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Figure 1. The multi-fractional instanton solution of charge Q = k/N . Displayed is a 3D plot of the
profile described by eqn. (2.22) with k = 3, plotted as a function of x1, x2 while keeping x3, x4 fixed.
To enhance visualization, the plot extends to double the periods in x1 and x2. The graph reveals three
lumps, each one described by the function F of (2.22) (itself defined in (B.6)) but with a di↵erent
center. These are represented by red, yellow, and blue, clustered (lumped) around the three distinct
centers. These lumps, however, are closely packed, more akin to a liquid than a dilute gas. Previously,
similar configurations were generated numerically to investigate confinement, as detailed in [19] and
further explored in [20].

by Lµ (µ = 1, 2, 3, 4), satisfy the condition L1L2 = (N � k)L3L4. However, as noted in [13],

these solutions admit more fermion zero modes than necessary to saturate the condensates.

Additionally, in this case, the adjoint matter contributes a source term to the Yang-Mills

equations of motion, rendering these solutions invalid as legitimate backgrounds. To address

this issue and lift the extra fermion zero modes, one can detune the T4 periods by introducing

a small detuning parameter � ⌘ ((N � k)kL3L4 � kL1L2)/
p
L1L2L3L4. This adjustment

allows for the identification of an approximate self-dual solution to the Yang-Mills equations

of motion as a series expansion in �. The price one pays, however, is that such solutions are

fully nonabelian. This method, which originated in [16, 17] for instantons with topological

charge Q = 1/N , was further developed in [18] for Q = k/N , 1  k  N � 1.

The nonabelian solution of topological charge Q = k/N can be represented as a sum

over k closely packed lumps, resembling a liquid of instantons on T4, see Figure 1 for a

visualization. It admits k distinct holonomies in each spacetime direction (the holonomies are

along the Cartan generators of the group U(k)) for a total of 4k holonomies. These constitute

a compact bosonic moduli space of dimension 4k, as per the index theorem. Identifying the

symmetries and determining the shape and volume of this space is crucial for computing the

condensates. Additionally, each lump supports two adjoint fermion zero modes, for a total of

2k zero modes needed to saturate the higher-order gaugino condensates h
Q

k

i=1 tr(��)(xi)i.
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        talk is, ultimately, about nonperturbative effects in YM on compactified :      
                               …  , or its various limits: ,  ,  

ℝ4

𝕋4 ℝ × 𝕋3 ℝ2 × 𝕋2 ℝ3 × 𝕊1

- don’t know that real world does not have a very large , so long as  Hubble𝕋3 ≫

- stat mech: spontaneous symmetry breaking - TD limit, start w/ finite V, e.g.  𝕋3

- lattice is usually   𝕋4

- generalized anomalies involving, e.g. 1-form center symmetry, revealed on  
   space with two-cycles, e.g.   𝕋4

- various YM theories: semiclassically calculable on , , ,  𝕋4 𝕋3 × ℝ 𝕋2 × ℝ2 𝕊1 × ℝ3

 one may ask -even in a “Physical Math” seminar-  why, as not the real world?!

provided compact space <<  Λ−1

reveal unusual fractionally charged objects which disorder Wilson loops 
interesting insight (at a price - not enough to get Clay Prize)… but best there is, so far 
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1. Motivation for  , instantons in SU(N)Q =
r
N

, ∀r ∈ ℕ

brief review of physics role: confinement and chiral symmetry breaking 

’t Hooft ~’80:

 

twisted b.c.

modern: 


topological -form gauge field background,

for -form (“center”) symmetry

ℤ(2)
N

ℤ(1)
N
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’t Hooft also found the only analytic, constant-F, solutions  ’81  - return to later …
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first some applications:

- burried in van Baal’s 1984 (!) PhD thesis, unpublished chapter III:
multi-branched structure of YM -vacuum on small spatial θ 𝕋3

in effect, discovered -periodicity/center-symmetry anomaly ( - ) θ ℤ(0)
2 ℤℕ

(1)

- Madrid group 1980’s-1993-… González-Arroyo, García Perez…-

1st example of “adiabatic continuity” 

- Ünsal, Yaffe, Shifman,…’07-… 
- Ünsal, Tanizaki,…’20-… also González-Arroyo, Montero… ’98-‘00 

small-volume -> large-volume - González-Arroyo, García Perez,… ’93-…

ℝ3 × 𝕊1
ℝ × 𝕋3

ℝ2 × 𝕋2

ℝ × 𝕋3 → ℝ4

- see Cox, Wandler, EP ‘2106
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small-volume -> large-volume continuity: 
- González-Arroyo, García Perez,… ’93-…

ℝ3 × 𝕊1
ℝ × 𝕋3

ℝ2 × 𝕋2

when : weak-coupling , semiclassics ΛNL𝕋k ≪ 1 SU(N) → ℤN or U(1)

dilute gas of fractional instantons, Q=1/N, disorders Wilson loop
( -restoration, confinement)ℤ(1)

N
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fractional instantons

monopole-instantons

center vortices

for : strong-coupling -limit, numerically show continuityΛNL𝕋k → ∞ ℝ4

( -restoration, confinement)ℤ(1)
N



- Ünsal, Yaffe, Shifman,…’07-… 

- Ünsal, Tanizaki,…’20-… also González-Arroyo, Montero… ’98-‘00 

small-volume -> large-volume continuity: 
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dilute gas of fractional instantons, Q=1/N, disorders Wilson loop
( -restoration, confinement)ℤ(1)

N

fractional instantons

monopole-instantons

center vortices

all related!

all related to fractional instantons on  by changing shape/twists…𝕋4
- González-Arroyo, García Perez ’98; Ünsal et al; Tanizaki et al ’24; Wandler ’24;…. some analytic some numeric

- 1998-2024-



when : weak-coupling , semiclassics ΛNL𝕋k ≪ 1 SU(N) → ℤN or U(1)
there are remarkably few [exactly two: a.), b.) below] analytic solutions available; 

semiclassics uses solutions found by minimizing lattice actions (give idea of size, etc.)

-  all semiclassics (string tensions etc.) only up to  numbers  (“semiclassical yet not analytically calculable”) 𝒪(1)



SU(3) charge 2/3 on a (very!) detuned torus - courtesy of A. Cox 2025



when : weak-coupling , semiclassics ΛNL𝕋k ≪ 1 SU(N) → ℤN or U(1)
there are remarkably few [exactly two: a.), b.) below] analytic solutions available; 

semiclassics uses solutions found by minimizing lattice actions (give idea of size, etc.)

-  all semiclassics (string tensions etc.) only up to  numbers  (“semiclassical yet not analytically calculable”) 𝒪(1)

   order-  gaugino condensate in SYM on      result via ADHM r 𝕋4 ≡ ℝ4

Hollowood, Khoze et al, 2000 (noncancelling determinants (!) corrected only in 2014 Anber, Teeple, EP)

Anber, EP 2022-2024

Dorey et al 2001

used some of ’t Hooft’s  solutions       + our understanding of their moduli 𝕋4

- except two:

    superpotential in SYM on  due to BPS monopole-instantons ℝ3 × 𝕊1 a.)

b.)

1.

2.



