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Part 1: The meaning and calculation of uncertainty

Outline:
1.1 Tllegitimate Errors
1.2 Accuracy versus Precision
1.3 Recording Error
1.4 What is meant by statistical uncertainty?
1.5 Error propagation
1.6 Examples of error propagation
1.7 The Normal distribution
1.8 Weighted average & standard deviation of the mean
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diameter clrc correlation
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Part 2: The least-squares method of fitting data

Outline:
2.1 Fitting a function to data
2.2 Definition of
2.3 Finding the best fit
2.4 Uncertainty in fit parameters
2.5 Linear and polynomial fit solutions
2.6 Including x uncertainty
2.7 Goodness of fit
2.8 Summary
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Chi-square hypersurface as a function of two parameters.

FIGURE 8.2
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2
6.3 MUINLMLIZING X~

To find the values of the coefficients 4 and b that yield the minimum value for

X7, we set to zero the partial derivatives of y? with respect to each of the
parameters

d

= ]
2 2

—xt=—Y|S(—a—b

aa” da b _criz(’v’ . <)

- .
-23, F(yf—-a—bx,.) ={

(6.10)

. B 1 hr
I vy — g — z
b~ ab Z_gl.z(y* a = bx)

X A
= -2): U—;(yi—a —bx))| =0

These equations can be rearranged as a pair of linear simultaneous
equations in the unknown. parameters a and b:

1 X;
Los=al 5 +bL
o; a;

(6.11)
Vi

X, x?’
L5 =a),—5+b),—
oy’ a7

O'i-
The solutions can be found in any one of a number of different ways, but,
for generality we shall use the method of determinants. (See Appendix B.) The
solutions are

Noem
1 ot o chl
a=— 2 —Z E *E Z
AZX'J’E in A
cr,-.z G'iz
1 ¥
Z_ o
117 gf o’ SRR X o Vi
b=l _x oz (E 2 L7 "2“32—2') (6.12)
I | ] o-t' a.l.
2_2 2 2
i o '
1 x; o
2 Ll 12 my
A= x x2 =Z;§Za'-3——(2__°)
kS A I
oF "o

For the Specxa] case in whmh all Lhe uncertamtles are equal (o = o;), they
cancel and the solutions may be written

Z)"; ):'.xf ]_
1[N Iy, 1 :
T A |zx sz.}y. = & (NLxy, — Laly) - (6.13)
N Lx;

A=

Tx T = NIx? - (Zx,)°



‘paisy] OS[R 2IB (§1'9) UONENDH WO PIIe|no|es
N_a_:mshuu:n BJEp UOWLIOD PasiAel alfl Uo paseq ‘%o pue o sapuIejIasun pasmal
1'0 =jdwexg Iog ‘g’ PUB 1°Q SSQEL Ul PaJs ale ‘SIIEUINSI 101D TeuIsLo

a3 woyy pagnojes ‘%o pue o sigjewesed oYl Ul SA[UIENSIUN LT,
“(£1'9) uonenbd Aq uaad v pue (C1°9) uonenby Aq UIAID O YIM

(¢z'0) RZH fn pue ‘HNH =0
a z T Z
T .nb

_ Y 0} 2Inpal suolh

-gnba ssaip) ‘o = lo Y4 Ul sapuIEIacUn DOWIIOD JO 35ED {eads ay) 103

(zz'9) 2rY.
I I
N.b m_b”wmmaw mH v
A x 1 1 1 £ |H-I
p R 2o ln n In I
ol e (& [ S
[Zajasgrragee- (Fr)5a)
Ao o o In n In ) 1=f
= b 2 2 ol A
: !4 1 HHN 1 NHHN . 1 H I Nham T

of
Jo 10} pUE

%/

: ) ; o v
(1z9) o Ex-=
. 1
f
Fid lmwww.ww 2l
T ES TR ET
o ‘o o o _ o o b~ |y
T E z z € - T &
—_— T, l—i.ll _— —_— T — —— —_— —_—u
(Eajga-gagarte (F3)Tf
I o to_ to,_ Jo ‘o .y i=f
7 .«l+.rlww..”wuﬁl| E YT =0
! {4 2ar J g 1 (A
A Ir W xS x T T EE\ 1 Jo 'y

