
Review of Einstein Solid

We have determined

• Multiplicity:  Ω(N,q)

• Entropy:  S = k lnΩ

• Temperature-Energy relation:  
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Determination of Entropy

• Example of heating 200 g water from 20 ºC to 100 ºC



Residual Entropy

• Some solids are composed of molecules, frozen in place

Multiplicity of an Ideal Gas

• More complicated than previous examples

– Ω is now a function of volume as well as energy (U) and 
total number of particles

• Start with a monatomic ideal gas

– Kinetic energy of U and in container of volume V 

– Just one atom in the gas!

• What does the multiplicity of this system depend on?

– Number of different ways of “arranging” gas atom

– Depends on position and momentum



Ideal Gas

Multiplicity depends on:

• Volume

– Double the size of the gas container and twice as many 
“position” states are available to the gas atom

• Momentum

– The more different momentum vectors the gas atom can 
have, the more states that are available

Can think in terms of position space and momentum space…

One Atom Ideal Gas

• Momentum space

– A point in momentum space is coordinate in (px, py, pz) 

– This corresponds to the momentum vector for the gas atom

• For one atom ideal gas, multiplicity is

Ω1 ∝ V Vp

• Can calculate volume available in position space, but what 
momenta are available for the gas atom?

– Limited by kinetic energy of gas atom
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One Atom Ideal Gas (cont.)

• Equation defines surface of a sphere in momentum space with 
radius of ~√⎯U

– Volume of accessible states in the momentum space is 
really the surface area of this sphere ~ R2 ~U
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Two Atom Ideal Gas

Now, what if there are two particles in the ideal gas

• How will this change the multiplicity?

– Position space:  volume goes from V to V 2

– Momentum space:  not so easy

– Surface area of a 6-dimensional hypersphere with radius

~ √⎯ U:   function  of  r d-1
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N Atom Ideal Gas

Extend this to N atom ideal gas

• Position space:  VN

• Momentum space:  

Surface area of 3N-dimensional hypersphere with radius √⎯ U

• Looking at limit for large N

From Quantum Mechanics,

Vp ∝ 2mU( )3N−1
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Entropy of an Ideal Gas (cont.)

• For example, a mole of He at room temperature and 
atmospheric pressure:

– Use ideal gas law (V=RT/P); U=3RT/2; mass of He = 4 mp

– Entropy of an ideal gas depends only on its volume, energy 
and number of particles

– If we only change the volume, then the entropy change is:
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≈ Nk ln 330,000( )+ 2.5( )=126 J/K
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Sackur-Tetrode Equation

• Free Expansion

– No heat, no work, but entropy increases!

• Entropy of Mixing

Creating Entropy

gas vacuum



More on Multiplicity of Ideal Gas
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