1. Motivation for  , instantons in SU(N)Q =
r
N

, ∀r ∈ ℕ
brief review of their physics role

,  for : weak-coupling, semiclassics


fractional instantons argued to disorder Wilson loops (  restoration, confinement)  
& responsible for chiral symmetry breaking  

- e.g. SYM + many nonSUSY examples, including QCD-like 

ℝ4−k × 𝕋k ΛNL𝕋k ≪ 1

ℤ(1)
N

demonstrating continuity of the  limit: via lattice simulations or SUSY nonrenormalizationℝ4−k × 𝕋k → ℝ4

I think that, to a theorist, the semiclassical regime gives enough motivation to 
desire a better understanding of fractional instantons: their structure, moduli…

summary of

end of motivation.
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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SU(N) solutions we study depend on ; where k, r ∈ ℕ N = k + ℓ, ℓ ∈ ℕ

 is arbitary,  can be also an integer, including 1r Q

’t Hooft also found the only analytic, constant-F, solutions  ’81



n12 = − r, n34 = 1

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.

– 6 –

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.

– 6 –

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =
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!
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In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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Imposing the U(N) self-duality (BPS) condition demands that the torus sides are tuned

U(N) BPS :
L1L2

L3L4
=

kq1 � r

kq3
=

`q1
`q3 + 1

=) kq1 = r`q3 + r. (2.16)

As indicated above, the U(N) BPS condition imposes constraints on the integer U(1)-fluxes
q1,3. Note in particular, that for specific choices of r, k there are U(N) self-dual backgrounds
with only q1 or q3 nonzero, but not both.

We can also project out the U(1) to find the SU(N) field strength from (2.15), obtaining
for F = F � IN

N trF ,

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
, (2.17)

implying the SU(N) BPS condition:

SU(N) BPS :
L1L2

L3L4
=

`r

k
, (2.18)

clearly, a less restrictive condition than the U(N) self-duality (2.16) and independent of q1, q3.
We now continue with the U(N) vector potentials that give rise to (2.15, 2.17). These

obey the boundary conditions with the transition functions (2.9, 2.10). For now, we do not
include moduli. Recalling the expression for ! from (2.6), we write the vector potentials as

A2 = �!

✓
rx1

NkL1L2

◆
, A4 = �!

✓
x3

N`L3L4

◆
, A1 = A3 = 0 ,

a2 = �IN
2⇡(r � q1N)x1

NL1L2
, a4 = IN

2⇡(1 + q3N)x3
NL3L4

, a1 = a3 = 0 . (2.19)

To continue, we now switch to an index notation, to be used throughout the paper. We
split the SU(N) indices into C 0, D0, ... = 0, ..., k � 1 and C,D, ... = 0, ...` � 1. This notation
will allow us to include the general allowed moduli. Thus, we rewrite the SU(N) part of the
background (2.19) as follows. The k ⇥ k components of the background are:

A1 C0D0 = ��C0D0 2⇡` �1 C0 , A2 C0D0 = ��C0D0 2⇡` (
rx1

NkL1L2
+ �2 C0) (2.20)

A3 C0D0 = ��C0D0 2⇡` �3 C0 , A4 C0D0 = ��C0D0 2⇡` (
x3

N`L3L4
+ �4 C0)

where the allowed SU(k) ⇥ U(1) ⇢ SU(N) moduli are labelled �µ C0 . Their properties are
explained in the next paragraph, see (2.22). The remaining part of the SU(N) background
is in the `⇥ ` part of SU(N):

A1 CD = �CD 2⇡k �̃1, A2 CD = �CD 2⇡k (
rx1

NkL1L2
+ �̃2) (2.21)

A3 CD = �CD 2⇡k �̃3, A4 CD = �CD 2⇡k (
x3

N`L3L4
+ �̃4),
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SU(`)⇥U(1) within SU(N), where `+k = N . To describe the solutions, we begin by defining
the U(1) generator

! = 2⇡diag

2

64`, `, ..., `| {z }
k times

,�k,�k, ...,�k| {z }
` times

3

75 , `+ k = N, (2.6)

and further introduce the matrices P` and Q`, the `⇥ ` shift and clock matrices:

P` = �`

2

666664

0 1 0 ...

0 0 1 ...

...

... 0 1

1 0 ... 0

3

777775
, Q` = �` diag

h
1, e

i2⇡
` , e2

i2⇡
` , ...

i
, (2.7)

which satisfy the relation P`Q` = ei
2⇡
` Q`P`. The factor �` ⌘ e

i⇡(1�`)
` ensures that detQ` = 1

and detP` = 1. Pk, Qk and �k are defined similarly.
Then, recalling the cocycle conditions (2.1), we take the nontrivial twists nµ⌫ to be22

n12 = �r , n34 = 1 , r 2 N. (2.8)

The SU(N) transition functions are given in a gauge where the field strength itself is mani-
festly constant (rather than only the gauge invariants associated with it) [3]

⌦1 =

"
P�r
k e

i2⇡`r
x2

NkL2 0

0 e
�i2⇡r

x2
NL2 I`

#
, ⌦2 =

"
Qk 0

0 I`

#
,

⌦3 =

"
e
i2⇡

x4
NL4 Ik 0

0 e
�i2⇡k

x4
N`L4 P`

#
, ⌦4 =

"
Ik 0

0 Q`

#
. (2.9)

These are combined [22] with the following abelian transition functions

!1 = e
i
2⇡(r�q1N)x2

NL2 , !3 = e
�i

2⇡(1+q3N)x4
NL4 , !2 = !4 = 1 , (2.10)

where, for definiteness, we take q1 and q3 to be nonnegative integers.23 It is straightforward
to check that the SU(N) and U(1) transition functions obey (2.1) with nµ⌫ from (2.8).

The U(1) transition functions (2.10) determine the fluxes of f = da through the 12 and
34 planes (equal to 1/N -th of the corresponding first Chern characters ch1(F)):

Z

T2
(x1,x2)

ch1(F)

N
=

Z

T2

dx1dx2
f12
2⇡

= � r

N
+ q1,

Z

T2
(x3,x4)

ch1(F)

N
=

Z

T2

dx3dx4
f34
2⇡

=
1

N
+ q3, (2.11)

22We stress that all transition functions given below have nontrivial dependence on the absolute value of r,
not only modulo N .

23In our moduli space analysis, beginning with Section 3.4, we will take q1 = q3 = 0.
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A(x + ̂eνLν) = Ωμ(x)(A(x) − id)Ω−1
μ (x)

SU(N) solutions we study depend on ; where k, r ∈ ℕ N = k + ℓ, ℓ ∈ ℕ

 is arbitary,  can be also an integer, including 1r Q



n12 = − r, n34 = 1

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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SU(N) solutions we study depend on ; where k, r ∈ ℕ N = k + ℓ, ℓ ∈ ℕ

 is arbitary,  can be also an integer, including 1r Q

Imposing the U(N) self-duality (BPS) condition demands that the torus sides are tuned

U(N) BPS :
L1L2

L3L4
=

kq1 � r

kq3
=

`q1
`q3 + 1

=) kq1 = r`q3 + r. (2.16)

As indicated above, the U(N) BPS condition imposes constraints on the integer U(1)-fluxes
q1,3. Note in particular, that for specific choices of r, k there are U(N) self-dual backgrounds
with only q1 or q3 nonzero, but not both.