‘.0 10] UTEIQO am *gurienbs pue (G1°9) uonenby o uols
-ga1dya (e1aual oyl WM stapenbs 25213 Sunnqmoy Iy sajqeiIEA Juapuadopul
a1} JO PUB 530UBLIEA A1 JO A[uo SuououN] BIE SPANEALIAP 341 JEl oj0u IM

mwwmmlmm D)y _le
R e I S
ﬁON.mUV t f ! f . I
. Pl R ity dhis v_te
x =y Ix 111 ve

(219 uopenby JO SOAHBALISP eried ap
oYuE} am g pue v srojoureled aU3 Ul S8IUIELLAIUN I auIgIap 03 ‘SN

) :
(610} Lol g =70
o\ 20 . e

' iz JO UOHBUWIIAP 1) UO DABY
spnod BIEp U3 IBY) S103Y2 AR YA syujed BiEP ai3 jo o suOpElAGD PIUPUEIS
ot J0 s1ompoxd sy} Jo solenbs oy JO wns a4y 58 (01°E) uopenbyg Aq ueAld St 7
fa75uieiad o) J0 _4 20UBLIEA 311 ‘gaijule)Isntn UI2MIag SUONERLIOD ganpoiul
pnom taigm ‘510113 BLAIFAS Surioud] "UONBUIISIEP [euy 00 ul AjulEiraaun
13 0] AJU1ELI0UN UMO 511 JO UOHIRY 305 PaNgIIUDS SBY (oES pUe siajaweled
217 JO UOHRUILLISIAP U3 W pasn ussq sey 4 sjuiod eyep Imo Jo goeg ¢ 1mdeyD
u] Passnasip poyleu uopesedold oita S 280 am ‘ainpadoid Buply Jno
ur ¢ pue v §jualYgI0d 341 Jo UOREWIIS? Y1 Ul Huiendun 3y puy 01 1ap1o uf

sIaAWBIRg YY) Ul SAYJUIEIROUY




AN
!
5|

i
¥

I
!
b

|
s

s

3
Eo s sl

!.,#% L

[
K__;,_m

|
v és

AN [ [ I &%)
i
13

Y nedan

E-‘?’

X i i i t ]

I
P i H

SRRl T
: ~ st ;
[ A
i ! |

2.1 '! L I -

] | i i

-
21
o

€

]
|
|

L N
SN N .
{‘1
1
]
,

-

i ¢ : t : i

'(
)

Y

really s
>
—

i i |
" i i !
H ' ! i ' H ; i i i : i t
SECJNUUY NS NN SO SNOTINE S MUV SN OIS S S S . i I ! : i i !
: ! i : i : i e B R SIS IS WSS (P NS DU SOOI SV S
P I i [ T |
J ¢ ! [ { i 1 i ! ! H
; LSS A R | i ‘
! i ; | . | I o} Lo H i
8 .ka ; i } i 1 i i i i :
i i : i ! i h 1 ; ! J H i i
i

1 Rasre




grojameied oMl JO 9JUBHEBAGD o1 “Arrefruls G uonenby 2as) o .._BuEmmem
a1} JO UOREBUMINGP SU1 uo sey jued e3Ep [oBa jey) 109p9e 31 30 um« s
o) Aq patjdinu Ip syuod ejep 9 Jo Yoea JO SAOUTLIEA _w_.: JO ums ﬂw I
1p ymoweted Aue JO UOIBUILIDIAP AU H Ajue1a90uUN o1 10} 70 JO SouELIEA AL

10117 JO uonewysy

Tppop

ANN.FU . | Mg = Amuﬁv&%ﬁmnﬂuc‘mw. NN = Nkmm ‘j\.

