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Cornu Spiral for use in Question 4, part (a):  please remove this page and include it with your exam book.
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APPENDIX:  Some Helpful Formulae and Equations
Classical Model
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Diffraction Optics

 Up = – 4 π
i k  e-iωt ∫∫

A

 UA r
eikr

 (cos(∧n,  r ) + 1) dS UP = 4π
1  ∫∫
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 ⎡
⎢
⎣
 U ∂n
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eikr
 – r
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 ∂n
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⎥
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 UP (u,  v) = – 
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i  eik |PS| exp 

 ⎧
⎨
⎩
 2 za

ik  [ xm
2  + ym
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⎬
⎭  ∫∫

A

 Uo (xo, yo) exp { –i [uxo + vyo ]} dxo  dyo

 UP (x, y, z) = – 
λ z z'
i Uo  eik |PS| ∫∫

A

 exp 
 ⎧
⎨
⎩ 2 za

ik  [(xo – xm)2 + (yo – ym)2] ⎫
⎬
⎭  dxo dyo

   xm = z + z'
zx'  + z' x  ; ym = z + z'

z' y + zy'   ; za = z + z'
zz'

Fresnel, sufficient:     
z3 >>  π

4λ
((x − xo )2 + (y − yo )2)2

Fresnel, rectangular apertures:    
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UP  =  
UPo

(1+ i)2  [C(s)  +  iS(s)] u
1

u
2  × [C(s)  +  iS(s)] v

1

v
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Fresnel, circular apertures: 

� 

UP =− iUo eiψ Q(ψ) dψ
o

ψo∫ Fresnel zone radii: rn  =  nλ za
Fraunhofer, sufficient: za >>

π (x02 + y02 )
λ

u  =  k xm
za

and v  =  k ym
za

Special Functions

sinc (α ) ≡   
π α

sin ( πα )
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comb xo
L
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⎟ ≡ L δ xo − nL( )

−∞

∞
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Gaus ( L
xo ) ≡ e-π  (xo/ L)2

rect ( L
xo )  =  { 1 | xo| ≤ 2

L

0 else

cyl ( R
r  )  =  { 1 R

r  ≤  1
0 else

step ( L
xo )  =   {  

0 L
xo  ≤  0

1 L
xo  >  0

Function Fourier Transform

rect (x) sinc (  

δ (x) 1

comb(x) comb( 2π
u  ) 

2π
u  )

Gaus (x) Gaus ( 2π
u  ) 

step (x) 2
1 δ ( 2π

u  )  +  i u
1

cyl ( r ) ( u'
J1 (u'  )  )

where  u  ≡ z
kx  ;   u'  ≡  z

kr ,   the radial-only analogue
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Fourier Transform Relations
  

� 

If  F{g (x, y)}  =  G(u,v)   

� 

and  F{h (x, y)} =  H (u,v)   then
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|ab |

 G  u
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F{g(x − a, y −b)}  =  G(u,v)  e−i(ua+ vb)
  

� 

F{g∗ h} =  G(u,v) H (u,v)

T (xo, yo) = e
ikn  Δo  exp [ - 2f

ik  (xo
2 + yo

2 ) ] transmission function for a lens

x exp −i u x( ) dx
0

a
∫ = −

a exp − iu a( )
iu

+
exp − i ua( ) − 1

u2   
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Gaussian Beams etc.

Ψl,m =  w(z)
Cl,m  H1 [ w(z)

2x  ]   Hm [ w(z)
2y  ]   exp[ - 

w2
x2 + y2

 ] exp [ 
2R

ik(x2+y2) ] e-i(l+m+1)φ eikz

 w2(z) = π
λ zo  
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; R(z) = z
z2 + zo

2
; tan φ = zo

z
  

r1
L

 >>  λ
r2

(11.42)

tan θ
2

 =  w(z)
z

≅  
wo •

z
zo
z

 =  λ
πwo

 ≅  θ
2

   for small   λ
π wo

g1  =  1 −  L
R1
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L2 g1 g2 (1 −  g1g2 )
(g1  +  g2  −  2 g1g2 )2

  0  <  g1 g2  <  1 (11.43)

w1
2  =  Lλ

π
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keff dz
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2
 =  qπ

ωq
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 +  c

n L
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⎛ 

⎝ 
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⎟ −  φ1 + φ2

2
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⎣ 
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⎥  =  q +

(l + m + 1) cos−1( g1g2 )
π
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⎢ 

⎤ 
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⎥ 

cπ
nL

Airy pattern:  U(r, θ ) = − i UA
exp(ik PS )

z
exp ik

2za
xm
2 + ym

2[ ]⎛ 
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J1

k Rr
z
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k Rr
z

∝
J1 kR sin(θ )( )
k Rsin(θ)

Airy disk diameter:  Δr = 1.22 λ z /R;  Δθ = 1.22 λ /R
 F = 1 – R

π R

q(z)
1    =  

R(z)
1   +  

π n w(z)2
i λ q'  = 

Cq + D
Aq + B  

Free space:  
1 L

0 1
Thin lens,  focal length f:

1 0

-f-1 1

Refraction at plane

1 0

0 n2

n1 Curved dielectric:

1 0

n2 R
(n1 - n2)
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lensmaker’s equation: 
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Quantum Optics and Lasers

P (E2)
P (E1)

   =  exp -(E1 - E2) / kBT }{
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ρ(ω) = σBB E(ω) =
n3ω 3

π 2c 3
ω

exp
ω

k
B
T
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I  =  c  ρBB(ω) d(ω )  =  ZSBT4
0
∞∫ ZSB  = 5.67x10-8 W/m2K4 h = 6.6 x 10-34 J•s kB = 1.34 x 10-23

 
J•K-1
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∫ ,    thus   g(ωo )Δω  ≅  1

Doppler:  g(ω)  =  go exp − 4 ln 2  (ω − ωo)2
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and FWHM ΔωD = 2ωo 2kB T  ln 2
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