We can also project out the U(1) to find the SU(N) field strength from (2.15), obtaining
for F = F � IN

N trF ,

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
, (2.17)

implying the SU(N) BPS condition:

SU(N) BPS :
L1L2

L3L4
=

`r

k
, (2.18)

clearly, a less restrictive condition than the U(N) self-duality (2.16) and independent of q1, q3.
We now continue with the U(N) vector potentials that give rise to (2.15, 2.17). These

obey the boundary conditions with the transition functions (2.9, 2.10). For now, we do not
include moduli. Recalling the expression for ! from (2.6), we write the vector potentials as

A2 = �!

✓
rx1

NkL1L2

◆
, A4 = �!

✓
x3

N`L3L4

◆
, A1 = A3 = 0 ,

a2 = �IN
2⇡(r � q1N)x1

NL1L2
, a4 = IN

2⇡(1 + q3N)x3
NL3L4

, a1 = a3 = 0 . (2.19)

To continue, we now switch to an index notation, to be used throughout the paper. We
split the SU(N) indices into C 0, D0, ... = 0, ..., k � 1 and C,D, ... = 0, ...` � 1. This notation
will allow us to include the general allowed moduli. Thus, we rewrite the SU(N) part of the
background (2.19) as follows. The k ⇥ k components of the background are:

A1 C0D0 = ��C0D0 2⇡` �1 C0 , A2 C0D0 = ��C0D0 2⇡` (
rx1

NkL1L2
+ �2 C0) (2.20)

A3 C0D0 = ��C0D0 2⇡` �3 C0 , A4 C0D0 = ��C0D0 2⇡` (
x3

N`L3L4
+ �4 C0)

where the allowed SU(k) ⇥ U(1) ⇢ SU(N) moduli are labelled �µ C0 . Their properties are
explained in the next paragraph, see (2.22). The remaining part of the SU(N) background
is in the `⇥ ` part of SU(N):

A1 CD = �CD 2⇡k �̃1, A2 CD = �CD 2⇡k (
rx1

NkL1L2
+ �̃2) (2.21)

A3 CD = �CD 2⇡k �̃3, A4 CD = �CD 2⇡k (
x3

N`L3L4
+ �̃4),
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been "twisted." One must temporarily introduce also periodic boundary con- 
ditions in the Euclidean time direction and then the string state is obtained by 
handling twists in the space-time direction in a certain way. We will explain in 
Sect.2 how the twist is defined and how it is related to the center Z(N) in the 
case that the gauge group is SU(N). We will see that the twist is labeled by six 
integers n~ defined modulo N. 

Field configurations with any twist are not difficult to write down, and it 
was soon realized that they do not always have integer Pontryagin number 
[1]: 

g2 
16n 2 ~ TrG~vd"~d4x=v N '  (1.1) 

box 

where v is any integer and 

_ 1 (1.2) K---~ nuv flu~ = n12 n34 -t- n13 n4 2 + nl ¢ n2 3, 

is also integer. 
If ~: is not divisible by N then the total action of the field configurations 

with twists nu~ is bounded: 

. a _ ,  ] r G G  > m i  ~g~: V -N  (1.3) ~Gu~Gu~=~TrGu~Gu~> ½~ ~ n . 

The question is: can we always saturate the bound, or equivalently, is there 
a solution to the equation 

1 Gu~ = ~ G~ = Ou~, (1.4) 

for all integer values of v and nu~? In particular if only the space-space 
components of n~ are non-zero, then K=0 and there should be a solution of 
G,~=0. Indeed, such field configurations were found [3] and that marks a 
difference between the non-Abetian SU(N) theory and the Abelian theory, 
because in the latter all twists must carry a finite amount  of action. In Sect. 3 
we show in a simple way, that whenever v-~</N=O there is such a field 
configuration. 

Next, if nlz=n34=l  and all other nu~ vanish, then the lower bound (1.3) 
amounts to 8nZ/g 2N. Saturating this bound means that we have non-trivial 
field configurations surviving in the usual N ~  ~ limit, because in that limit 
gZN is kept fixed [4]. We show in Sect. 4 how to construct configurations with 
such an action. All our solutions will be represented in a suitably chosen gauge 
that makes them look essentially translationally invariant and Abelian. How- 
ever, considering the difficulty we had in finding them it looked worth-while to 
publish the result. 

2. The Boundary Conditions 

We have four coordinates x~ with 

O<x~,<a~,, # = t . . . . .  4, (2.1) 
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Since the c~n~ are constrained to be some simple rational numbers we find that 
some or all ratios between the a n are restricted to simple rational numbers. 

Let us consider more closely the case -n12  =n34=1 ,  res t=0.  Let us search 
for solutions with 

16g  2 
Tr Gn~ Gn~=Tr G,v Gnv- VN ' (4.17) 

that is, we have to choose fin,, as small as possible. Therefore, 

Au~=Bn~ =0 ,  

S I =  -1, 
t2 =b /3  ~---Y4---~ 1 , 

rest = 0. 

Note  that here we could drop the restriction on N. We have 

fl12 = l /N kal a2 
~34 : 1/g E a 3 a 4 .  

(4.18) 

Therefore we have a solution if 

a 1 a 2 E N - k  
a 3a 4 = k =  k (4.19) 

This restriction is typical for this kind of solution. If more twists are non-zero 
we get more constraints on the periods a n. I f  all n ,~+0  then the squares of all 
ratios are restricted to similar rational numbers. 

5. Conclusion 

We found solutions with non-vanishing Pontryagin number  only if the ratios 
of the sides a,  of the box satisfy certain relations, containing simple rational 
numbers. We have not gone through the labor of finding the most complete 
generalization of these solutions (for instance one might suggest to split N into 
three or more integers rather than two). More important  is the observation 
that they exist. Many solutions will be gauge transformations of each other, 
but it is impossible to transform a solution with one set (k, ~) into one with 
different k and ~, because the eigenvalues of Gn~ are different. If  solutions exist 
for all a n then it seems to us that the functional dependence on a n will be 
complicated. 

It is important  that we have solutions with total action decreasing as 
1/g2N for N ~ oe, so that they will certainly survive in the usual N ~  co limit 
[4]. The implications of that for the N--~ oe theory are however not clear to the 
author. 
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n12 = − r, n34 = 1

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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SU(`)⇥U(1) within SU(N), where `+k = N . To describe the solutions, we begin by defining
the U(1) generator

! = 2⇡diag

2

64`, `, ..., `| {z }
k times

,�k,�k, ...,�k| {z }
` times

3

75 , `+ k = N, (2.6)

and further introduce the matrices P` and Q`, the `⇥ ` shift and clock matrices:

P` = �`

2

666664

0 1 0 ...

0 0 1 ...

...

... 0 1

1 0 ... 0

3

777775
, Q` = �` diag

h
1, e

i2⇡
` , e2

i2⇡
` , ...

i
, (2.7)

which satisfy the relation P`Q` = ei
2⇡
` Q`P`. The factor �` ⌘ e

i⇡(1�`)
` ensures that detQ` = 1

and detP` = 1. Pk, Qk and �k are defined similarly.
Then, recalling the cocycle conditions (2.1), we take the nontrivial twists nµ⌫ to be22

n12 = �r , n34 = 1 , r 2 N. (2.8)

The SU(N) transition functions are given in a gauge where the field strength itself is mani-
festly constant (rather than only the gauge invariants associated with it) [3]

⌦1 =

"
P�r
k e

i2⇡`r
x2

NkL2 0

0 e
�i2⇡r

x2
NL2 I`

#
, ⌦2 =

"
Qk 0

0 I`

#
,

⌦3 =

"
e
i2⇡

x4
NL4 Ik 0

0 e
�i2⇡k

x4
N`L4 P`

#
, ⌦4 =

"
Ik 0

0 Q`

#
. (2.9)

These are combined [22] with the following abelian transition functions

!1 = e
i
2⇡(r�q1N)x2

NL2 , !3 = e
�i

2⇡(1+q3N)x4
NL4 , !2 = !4 = 1 , (2.10)

where, for definiteness, we take q1 and q3 to be nonnegative integers.23 It is straightforward
to check that the SU(N) and U(1) transition functions obey (2.1) with nµ⌫ from (2.8).