ALI9p [B1}TRd-SS0ID puoaas A} pus

g1 siajourered yons oMy o} 1oadsal UM SADE
= 3 H . ]
=4 Nb ﬁm

. 1
(1z'L) COVAM GRS Lem =%

Lt

ty 1pyowreied Areijqle fue 0] 1padsal OHM ,X 30 QALJEALISP

Jenzed al) 10} SRy M "oL) uonenbyg WO -grojoweled ol O uuunmuw

E.E X 10 S3AIBALIOD puooas oif) ) 24 uoya jueiedde SSW0034 duysuolye)s

u:.r.r wuummm Hu.duEEmn. u] uououny X o 3o aImjesln atf) DMHM_MMMHQSEB
put 24monina aU) pofied st © yjen JAnew

S Jo osnEmed H _‘ ! g xipuaddy U] passnasip

§1 xplL ® uo. uoistoau] 92U, "S[qE{IBAE Anipeai oIe SouUNnOl wndined g

.mu@.uo MO[ A194 JO sadLjElt 103 1dadxe ‘ampao01d 2dus s 30U S Afjeraued SIL

. wimew au3 ey seambar (61°L) gojenbg Jo ©ORNOS SUL
paansy o @ M ’ «(91°£) uonenbd 4q noad axe §,7g U} S1GM

in 1= 1=% .
. LI E 1Y = Q«m*nu ..N =1n
(oz'L) (=) : X m X
gp passaldxa aq OS[E UEd 61°L) uonpenbyg
(67°L) mg=23g=t
gaAld UOIIM
AmH.S B =308 = 2¢

urzIqo M XMl fun ey ‘T = PP = wa
1By} Uons pauyap tp yJEWL 9y} Jo 3 9sIAUl S Aq B ol uo (ET°L)
gonenbs jo sapis Hioq A(dn(nw am ® pafup:liil 1mautered a1f) 103 24105 OL.

tp fp o

. p Nma BBpl = 0 ﬁ.ﬂﬂ
ﬁ..m.._m ﬁv £y [AF3] My .
(o1°L) [y 2o wl=v [ 9] =4

sz uajlm 3q AW sgoLljenl S

SISATYNY oYY aNv NOLLDNGEY YIvd AN

D,

e = w 103 "1 903 }O srajaurered o1 1B B XIJEM MOI SY3 JO SjuaINals 21} pue

(s1'L) Qauﬁ.ﬁavﬁ.% T = "o

. AqQ © XLIj2UI JL2WIUAR 9] JO 95013
o
(b1°2) (x Y4 wﬁ X ="

A pauyap a8 g XLnew Mol 203 JO sjuslis]a 341,
(e1°L) o =g

iy I3pIo JO q[B ‘P Y1OR
alIjommeAs ¥ ita B XLNBII MOI ® JO jonpoad oy pue g XL)elI M0l B U2aMmIaq
aousfoAamba o) S8 TITCY XIIRI- U passoldxa oaq ues (/'f) Suonenbg
. g xipusddy Ul pPassnosip 918 $aIBM
10 sonradold 213 Jo SWIOS "urajqoad uorssaifar opdgjnur a1} FurAos 10] poyIal
yijew [eraual pue juedale 2l0W IIf A[@)gIpowIII SSNOSIP IBYS am ‘potjjai
penmIaiep ou3 ansind wel 1oy “sisjowered peyny I0j jueliodwi Ua)j0
a1 yoim Yo saoueiTeAnd ou) 3O 10U puE /o SOUBLIEA 3} JO SOJRIINSD Pap[Al
A[uO poyyaur IO “0BJ UT PUE ‘S35ES1DUI ucnenba pany Sy} Ul SWI9) JO Jaquinu
o7} SB SNOIPa) 210U UDAS SIUINDAQ BIGAS[E 9T “I9AMOH °T'9 pue T'9 sajdweys
JO 51y IEau]] 93 J0] pasn ROIul o) Fugpuarxa Aq SENUIEIILDUN 9T 1Y PINOI 2M
'y odurexg jo BIEp 913 0] uolenba 19pI0-pUOIAS O3 PANY oM USUM pauIeiqo
oM SIUDIDOJE0D 29I OUi Ul SATIUTRiIAdUN. 31} pomjUIIS}ap 194 J0U 9ABY DM

