
exists no function orthogonal to all the @,,. Using our extended inner product, and for any real k:

(eikx’ f) — /_OO e_ikmf(m)w(m) dr = Z (_ik)m /_OO f(x):nmw(:n) dr = Z (_ik)m (;L'm,f)

l ml
m=0 m m=0 '

Now it is always possible to take the first polynomials of degree < m and solve for " as a linear combination
of these polynomials. This means that, if there exists a function f such that (f, @,,) = 0Vn, then (2™, f) =0
Vm. Note that since n is not bounded, neither is 7, and we find that (e!**, f) = 0.. This means that the Fourier
transform of f(z)w(x) vanishes, which can only be true if f(z)w(xz) = 0. Now, by definition, w(x) = 0 only
outside the interval of interest, so f(x) = 0 in that interval—except perhaps at a countable number of points.
This is precisely the criterion for completeness. In regions where w(z) = 0, f(z) is arbitrary because it does not
contribute to the inner product; the Hilbert space is restricted to functions on the interval in which w(x) # 0.

Restricting to the polynomial solutions of a Sturm-Liouville problem has many consequences. Firstly, we can
not rely on the vanishing of the Wronskian in condition 5.35 to get a self-adjoint differential operator L. There
exists no finite interval at both boundaries of which polynomials of any degree all vanish; and polynomials do not
vanish at infinity. We must therefore demand that wa vanish at the boundaries of any finite interval we choose. If
the interval is infinite, wa must go to zero faster than 1/z™ for any m > 0.

This in turns means that we must exclude operators with 3(x) = 0, otherwise condition 5.35 would force wa
to be constant, and therefore zero, everywhere! Put another way, Sturm-Liouville operators of the form d2 + ()
do not have polynomial eigenfunctions.

Now, demanding that the eigenfunctions of any second-order operator L be polynomials Q,,(z) constrains its
coefficients to be themselves polynomials, whose degree is easily determined. Since it cannot vary, we can nail it
down just by inserting in turn Qg, @1 and Q2 in L[Q,] = A\, @y, transforming it into an algebraic system.

When n = 0, the derivative terms in L contribute nothing, leaving v(x) = Ag. The other two equations are:

B(x)dQ1 + MoQ1 = A1 Q1 (n=1)
a(x)d2Qs + B(x)deQa + X Q2 = Q2 (n = 2)

Inserting /3(z) from the first equation into the second, there comes:

B(r) = (M —)\O)Q—,1 = fiz + S
@ (5.38)
QZ Ql Q/z _ 2

a(m) = ()\2 — )\0) Q_g — ()\1 — )\0) Q—i Q_g = T —+ a1z + Qo

where we have used the prime notation for the derivatives so as to minimise clutter.
Sturm-Liouville Eigenvalues

We can solve for the eigenvalues of a Sturm-Liouville operator L = ad? + $d, + 7(x) with polynomial
eigenfunctions in terms of a given « and [ to find that they depend only on the coefficient of the highest power of
x in o and 8 (EXERCISE):

A = ’I’L(’I’L — 1) as + nf (5.39)

where v = Ag has been absorbed into \,. This shows that the eigenvalues have a multiplicity of 1, ie., they are
non-degenerate.
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The form of eq. (5.39) suggests that we shift all the eigenvalues by )\g, which will not change the eigenfunc-
tions. This is equivalent to taking v(xz) = 79 = 0. Now the five parameters oy, a1, asg, 5y and B; will determine
the eigenfunctions, but the eigenvalues depend only on «y and ;.

But some of these parameters can be set arbitrarily. This arbitrariness manifests itself in the fact that we can
make the change of variable © — ax + b, where a and b ar real constants, without changing the eigenvalues, only
the polynomials which now are functions of ax + b. Also, any change of the coefficients that results in scaling the
eigenvalues (multiplying all of them by the same constant), will not be considered as fundamentally distinct.

Parity of the Sturm-Liouville Polynomials

In one dimension, the parity operator P reverses the sign of = in an expression. Therefore, it is idempotent:
P? = 1, the identity operator. By operating twice on an arbitrary 1-dim eigenfunction of P, its eigenvalues are
easily found to be +1.

Now suppose that L is invariant under P, ie. @1 = Sy = 0 in eq. (5.38). Then LP[Q,(z)] = P[L Qn(x)] =
An (PQn(x)), and P Q,,(z) is also an eigenfunction of L with the same eigenvalue )\,,. Because there is only one
eigenfunction for a given \,,, we must have P Q,,(z) = ¢, Qn(x). @y, is thus an eigenfunction of P as well, with
well-defined parity £1. We conclude that when a; = By = 0, the Sturm-Liouville polynomials contain only even
or odd powers of x, not both.

5.6.3 The classical Sturm-Liouville operators

We are now ready to find all the polynomials that solve a Sturm-Liouville problem. Since, as we know, 3(z) # 0,
we must calculate a weight function w(z) that can turn L into its standard Sturm-Liouville form.

* o = o constant

The eigenvalues are then n3;. We choose o = 1, noting that if it isn’t, we can simply multiply L by an

appropriate constant, leaving the eigenfunctions the same and re-scaling the eigenvalues. Then, choosing
C = ef3/21 in eq. (5.36):

)= oma ]G] <o [ (2]

w(x) is non-zero over the whole z-axis. We are at liberty to choose the origin as we wish without loss of
generality, so we consider only 8y = 0. We also remember that wa = w must go to zero fast enough at
infinity, because the Wronskian in eq. (5.35), being made of polynomials, will not. For this it is sufficient
that 31 be negative. In fact, we can make it any negative number we wish with the knowledge that different
choices merely correspond to a rescaling of . Choosing 1 = —2 leads to w(x) = e and Ap = —2n,
yielding the differential equation defined over (—oo, 00):

-2 f +2mf =0 — [e=™ f'(@)] + 2ne ™ f(z) = 0 (5.40)

* a=a1T+

Again, the eigenvalues are n(3;. We can let or; = 1 since, if it isn’t, we can divide L by «, the only effect
being a rescaling of all eigenvalues. And we can shift the origin so as to absorb ag. Then:

w(@)a(r) = exp [ / : ig/; dx/] - { / 513:; +fo dw,] _ g e

Provided that 5y > 0 so as to prevent a divergence at x = 0, we can ensure that wq goes to zero at 400
faster than any finite power of z by taking 51 = —1 (any other negative number is equivalent via a rescaling
of z). Then we must exclude the interval (—oo,0) by demanding that w(z) = 0 for x < 0. For z > 0,
w(x) = z®e™*, with s = Sy — 1. We could choose 51 > 0 if the interval is restricted to (—oo, 0]. The
eigenvalues are \,, = —n, and we arrive at a differential equation defined this time only over [0, co):

ef — [z —s—1f +nf =0 = [T e f/(x)] + nate @ fz) = 0 (5.41)
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In the two cases we have so far considered, the intervals over which the polynomials are defined extend all
the way to infinity because of exponential dependence of w. This puts them outside the reach of the Theorem of
Weierstrass which asserts the existence of polynomial approximations only over finite intervals. Our third case,
though, involves a finite interval.

. a:a2w2+a1w+ao

First, let z — ax + b (rescaling of x together with a shift of origin). Then we have: a = asa’z? +

a(2a2b + a1)r + agb? + a1b + ag. The linear term is eliminated by choosing b = —a;/2as, so that
a = axa’z? + (3/4)a? Jag + ap. Now we divide L by —ama?, rescaling all the eigenvalues by the same
factor, and we adjust a? so that « = —? & 1.

Our manipulations have changed [, but it is still a linear polynomial. From eq. (5.36) we have, using Maple:

wa = Cexp [/x B(m’g dw'} = Cexp { xwdx']

a(x’ +1 — /2

exp [Bp arctanh x] a=1-—a?
- (ay

exp [— fp arctan x] a=—-1-22

Since this time the exponential factor is of no help, and (/) ~#* cannot vanish faster than any power of
so as to counteract the bad asymptotic behaviour of the Wronskian in eq. (5.35), we must demand that the
interval be finite and that (/&) 71 = 0 at the end-points, and thus that o have real roots. Therefore, choose
a =1— 22 Butthen B; < 0 so as to prevent wa from diverging at # = £1. Then w(z) # 0 on (-1, 1),
and since w(+1) = 0, we can match it to another solution w = 0 valid outside [—1, 1].

With a = 1 — 22, we can ask Maple again for w, taking care to specify that z € [—1, 1]:

w(z) = (1 — x)—(ﬁo-i-ﬁl)/?—l 1+ w)(ﬁo—&)/?—l

It is usual to redefine the exponents so that:
w(z) = (1 — 2)P (1 + x)9

where 5y = ¢ — p and 51 = —(p+ ¢ + 2). The real principal root is implied if p or ¢ are not integers. Since
B1 < 0 so as to guarantee proper behaviour of wa as  — +1, then we have: ¢ > —1,p > —1.

The eigenvalues are A, =n(n — 1)as + nf = —-n(n+p+q+1).

Instead of setting oy = 0 in L, we could transform z to 1 — 2z, in which case we would have oo = z(1 — z)
and w = 2P (1 — x)? over [0, 1] and w = 0 elsewhere.

5.6.4 Generating formula for Sturm-Liouville polynomials
A general Rodrigues formula uniquely determines the (), for a given weight function:

L
w(z) dz™

Qn(z) = K, [ (z) w(z)] (5.42)
where the K, are normalisation constants which are not determined by the Sturm-Liouville eigenvalue equation
since it is linear. They are chosen according to which application we are interested in.

To see how this can be true, we first show that the functions produced by the Rodrigues formula are indeed
polynomials of degree n, and then that these are orthogonal with respect to the weight function w(x).

First, given a function o*wp;(z), with p;(x) a polynomial of degree I, we establish that because:

dp(eFwp(z)) = o w [Bpy(z) + (k— 1) dpap(z) + adapi(@)]
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then, for k£ > 1, and since 57 < 0 in all cases and as < 0 (a2 # 0 needed for the last two terms to be of degree
[ + 1), there can be no cancellations of powers [ + 1, and the term in square brackets must be a polynomial r;(x)
of degree [ + 1.

This means that if we start with " wpo () and differentiate it £ < n times, at each step we lose a power of «
and raise the degree of r; by one, so that after the k" differentiation we are left with:

¥ (a"w) = o Fwry(x)
After differentiating n times and inserting in eq. (5.42), we get (up to a constant) 7, (). Then the functions @,
coming out of the Rodrigues formula have the form 7, (x) and are thus polynomials of degree n.
Also, being aware that w(z) can vanish outside a finite interval, we have, up to a constant:

/_Z Qum (%) Qn(z) w(z)dz = /_Z O(z) A" (0" w) dz
n—1

= Y [P @ ] [T+ 1 [ @Qmatwds

=0 o —o0
If n > m, d?@Q,, = 0 and the integral on the second line vanishes; if it isn’t, we start with the Rodrigues formula
for Q,,, instead of Q,,. As for the boundary terms, we know that A"~ '~/ (a” w) = o/ Twr,_1_j(z). But wa
vanishes at the boundaries faster than any power of x, and so, therefore, will this term. This proves that the
Rodrigues-generated polynomials are orthogonal. Also, since we have assumed «(x) and w(z) to be real, it is not
hard to see from the Rodrigues formula that the (),, themselves will be real polynomials.

Now those polynomials that satisfy the orthogonality relation for a given weight function and over a given
interval can also be shown (see last paragraph on p. BF233) to be complete, and therefore unique, We conclude
that the Rodrigues formula provides a (nice and compact!) representation of the polynomial eigenfunctions of any
Sturm-Liouville operator. All that is needed is w and «a.

Here is a list of all the Sturm-Liouville polynomials:

* Hermite polynomials:

2

Ho(@) = Kn—— (@) = (—1)m et dne—s (5.43)

" @) Ao
are the (not normalised to 1) polynomial eigenfunctions corresponding to the Sturm-Liouville equation over
(—OO, OO):

H'" —2xH +2nH = 0

Since a; = By = 0, the H,, have parity (—1)". They satisfy the relation:
0 2
/ Hy(2) Hy(z)e ™™ dz = 2" n! /T 0pn
—00

The functions H,(z)e~""/2/[2" n! /7|/2 are the basis wave-functions for the 1-dim quantum harmonic
oscillator.