The U(1) transition functions (2.10) determine the fluxes of f = da through the 12 and
34 planes (equal to 1/N -th of the corresponding first Chern characters ch1(F)):

Z

T2
(x1,x2)

ch1(F)

N
=

Z

T2

dx1dx2
f12
2⇡

= � r

N
+ q1,

Z

T2
(x3,x4)

ch1(F)

N
=

Z

T2

dx3dx4
f34
2⇡

=
1

N
+ q3, (2.11)

22We stress that all transition functions given below have nontrivial dependence on the absolute value of r,
not only modulo N .

23In our moduli space analysis, beginning with Section 3.4, we will take q1 = q3 = 0.
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A(x + ̂eνLν) = Ωμ(x)(A(x) − id)Ω−1
μ (x)
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Imposing the U(N) self-duality (BPS) condition demands that the torus sides are tuned

U(N) BPS :
L1L2

L3L4
=

kq1 � r

kq3
=

`q1
`q3 + 1

=) kq1 = r`q3 + r. (2.16)

As indicated above, the U(N) BPS condition imposes constraints on the integer U(1)-fluxes
q1,3. Note in particular, that for specific choices of r, k there are U(N) self-dual backgrounds
with only q1 or q3 nonzero, but not both.

We can also project out the U(1) to find the SU(N) field strength from (2.15), obtaining
for F = F � IN

N trF ,

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
, (2.17)

implying the SU(N) BPS condition:

SU(N) BPS :
L1L2

L3L4
=

`r

k
, (2.18)

clearly, a less restrictive condition than the U(N) self-duality (2.16) and independent of q1, q3.
We now continue with the U(N) vector potentials that give rise to (2.15, 2.17). These

obey the boundary conditions with the transition functions (2.9, 2.10). For now, we do not
include moduli. Recalling the expression for ! from (2.6), we write the vector potentials as

A2 = �!

✓
rx1

NkL1L2

◆
, A4 = �!

✓
x3

N`L3L4

◆
, A1 = A3 = 0 ,

a2 = �IN
2⇡(r � q1N)x1

NL1L2
, a4 = IN

2⇡(1 + q3N)x3
NL3L4

, a1 = a3 = 0 . (2.19)

To continue, we now switch to an index notation, to be used throughout the paper. We
split the SU(N) indices into C 0, D0, ... = 0, ..., k � 1 and C,D, ... = 0, ...` � 1. This notation
will allow us to include the general allowed moduli. Thus, we rewrite the SU(N) part of the
background (2.19) as follows. The k ⇥ k components of the background are:

A1 C0D0 = ��C0D0 2⇡` �1 C0 , A2 C0D0 = ��C0D0 2⇡` (
rx1

NkL1L2
+ �2 C0) (2.20)

A3 C0D0 = ��C0D0 2⇡` �3 C0 , A4 C0D0 = ��C0D0 2⇡` (
x3

N`L3L4
+ �4 C0)

where the allowed SU(k) ⇥ U(1) ⇢ SU(N) moduli are labelled �µ C0 . Their properties are
explained in the next paragraph, see (2.22). The remaining part of the SU(N) background
is in the `⇥ ` part of SU(N):

A1 CD = �CD 2⇡k �̃1, A2 CD = �CD 2⇡k (
rx1

NkL1L2
+ �̃2) (2.21)

A3 CD = �CD 2⇡k �̃3, A4 CD = �CD 2⇡k (
x3

N`L3L4
+ �̃4),
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L1L2

L3L4
=

`r

k
, (1.2)
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In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.
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14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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Imposing the U(N) self-duality (BPS) condition demands that the torus sides are tuned

U(N) BPS :
L1L2

L3L4
=

kq1 � r

kq3
=

`q1
`q3 + 1

=) kq1 = r`q3 + r. (2.16)

As indicated above, the U(N) BPS condition imposes constraints on the integer U(1)-fluxes
q1,3. Note in particular, that for specific choices of r, k there are U(N) self-dual backgrounds
with only q1 or q3 nonzero, but not both.

We can also project out the U(1) to find the SU(N) field strength from (2.15), obtaining
for F = F � IN

N trF ,

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
, (2.17)

implying the SU(N) BPS condition:

SU(N) BPS :
L1L2

L3L4
=

`r

k
, (2.18)

clearly, a less restrictive condition than the U(N) self-duality (2.16) and independent of q1, q3.
We now continue with the U(N) vector potentials that give rise to (2.15, 2.17). These

obey the boundary conditions with the transition functions (2.9, 2.10). For now, we do not
include moduli. Recalling the expression for ! from (2.6), we write the vector potentials as

A2 = �!

✓
rx1

NkL1L2

◆
, A4 = �!

✓
x3

N`L3L4

◆
, A1 = A3 = 0 ,

a2 = �IN
2⇡(r � q1N)x1

NL1L2
, a4 = IN

2⇡(1 + q3N)x3
NL3L4

, a1 = a3 = 0 . (2.19)

To continue, we now switch to an index notation, to be used throughout the paper. We
split the SU(N) indices into C 0, D0, ... = 0, ..., k � 1 and C,D, ... = 0, ...` � 1. This notation
will allow us to include the general allowed moduli. Thus, we rewrite the SU(N) part of the
background (2.19) as follows. The k ⇥ k components of the background are:

A1 C0D0 = ��C0D0 2⇡` �1 C0 , A2 C0D0 = ��C0D0 2⇡` (
rx1

NkL1L2
+ �2 C0) (2.20)

A3 C0D0 = ��C0D0 2⇡` �3 C0 , A4 C0D0 = ��C0D0 2⇡` (
x3

N`L3L4
+ �4 C0)

where the allowed SU(k) ⇥ U(1) ⇢ SU(N) moduli are labelled �µ C0 . Their properties are
explained in the next paragraph, see (2.22). The remaining part of the SU(N) background
is in the `⇥ ` part of SU(N):

A1 CD = �CD 2⇡k �̃1, A2 CD = �CD 2⇡k (
rx1

NkL1L2
+ �̃2) (2.21)

A3 CD = �CD 2⇡k �̃3, A4 CD = �CD 2⇡k (
x3

N`L3L4
+ �̃4),
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SU(`)⇥U(1) within SU(N), where `+k = N . To describe the solutions, we begin by defining
the U(1) generator

! = 2⇡diag

2

64`, `, ..., `| {z }
k times

,�k,�k, ...,�k| {z }
` times

3

75 , `+ k = N, (2.6)

and further introduce the matrices P` and Q`, the `⇥ ` shift and clock matrices:

P` = �`

2

666664

0 1 0 ...

0 0 1 ...

...