: Mung_.mﬁ

{
Jou - b _ .
.\. _..i.x, - f&u Q\ -grajaurered o1) Ul Ieaui] jou ole

jEL)} suopounj Sumy [PiM swa[qo3 BuTjpueq 10] sanbruyaa) Yum [Bap [[ers am g
1sdey) U "moissaifar aidpmur 0F paus3lons Aqpensn ‘uorssasdoy tesurf ajdpjn
10 uopssaIdal Jeauy] A[UC SULIOPJSUOD aTE oM My seppawospd Syl ul 123U S

Vo= _
(@) (x)h T = ()

ki

suonenby XTI

uopung
Buryg aul yangm ur swajqold Ajuo FUMISPISUOD Haaq JAEY 9A SNEIAY ‘SISA[RUE
uolssalgal Jo oured je1auad 2] I9pun |je] urpy sa1enbs-1ses] Jo munwmcnuuu =1

NOILOIOS XTHLVIl TL

‘4 Jo SIISW2INEBI I3
W Alule}l20un ai) paleuLlisatepin Apysis wepnis a1 ey ‘sderrad ‘gunsagddns

7.90°0 = §1/9°02 X SO0 = (1t — N )/ X X 0= 50
‘9OUEI1BA 91} JO AJBUINSI UB 0] UILIO 3 “T°L

&

ﬁ.ﬂ ey N LR R I U N Ll ool Lo ]



-g xipuaddy ul passnosip

51 uopRndiue XIEW CXHEW gienbs B puw 1zaulj B 30 jonposd oy puy 03
tgaenbgAgJeaut pus ‘XHIew B 313AUL 0 ‘AU BK SOUIN0OT QYL XL JTEU

‘uonouny SuMy syi Ul SWis) [ENplAlpUl

o) @e|No[Ed 03 32uNnd BONIUM Ay} |feo SIURNOL 2WIYJ, ) pug ® S2MRW
g1 Surpuodsailod ‘e3aq pue eydye sfesre ag) do 125 01 s3uNnoy Jayaxen

“H apuaddy
ur pajsl] aie sauynol [[v 0 Isjdey) UT 0] Paiia)al B1am e} 2UW0S O] ucnIppE Ul
spiun weddoad [RIaAds 5280 we18oad sy, *1°L adwexg Jo ¥ Ul SILIas Jamod a1 107
L d, = 3¥d Y “1andeyd s ul ardurexa yoea J0] voyauny FUmy Ap jo 1oIj09|3s
nurad 3yd o]qEHEA I5]0RIBYD [BOOIE AY1 UD weigoad ay3 Uy sayoueig sjujod elep
N Joaes e o) Mot iTptly grajourered o) Ul JBAWY] SIIEY) wOIUNY Aue Supiyg
1O} 59URNOI J0.198 U S{jUD 1Bay31nW wesord ayj, sweidord Jamdwoed jo djay
olj [jiIM A0S Afensn. 918 gsiajqold uossardar aldnny JBay3ny 1L weidesd

‘gL 9]qu], JO UWnjoa
1sB{ 911 U} pAISY AIE T J[quLiBA juapuadapur 2y} JO an|RA Yo 10] a[qeLies pany-
atpy JO son[@A PAR[OO[ED SUL -q7'L 9qe]L Ui pasedsip pue pare[oe s g =»
siojaweied pajiy oy Jo XjEl jonpoad 3y pue 'qZ'f, AARL W umors Mz sjuamare
WA 3 XNRW S0UELEA S UINA0 OF patloatl SI @ XLei oujawWwAs ayjf, -