* The associated Laguerre polynomials (or just Laguerre polynomials when s = 0):

1
Ly(z) = Kn w(@) A7 (z"w(z)) = 27" d) (2™ e ") x € [0,00) (5.44)
w(x
are the (not normalised to 1) polynomial eigenfunctions of degree m corresponding to the Sturm-Liouville
equation over [0, co):
oLy — [z — s — 1L + mL;, =0
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Since o # 0, the L?, (x) do not have definite parity. The Laguerre polynomials (s = 0) satisfy:
o
/ L2 (z) Lo(x) e dz = m! pmn
0

The functions xzzLilj_rll (x)e‘x/ 2, where n is the energy quantum number and [ the orbital quantum number,
occur in the radial wave-functions which solve the Schrodinger equation for the Coulomb potential. Showing
the equivalence of the associated radial Schrédinger equation and of the above forms does require some non-
trivial manipulation (see your favourite quantum mechanics textbook for details).

 Jacobi polynomials:
Jpi(x) = K1 ﬁ d%a"w) = (1—a)P(1+2)7d2[1—2)" (1 -2’ 1 +2)7]  (545)

are the most general (not normalised to 1) polynomial eigenfunctions corresponding to the Sturm-Liouville
eigenvalue equation over [—1, 1]:

(1—:1:2)J;L’+[(q—p)—(2—|—p+q)az]J7’L+n(1+p+q—|—n)Jn:0

The most interesting subclass of the Jacobi polynomials, .J;'/, are the Gegenbauer polynomials, some-
times called ultraspherical, for which p = ¢ = m > —1. They all have well-defined parity. Their
Rodrigues generating formula is the more tractable:

GM(z) = K™ ﬁ A2 [(1—2*)"w)] = (1 -2 ™d2[(1 - 2*)"t™] (5.46)

Two subclasses of the Gegenbauer polynomials are more famous and useful:
— The Chebyshev (Tchebycheff, Tschebyscheff) polynomials which have m = +1/2 and satisfy either:
A=) f' —zf +n°f =0 (m=-1/2)
or
Q-2 f" =3zf +nn+2)f =0 (m=1/2)
With m = —1/2 the Chebyshev polynomials of the first kind are generated by:

To(z) = Kp/(1—22)d?[(1 —2?)"~1/2] (5.47)

With the change of variable © = cos 6, the equation for the 7}, can be rewritten as d(%Tn +n?T, = 0.
The solutions in complex form are:

e’ = cosnf + isinnd = (cos + isinh)"

Expressing the right-hand side as its binomial expansion and taking the real part, there comes:

n
cosnf = Z (=1)7k/2 (%) cos™"0 (1 — cos® 0)k/2
k=0
k even
By inspection, this is a polynomial in cos #. The imaginary part sin nf, however, is a polynomial mul-
tiplied by sin #, which is not a polynomial in cos 6, and therefore cannot be a Chebyshev polynomial of
the first kind. Its polynomial part, (sin n6)/sin 6, is known as a Chebyshev polynomial of the second
kind.
So we can now assert that 7, (cos #) = cos nf. This can be used, eg., to express cosnf in terms of
powers of cos . More important, Chebyshev expansions are related to Fourier series with which they
share most properties, except that they can converge faster.
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— The restriction p = ¢ = 0, or f; = =2, By = 0, leads to w(z) = 1, and the eigenvalues are
A = —I(l 4+ 1). We obtain the differential equation:
(1—z*) P/ =2z P/ +1(I+1)P, = 0 — [(1—2%) P/(z)] +1(1+1) P(z) = 0 (5.48)
with the Legendre polynomials as (not normalised to 1) polynomial solutions:

l _ 1\l
w(lx) Lln-ue) = U aln - sepny G4

P(z) = K

The P;(x) have parity (—1)! and satisfy:

1
2
/_13'(5’3)f’l($)d33 = 2l+15l’l

Quite often, the parametrisation z = cos6 is used. Legendre polynomials provide a very useful
expansion of the function 1/|x — x'|; therefore they allow potentials with a 1/ dependence to be
expressed in terms of a so-called multipole expansion. They also arise as the angular part of the
solution of the Laplace equation, V2 f = 0, in spherical coordinates, in cases of azimuthal symmetry,
ie. when the solution is independent of the azimuthal angle that rotates around a suitably chosen z-axis.

All the Sturm-Liouville polynomials satisfy recurrence (or recursion) relations found in many references
(see course webpage). There are general ones that cover all the polynomials, but they are complicated. Often, it is
easiest to derive them directly.

Example 5.4. Using the trigonometric representation of the Chebyshev polynomials, 7,,(x = cos ) =
cos nf, one almost immediately obtains (EXERCISE):

Tni1(x) = 22T, (x) — Tho1(2)

Example 5.5. We also derive (EXERCISE) the relations:

H,ll = 2an_1, Hn+1 = 2an — QTlHn_l

From these examples one can see that recurrence relations can provide a quick way of generating classical
orthogonal polynomials. They also come in very handy in the evaluation of some integrals.

Although this discussion exhausts all possibilities for complete orthonormal sets of polynomials as solution of
a Sturm-Liouville problem, they are not necessarily the only complete orthonormal functions on the same interval.
5.7 Associated Legendre Functions and Spherical Harmonics

To discover a complete set of orthonormal functions on the unit sphere in three dimensions, we appeal again to the
Theorem of Weierstrass. This asserts the existence of partial sums:

M 3M M
g0, 90) = Z Ag‘g)/ u v w? = Z Z Agg)/ ™ sin®+A=Iml g sinl™l g cos? 0 >0
a7577:0 =0 a,ﬁ7f\/:0
a+B+vy=l

such that the gps(6, ¢) converge uniformly to the continuous function g(é, ¢) in the limit M — oo. We have
written u = z + iy = sinfe'®, v =  — iy = sinfe™?, w = z = cos#, and m = o — 3. Note that the last
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term on the right is merely a rearrangement of the summations. Note also that the second sum is restricted to
a+pB+vy =1L
The powers in the summand can now be written in terms of [ and m, so that g7 (6, ¢) becomes:

3M l
o 8,0) =3 N BMY,.(0,0)

=0 m=—1

where: Y;,,(0, ) = €™ sin!™ 0 f;,,(cos 0), and: fy,,(cos ) = (1 — cos? 6)=IMI=7)/2 ¢os7 0 is a polynomial
in powers of cos 6, with maximum degree | — |m/|, because « + 3 — |m| > 0 is even.
Then it is enough to find fj,,,(cos €) such that:

27 T
|| Y60 Yi(6.0) sin0d6d6 = 5105,
¢=0Jo=0

Following the same kind of reasoning as with the Fourier expansion, this will guarantee that the Y;,,, form a
complete set.

The ¢ dependence of Y}, already guarantees part of the orthogonality. The following functions do satisfy (not
proved) the full orthonormality relation:

Vin(00) = O [T @) e wcosb 0SmsD) (550

where the unnormalised associated Legendre functions of order m, le(:n), are given in terms of the Legendre
polynomials P,(z) = P (z) by:
Pm(:L') _ (_1)l (1 _ x2)m/2dl+m(1 _ :L'2)l
! 201! @
= (1—2®)"2d7P(x) (0<m<Il, —-1<z<1) (5.51)

The spherical harmonics also exist for m < 0 and are then defined as:

Yiem = (D)"Y

Ilm

The /(1 + 1/2)(1 — m)!/(l + m)!P/"(x) are themselves orthonormal functions on [—1, 1], justas the v/l + 1/2P(z),
but they are not polynomials and thus do not contradict the uniqueness of the Legendre polynomials. They too
satisfy a Sturm-Liouville equation. Differentiating the Legendre equation (5.48) m times and redefining d" P;(x)
with eq. (5.51), we obtain:

m2

d [(1—2%)d, P ()] + [l(l+1) — 2| PM@) =0 (5.52)
The P/"(x) are the only solutions of this equation which are regular at z = +1.
The completeness relation satisfied by the spherical harmonics reads:

0o l
SN V(0,8 Yim(0,6) = Sz —2")d(¢ — ¢) (z = cos ) (5.53)

=0 m=-1

The spherical harmonics satisfy other useful relations which can be found in several references (Arfken’s
Mathematical Methods for Physicists and Handbook of Mathematical Functions by Abramowitz and Stegun are
two popular ones). They occur in the solution to many problems in physics: in quantum mechanics for instance,
when the potential in the Schrddinger equation is spherically-symmetric, the angular dependence of the wave
functions is always given by spherical harmonics. They are also extremely useful in electrostatics.
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6 MODULE VI — Solution of Differential Equations with Green Functions

Physical quantities are generally represented by functions of up to four (three spatial and one time) variables and

therefore satisfy partial differential equations (PDE). More precisely, let y(z!, ..., 2") be a variable dependent on
the independent variables ', ..., z", then y may have to satisfy equations of the form:
Jy oMy i
f(y, dxi’ " widai " ©.D
where 0 < 4, 7, ... < m, with the constraint: ¢ + j + ... = m.
If this equation can be split into:
Jy oMy i j
g<y, Dt Bxidxd L (@)

it is said to be inhomogeneous. If F(z*) = 0, g = 0 is said to be a homogeneous equation.

You may be relieved to know that in physics we almost never have to go beyond m = 2. Still, PDEs can
be extremely challenging, and most have to be solved numerically. Very thick books have been written on
techniques for numerically solving PDEs, and we will not even attempt to broach the topic. In some impor-
tant cases, PDEs in n independent variables can be converted into n ordinary differential equations (ODE).via
the technique of separation of variables. To test whether a PDE has completely separable solutions, insert
y(zt, ..., 2") = Xq(2')Xo(2?) ... X,,(2™) into it, and see if it can be written as a sum of terms, each of which
depends on one z* only. If that happens, the PDE can be satisfied only if each term is equal to a constant, called the
separation constant, with all the constants summing to zero. Then we are left with n ODEs, one for each X,(xl)
If the solution to each of these ODE:s is unique, this solution to the PDE will also be unique.

In the next few sections, we shall discuss ODEs of first and second order, returning to PDEs later.

6.1 Ordinary Differential Equations

An ODE of order n for y(z) is said to be linear if g(y,y’,y”, ...) is linear in y and all its derivatives occurring in
the equation. Then, with the notation L[y] = ¢(y,y',v"”, ...), linearity means that L{a fi1+bf2] = aL[f1]+bL[fs],
where fi and f; solve the ODE; a and b are constants. We see immediately that adding the sum of the general
solution of L[y] = 0 and a solution to L[y] = F also solves the latter and is its general solution.

Many important natural phenomena are described by non-linear differential equations, but there exists no
general method for solving them, only tricks that may work in a limited number of cases. One such trick is to try
a clever redefinition. Take for instance the first-order Bernoulli equation:

doy + B(z)y = y" F(x)
which is readily rewritten in the inhomogeneous form:

y " doy + Blx)y' " = F(x)

1=1) then we should redefine u = y'~™ to convert the ODE into the linear

If we notice that (1 —n)y " d,y = d,(y
equation

dyu + [(1—n)B(z)]u = (1—n)F(z)

A whole lore also exists on finding so-called integrating factors, but again this is very much a hit-and-miss
affair, and we shall (with some regret) leave the study of non-linear ODEs for another time.
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6.1.1 First-order ODEs

The most general form for a first-order ODE is:

y' = g(z,y(x)) (6.2)

When supplemented by an initial condition, such as y(z¢) = yo, this becomes an initial-value problem (IVP).
Provided that g is continuous in z, a theorem by Peano guarantees the existence of a solution, at least over some
interval around zy. But such a solution may not be unique! Indeed, let g(x, y(m)) = y" for 0 < n < 1 when
x < 0 and zero otherwise, with y(0) = 0. Then y(z) = [(1 — n)z]"/=™) (2 < 0) and zero otherwise solves the
IVP (EXERCISE), but so does (z) = 0V z. There is even a third solution, y(z) = —[(1 — n)z]"/~™) when n is
rational and the numerator of 1/(1 — n) is an odd integer!. All of these with the same initial condition, so that the
solution is not unique.