... 0 1

1 0 ... 0

3

777775
, Q` = �` diag

h
1, e

i2⇡
` , e2

i2⇡
` , ...

i
, (2.7)

which satisfy the relation P`Q` = ei
2⇡
` Q`P`. The factor �` ⌘ e

i⇡(1�`)
` ensures that detQ` = 1

and detP` = 1. Pk, Qk and �k are defined similarly.
Then, recalling the cocycle conditions (2.1), we take the nontrivial twists nµ⌫ to be22

n12 = �r , n34 = 1 , r 2 N. (2.8)

The SU(N) transition functions are given in a gauge where the field strength itself is mani-
festly constant (rather than only the gauge invariants associated with it) [3]

⌦1 =

"
P�r
k e

i2⇡`r
x2

NkL2 0

0 e
�i2⇡r

x2
NL2 I`

#
, ⌦2 =

"
Qk 0

0 I`

#
,

⌦3 =

"
e
i2⇡

x4
NL4 Ik 0

0 e
�i2⇡k

x4
N`L4 P`

#
, ⌦4 =

"
Ik 0

0 Q`

#
. (2.9)

These are combined [22] with the following abelian transition functions

!1 = e
i
2⇡(r�q1N)x2

NL2 , !3 = e
�i

2⇡(1+q3N)x4
NL4 , !2 = !4 = 1 , (2.10)

where, for definiteness, we take q1 and q3 to be nonnegative integers.23 It is straightforward
to check that the SU(N) and U(1) transition functions obey (2.1) with nµ⌫ from (2.8).

The U(1) transition functions (2.10) determine the fluxes of f = da through the 12 and
34 planes (equal to 1/N -th of the corresponding first Chern characters ch1(F)):

Z

T2
(x1,x2)

ch1(F)

N
=

Z

T2

dx1dx2
f12
2⇡

= � r

N
+ q1,

Z

T2
(x3,x4)

ch1(F)

N
=

Z

T2

dx3dx4
f34
2⇡

=
1

N
+ q3, (2.11)

22We stress that all transition functions given below have nontrivial dependence on the absolute value of r,
not only modulo N .

23In our moduli space analysis, beginning with Section 3.4, we will take q1 = q3 = 0.
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A(x + ̂eνLν) = Ωμ(x)(A(x) − id)Ω−1
μ (x)

SU(N) solutions we study depend on ; where k, r ∈ ℕ N = k + ℓ, ℓ ∈ ℕ
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These are combined [22] with the following abelian transition functions
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i
2⇡(r�q1N)x2

NL2 , !3 = e
�i

2⇡(1+q3N)x4
NL4 , !2 = !4 = 1 , (2.10)

where, for definiteness, we take q1 and q3 to be nonnegative integers.23 It is straightforward
to check that the SU(N) and U(1) transition functions obey (2.1) with nµ⌫ from (2.8).

The U(1) transition functions (2.10) determine the fluxes of f = da through the 12 and
34 planes (equal to 1/N -th of the corresponding first Chern characters ch1(F)):
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22We stress that all transition functions given below have nontrivial dependence on the absolute value of r,
not only modulo N .

23In our moduli space analysis, beginning with Section 3.4, we will take q1 = q3 = 0.
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n12 = − r, n34 = 1

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.
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(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)
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unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :
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0 2⇡
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!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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Imposing the U(N) self-duality (BPS) condition demands that the torus sides are tuned

U(N) BPS :
L1L2

L3L4
=

kq1 � r

kq3
=

`q1
`q3 + 1

=) kq1 = r`q3 + r. (2.16)

As indicated above, the U(N) BPS condition imposes constraints on the integer U(1)-fluxes
q1,3. Note in particular, that for specific choices of r, k there are U(N) self-dual backgrounds
with only q1 or q3 nonzero, but not both.

We can also project out the U(1) to find the SU(N) field strength from (2.15), obtaining
for F = F � IN

N trF ,

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
, (2.17)

implying the SU(N) BPS condition:

SU(N) BPS :
L1L2

L3L4
=

`r

k
, (2.18)

clearly, a less restrictive condition than the U(N) self-duality (2.16) and independent of q1, q3.
We now continue with the U(N) vector potentials that give rise to (2.15, 2.17). These

obey the boundary conditions with the transition functions (2.9, 2.10). For now, we do not
include moduli. Recalling the expression for ! from (2.6), we write the vector potentials as

A2 = �!

✓
rx1

NkL1L2

◆
, A4 = �!

✓
x3

N`L3L4

◆
, A1 = A3 = 0 ,

a2 = �IN
2⇡(r � q1N)x1

NL1L2
, a4 = IN

2⇡(1 + q3N)x3
NL3L4

, a1 = a3 = 0 . (2.19)

To continue, we now switch to an index notation, to be used throughout the paper. We
split the SU(N) indices into C 0, D0, ... = 0, ..., k � 1 and C,D, ... = 0, ...` � 1. This notation
will allow us to include the general allowed moduli. Thus, we rewrite the SU(N) part of the
background (2.19) as follows. The k ⇥ k components of the background are:

A1 C0D0 = ��C0D0 2⇡` �1 C0 , A2 C0D0 = ��C0D0 2⇡` (
rx1

NkL1L2
+ �2 C0) (2.20)

A3 C0D0 = ��C0D0 2⇡` �3 C0 , A4 C0D0 = ��C0D0 2⇡` (
x3

N`L3L4
+ �4 C0)

where the allowed SU(k) ⇥ U(1) ⇢ SU(N) moduli are labelled �µ C0 . Their properties are
explained in the next paragraph, see (2.22). The remaining part of the SU(N) background
is in the `⇥ ` part of SU(N):

A1 CD = �CD 2⇡k �̃1, A2 CD = �CD 2⇡k (
rx1

NkL1L2
+ �̃2) (2.21)

A3 CD = �CD 2⇡k �̃3, A4 CD = �CD 2⇡k (
x3

N`L3L4
+ �̃4),
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SU(N) solutions we study depend on ; where k, r ∈ ℕ N = k + ℓ, ℓ ∈ ℕ

 is arbitary,  can be also an integer, including 1r Q

moduli?
constant connections

must commute with Ωμ

 such moduli∃4gcd(k, r)

-

-
Anber, EP 2307

ϕ = diag(a1, a2, . . . , ak

k

, a, a, . . . , a

ℓ

)

ac = a[c−r]k, a1 + a2 + . . . + ak + ℓa = 0
[c − r]k ≡ c − r (mod k), [k]k ≡ k

where

explicitly, ∀ μ :
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
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EFT does not capture the compact nature of some of the fields, such as brane positions in
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Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
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1.2.2 A concrete example illustrating the brane picture and moduli space
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unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.
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L3L4
=
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k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
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, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN
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In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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Imposing the U(N) self-duality (BPS) condition demands that the torus sides are tuned

U(N) BPS :
L1L2

L3L4
=

kq1 � r

kq3
=

`q1
`q3 + 1

=) kq1 = r`q3 + r. (2.16)

As indicated above, the U(N) BPS condition imposes constraints on the integer U(1)-fluxes
q1,3. Note in particular, that for specific choices of r, k there are U(N) self-dual backgrounds
with only q1 or q3 nonzero, but not both.