‘g7 L AqeL u pade|ds|p aie §20LyBLW gunmsas Y7, (2 Ul Ansuntiss SWnSse
ap) "0T ySneiy) g suwnjod pajsi) aie Yo jo uonE[noEa Y Ul SULA [EnpIAIpul
ayy pue vg'l 9qeL 30 L PUB 9§ suwInjoa Ul paysy s1e Ty pue ¢l jo uopE[MaEd

*3p5°6 10 Aygeqosd
v o Hujpundsaliod wopsall Jo soatdap § J0) 1'6 SUM Iy 9 J0J ﬂk jo anea 94 ‘o puw ¢ jo sanea
pawtuns 9 o Hed 9IRUIPIO0D PEIUEGEIEL £q suopnqiinos (Enpapal U 0 puodsariod “319 il
pue !gf pajiaquj sUMRI0a ST "] sjdwmxg Ul 8 AW §0°Q 90 D) pItunsss S 4 1 AULENISDUTL WIDFIN L

[eev'scz T08'2]=d

[Eevr0  LP6D—]1=1

10-0l X 1CE  g-0T X981~ _ngm.n cgsﬁna
o0l X 98LT—  ¢g-01 X OIET] ooo'ozl  QO¥'Z

s3aITUIA ?:

poo'on's boo'0El  OOVE TLv'ce  0'T0BT

19c€  COOOOOF  000'OF OO oti'tel  9Lger 00l 1 gige  QOT 9
ocy'z  DOD'DYST  000‘ZE 0OV z66'8L  yies - 08 I 54 8 ¢S
oGSt 000'0pY'T  000'vT 0OV ¥86°9E 919 09 1 51 w f
cpt’p 00Q'OKD  O0O'OT OOV ppLIT TEGE or 1 yELe O0F €
010~ Qo0'oel 0008 oy ESY'i—  PEL— 0z 1 ggr'o— 02 1
Lpg0— @ 0 ooy 0 o565~ 0 1 gwo- 0 1
A P e Mmoo G o oy (o oA L E

SyuAWA[R XLIJEUL JO SHEIUOGMI0D puUs we( (7)

Jz ajdwiexa JO LIEP 0] 3y 180U 10] uonnos XEEA
7L ATAVE

re s MEDDTE TNV NOTEDOEY VIV &Y

al)) i suus) jenpIApUl AU, (ST°L) PUR (#1°L) suopenbyg o) Supioade paE{ND|ED
2 ‘m XNEW OLSWuis P JO U oy “ip jo pue ‘g XHIEH MUNOD
ayy Jo sjuewsja ayy ‘¥g JO sanjeA S ‘X JO IN[PA PAINSEIW YD 10 "DT'L aqe],
30 G puE § SULIN|0D Ul PAISY 218 AT, - a[quiiea Juspuadapty} au3 Jo an[eA YoEd
wx=i puel= 14 suopouny SuINy oyl Jo yaea upujuo[ed Aq uiFaq

‘pg-L, S[QET, JO £ PUEB T SUMINO3 3y) Ul paist 318 BIEp oL "AW
GO0 = ‘0 9[qeLrea juspuadap aiy uf Aueneoun UoWIIED 2 pamsse aaet pue 001
pud ) uaamian s[eataInl LT 1T paoeds sjmod ¥s 3Snf pa3aa[as aavY am ‘UOnEINO[UD
oy jo dos yseo ApEaj aous of, ‘7', Spdwexg wey) wep jo cczuuﬁ.um e 0
IEp + 'v = 4 19 aug-ydens e Aq pajyensnyp s poyawW XJew UL .w.h ajdinexy

, -ify = "%y grmyeurered
pany o) JO SIJUELIEAOD PUB SIDUELIBA 3) 9JF SIUSWA[S §)1 251EIAQ fimew
SOUBIITAOD Y} 10 ¥INEL 10113 913 Pajjed sp | _® =3 X[l a51aAU] SYL