If, however, one also requires continuity of d,g in y (which was not true at x = 0 in our example), the
Picard-Lindelof theorem guarantees unicity. Briefly, to derive this solution one first rewrites eq. (6.2) in the form:

xT

y(z) = wo +/ g(z,y(z")) da’

0

Then, starting with yg = 0, one constructs the sequence of functions:

X
Yni1 = Yo +/ g(z,yn(z")) da’
X

0

This iterative process is called Picard’s iteration method. Then one shows that the sequence is Cauchy (see
module V) to prove that it converges toward y(z).

On the other hand, it is not difficult to obtain an explicit general solution to a first-order /inear ODE. First, it is
convenient to recast it into its normal form:

dof + B(a) f = F(z)
Then one shows (EXERCISE) that if 5(x) is continuous over (a, b), the general solution of this ODE is:

f@) = S gy + [Pe) T ar i) = o e 63

Vo € (a, b), and where f(x¢) is arbitrary.

6.1.2 Second-order linear ODEs

Consider first the most general form for a homogeneous second-order equation:

Lif] = a(@)dif + B(x)dof + y(@) f =0 (6.4)

Note that since -y is known, this is not an eigenvalue equation for L.

It can be shown (the proof is technical and not very illuminating) that in a finite interval [a, b], the only solution
for which f and d, f both vanish at the initial point x = a is the trivial solution f = 0. Consequently, if there
exist two solutions f and g that satisfy the initial conditions f(a) — g(a) = 0 and f’(a) — ¢'(a) =0, then f = g
over the whole interval. In other words, the two initial conditions uniquely specify the solution to a homogeneous
second-order differential equation.

Let f1(x) and fo(z) be two solutions of eq. (6.4). If there exists no constant C' such that fo = C'f; Vz, f; and
fo are linearly independent and any linear combination of them is also a solution of the homogeneous equation
(principle of linear superposition). But one cannot have both f; = f2 and f| = f} atany x € [a, b].

The Wronskian of two functions fi(z) and fo(x) is defined as: W (x) == f1f5 — fofi. It is easy to obtain a
first-order differential equation for W (z),whose solution (EXERCISE) is called Abel’s formula:

W(z) = W(wg)e Jeolf@)/al@de 6.5)
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where x is any point in the interval [a, b]. This form of the Wronskian makes no direct reference to homogeneous
solutions of eq. (6.4). We see that eq. (6.4) with §(x) = 0 leads to constant Wronskians. We also see, because the
exponential cannot vanish in a finite interval, that if the Wronskian vanishes anywhere, it vanishes everywhere.

And now comes a surprising fact: given one solution of the homogeneous equation, a general solution of the
inhomogeneous equation valid over [a, b]:

a(@)2f + Bx)dof + y(2) f = F(x)
can be generated. We give a sketch of the procedure, also known as the method of variation of parameters:

1. Given f1, we seek a second linearly independent solution of the homogeneous equation. Noticing that:
- ()
fi(z) fi

fQ(ZL') = fl(x)/ ‘}I;((i(/])) e_ fxl(ﬁ/a)dw” dx/ (66)

and integrating, we find with eq. (6.5) that:

is also a solution. If the result still contains a part that is proportional to f1, discarding it leaves a solution
that is linearly independent from f;. Note that here W (x() is an arbitrary non-zero constant.

2. Having generated a second solution to the homogeneous equation, let us obtain a particular solution h(x) to
the inhomogeneous equation. The key step is to insert A(x) = f1(z)g(x) to obtain (EXERCISE) a first-order
equation for ¢’. Using the general first-order equation solution eq. (6.3) and (6.5) again, there comes:

o - (1) [ it

A straightforward integration then leads to:

.:U/) /

h(z) = fig = fa(x) /x%dx/ — fl(x)/x%dwl (6.7)

The general solution of the inhomogeneous equation is then a linear combination of f; and fo (homogeneous
solution) plus this particular solution. The coefficients of the linear combination are fixed by boundary (2-point)
or initial (1-point) conditions which we shall soon discuss.

Let us note also that provided | 3(z)/a(z)dz exists within the interval of interest, it is always possible to
eliminate the first-order derivative term in any linear second-order ODE, by a redefinition of the form f(x) =
g(x)e!®) (the substitution f(z) = p(x)g(z) also works), to arrive at (EXERCISE):

o) g" () + <’y(x) - % LB 1/3—2> g(z) = F(z)exp [ / x%dx'} 6.8)

as determined by the requirement that the transformed ODE have no first-order derivative in g.
One would do well to remember, however, that making an ODE look simpler does not always make it easier to
solve!
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6.2 Solving One-dimensional Equations with Green’s Functions (BF 7.3)
6.2.1 Solutions in terms of Green’s Functions and Boundary Conditions

We focus on inhomogeneous second-order linear equations of the type:

LIft)] = a(®)d7 f(t) + B(t)def(t) + (1) f(t) = F(1)

with «,, # and «y continuous all over the interval of interest. Such ordinary (one-dimensional) differential equations
often have time as the independent variable, and in physics F'(t) is then called a driving term. Of course, its
solutions will be twice (and most often more than twice) differentiable.

Obtaining a very useful expression for a solution to this equation is not so difficult if L admits a complete set of
orthonormal eigenfunctions ¢; on the interval (which is the case if L is self-adjoint), with real eigenvalues \; # 0.
Then f can be expanded over the set (with unknown coefficients a;), and so can F’, with known coefficients b;.
Both sets of coefficients are, as usual, projections of f and F' on the eigenfunctions. The eigenvalue equation then
yields a relation between them, and there comes (EXERCISE), assuming that integral and summation signs can be
interchanged) the inhomogeneous solution:

£t = /[Z %(ﬂf(?ﬁ)
j

where we have identified a two-point function:

G(t,t) = Z Mtlifj(t) A #0 (6.9)

J
Acting on G(t,t") with L yields an associated differential equation:

L[G(t,t)] = Z M = > i) gt = o(t —+t)
g j

J

F)dt = /G(t,t’) F(tdt

where the last equality comes from the completeness relation for the eigenfunctions. The defining equation for a
Green function G(¢, 1) is:
LG, t)] = 6(t—1t) (6.10)
Suppose that we know two linearly independent solutions, f1(¢) and f2(t), to the associated homogeneous
equation L [ f (t)] = 0. Then, if boundary conditions allow the homogeneous solution to exist, the general solution
is the sum of the general solution to the homogeneous equation plus a solution to the inhomogeneous equation.
In 1-dim problems, boundary conditions are generally of two types:

(1) One-Point (Initial) conditions, aka IVP, or Initial-Value Problem: f and its first-order derivative are known
at some time, usually called the initial time #y. Then the general solution of our inhomogeneous equation can

be written: .
f) = Af@) + BRt) + | Gt t) F(¢)dt (6.11)

to
where A and B are two constants to be determined from the initial conditions, and the Green function
Givp(t,t") associated with a given differential operator L corresponds to this specific type of boundary con-
ditions. We see that: f(to) = A fi(to) + B fa(to), and f(to) = [Af1(t) + Bfg(t)]to, so that A and
B do not depend on the inhomogeneous term F'(t). With the (always non-zero) Wronskian of f; and fo:

W = fi1fo — fi1fo, they are found to be:

4 = 2(t0) f(to) — fa(to) f(to) g — _ J1lto) f(to) = fi(to) f(to)
W (to) ’ W (to)
In time-evolution problems with initial conditions, we most often demand that Giyp(¢,t') = 0 for t' > t so
as to preserve causality. This allows us, if we wish, to extend the upper bound of the integral all the way to
infinity.
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2

Two-point boundary conditions, or Boundary-Value Problem: In one example of this case, f(to) and f(¢1)
(t1 > to) are known (the case for which the derivatives of f are known will be addressed in section 6.2.3).
Then the general solution would be written:

t1
f(t) = Afi(t) + B fa(t) + Giwp(t, ') F(t') dt (6.12)

to
Note the different upper limit of integration, with the integral still a function of ¢. This time, A and B do
not depend on the inhomogeneous term if the appropriate Green function always obeys the homogeneous
boundary conditions: Gy (to,t') = Guyp(ti,t') = 0; we shall prove that this is indeed the case below in
section 6.2.3. If such a Gy, is to exist, we see from eq. (6.9) that L cannot have a zero eigenvalue; in other
words, there can be no non-trivial solution of the homogenous equation L[f] = 0 that satisfies homogeneous

B.C. f(to) = f(t1) = 0. And indeed, in that case one easily computes A = B = 0 in eq. (6.12).

Moreover, symbolically writing the inhomogeneous solution as f(t) = L;'F(t) = [G(t,t')F(t')dt', we

see that knowledge of the Green function amounts to inverting the inhomogeneous equation, and gives us an
inhomogeneous solution in the form of an integral. Our interest in Green functions entirely resides in this property.

6.2.2 A General Expression for 1-d Green Functions for L[f(t)] = F(t)

What restrictions does eq. (6.10) impose on G/(t,t)? Three, in fact:

(a)

(b)

(c)

G(t,t') is a continuous function of ¢ everywhere, including at ¢ = ¢/, otherwise its second derivative at t = ¢/
would be the derivative of a §-function, and the differential equation would not be satisfied. Note, however,
that the Green function for a first-order operator can be discontinuous, eg., L = —id; has as Green function
the step-function 16(t — t').

G must have a discontinuity at ¢ = ¢'. To see this, integrate eq. (6.10) from ¢ = ¢ — e to t = t’ + ¢. Since the
coefficients in L are continuous, they hardly vary when the interval is taken to be arbitrarily small (¢ — 0). In
that limit, the integrals of G and G both vanish because G is continuous, and we are left with the contribution
of the integral of G:

lim G(t,t')

e—0

t=t'+e 1
‘t:t’—e a(t)

So, when the coefficient of the second-order derivative in L is 1, the derivative of G must jump by 1 at ¢ = ¢'.

When ¢ # ¢/, G must satisfy the homogeneous equation L [G (t,t' )] = 0, and can be written in terms of f; and
Jo:
a1(t') fi(t) + ao(t') fo(t) t>1

bi(t) fi(t) + ba(t') falt) t <t

The continuity of G and the expression for the discontinuity in G att = t' then yield:

a1 f1(t') + az fo(t') — by i(t') — b fo(t) =
a1 fi(t') + as fot') — by fr(t') — ba fo(t)) =

G(t,t") =

[an}

These can be solved for a; and as in terms of by and bs:

N ! f2(t,)
alt) = b)) - THwE
N ! fl(t,)
a2(t) = ba(8) + TEATr @

149



Lecture Notes on Mathematical Methods 201920

where the Wronskian of fi and fyis W = f; fg — fl fa # 0 since f1 and f5 are linearly independent. Then
the Green function for L must take the form:

, / fil) f2(F) — folt) fi(E) )
Glt.t) = bi(t') f1(t) + ba(t') fa(t) — oW () t>t 6.13)

bi(t) fi(t) + ba(t') fa(t) t<t
The term with the Wronskian vanishes at ¢t = ', guaranteeing the continuity of G as required.

The adjustable parameters b; and by can now be chosen so that GG satisfies suitable boundary conditions. In the
case (IVP) where initial conditions are specified on f(t) and f(t), requiring G(¢,¢') = 0 for ¢t < t' immediately
leads to b; = by = 0, and there comes the simple but very general expression:

) AF) = [i(E) f()

Givp(t,t) = 0(t —t' 6.14
where the step-function, or Heaviside function, 6(u) is defined” by:
1 u>0
O(u) = 6.15
() {0 "o (6.15)

If the initial conditions are homogeneous, ie., if f(0) = f |0 = 0, there is no non-trivial homogeneous solution for
f,and [ Giyp(t,¢')F(¢')dt’ in eq. (6.11), which can always be evaluated, either analytically or numerically, is the
general solution to the inhomogeneous equation L[f] = F.