We can also project out the U(1) to find the SU(N) field strength from (2.15), obtaining
for F = F � IN

N trF ,

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
, (2.17)

implying the SU(N) BPS condition:

SU(N) BPS :
L1L2

L3L4
=

`r

k
, (2.18)

clearly, a less restrictive condition than the U(N) self-duality (2.16) and independent of q1, q3.
We now continue with the U(N) vector potentials that give rise to (2.15, 2.17). These

obey the boundary conditions with the transition functions (2.9, 2.10). For now, we do not
include moduli. Recalling the expression for ! from (2.6), we write the vector potentials as

A2 = �!

✓
rx1

NkL1L2

◆
, A4 = �!

✓
x3

N`L3L4

◆
, A1 = A3 = 0 ,

a2 = �IN
2⇡(r � q1N)x1

NL1L2
, a4 = IN

2⇡(1 + q3N)x3
NL3L4

, a1 = a3 = 0 . (2.19)

To continue, we now switch to an index notation, to be used throughout the paper. We
split the SU(N) indices into C 0, D0, ... = 0, ..., k � 1 and C,D, ... = 0, ...` � 1. This notation
will allow us to include the general allowed moduli. Thus, we rewrite the SU(N) part of the
background (2.19) as follows. The k ⇥ k components of the background are:

A1 C0D0 = ��C0D0 2⇡` �1 C0 , A2 C0D0 = ��C0D0 2⇡` (
rx1

NkL1L2
+ �2 C0) (2.20)

A3 C0D0 = ��C0D0 2⇡` �3 C0 , A4 C0D0 = ��C0D0 2⇡` (
x3

N`L3L4
+ �4 C0)

where the allowed SU(k) ⇥ U(1) ⇢ SU(N) moduli are labelled �µ C0 . Their properties are
explained in the next paragraph, see (2.22). The remaining part of the SU(N) background
is in the `⇥ ` part of SU(N):

A1 CD = �CD 2⇡k �̃1, A2 CD = �CD 2⇡k (
rx1

NkL1L2
+ �̃2) (2.21)

A3 CD = �CD 2⇡k �̃3, A4 CD = �CD 2⇡k (
x3

N`L3L4
+ �̃4),
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SU(N) solutions we study depend on ; where k, r ∈ ℕ N = k + ℓ, ℓ ∈ ℕ

 is arbitary,  can be also an integer, including 1r Q

moduli?
constant connections

must commute with Ωμ

 such moduli∃4gcd(k, r)

-

-
Anber, EP 2307“missing moduli”: 


unless gcd , not enough to satisfy index theorem(k, r) = r
Schwarz; E. Weinberg; Taubes ’77-‘82 dim(moduli) = 4NQ = 4r

gcd  is only possible for , hence, e.g. all  have this issue(k, r) = r r < N Q ≥ 1



for gcd :  flat connections are all the moduli; described moduli space globally(k, r) = r
Anber, EP 2307, 2408

used integral over this moduli space to calculate -point ( ) gaugino condensate, 

agrees with Dorey et al ADHM calculation on  

r r < N
ℝ4



for gcd :  flat connections are all the moduli; described moduli space globally(k, r) = r

Figure 1. The multi-fractional instanton solution of charge Q = k/N . Displayed is a 3D plot of the
profile described by eqn. (2.22) with k = 3, plotted as a function of x1, x2 while keeping x3, x4 fixed.
To enhance visualization, the plot extends to double the periods in x1 and x2. The graph reveals three
lumps, each one described by the function F of (2.22) (itself defined in (B.6)) but with a di↵erent
center. These are represented by red, yellow, and blue, clustered (lumped) around the three distinct
centers. These lumps, however, are closely packed, more akin to a liquid than a dilute gas. Previously,
similar configurations were generated numerically to investigate confinement, as detailed in [19] and
further explored in [20].

by Lµ (µ = 1, 2, 3, 4), satisfy the condition L1L2 = (N � k)L3L4. However, as noted in [13],

these solutions admit more fermion zero modes than necessary to saturate the condensates.

Additionally, in this case, the adjoint matter contributes a source term to the Yang-Mills

equations of motion, rendering these solutions invalid as legitimate backgrounds. To address

this issue and lift the extra fermion zero modes, one can detune the T4 periods by introducing

a small detuning parameter � ⌘ ((N � k)kL3L4 � kL1L2)/
p
L1L2L3L4. This adjustment

allows for the identification of an approximate self-dual solution to the Yang-Mills equations

of motion as a series expansion in �. The price one pays, however, is that such solutions are

fully nonabelian. This method, which originated in [16, 17] for instantons with topological

charge Q = 1/N , was further developed in [18] for Q = k/N , 1  k  N � 1.

The nonabelian solution of topological charge Q = k/N can be represented as a sum

over k closely packed lumps, resembling a liquid of instantons on T4, see Figure 1 for a

visualization. It admits k distinct holonomies in each spacetime direction (the holonomies are

along the Cartan generators of the group U(k)) for a total of 4k holonomies. These constitute

a compact bosonic moduli space of dimension 4k, as per the index theorem. Identifying the

symmetries and determining the shape and volume of this space is crucial for computing the

condensates. Additionally, each lump supports two adjoint fermion zero modes, for a total of

2k zero modes needed to saturate the higher-order gaugino condensates h
Q

k

i=1 tr(��)(xi)i.
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picture from 2307.04795,  
Mohamed Anber (Durham) & EP

 Q =
3
N

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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this is a Q=3/N example,  shown in one 2-plane (double size shown)

obviously not constant solution, but an approximate one, related to it 
analytically via the “ -expansion” (González-Arroyo et al, 2000)
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for gcd :  flat connections are all the moduli; described moduli space globally(k, r) = r
Anber, EP 2307, 2408
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< Q < 1
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Anber, Cox, EP 2504 in we understood how these  moduli appear, 

using a QFT analysis of the self-dual small perturbations 

                                                                                      (very technical story…)

4r − 4gcd(k, r)

when the “missing” moduli are turned on, solutions become non-constant, i.e. constant-F are measure zero!

2. QFT: constant-  solutions and “missing moduli”Fend of:
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- our results from 2504 much easier to obtain via D-branes, hence I now describe this 
- my hope, as I discuss at the end, is that via D-branes, one can go further… 

used integral over this moduli space to calculate -point ( ) gaugino condensate, 

agrees with Dorey et al ADHM calculation on  

r r < N
ℝ4



3. -branes and the “missing moduli”D
- our results from 2504 much easier to obtain via D-branes, hence I now describe this 

- my hope, as I discuss at the end, is that via D-branes, one can go further… here I need help! 

…D-branes in type II are the natural place for self-dual configurations: ADHM via branes
steps:

embed the constant-   solutions  into  bundle on   … QFTF SU(N) (N, k, r) U(N) 𝕋4

constant-   flux -> worldvolume of   wrapped on   (8 supercharges)ℱ U(N) N Dp+4 𝕋4

T-duality in two (choice of transition functions)   directions removes flux, turns into stacks of 
 wrapped on intersecting 2-cycles on the dual , preserving 8 supercharges

𝕋4

Dp+2 𝕋̃4

moduli space locally = Higgs branch supersymmetric vacua 

                                      of -dim 8 supercharge worldvolume theory p + 1

-> exactly our results from 2504, essentially with no calculation (except of intricate brane wrappings)

1.

2.

3.

Witten; Douglas ‘90s



Finally, for a T4 whose shape does not obey (1.2), there is a tachyon in the spectrum
of open strings connecting the intersecting branes. The final point of tachyon condensation
should be a minimum action space-time dependent instanton. In QFT, approximate analytic
solutions were constructed via the “�-expansion” [7, 8, 16] and one naturally wonders whether
string theory tools can be useful in this regard.