-y £q poyuesaidal oI 3 2519AUI
S NM T JO SIUBWRLE Y3 JO §1oNpold PaUNEans Sy} WOIY JNsal qarga ‘XITJBUI
fun 2ig Jo SHUAWS[3 L ¥3 — M3 jey os ‘ornowmAs aq OS[E SO 3 SSISAUL
S| “OUIOUIUAS §1 © X[BLI DINJEAITI AU} SNEIq JEL) 198} 3Y] Pasn 9ART PUE ]

pitz ‘y °7 Sa2pu] AUIIIND 3y} 1940 SWINS 91} JO I3PIO B} PAYDIIIMS ABI] IM a1oym

. 1=

(szL) h My = [My.75] T =
w
i A rer

’ mia s &m”_ N 3l -

w

-
1S

[=d

(O T T fed

o

A.iﬁ..ba el Q_ _4 E.ﬁ gy tof
N — '3 X —_ ! _ l1otw
T M Vf ’ _Mﬂb L=

. © ‘SaATJRALIDP BU) JO Saaenbs
I3 JO Wns pajysem Bl 107 ufeiqo ak (€z'L) uonenby oy Funnnsqns ‘pue

15 1=ty
(bz'L) (xryrfe=rs| -
T t J.um
| ue1qo om A 03 oadsal UM 1z 3O (£7L) UOREADE UY SIAIEALIOP
oty Supje], i€ SSIQEIIEA PAINSEAN QY] UI SANUIE)IIUM UIIMI3Y SUORE|31100 OU
aIe 219t JBY) POMIMSSE DARY 2Mm 233UM ‘(7 = [ 10] Q0UBLIEA Y SaAld 0S[E UDILAY)

e 1L
(ezL) e e ] i
Ipp fop . ¢

&g wonis 5 ‘o pue v

<z
_ @.



g i e e

@
. _%&W—-»Q;Lm _ 125

TABLE 7.3
Ervor matrix from a fit by the matrix method to the data of Tabie 7.1y

8907 x 107%  —3473% 107 2.823 x 10~
—3473%x 1079 1913 % 1070 1783 x 107
2823 x 10797  —1.783 x 1008 1783 % 10~

1The table gives the variances and covariances of the ftted parameters. The values of the
parameters and of x? are listed in Table 7.1.

FitFunc? Fitting function and y? calculation. In general, every problem
requires its own “FitFuncs” routine. For Example 7.1, the individual terms of the
power series in x, which are required for the matrix fitting method, are calculated

by the function Power Func selected through a branch on the variable PAE in the
function Funct.

™~ When we .use the matrix method to fit a polynomial function to a data
sample, the resulting parameters must be identical to those calculated by the
determinant method, but we also obtain the full error matrix. The error matrix
obtained by fitting of a second-degree polynomial to the complete data sample
of Example 7.1 is listed in Table 7.3.

The error matrix can be used to estimate the uncertainty in a calculated
result, including the effects of the correlations of the errors. As an example, let
us suppose that we wish to find the predicted value of the voltage V' and its
uncertainty for a temperature of exactly 80°C. We should calculate

V=a; +a,T +aT* (7.26)
using the parameters determined by the fit to the data. The uncertainty in the

calculated value of ¥V, which results from the uncertainty in the parameters, is
given by Equation (3.13),

T G SN 2
st=|— o+ |T— o+ |\ — | oy
da, da, das |

o (av vy v e\t
+2 oh +2|l——— | o5 +2

Ea_lhé_&; da, da,

Vv )2

= 1 * Ell + Tl * 622 + T4 '633 -+ 2(T " 512 Ji" TZ 4 Els + T3 '523) . (7-27)

‘where ¢, and so on are the covariant terms in the symmetric error matrix. If we

used only the diagonal terms in the error matrix, our result would be V' = (2.45
+ 0.14) V. However, the off-diagonal terms are mainly negative, and including
them reduces the uncertainty by almost a factor of 10 to 0.015, so that we
should quote ¥ = (2.45 + 0.02) V.
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