On the other hand, for two-point boundary conditions (BVP) at t( and t1, G(to,t') = 0 (to < t') immediately
leads to: ba(t') = —b1(t') f1(to)/ f2(to), whereas G(t1,t') = 0 (t; > t') gives:

by(t) = falto)  fi(ta) fo(t') = fa(t1) fr () filto)  falt) 1Y) = fi(ta) fo(t)
a) W) filt) f2(to) — fa(tr) fi(to) a) W) filtr) f2(to) — fa(tr) fi(to
The BVP Green function factorises (EXERCISE) in ¢ and ¢':
1 Lfi(t1) folts) — falt) Fi(t>)] [fi(t<) falto) — filto) fa(t<)]
a(t) W(t) fi(t1) fa(to) — falta) fi(to)
where ¢~ = max(t,t’') and t- := min(¢,t’). If f1(¢g) = 0, then:

— bg(t/) =

~—

Goup(t, 1) =

fa(t1)
at’) W(t) fi(t1)

The most simple case occurs when fi (to) = f2(t1) = 0 (homogeneous B.C.); then: Gy (¢, 1) = fi(t<) fa(ts)/a(t’ )W (t).
Note that, unlike for the IVP problem, a Green function for the one-dim BVP for a given L exists only if b;

and by are finite, ie. if f1(¢1) fo(to) — fa(t1) fi(to) # 0. Also, if the boundary conditions allow the existence of

a homogeneous solution, ie. an eigenfunction of L with eigenvalue zero satisfying these same conditions, eq. (6.9)

forbids a Green function.

vap(t7t/) = f2(t>)f1(t<) -

fits) fi(t<)

Example 6.1. A Simple Example: the Harmonic Oscillator

Consider the undamped oscillator operator d7 + w(z] with initial conditions on f and f at a single point
(IVP). We choose f1 = sinwgt and fo = coswyt. Also, noting that « = 1 and W = —wy, eq. (6.13)
yields, with by = by = 0, the IVP Green function:

sin [wo(t — t')]
wo

Gip(t,t') = Giyp(t —1t') = 0t —1)

*See pp. BF399-401 for useful properties of the step-function.
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Note that the dependence of the IVP Green function is on the difference’ t —t'. Indeed, it can be shown
(EXERCISE) that for the second-order linear differential equation: L[f(t)] = F(t) with constant
coefficients, Green functions for a one-dimensional IVP must satisfy G(¢,t') = G(t — t'), just by
using the general form of the homogeneous solutions: fi(¢) = e*+!. This is a manifestation of the
invariance of the differential operator with constant coefficients under translations of the variable ¢
(eg. time). G(t — t) can be viewed as a convolution operator or a response function in the sense of
section 4.7.

By contrast, for the same L but with a BVP at ¢y = 0 and ¢, we immediately obtain:

bi(t)) = cot wot1 sinwpt’ — coswot’  sinwp(ty —t')
! N wo N wp sin wotq

and, with t- = max(t,t'), t< := min(¢,t’), eq. (6.13) gives (EXERCISE):

Grwp(t, ') = sin [wo(t> - tl)] sin wot « (6.16)

wo sin woty
and a particular solution to (d? + w3) f(t) = F(t) is:

sin wot

f(t) = M /t sinwot’ F(t')dt’ +

wp sin wotq to wo sin wotq

/t ! sin [wo(t' — ¢1)] F(t') dt/

If wot; = nm (n € Z), ie. if t1 is an integer multiple of the half-period, the condition for the existence
of a BVP Green function, f1(t1) fa(to) — fa(t1) fi1(to) # 0, is violated.

Example 6.2. An interesting feature of eq. (6.13) is that the explicit dependence of the Green functions
on the form of L is only through the coefficient of the second-order derivative. This can be exploited
to minimise the work required to find the Green functions for a damped oscillator operator, L = d? +
2vd; + wg, by using instead the appropriate homogeneous solutions: f1(t) = e™ 7 sin [ wg — 2 t],
fa(t) = e cos [\/wi —72t]. Now W = —\/wE —~? e~2" | and a straightforward substitution
into eq. (6.13) for an IVP (b; = by = 0) gives:

sin [y/wg — 2t — t')]
Vi =
Example 6.3. While we are talking about the damped harmonic oscillator, let us use it to illustrate

another way to solve differential equations that combines Fourier and Green techniques. The idea is
to write the equation:

G (t,t) = 9t —t')e 7= (6.17)

F&) + 29 f(t) +f f(t) = F(2)

in the frequency domain, assuming that the driving force dies at ¢ — o0 or, alternatively, is turned
on at, say, t = 0, and then off at some later time. In this case the Fourier transform of F'(¢) exists, and
eq. (5.14) can be used to obtain:

Fw)

flw) = —w? + 2iyw +w8

The differential equation in the time domain becomes an algebraic equation in the frequency domain!
To go back to the time domain, we just write a solution to the inhomogeneous equation:

1 & : 1 e@(t=t) duw
t) = iwt dw = =
1) \/%/_oof(“")e “ /lzw/—w2+2iw+w8

= /Oo G, t)Ft')at

F(t)dt

"The response function in eq. (4.24)is now seen to be a Green function.
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where:

Gt,t) = Gt—-t) = — 1 /OO ) dw
’ 27 J oo (w— wi)(w —w_)
with wy = +4/w3 — 72 +1i7.
To calculate G for ¢ > t/, we use contour integration in the complex w plane, with the contour C'

chosen to be counterclockwise around the upper infinite half-plane. Both poles w = w4 lie in the
upper half-plane. Breaking up the contour into the real axis plus the semi-circle at infinity, we have:

1 [ oiw(t—t") 1 oiw(t—t") 1 oiw(t—t')
__/ dw:——jé dw+—/
27 ) o (0 — )@ — o) 27 Jo (w—wn)@—w) 27 e (@ — ) (@ — @)

With ¢t — ¢’ > 0, the numerator in the second integral on the right goes to zero as |w| — oo, and the
integral vanishes. The contour integral is evaluated with the Residue theorem (4.34). Then:

oo iw(t—t') _ iw (t—t') iw_ (t—t')
Git—t) = 1/ ° dw = 2mi — <e - )

2 ) (w—wi)(w—w) 21 \wy —w-  wy —w_

(- SN [Vwd =2t —1)]

When t—t' < 0, we must use a contour enclosing the lower infinite half-plane. But the integrand in the
contour integral is analytic in this region, and the integral vanishes by the Cauchy-Goursat theorem.
Thus, G(t, t/ ) =0fort < t/, and we have recovered the result obtained in eq. (6.17). Unlike that
approach, here no knowledge of the homogeneous solutions was needed to find the Green function!

= ¢

The general solution follows by adding a linear combination of homogeneous solutions.

6.2.3 Green’s second 1-dim identity and general solution in terms of Green functions

Consider the expression, quadratic and symmetric in u(t) and v(t): Q(u,v) = a(t)ud + A(t) (dv + ud) —
w(t) wv. Then, subtracting (v, u), one derives after a few manipulations (EXERCISE) Lagrange’s identity:

vL[u] — uLfv] = d¢fv(a(i — ud)]

where L[u] = d;(cvt) + (A+p)u. Integrate this identity over an interval [to, t,] to obtain Green’s second identity
(1-d):

/ttl (vL[u] — uL[])dt’ = a(vi — ud) " (6.18)

0

to

Now suppose that v = G(t,t’) and that v = f(¢') satisfies the inhomogeneous equation L[f(t')] = F(t').
Then one easily shows from Green’s identity that for t € [to, t1],

t1 I—
i) = [ Gtt)F@)dt ~ [a(Gouf ~ fouC) }i z 6.19)
to =lo

where G(t,t') is a Green function for the self-adjoint differential operator L. We are already familiar with the
first (inhomogeneous) term, but the second one warrants careful examination. Obviously, it must be related to the
homogeneous solutions. But wait—is f(¢) actually the general solution? Not yet! It is still just an identity. The
second term is evaluated at the end-points of the interval, so it depends on the boundary conditions for f. We
cannot freely specify f and f at both ¢y and ¢; as this would be in general inconsistent. If f if specified at the

end-points, then we must find the solution for f in order to know what its derivatives are at the end-points.
But we can use the fact that any function G (¢, ') which satisfies L|G] = 0 can always be added to G to choose
different types of boundary conditions for the Green function. For instance, specifying f at tg and ¢1, we can in
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principle find a G such that the new G vanishes at to and ¢;. This kind of boundary-value problem, where the
solution (not its derivative) is specified on the boundary, is called a Dirichlet problem, with the corresponding
Green function denoted Gp. Incidentally, this justifies our earlier setting of GG to zero at the end-points. Now we
can write the general solution for the two-point (Dirichlet) problem:

t1 t'=ty
ft) = [ Gpt,¢)FE)dt + [a fat,GD} Gp(t,to) = Gp(t,t1) = 0 (6.20)

to t'=tg

Compare this form of the general solution, which explicitly depends only on F'(¢) and Gp, plus f(t9) and f(¢1),
to the solution of eq. (6.12) in terms of the homogeneous solutions. It is a very instructive EXERCISE to show
their equivalence. We also see that if f happens to obey homogeneous B.C., f(ty) = f(¢1) = 0, there is no
homogeneous part, consistent with our earlier statement near the end of section 6.2.1 that the existence of Gy, is
conditional on this absence.

We could instead want to specify f at to and 1. This Neumann problem has a solution if it is possible to set
&N | toty = 0 (or it has a solution up to a constant if &N | to.t, AT€ constants). It is not nearly as frequent in physics
as Dirichlet problems. Then:

t1 =
f(t) = Gu(t, ) F(t)dt — [a GN aﬂf}t " Gn(t,t) = Gx(t, 1) =0
to t'=to t'=to =t
For this to be possible, it will often be necessary to add an extra term to the defining equation of the Green function
(more about this when we look at 3-dim Green functions). Much more exotic, we might want to specify f at one
end-point and f at the other (so-called Robin B.C.); the B.C. on Green’s function can be worked out by using
Green’s second identity.

I would argue that eq. (6.20) is a much nicer representation of the general solution to a Dirichlet problem
than the more standard eq. (6.12). First, it has contributions from both volume and boundary terms. Second, the
Dirichlet boundary conditions on f (which are really on the homogeneous solution since Gp (¢,t') = 0 at t = ¢
and ¢t = t1) appear explicitly in the solution. Third, unlike eq. (6.12), there is no explicit dependence on f; and fs,
and thus no need to calculate integration constants. It is true that f; and fo are still needed if Gp(¢,t') is found
via eq. (6.13), but we have seen in example 6.3 that Green functions can be calculated directly. Also, contrary to
eq. (6.12), eq. (6.20) can be generalised to higher dimensions. Note, however, that this particular approach is not
suited to an IVP, in which B.C. are specified at one point.

One important property of Dirichlet Green functions may be derived by letting v = Gp(¢,t) and u =
Gp(t',t") in Green’s second 1-dim identity (6.18), which holds for differential operators of the form L =
di(ody) + 7. Because Gp = 0 at the end-points and L[G(t,t')] = (¢t — t'), we immediately find that Gp
for such operators is symmetric in its arguments:

Gp(t,t") = Gp(t",t) (6.21)

The differential operator for the undamped harmonic oscillator is indeed of the right form (with o = 1); we expect
that Gp will be symmetric, and G(1) in eq. (6.16) is indeed symmetric. This property can provide a useful check
on calculations.

In closing this treatment of 1-dim Green functions, let us remark that whenever G(t,t') = G(t — '), the
volume integral [ F(¢')G(t — t')dt’ can be seen as an example of the convolution integral introduced in section
5.5.4.
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Problems in More than One Dimension (BF 7.4)

In one dimension, Green’s function for a second-order linear differential operator L always exists and is unigue
for an IVP. If it exists for a BVP (no zero eigenvalue for L), it is unique. This is closely related to the fact that
boundary conditions are specified at one or two points only. In two or more dimensions, the boundaries contain an
infinite number of points, and Green functions are no longer guaranteed to exist, even for an IVP, But they do exist
in important cases of physical interest.

6.3 Differential Equations with Partial Derivatives

Unless you are working on superstrings, you will find that it is sufficient to study PDEs in no more than four
dimensions’.