2 Field theory: embedding fractional instantons on T4 in U(N)

2.1 The Chern characters of the twisted SU(N)⇥ U(1)/ZN bundle

We consider YM theory on T4 with a SU(N)⇥ U(1)/ZN bundle. We take ⌦µ and !µ to be
the SU(N) and U(1) transition functions, respectively, which satisfy the cocycle conditions

⌦µ(x+ ê⌫L⌫)⌦⌫(x) = ei
2⇡nµ⌫

N ⌦⌫(x+ êµLµ)⌦µ(x) ,

!µ(x+ ê⌫L⌫)!⌫(x) = e�i
2⇡nµ⌫

N !⌫(x+ êµLµ)!µ(x) , (2.1)

upon traversing T4 in any direction. The vectors {êµ} are unit normals in the µ = 1, 2, 3, 4

directions, and Lµ are the length of cycles of T4. The integers nµ⌫ satisfy nµ⌫ = �n⌫µ and are
defined (mod N). Notice the negative sign difference in the ZN phases of the two equations in
(2.1), which ensures the combined transition functions satisfy proper U(N) cocycle conditions.
The U(N) transition functions are

⌃µ(x) = ⌦µ(x)!µ(x), (2.2)

satisfying the cocycle condition

⌃µ(x+ ê⌫L⌫)⌃⌫(x) = ⌃⌫(x+ êµLµ)⌃µ(x) . (2.3)

The U(N) gauge field A obeys the boundary conditions

A⌫(x+ êµLµ) = ⌃µ(x)(A⌫(x)� i@⌫)⌃
�1
µ (x) . (2.4)

The U(N) background Aµ can be split it into a U(1) part, denoted by aµ, and an SU(N)

part Aµ:

Aµ = Aµ + 1N aµ , trAµ = 0, aµ =
1

N
trA. (2.5)

Similarly, F = F + INda ⌘ F + INf , with trF = 0 and f = 1
N trF (IN is the unit matrix).

The boundary conditions for A and a are determined by ⌦µ and !µ, respectively, as in (2.4).
In previous research (from the earliest [3, 32], to [7, 8] and the present-day [15–18, 22,

23]), constant field strength SU(N) instantons (and some properties of their non-constant
deformations) on a twisted T4, characterized by topological charges QSU(N) = r/N were
extensively examined. As a quick reminder, one uses ’t Hooft’s idea [3] of embedding SU(k)⇥
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Ω ∈ SU(N) :

ω ∈ U(1) :

Finally, for a T4 whose shape does not obey (1.2), there is a tachyon in the spectrum
of open strings connecting the intersecting branes. The final point of tachyon condensation
should be a minimum action space-time dependent instanton. In QFT, approximate analytic
solutions were constructed via the “�-expansion” [7, 8, 16] and one naturally wonders whether
string theory tools can be useful in this regard.

2 Field theory: embedding fractional instantons on T4 in U(N)

2.1 The Chern characters of the twisted SU(N)⇥ U(1)/ZN bundle

We consider YM theory on T4 with a SU(N)⇥ U(1)/ZN bundle. We take ⌦µ and !µ to be
the SU(N) and U(1) transition functions, respectively, which satisfy the cocycle conditions
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directions, and Lµ are the length of cycles of T4. The integers nµ⌫ satisfy nµ⌫ = �n⌫µ and are
defined (mod N). Notice the negative sign difference in the ZN phases of the two equations in
(2.1), which ensures the combined transition functions satisfy proper U(N) cocycle conditions.
The U(N) transition functions are

⌃µ(x) = ⌦µ(x)!µ(x), (2.2)

satisfying the cocycle condition

⌃µ(x+ ê⌫L⌫)⌃⌫(x) = ⌃⌫(x+ êµLµ)⌃µ(x) . (2.3)

The U(N) gauge field A obeys the boundary conditions

A⌫(x+ êµLµ) = ⌃µ(x)(A⌫(x)� i@⌫)⌃
�1
µ (x) . (2.4)

The U(N) background Aµ can be split it into a U(1) part, denoted by aµ, and an SU(N)

part Aµ:

Aµ = Aµ + 1N aµ , trAµ = 0, aµ =
1

N
trA. (2.5)

Similarly, F = F + INda ⌘ F + INf , with trF = 0 and f = 1
N trF (IN is the unit matrix).

The boundary conditions for A and a are determined by ⌦µ and !µ, respectively, as in (2.4).
In previous research (from the earliest [3, 32], to [7, 8] and the present-day [15–18, 22,

23]), constant field strength SU(N) instantons (and some properties of their non-constant
deformations) on a twisted T4, characterized by topological charges QSU(N) = r/N were
extensively examined. As a quick reminder, one uses ’t Hooft’s idea [3] of embedding SU(k)⇥
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U(N) SU(N) U(1)

as well as the U(1) topological charge:

QU(1) =
1

8⇡2

Z

T4
f ^ f = �

⇣ r

N
� q1

⌘✓ 1

N
+ q3

◆
. (2.12)

The U(N) topological charge, or second Chern character ch2(F), is
Z

T4

ch2(F) =
1

8⇡2

Z

T4

trF ^ F =
1

8⇡2

Z

T4

trF ^ F +
N

8⇡2

Z

T4

f ^ f

= QSU(N) +NQU(1) = Nq1q3 + q1 � rq3, (2.13)

and is expressed in terms of QU(1) and QSU(N). To obtain the above result, we used (2.12)
and, to calculate QSU(N), we used the SU(N) transition functions (2.9), with the result

QSU(N) =
r

N
. (2.14)

To find (2.14), one uses the fact that the integrand in QSU(N) is a total derivative and
repeatedly integrates by parts, using the transition functions at each step, to obtain an
expression in terms of ⌦µ only, whose evaluation gives the above result.24 We stress that
for q1 = q3 = 0, the SU(N) and U(1) (times N) topological charge are equal and opposite.
Generally, a nonzero fractional SU(N) topological charge is imposed by the nonzero fractional
U(1) fluxes (2.11).

Finally, to avoid any confusion, we stress that the value of r can be any positive integer,
even such that (2.14) is a natural number, including QSU(N) = 1. The reader may recall
the well known fact that with periodic boundary conditions, i.e. transition functions with all
nµ⌫ = 0 (mod N), there are no charge-1 instantons in SU(N) on T4 (this follows from the
Nahm transform [55]). That there is no contradiction follows from observing that even with
r proportional to N and thus a trivial n12, the n34 twist in (2.8) is still nontrivial. Thus,
arbitrary integer-charge solutions exist in our setup.

2.2 Constant flux backgrounds with QSU(N)=r/N , r2N, and the BPS conditions

We already mentioned the class of explicit backgrounds satisfying the boundary conditions
with transition functions given above—the ones of constant fluxes on T4 [3]. As discussed
below, these backgrounds are self-dual for appropriately tuned sides of T4.