In accordance with modern usage, we shall use Greek indices in four-dimensional (three spatial and one time)
problems, and roman indices in three spatial dimensions. We also implement the Einstein summation convention
according to which repeated indices in factors are to be summed over; in any such pair, we will try to write one
index as a superscript and one as a subscript so as to spot them more easily. Then the form of a second-order linear

differential operator that we shall use is:
L = o"(x)0; + B"(x)d, + v(x) (6.22)

where x is the generalised position and it should be emphasised that Cartesian coordinates are implied. The
coefficients are assumed to be continuous in x.

We follow Hadamard (1923) and classify such equations according to the coefficients of the second-order
derivatives:

Definition 6.1. * If at least one of the o vanishes at some point, the operator (and corresponding
homogeneous PDE will be said to be parabolic (eg. heat equation, Schrodinger equation, in
which there is no second-order time-derivative).

* If the sign of one o coefficient is different from all others, we say that L is hyperbolic (expected
in a pseudo-Euclidean spacetime, eg. with the wave equation).

* Ifall o coefficients have the same sign (expected in a Euclidean space), L is elliptic (eg. Laplace
and Helmholtz operators — static 3-dim problems).
6.4 Separation of Variables in Elliptic Problems
Since the Laplacian operator occurs in all elliptic problems, it is worth taking a closer look at it. Our first task is to
separate it into two convenient parts; at the same time this will get us acquainted with a very powerful technique.
6.4.1 An Important and Useful 3-dim Differential Operator

To do this, we introduce the self-adjoint vector operators —iV and L = —ix x V, or L; = —ieijk;nj 9%, where
€;jk 1s the completely antisymmetric Levi-Civita symbol, and summation over repeated indices is implied. With
the identity: €;;,€"™" = 6;" 03" — 6;" 03", the scalar product of L with itself is, in Cartesian coordinates:

L-L =- eijkeim" 21 0F 2,0,

= —27 (0; + 2,09 — 30; — 2,0%0;) = —aTw; 00 + 207 0; — 27 0; + 279;2"0,

Extracting the Laplacian and reverting to coordinate-free notation, there comes:

V= —= 4 % [0r + 0,(rO)] (6.23)

T Anyway, it is straightforward to generalise our discussion to any number of spatial dimensions plus one time dimension.
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The distance r to the origin can be expressed in any coordinates we wish, yet this expression obviously wants to
single out the direction along x = r 11 from the other two. Also, it would be nice if L only involved derivatives
in directions perpendicular to fi. This is most easily realised in a spherical coordinate system, since its radial
coordinate naturally correpsonds to the direction along x; the other two coordinates are angular. By transforming
the Cartesian components of L to spherical coordinates (r, 6, ¢), we obtain (the calculation is rather tedious, but
Maple/Mathematica will readily do it for us):

L, = —i(y0, — 20y) = —i(—sin¢gdy — cotf cosdyp)
Ly, = —i(20, — 20,) = —i(cos¢p 0y — cotf singdy)
L, = —i(z0y — y0;) = —i04

The derivatives with respect to r have cancelled out! We also find that:

1 1
2 _ . 2
L° = e Op (sinf 9y) + 7 05 (6.24)

So L2 depends only on the angular coordinates. Also, eq. (6.23) makes it obvious that the commutator [V2, L?] :=
V2L2 — L2V? = 0, so that [V2, L] = 0.
Now one readily shows that the following important relations hold:

(L, Lyl = iL;, Ly, L.] = iL,, (L., Ly] = iL, (6.25)
Using these commutator rules, we find that:

0
2 _ 2 2 2
[L 7LZ] - [Lmv LZ] + [Ly7 LZ] +M
= Ly [Lm LZ] + [L:ca LZ] L, + Ly [Lya LZ] + [Lya LZ] Ly

= —iL.&y — iDply + iDyple + iLeEy
0

By symmetry, we have immediately that [L2, L] = 0.

6.4.2 Eigenvalues of J? and J,

The importance of eq.(6.25) cannot be overstated. It says that L belongs to the class of self-adjoint operators J
whose Cartesian components satisfy the canonical commutation relations:

[Ji, Jj] = ieijn I, (6.26)

Just from these properties, it is possible to derive the eigenvalues A of J?, ie. such that J2g = ) g, and the
eigenvalues m of J,, such that J, f = m f, where A and m are expected to be real numbers since the operators are
self-adjoint.

1. Introduce the ladder operators Jy = J, +iJ,. Then [J 2 J+] = 0. Since J, and J,, are self-adjoint, we
also have Jl = J_,and Ji = J,. Therefore:

[z, Ji] = [, Jo] £i[]2, Jy] = idy £i(=iJd,y) = £J4
Now, using [J2, J1] = 0 and [J,, J1] = +J, we apply first J1 and then .J, on f:

J(Jef) = [ L] f + Jodof = £Jof + mdef = (m £ 1) (Jef)
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Now f is also an eigenfunction of J2. Indeed, J.J?f = J2J.f = mJ2f, and J?f is an eigenfunction of .J,
with the same eigenvalue as f. Since the eigenvalues of .J, are non-degenerate, J? f must be a multiple of
f: J2f = \f. Also:
P (Jef) = J=(I2f) = A(J+f)

These results tell us what Jy. do for a living: they raise (J) or lower (J_) the eigenvalues of J, by 1,
whence their name. In other words, if f is an eigenfunction of J, with eigenvalue m, so is J_ f, but with
eigenvalue (m =+ 1). We also have found that all the eigenfunctions of .J, reachable with the ladder operators
are eigenfunctions of J2 as well, with the same eigenvalue ).

It is also reassuring to find that applying .J+ to eigenfunctions of .J, and .J? gives a result that belongs to a
Hilbert space; because J1 are not self-adjoint, this was not guaranteed.

2. Another expression will be needed. Use the definition of J to write:
Jede = 2+ T Fille, J)) = 2+ T2+ J. =3 — J2 & J,

so that:
3= Je+JEF (6.27)

3. For a given value of A, we expect that m should have a maximum value, m,,x = j, as well as a minimum
value, mpin = 7.

Now act with J? on the eigenfunction of .J, with the maximum value of m, which we call fj- ThenJ, f; =0
and, from the identity (6.27), we find:

Pfy = J2f+ J.f; = i+ f = M

Similarly, act with J? on the eigenfunction of J, with the minimum value of m, fj7, keeping in mind that
fj is also an eigenfunction of J 2 with the same eigenvalue, )\, as fi

Y= Gy —d'fy =370 -1 f = Ay

Comparing yields A\ = j(j+1) = j/(j' — 1), and thus j' = —j. It follows that m goes from —j to j in N
integer steps, ie, j = —j + N, so j = N/2.

We conclude that:
* The eigenvalues of J2 are j(j + 1), where j is a positive integer or a half-integer.

* For a given value of j, m can take 25 + 1 values, from —j to j.

It is worth stressing that these results were found without any knowledge of an explicit form for the eigenfunctions
of J2, or indeed J. And they apply to all self-adjoint operators which satisfy the canonical commutation relations
(6.26).

With the help of eq. (6.27), we can now exhibit the full action of J_ on a normalised eigenfunction f;,, of J 2
and J,. Let J_ fjn, = c— fjm—1. Then, using the rules for taking adjoints, and with (f, g) the inner product of f
and g:

(Fims J+d= fim) = (J=Fjms I fim) = (c—fim—1, c=Fjm—1) = le—* (Fim=1, Fim—1) = le—|?
But since J4 Jx = J? — JZ2 + J,, we also have that:
(flmy J+J— fym) = (fjmy (J2 - Jzz + Jz) fjm) = ](]+ 1) - ’I’)’L2 +m

Comparing yields c_ up to an unimportant exponential phase factor which we put equal to 1. We find the coefficient
in J4 fjm = ¢4+ fjm+1 in a strictly analogous way. The results for both ladder operators are:

Jifim = Vi(i+1) — m(m £1) fimz1 (6.28)
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6.4.3 Eigenfunctions of L? and L,

To find the common eigenfunctions for J and J? operators, we must know their form. Here, we will be interested
in the L operator whose form we do know and which makes up the angular part of the Laplacian in spherical
coordinates.

The eigenfunctions of L, are readily obtained by solving the differential equation:

L.f(0,¢) = —i0,f(0,¢) = m f(0,9)
With a separation ansatz: f(6,¢) = F(6)G(¢), the solution for G is:
G(¢) =™ (6.29)

Now we require that G (and f) be single-valued, that is, G(¢ + 2m) = G(¢). Thus:

em@F2m) — Gimé M — g9 4 i sin2mr = 1
which constrains m to be any infeger. Therefore, | := m. must also be an integer. Thus, we find that the
particular form L = —ix X V rules out the possibility of half-integer values of j allowed for a self-adjoint J that

satisfies the canonical commutation relations (6.26).
The 6 dependence of the eigenfunctions must be derived from the eigenvalue equation for L2. Call f(6, ¢) =
Y™ (0,¢) = F(8)G(¢); these must satisfy:

1 . 1 2 m _ m
= g B 6noan) + o] ¥6.0) = 1+ DY)

Inserting Y;™*(0, ¢) = F(0)e™? into this equation leaves:

1 2
- [ — dy (sinfdy) — m

S1n

} F(0) = I(1+1) F(6)

sin? 6
Instead of solving this equation by brute force, we use a clever technique involving the ladder operators L :
Ly = £ (0p £1icoty)

Now, when m = [, we have: _
LuY! = €% (9 + icot09,) Y (0,¢) = 0

Inserting Y}! = F'(6)e!'?, this reduces to the much simpler
dgF(0) — lcotOF(F) = 0

whose solution is F() = (sinf)!. Therefore, Y/ = (sin@)'e’®. Applying L_ the requisite number of times
generates the other ¥, (0 < m < I): ¥[" oc L™ ll. When normalised, these are the spherical harmonics
already found in eq. (5.50):

Y™(0,¢) = (;lll),m \/214—; L 8 ;Z;: (1-— :L'2)m/2 [di:rm(:n2 — 1)l] e T = cosf (6.30)
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6.4.4 General Solution of a Spherically-Symmetric, 2nd-order, Homogeneous, Linear Equation

Suppose we are presented with the equation [V2 + ’y(x)] U(x) = 0. Work in spherical coordinates, and make the
ansatz: ¥(x) = R(r)F(6,$). Using the form for V? derived earlier, eq. (6.23), we have:

V20 + y(x)T = —L:—;I, + - = [GT\I' + Op(r6,)] + y(x) ¥
2
=~ R~ (f Dy FOD 14, R + (e d, RE)) + () ROV, 0

Dividing the second line by R(r)F (6, ¢) and multiplying by r2, we see that the equation is separable provided
v(x) =(r):
R(r)

L2F(0,¢) = NF(6,0) d.R(r) + dp(rd,R(r)) + rvy(r)R(r) = X "

The first equation is the eigenvalue equation for L2, whose eigenvalues are A = (I + 1) (I > 0 € Z) with the
spherical harmonics Y, (6, ¢) as eigenfunctions.

1 I(l+1
The radial equation can thus be written: — d,. (r*d,Ri(r)) + <’y(r) _ U t )
r r

> Rl(T) =0

When ~(r) = 0, this is the radial part of the Laplace equation which becomes, after the change of variable
r =e% d2R+d,R—I(I+1)R = 0. Inserting a solution of the form eP” turns the equation into p>+p—1I(I+1) = 0,
that is, p = [ or p = —(I 4 1), which leads to R = Ae!* + Be~ (417 = Apl  Br—(+1)_ Therefore, the general
solution to the Laplace equation in spherical coordinates is:

By,
(r,0,9) Z Z (AlmT + m) Y,"™(0,¢) (6.31)

=0 m=—1

The coefficients Ay, and By, are determined from boundary or matching conditions. In regions either containing
the origin, or extending all the way to infinity, By,, = 0 or A;,, = 0, respectively. Clearly, if this solution is to
be regular, and if it holds everywhere, it must vanish. In other words, if the Laplace equation is valid everywhere,
it has no non-vanishing regular solution. For a non-trivial solution, there must be a region of space where there
exists an inhomogeneous term acting as a source.

Note, however, that the general solution holds at any point where there is no source. The effect of sources is
encoded in the coefficients A;,,, and By,,.

When (1) = k% > 0, we get the radial part of the Helmholtz equation in spherical coordinates:

2 (l+1
d%Rl(T) + ;drRl(T) + </<32 — ( :_ )> Rl( ) =0
which the substitutions R; = w;/+/r and x = kr readily transform into:

d2uy(z) + %dxul(w) + <1 - M) w(z) = 0

xT

that is, the Bessel equation (4.33) with n = [ + 1/2. The solutions are the spherical Bessel functions of the first
and second (Neumann) kind, usually written as (see also Jackson’s Classical Electrodynamics, section 9.6):

l

- | T 1d sinz z < (1,0)
a@) = %Jlﬂ/z(m) = (o) <:E d:E> < x > h %Sin(ﬂj‘—lﬂ/2) x> (32
! r < (1,1)
1d S ’
ny(z) = \/%Nl—i-lﬂ(x) = —(-2)' <$ dg:) (Coix) ~ :f (6.33)

——cos(z —Iln/2) x>
x
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Here are a few spherical Bessel and Neumann functions as plotted on Maple, with p = x:

Spherical Bessel functions Spherical Neumann functions
1.07 0.57 1=0
1=1 1=2
0.8 0
0.6 =0
,0.5.
0.4
y -1
0.2
04 -1.51
-0.24 -2-

The n; diverge at the origin and thus are excluded from any solution regular at the origin.
(Spherical) Bessel functions of the third kind, aka Hankel functions of the first and second kind, sometimes
come in handy: hl(l’z) (x) = ji(x) £ iny(z). One can express the general solution of the Helmholtz equation in

)

terms of the j; and n;, or in terms of the hl(l’2 .

6.5 Second 3-dim Green Identity, or Green’s Theorem

Before discussing the all-important subject of boundary conditions, we derive a result that will prove very useful
in the study of 3-dim elliptic problems. We assume that L[f] = 0" («(x)d; f) + v(x)f (Sturm-Liouville form). If
it isn’t, it is possible to bring it into that form, provided that the solutions of L[g] = 0 go to zero at infinity or else
that o — 0 sufficiently fast.

Write the divergence theorem for V - (af V¢g) defined over a connected volume, and expand the divergence to
get:

/V{fV-(an) +an-Vg} Pz = jivafvg.ds (6.34)

where OV is the boundary of the volume V of integration. This is Green’s first identity in three dimensions;
when « is a constant, it reduces to the more familiar form:

/[fv29+Vf-Vg] Bz :?{ Vg-ds (6.35)
174 ov

Interchanging f and g in the first identity (6.34) and subtracting, we easily find, after adding and subtracting
v f g in the volume itnegral, the second Green identity in three dimensions:

[ Ll - g2l = § a(r9g - g1 -ds (6.36)
\% oV
With « a constant, this becomes the well-known Green theorem:
/(fv2g—gv2f)d3x = f (fVg—gVf)-dS (6.37)
\% ov
Note that in the case of conpact regions without boundaries (sphere, torus), the right-hand side vanishes.

6.5.1 Uniqueness and existence of solutions for the inhomogeneous Laplace equation with B.C.

The inhomogeneous Laplace (aka Poisson) equation is of the form V2W(x) = F(x), where the right-hand side is
called a source term. As justified below, we also specify B.C. for either ¥ or i - VWU on a closed boundary.
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Now, with f = g = W3 and « constant, Green’s first identity—eq. (6.35)— becomes:

/[\pgvzmg + (VU3) ] d3z = j{\pg O, U3 dS
\4 ov

where we have introduced the normal derivative 9, U3, ie. the component of VW3 normal outward to 0V'.

Suppose there exist two solutions, ¥ and Wo, of V2W(x) = F(x) that satisfy the same conditions on the
surface. Define U3 := Wy — Wy, Then V2W3 = 0 inside the volume. The surface integral is zero because either
U3 = 0or 9¥3/dn = 0 on the surface, and [ (VW3)2d32z = 0 everywhere. Also, W3 being twice differentiable
at all points in the volume, VW3 is continuous and therefore zero everywhere inside the volume, so that U3 is a
constant. It follows immediately that if 3 = 0 on the boundary, U3 = 0 everywhere; on the other hand, when
0W¥3/0n = 0 on the boundary, ¥3 can be a non-zero constant inside.

We conclude that ¥; = U5 inside the volume (up to a possible additive constant), and that the solution, if it
exists, is uniquely determined. The importance of this result cannot be overemphasised: any function that satisfies
the inhomogeneous Laplace (aka Poisson) equation and the B.C. is the solution, no matter how it was found!
Moreover, we see that we cannot arbitrarily specify both ¥ and ¥ /On on the boundary since one suffices to
determine the unique solution.

The BC determine the solution, but only if it exists. Further conditions must be met for this to happen. Indeed,
with ¢(x) = 8n\1"x coy Integrate V2¥(x) = F(x) over (connected!) V; the divergence theorem immediately
yields a condition linking ¢ to the source F':

/ F(x)d3z = p(x)dS (6.38)
14 ov

Another condition for the existence of a solution is that the enclosing boundary be “reasonably” smooth (eg. no
pointy parts), otherwise it may prove impossible even to impose B.C.

6.6 3-dim Boundary Value (Elliptic) Problems with Green’s Functions

Introduce Green functions that satisfy L[G(x,x’)] = d(x — x’) in compact regions with closed boundaries or in
non-compact regions’ (again, some authors multiply the right-hand side by +-47). If we are a little careful, we will
find that for some important cases this kind of problem can admit unique Green functions.

6.6.1 Dirichlet and Neumann Boundary Conditions
Suppose that ¥(x) satisfies’ L ¥(x) = F(x); then take f = ¥ and g = G in Green’s second identity (eq. (6.36)):

/(xIJL[G]—GL[xIJ])d%’ :jé (VoG —GoyT)ds
14 ov

where, as in example 6.5.1, V f - dS = 0, fd.S. We obtain:
/ [U(x)6(x —x') — F(x')G(x,x)] &’z = }1{ a(Vo,G — Goy¥)ds
\%4 ov
With x inside the volume, re-arranging then yields:

U(x) = /F(x’)G(x,x’)d?’w' —i—]é a (VoG —Goy¥)ds (6.39)
1% ov

where the normal derivatives in the integrand on the right-hand side are to be evaluated on 9V, the boundary of
the arbitrary volume. This expression for ¥ cannot be considered a solution yet; it is still “just” an identity.

"In compact domains without boundaries (see remark in last section), this defining equation is inconsistent and must be modified
(EXERCISE: Can you see why, and how?)
T Although we call it “inhomogeneous”, nothing in what we will do here prevents F(x) from depending on ¥ (x)
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Again, note that U and 0¥ /0n are in general not independent on the boundary. We are not free to specify
them both arbitrarily at the same point on OV as such values will in general be inconsistent.

Specifying ¥ on the boundary gives Dirichlet B.C., whereas specifying 0¥ /0n gives Neumann B.C.

How do we get a solution for W then? In principle, this is simple. We use the fact that the Green functions we
find by solving L [G(x,x’)] = d(x —x') are not unique; indeed, we can add to them any function G that satisfies
L G1(x,x’) = 0. “All” we have to do then is find a G that eliminates one of the two surface integrals.

Suppose we wish to specify ¥ freely on the boundary (Dirichlet problem). Then we should ensure that
Gp(x,x") =0Vx' € V. The solution for ¥ would then be:

U(x) = / F(x')Gp(x,x)d%" + }{ a¥(x") 0, Gp(x,x")dS’ (6.40)
\%4 ov

The solution is now uniquely determined by the B.C. on ¥ via Gp. Note that the total surface OV enclosing the

volume may be disjoint, as occurs for instance with the volume between two concentric spheres.

If we have managed to find G for a particular type of boundary, the source-free solution (F'(x") = 0) is just
the surface integral; on the other hand, if it happens that ¥ = 0 on OV, only the volume integral contributes. Many
boundary-value problems in electrostatics, for which the boundary conditions are reasonably simple, can be solved
this way.

With Green’s second identity, it is also straightforward to prove (exercise) that Gp(x,x’) is symmetric in its
arguments.

Similar considerations apply to Neumann boundary conditions, ie. when 0¥ /dn rather than ¥ is known on
the boundary. But we must be a little careful about the boundary conditions on 9,,Gn: we cannot simply put this
equal to 0 in eq. (6.39). Indeed, take for instance L = V?; then, from the divergence theorem and the defining
equation L[GN] = d(x — x'):

/V-VGNd% = 9,GndS =
ov
A consistent boundary condition is 9,,GN | oy =1 /S, and we obtain:
U(x) =< ¥ >yy + / F(x')Gn(x,x) d32" — Gn(x,x") 0,y W (x') dS’ (6.41)
1% )%

Up to the a priori unknown average of W over the surface, < ¥ >4y, a constant, this is the solution to that
Neumann problem. Often (but not always!) the volume is bounded by two surfaces, one closed and finite and
the other at infinity, in which case the normal derivative of G can be set to zero on the entire boundary, and the
average of W over OV (the first term) vanishes.

6.6.2 Green’s function for the 3-d Elliptic Helmholtz operator without boundary conditions

We proceed to find a Green function for the operator V2 4 )\, with A a constant. Using eq. (5.13), the Fourier
transform of (V2 + \) ¥(x) = F(x) is (—k? + M) (k) = F(k). We must distinguish between two possibilities:
. =—-k2<0,k>0
Then, similarly to what happens in one dimension (example 6.3), an “inhomogeneous” solution is:

U(x) = — ! / PO e gay, —

s / F(X/) ;
d3 / —ik-x ik-x d3k‘
@n)32 | 12+ 2 ¢

k2 + K2

Compare with the Green-function form of the inhomogeneous solution, [, F(x')G(x,x’) d32’ (EXER-

CISE):
, 1 /elk-(x—x’) 5 / L elklx— x/
= — k =
Glx,x) (2m)3 ) k% + K2 d (2m)? |x x/| k? + /-42 dk

This integral is easily evaluated as part of a contour integral around a semi-circle at infinity in the upper
complex k half-plane. As before, the contribution at infinity vanishes, and the residue due to the pole at
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—K|x—x

k=1ikise ! /2. The Residue theorem then yields the (sometimes called fundamental, or singular)

solution:
1 e—li\x—x’|

G(x,x') = (6.42)

Cdr x—X|
This is very well-behaved at infinity. For A = 0 (x = 0), we obtain a Green function for the Laplacian
operator.

With k = 0 and F(x) = —4mp(x) (Gaussian units!), for instance, an inhomogeneous solution is the
generalised Coulomb Law for the electrostatic potential of a localised charge density p(x), or one that
vanishes at infinity faster than 1/|x — x/|.

2.0=kr22>0
In order to invert the algebraic equation for v)(k), we write A = (g % i€)? (¢ > 0). Then we arrive at:

eik-(x—x’) 1 e:I:iq|x—x’\

1
5y ) = Y T PSS
Gy (x,x) (2m)3 ll—%/ k? — (q £1ie)? &k 4t |x — x| 643)

For details of the calculation, see pp. BF415-416.

Do check that these Green functions satisfy (V2 + \)G(x,x’) = §(x — x’). But note that they are not the
general solution of this equation, since any function that satisfies the homogeneous equation can be added to them!

If the volume integral extends over all space, the surface integral in the Dirichlet solution for the case A < 0
certainly vanishes at infinity for fairly weak conditions on W(x), because of the exponential factor in Green’s
function. When A\ > 0, the surface integral also vanishes provided ¥(x) — 0 faster than 1/|x — x’|?, (since
dS ~ |x — x'|?), and we are left with just the inhomogeneous integral:

1 F(x' +ig|x—x'|
P (x) = - L [ EOTTTE g (6.44)
1 4 [y |x — x/|
If, however, ¥ (x) does not vanish fast enough at infinity, it is more convenient to write it in terms of the
solution of the homogeneous equation (V2 + ¢?)¥(x) = 0, plus the volume integral:

. 1 F(X/) e:l:iq|x—x’\
+ iq-x 3

Note that these expressions for Green’s functions assume no boundary surfaces (except at infinity)!

6.6.3 Dirichlet Green function for the Laplacian

When there are no boundary conditions for ¥ on finite surfaces, the volume integral [ F(x')G(x,x’)d®z’ can be
taken as the solution to L[¥] = F'. For instance, in the case of a point-source located aty: F(x') = —4mwqd(y—x'),
with ¢ some constant, we see that ¥(x) = —4mqG(x,y) = ¢/|x — y| in the case of L = V2.

When there are finite boundaries, however, as in a Dirichlet problem, we know that we have to ensure that
Gp(x,x") = 0 when either x or x’ is a point on the surface that encloses the volume in which our solution is
valid. Obviously, with the Green function given in eq. (6.42), which vanishes only on a boundary at infinity, this
is impossible. It is time to exercise our freedom to add to G a function that satisfies the homogeneous equation
L[G] = 0 and contains free parameters that can be set so as force the combined Green function to vanish on the
boundary. In the case of the Laplacian, we take:

1 1 g
/
o) = - 32 (e + )

where ¢ and x” will ensure that the second term satisfies the Laplace equation V x inside the volume where we are
looking for a solution, as well as vanishing on the boundary. 162
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Example 6.4. Solution of the Dirichlet problem on a sphere for the Laplacian

Consider a sphere of radius a centered on the origin. We want: Gp(ai,x’) = Gp(x,ai’) = 0
Symmetry dictates that x” and x’ be collinear, which means that, at |x| = r = a, we can write:

1 1 g
Gp(an,x') = — — - +
p(af, x') Am a|fl—%fl'| 74//|%ﬁ_ﬁ//|
where rii = x, etc. By inspection, we see that if Gp (afi, x’) is to vanish for fi in an arbitrary direction,
we must have: 1/a = —g/r"” and 1’ /a = a/r", as well as: -/’ = fi-1” (&’ and 1" collinear). Then:
g = —a/r, e (6.46)

Thus, x” lies outside the sphere if x’ is inside, and vice-versa. We replace ai by i = x to obtain:

et - [ !

dr [Jx—x'|  [(/a)x — (a/r)xX/|

If this is evaluated in spherical coordinates centered on the sphere, the angle v between x amd x’ is,
from spherical trigonometry: cos~y = cos cos ' + sinf sin 6’ cos(¢ — ¢’), and there comes:

Gp(x,x) = 1 L — ! (6.47)

dm \/r2 + 7% — 211 cos vy \/r2r’2/a2 + a2 — 2r1' cos

In this form it is most easy to see that Gp(af,x’) = Gp(x,ait’) = 0, as desired. The Dirichlet
Green function we have found is valid for any ball since it does not care about which particular B.C.
is specified for W(x) on its spherical boundary. When ¥(r’ = a) = 0, the surface integral in eq.
(6.40) vanishes; the volume integral remains the same since it is independent of the B.C. for U. If
U(r" = a) # 0, we must evaluate 9, Gp. In spherical coordinates, this is:

0Gp n 0Gp n 1 a(a® —r?)

on' T O lw=a T 4ma? (r2 4 a2 — 2ar cosy)3/2

depending on whether dS’, the normal to the surface which always points our of the volume, is in the
direction of x’ or in the opposite direction. For instance, the general solution of the inhomogeneous
Laplace equation with B.C. specified on the surface » = a for W is:

1 1 1
v = - [ Fx) S —
\/7'27‘/2/(12 + a2 — 2rr! cosy \/r + 7' = 2rr’ cosy
1 a? — r?
+ — pU( = ds’ 6.48
4t (r=a) a (r? + a? — 2ar cos y)3/2 (6.48)

where the (+) sign refers to the solution for 7 < @ and the (—) sign applies to » > a. In the latter
case, there is an implicit assumption that the integrand, W9, Gp, of the surface integral vanishes at
infinity faster than 1/7"2, When F(x) = 0 everywhere inside the volume where the solution is valid,
we are left with the Laplace equation V?¥ = 0, with solution:

1 a(a® —r?)
4ma? (r2 + a2 — 2ar cosy)3/2

U(x) = + f U(a, 0, ¢") [ ds’ (6.49)

163



Lecture Notes on Mathematical Methods 201920

This has the form of a Poisson integral for the solution of V2 = 0 in three dimensions, with the term
in square brackets the Poisson kernel that we first met in 2-dim form for a disc in the complex plane
in section 4.3.2. In fact, Poisson kernels P, (cos ) are normal derivatives of Dirichlet Green functions
for the Laplacian! Indeed, one shows that for a ball of radius a and surface §2,,_1 in R™:

i(ln]x—x’]—ln ﬂx—%x’) (n=2)
Gp(x,x) = {7\ L "1 (6.50)
T n=2)Qn—1 (\x—x’|"*2 o |(r’/a)x—(a/r’)x’|"*2) (Tl > 2)
leads (EXERCISE) to a unified exprssion valid for n > 2:
1 a® —r?
P e = gv2 - 6.51
- (cos ) wGn| =g ¢ Pyl W (6.51)

Clearly, if ¥(a,0’,¢') # 0 and r > a, F(x) # 0 somewhere in the region r < a, and vice-versa.

6.6.4 An important expansion for Green’s Functions in Spherical Coordinates

The angular dependence in the Green functions such as derived above is quite complicated and may well not yield
a solution in closed form when integrated, so it is often sensible to use a expansion appropriate to the coordinate
system selected for the problem. Indeed, let us do this for the Laplacian in spherical coordinates.

In spherical coordinates, Green functions for the Laplacian operator all satisfy:

ViG(x,x) = 6(x — %)

= —5(r—1") Z Z Y (0,0 Yim (0, 6) (6.52)

=0 m=—1

where the completeness relation (5.53) for spherical harmonics has been invoked.
We shall look for an expansion over separable terms of the form:

(o) l
=30 gl ) Y0, ¢)Yim (0, ¢)

=0 m=-1

Inserting into eq. (6.52), we immediately find that g;(r, ') must satisfy the radial equation:
r Vzgl(r ') = d, [7’2 d,g;(r, 7“/)] — 11+ 1) g, (r,r") =6(r—1")

We now find ourselves in the familiar territory of 1-dim Green-function problems and Sturm-Liouville operators.
For instance, we can connect with eq. (6.13) for a 1-dim Dirichlet Green function. We take t) = a and ¢; = b,
corresponding to two concentric spheres of radius a and b,
We have a(r’) = 2 and, with f; = r! and fo = r—H), W (') = —(21 + 1)/ Also, let ro = min(r, 1)
and r~ = max(r,r’). It takes only a straightforward computation to arrive at (EXERCISE):
!

Ym 0/ (25/ Ym( (25) a21+1 T‘l 1
Z Z 2ll+1 1—(la/b)2l+1] <rl< IR b2lil S (6.53)

T« TS

Inspection of the last two factors shows that this expression vanishes at 7 = a and r = b (and when 1’ = a or
r’ = b), as it should. We did not have to require this since it is built in the derivation of the 1-dim Dirichlet Green
function. Two important cases:

[e%) l
Y (0, 8)Yim(0,6) rt 1
Gp(x,x) = > > im =2 - (a=0) (6.54)
e Lo (20 + 1) b2+ rb
7 m(e ¢) 1 a2l+1 l
Gp(x,x) = Yim (9 l -7 (b — ) (6.535)
>3 B (-
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The first expression gives the Green function inside a sphere of radius b; the second one, outside a sphere of radius
a and all the way to infinity. When there are no boundary surfaces, we obtain over all space:

[%S) l 1

1 r N

GxxX) = =3 > 5 1 Vim0, 8)Yim (0, 9) (6.56)
=0 m=-1 >

Comparing with eq. (6.42) with £ = 0 also yields a useful expansion of the ubiquitous distance factor 1/|x — x/|.

When 0 < r < b (interior case) we can immediately rewrite (EXERCISE) the surface integral in eq. (6.40) as:

>y [ oo la(e’,¢’>d9’] (%) Yiu0.0)

=0 m=—1

where U (b, 0’ ¢') is specified on the surface 7 = b. The normal derivative of the Green function on the surface,
0G/on' = 0G/0r'| ,_,, has been evaluated for 7« = r and - = 7’ since 7 < r’ = b. Also, the surface element
on a sphere of radius b is d.S’ = b?d()’. This expression is still rather complicated, but it simplifies considerably
if U(b,0’,¢') exhibits a symmetry (eg. azimuthal). Also, if one can write W(b,6’, ¢’) as a linear combination of
spherical harmonics, the angular integration becomes trivial due to the orthonormality of the harmonics, and only
a few terms in the sums might contribute.

6.6.5 An Elliptic Problem with a Twist: the Time-independent Schrodinger Equation

The time-independent Schrodinger equation (TISE) for a potential V' (x) takes the following suggestive form:

(V2 + E)9(x) = = V(%) ¥(x) (6.57)
where k? = 2mFE /h?. Although the right-hand side is not inhomogeneous, this in no way invalidates our previous
results.

For bound states (E < 0) of an attractive potential, k> = A < 0, and we have the integral equation:

m e—/@|x—x’\

 21h? |x — x/|

P(x) = V() p(x')d*a’

with k2 = —2mE /h?. A somewhat simpler integral expression may be derived by writing the left-hand side of eq.
(6.57) as its Fourier representation, and viewing V' (z)1)(x) as the Fourier transform of the convolution [V x ¢](k)
(see section 5.5.4):

. 2 1 .
- / (K + r*)ip(k) >’k = h—T [7(%)3 7 / V(k —K)p(K)d° | **d’k

Extracting 1(k), there comes:

_ 2m Vik —K)o(K) 3,
vik) =~ (27)3/2 12 / EEEE

See p. BF414 for more details and an application to the Yukawa potential.
For unbound states (F > 0), k2 = X > 0, and we can immediately write the Lippmann-Schwinger equation:

A iq9-x m e:l:iq|x—x" " 3
(27)3/2 e - 2 h2 x — x| V(x') 1/’((1 J(x)d%a! (6.58)

gt (x) =

with ¢ = \/2mFE /h?.
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The asymptotic form of the Lippmann-Schwinger equation is of particular interest. When r >> 7/, we can
expand |x — x'| = V72 — 2x - X’ + 712 ~ r — fi- X/, with i = x/r. Inserting into the integral equation yields:

+ A iax m_ et igh-x/
w((l )(x) = (271')3/2 eldx _ 57 /e:F q V(X/) w(:l:) (X,) 32

A ) etiar
— iq-x

This expression represents the spatial dependence of a superposition of a plane wave and a scattered spherical
wave propagagating inward or outward from the origin. The function f(q) is called the scattering amplitude; it
also obeys an integral equation, eq. BF7.75, and its square modulus is directly related to experimental data.

6.7 A Hyperbolic Problem: the d’Alembertian Operator

With the Fourier integral representation (note the different normalisation and sign in the exponentials!):

1 [ ;
U(x,t) = o U (x,w)e “ dw

U(x,w) = /00 (x,t) et dt (6.59)

—00

we can transform a typical inhomogeneous wave equation:
OW(x,t) = V2U(x,t) — Ciz OFW(x,t) = F(x,t)
where F'(x,t) is a known source, to its Helmholtz form:
(V2 + ¥ (x,w) = F(x,w) (6.60)

where k% > 0 can be taken as a short form for (w/c)?.

Just as for the Laplacian operator, there exist Green functions for V2 + k2; we have found them a little earlier
in eq. (6.43):

) 1 e:l:lkR
G“Y(R) = 6.61
(R) = - — = (6.61)
where R = |x — X/|.
Now we are ready to derive the full Green functions for the d’ Alembertian operator, which satisfy:
OcG(x,t;x',t) = d(x—x')o(t —t) (6.62)

or, in the frequency domain: _
(V2 + EHG(x,x,w,t') = d(x —x/) !

Assume separable solutions of the form G(x,x’ )ei“t/; inserting into this equation, we get from (6.60) the
solutions G*(x,x',w,t') = —elFrl+wt) /4R Then, transforming back to the time domain and using the
representation (5.16) for the 4-function yields the Green functions:

1 R / 1 5( [t F R/c])
(£) ! Y — iw[£R/cH(t' —t)]
G (x,t;x,t) = 32 / e dw = I (6.63)

In higher dimensions, Green functions can contain §-functions and so may not be actual functions!
Using eq. (6.62), we also recognise that:

O, / / GH(x,t;x', ') F(x, 1) /d3 ’/ NOGH (x, ;% t)dt' = F(x,t)
allspace
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has the generic form OV (x,t) = F(x,t), which shows that the general solution of a wave equation with sources
can be written either as the retarded solution:

U(x,t) = Upn(x,t) + / / G (x, t: %, 1) F(x, 1) P dt!

1 F(X/, tret)
A7 |x — X/|yet

= Ui(x,t) — d3z/ (6.64)

or, equivalently, as the advanced solution:

U(x,t) = Your(x,t) + // G (x, ;% ') F(x', ') d3 dt’

1 F(X/, tadv)
A7 |x — xX/|ady

= Woue(x,t) — d3z’ (6.65)
where the suffixes ret and adv stand for the fact that ¢’ must be evaluated at the retarded time ¢, =t — R/c, or
the advanced time ¢,4, = t + R/c. This ensures the proper causal behaviour of the solutions, in the sense that,
eg., the solution at time ¢ is only influenced by the behaviour of the source point x” at time t — R/c. Wi, and Wyt
are possible plane-wave solutions of the homogeneous wave equation for ¥. Most often they can be taken to be
Zero.

6.8 Initial Value Problem with Constraints

The Initial Value Problem (IVP) consists in finding which data must be specified at a given time for the time
evolution of variables to be uniquely determined by their equations of “motion”.

By initial data, one means the state of the system of variables and their first-order derivatives on a three-
dimensional spacelike hypersurface; usually, this means at some time ¢y everywhere in space. The IVP together
with the evolution equations constitute the Cauchy Problem of the theory. If the IVP can be solved, the dynamical
behaviour of the system can be uniquely predicted from its initial data.

Most often, the equations of “motion” take the form of a set of wave equations, each of the form O0f = F. If
they always told the whole story, the Cauchy problem would be solved by specifying the value of f and its first-
order time derivatives at ¢ = ty. Things are not so simple, however, when there are inherent, built-in constraints
on the initial data. Those constraint equations must be discovered and solved. Also, we must find which initial
data we are allowed to specify freely.

We study in some depth a very important example: Maxwell’s theory. In linear, unpolarised and unmagnetised
media, Maxwell’s equations are:

V-E = 4rkep VxB—Z—matE:zmka

(6.66)
V:B=0 VXxE + 0B =0

where k. and k,, are constants that depend on the system of units, and k. /ky, = c2, with c the speed of light. The
source terms p and J are not independent; indeed, one derives from eq. (6.66) a continuity equation:

1
4k,

Ohp = V- E=-V-J (6.67)

The two homogeneous equations are equivalent to:
E=-0A-V? B=VxA (6.68)

Observe that A is determined only up to a term V f, where f(x,t) is an arbitrary differentiable function. In fact,
if we perform the gauge transformations ® — & — 0;f and A — A + V f, neither E nor B change! We say
that Maxwell’s theory is gauge-invariant.
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The inhomogeneous Maxwell equations (6.66) become second-order equations for ® and A:

V20 + 9V -A) = —drkep
(6.69)

DA - V<V-A + %a;p) = —ArkyJ
C

6.8.1 Second-order Cauchy problem using transverse/longitudinal projections

While eq. (6.69) are gauge-invariant, A and ® themselves are not, at least at first sight. What this means is that
the time-evolution of at least some of the four quantities ® and A cannot be uniquely determined from their initial
conditions and eq. (6.69) since we can always perform an arbitrary gauge transformation on them at some arbitrary
later time ¢, as often as we wish. This is a serious issue which must be understood and addressed if ® and A are to
be of any use at all.

One instructive approach is to note that according to the Helmholtz theorem any differentiable 3-dim vector
field that goes to zero at infinity faster than 1/r may be written as the sum of two vectors:

A =Vu +Vxw
N~~~ N—_——
AL AT

The first term, A1, = Vu, whose curl vanishes identically, is called the longitudinal part (or projection) of A; the
second, AT = V x w, whose divergence vanishes identically, is called the transverse part (or projection) of A.
Since the longitudinal and transverse projections are perpendicular to each other, we can decompose (project out)
Maxwell’s equations for the fields E and B and for the potential A into longitudinal and tranverse parts.
Before we do this, however, we note that since by definition V -J = 0, the continuity equation for the sources
does not involve the transverse part of J . Also, V - A is really V - Ay, and contains no information about A
Project the second equation (6.69). The transverse projection immediately gives:

where we have used the fact a gradient is a longitudinal object. The two transverse components At satisfy a
proper wave equation and correspond to physically observable quantities, in the sense that being transverse, they
are unaffected by A — A + V f, which can change only the longitudinal component Ay,. Therefore, the time
evolution of the two transverse A is not arbitrary and they have a well-posed Cauchy problem.

Now, remembering that 0 = V2 — (0?)/c?, take the divergence of the longitudinal projection of (6.69):

atv2<1>

V-|:DAL — V(V A + 815 >—|—47Tk‘mJL:| :D(V'AL)—VZ(V'AL)— + 47k, V - Jy,

1
= _6_2 8t [at(V . AL) + v2(I) + 4 kep]

where eq. (6.67) has been invoked in the second line. But the terms in the square bracket on that line are just the
first of equations (6.69). Therefore, the longitudinal projection of the second Maxwell equation for the 3-vector
potential contains no information about V - A that is not in the first equation. But that is really an equation for ®
with V - A (more precisely, V - Ar) as a source together with p. Therefore, Maxwell’s theory cannot uniquely
determine the time evolution of the divergence of the 3-vector potential. Nor can it uniquely determine the time
evolution of ®, since P is gauge-variant. Systems whose time-evolution involves arbitrary functions are often
called singular.
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6.8.2 Choices for the divergence of A

Since the theory does not know V - A (and its first-order time derivative for that matter), we have to tell it what it is
by making an arbitrary choice. If we choose V - A to vanish (Coulomb condition), the vector potential becomes
pure transverse (hence the name “transverse gauge also given to this choice), and the equation for & becomes a
Poisson-type equation with solution:

/
B(x,t) = ke / ”;(’i’;)’ a3/ 6.71)

This looks innocuous enough until we realise that any change in the source is instantaneously reflected in the
scalar potential. The Coulomb condition leads to acausal behaviour, which is also a reflection of the fact that the
condition is not relativistically covariant, in the sense that it is not necessarily the same in all inertial frames. But
the equation for ® is not a classical wave equation, and ® does not really propagate as a wave, so one should not
expect proper causal behaviour from it.

The problem is seemingly resolved just by choosing instead the Lorenz condition: V - A = —8;®/c?, which
turns eq. (6.69) into standard wave equations of the type O(potential) = source with causal solution eq. (6.64).
Then one can calculate the energy radiated to infinity following standard treatments (eg. chapter 10 in Griffiths
or chapter 14 in Jackson) and find that the scalar potential does make a mathematical contribution to the energy
radiated to infinity.. This, however, would not have happened if we had chosen the Coulomb condition. Therefore,
we should not attach any physical significance to that contribution: it arises simply out of consistency with this
particular choice of condition on V - A.

Conditions that do not continue to hold automatically in the future must be enforced by hand at all times. This
could be the case for conditions such as the ones we have imposed. Fortunately, one can show that the Coulomb
and Lorenz conditions propagate forward in time once imposed at initial time. Take for instance the wave equation
for A in eq. (6.69). Impose V - A = 0 and 9;(V - A) = 0 at some time in both the equations for ® and A. Then
take the divergence of the resulting wave equation for A and the time derivative of the resulting equation for @,
and use the continuity equation to obtain:

OV-A) =0

showing that if we choose V - A = 0 and 0;(V - A) = 0 at t = ¢y, it remains the same for all time. Similarly, it
is trivial to show that imposing the Lorenz condition everywhere in space at ¢ = t( also leads to a wave equation
for V- A.

Note also that the energy radiated to infinity can be calculated solely in terms of B and, therefore, of A,
without ® being involved. In fact, since B =V x (A, + A1) =V x A, only the two transverse components
of A contribute! These are independent of any choice, and thus entirely physical (contrary to assertions sometimes
made that the electromagnetic potential is not as physical as the fields because it is not gauge-invariant—now we
know that this only applies to Ay, and P).

6.8.3 First-order Cauchy problem

Now consider this same Cauchy Problem from the point of view of the fields EE and B. Taking the curl of the
first-order curl equations (6.66), we arrive at:

OE = 47k, Vp + 4dnky, 0,J
(6.72)
OB = —47k, V xJ

These look like wave equations for six quantities. But only those of their solutions which also satisfy the
first-order field equations (6.66), including at t = ty, are acceptable.

The two first-order divergence equations contain no time derivatives and are thus constraints on E and B at

t = tg. The constraint equation on E can be rewritten V2u = p, a Poisson-type equation which can be solved

for w at initial time so long as p falls off faster than 1/ at infinity). In the case of B, the scalar field u satisfies
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a Laplace equation everywhere and is therefore zero. So B has no longitudinal component, only a transverse one
just as we had found at the end of the previous section. In both cases, the longitudinal component is either zero or
can be solved for at ¢, so cannot be freely specified.

Now look at the two first-order Maxwell field equations (6.66) which contain time derivatives. Suppose we
specify E and 9,E at t = t,, which are needed to solve the 2"-order equations, eq. (6.72). Then the two transverse
components of B are determined by V x B = 47k, J + O,E/ c?; 0,B is determined, also at t = tg, by the curl
equation for E. Therefore, once we have specified the two transverse components of E and their time derivatives,
Maxwell’s first-order equations take over and determine the others at ¢t = ¢y. Alternatively, we could have started
with the two transverse components of B; specifying them and their time derivatives at ¢ = £y constrains all the
other field components and time derivatives.

You can also use (exercise) the transverse/longitudinal projections of the first-order equations (6.66) to show
that in source-free space, only the transverse components of EE and B obey a classical wave equation.

Thus, the results of the first-order Cauchy-data analysis are fully consistent with the second-order analysis on
A only two transverse components correspond to independent, physical dynamical degrees of freedom, Also, one
of the advantages of this Cauchy analysis is that it does not rely on some particular solution, but is valid for any
electromagnetic field and potential.

Addendum: The Lorenz condition V - A = —3,®/c?, which is imposed in almost all treatments of electromag-
netic radiation, could lead you to believe that ® and the three components of A propagate to infinity, whereas |
hope to have convinced you that only the transverse components of A do.

The Lorenz condition relates the longitudinal component of A to ®. Now I will show that Ay, can be made to
disappear without affecting Maxwell’s equations for the fields and the potentials.

The key observation is that one can change both A and ® to new functions that still obey the Lorenz condition.
Indeed, let f be some scalar function that satisfies the homogeneous wave equation O f = V2f — cigaf f=0.
Then add V2f to V - A and Elgc?tzf to —0;®/c? to obtain:

V(A4 Vf) = —c%at(cﬁ — o) 6.73)
This shows that gauge-transformed potentials still satisfy the Lorenz condition! As noted before, it is important to
keep in mind that since the transformation shifts A by a gradient, which is a longitudinal object, it does not affect
the transverse components of A.

Now, for the first time, we shall have to look at actual solutions of the wave equations for A and ®. To make
things as simple as possible, take plane-wave solutions A = Agel(¥*~%!) where the z-axis has been aligned along

the direction of propagation, and ® = ®(e'(**—«*) Then:
VA =0,4, = ikAgeF*, B® = —iwdel (ke —wt)

Inserting into the Lorenz condition with w/k = c yields, as expected, a relation between the longitudinal compo-
nent A, and ®: Ay, = Pg/c.
Now fold in f = foe!(**=%") into eq. (6.73) for the gauge-transformed potentials, to get:

ik (Aoy + ik fo)eB7 =0 — 12 (B) + iw fo) ko)
(&

Since fj is arbitrary, we can choose it to cancel Ag,, which at the same time gets rid of ®¢, leaving us with the
transverse components of A only!

Although the analysis under the Lorenz condition is quite a bit more involved than with the Coulomb condition,
the conclusions are the same: only the two transverse components of A propagate, in the sense that they carry
energy to infinity.
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