We first give the field strength for the U(N) (F) and SU(N) (F ) gauge fields (2.5) in a
compact matrix form and later give the vector potential in a convenient index notation. The
U(N) field strengths (whose vector potentials are in (2.24, 2.25) below) are constant, with
only nonzero components on the diagonal:

F12 =

 
2⇡(kq1�r)
kL1L2

Ik 0

0 2⇡q1
L1L2

I`

!
, F34 =

 
2⇡q3
L3L4

Ik 0

0 2⇡(`q3+1)
`L3L4

I`

!
. (2.15)

24For the reader who wants to repeat the calculation, we note that the xµ-independence of ⌦2,4 helps
speed it up, reducing the answer to QSU(N) = � 1

4⇡2

R
T2
(x2,x4)

tr ⌦�1
1 d⌦1⌦

�1
3 d⌦3, easily seen to equal (2.14).

An alternative is to find a simple background consistent with the boundary conditions (2.4), e.g. the one of
eqn. (2.17), and calculate its topological charge.
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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embed the constant-   solutions  into  bundle on   … QFTF SU(N) (N, k, r) U(N) 𝕋41.

add (minimal) fractional U(1) fluxes  

in 12 and 34 planes: 

f = da
n12 = − r, n34 = 1



as well as the U(1) topological charge:

QU(1) =
1

8⇡2

Z

T4
f ^ f = �

⇣ r

N
� q1

⌘✓ 1

N
+ q3

◆
. (2.12)

The U(N) topological charge, or second Chern character ch2(F), is
Z

T4

ch2(F) =
1

8⇡2

Z

T4

trF ^ F =
1

8⇡2

Z

T4

trF ^ F +
N

8⇡2

Z

T4

f ^ f

= QSU(N) +NQU(1) = Nq1q3 + q1 � rq3, (2.13)

and is expressed in terms of QU(1) and QSU(N). To obtain the above result, we used (2.12)
and, to calculate QSU(N), we used the SU(N) transition functions (2.9), with the result

QSU(N) =
r

N
. (2.14)

To find (2.14), one uses the fact that the integrand in QSU(N) is a total derivative and
repeatedly integrates by parts, using the transition functions at each step, to obtain an
expression in terms of ⌦µ only, whose evaluation gives the above result.24 We stress that
for q1 = q3 = 0, the SU(N) and U(1) (times N) topological charge are equal and opposite.
Generally, a nonzero fractional SU(N) topological charge is imposed by the nonzero fractional
U(1) fluxes (2.11).

Finally, to avoid any confusion, we stress that the value of r can be any positive integer,
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F12 =

 
2⇡(kq1�r)
kL1L2

Ik 0

0 2⇡q1
L1L2

I`

!
, F34 =

 
2⇡q3
L3L4

Ik 0

0 2⇡(`q3+1)
`L3L4

I`

!
. (2.15)

24For the reader who wants to repeat the calculation, we note that the xµ-independence of ⌦2,4 helps
speed it up, reducing the answer to QSU(N) = � 1

4⇡2

R
T2
(x2,x4)

tr ⌦�1
1 d⌦1⌦

�1
3 d⌦3, easily seen to equal (2.14).

An alternative is to find a simple background consistent with the boundary conditions (2.4), e.g. the one of
eqn. (2.17), and calculate its topological charge.
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.

– 6 –

=0, for  belowℱ

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.

– 6 –

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.

– 6 –

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.

– 6 –

Finally, for a T4 whose shape does not obey (1.2), there is a tachyon in the spectrum
of open strings connecting the intersecting branes. The final point of tachyon condensation
should be a minimum action space-time dependent instanton. In QFT, approximate analytic
solutions were constructed via the “�-expansion” [7, 8, 16] and one naturally wonders whether
string theory tools can be useful in this regard.

2 Field theory: embedding fractional instantons on T4 in U(N)

2.1 The Chern characters of the twisted SU(N)⇥ U(1)/ZN bundle

We consider YM theory on T4 with a SU(N)⇥ U(1)/ZN bundle. We take ⌦µ and !µ to be
the SU(N) and U(1) transition functions, respectively, which satisfy the cocycle conditions

⌦µ(x+ ê⌫L⌫)⌦⌫(x) = ei
2⇡nµ⌫

N ⌦⌫(x+ êµLµ)⌦µ(x) ,

!µ(x+ ê⌫L⌫)!⌫(x) = e�i
2⇡nµ⌫

N !⌫(x+ êµLµ)!µ(x) , (2.1)

upon traversing T4 in any direction. The vectors {êµ} are unit normals in the µ = 1, 2, 3, 4

directions, and Lµ are the length of cycles of T4. The integers nµ⌫ satisfy nµ⌫ = �n⌫µ and are
defined (mod N). Notice the negative sign difference in the ZN phases of the two equations in
(2.1), which ensures the combined transition functions satisfy proper U(N) cocycle conditions.
The U(N) transition functions are

⌃µ(x) = ⌦µ(x)!µ(x), (2.2)

satisfying the cocycle condition

⌃µ(x+ ê⌫L⌫)⌃⌫(x) = ⌃⌫(x+ êµLµ)⌃µ(x) . (2.3)

The U(N) gauge field A obeys the boundary conditions

A⌫(x+ êµLµ) = ⌃µ(x)(A⌫(x)� i@⌫)⌃
�1
µ (x) . (2.4)

The U(N) background Aµ can be split it into a U(1) part, denoted by aµ, and an SU(N)

part Aµ:

Aµ = Aµ + 1N aµ , trAµ = 0, aµ =
1

N
trA. (2.5)

Similarly, F = F + INda ⌘ F + INf , with trF = 0 and f = 1
N trF (IN is the unit matrix).

The boundary conditions for A and a are determined by ⌦µ and !µ, respectively, as in (2.4).
In previous research (from the earliest [3, 32], to [7, 8] and the present-day [15–18, 22,

23]), constant field strength SU(N) instantons (and some properties of their non-constant
deformations) on a twisted T4, characterized by topological charges QSU(N) = r/N were
extensively examined. As a quick reminder, one uses ’t Hooft’s idea [3] of embedding SU(k)⇥
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U(N) SU(N) U(1)

SU(`)⇥U(1) within SU(N), where `+k = N . To describe the solutions, we begin by defining
the U(1) generator

! = 2⇡diag

2

64`, `, ..., `| {z }
k times

,�k,�k, ...,�k| {z }
` times

3

75 , `+ k = N, (2.6)

and further introduce the matrices P` and Q`, the `⇥ ` shift and clock matrices:

P` = �`

2

666664

0 1 0 ...

0 0 1 ...

...

... 0 1

1 0 ... 0

3

777775
, Q` = �` diag

h
1, e

i2⇡
` , e2

i2⇡
` , ...

i
, (2.7)

which satisfy the relation P`Q` = ei
2⇡
` Q`P`. The factor �` ⌘ e

i⇡(1�`)
` ensures that detQ` = 1

and detP` = 1. Pk, Qk and �k are defined similarly.
Then, recalling the cocycle conditions (2.1), we take the nontrivial twists nµ⌫ to be22

n12 = �r , n34 = 1 , r 2 N. (2.8)

The SU(N) transition functions are given in a gauge where the field strength itself is mani-
festly constant (rather than only the gauge invariants associated with it) [3]

⌦1 =

"
P�r
k e

i2⇡`r
x2

NkL2 0

0 e
�i2⇡r

x2
NL2 I`

#
, ⌦2 =

"
Qk 0

0 I`

#
,

⌦3 =

"
e
i2⇡

x4
NL4 Ik 0

0 e
�i2⇡k

x4
N`L4 P`

#
, ⌦4 =

"
Ik 0

0 Q`

#
. (2.9)

These are combined [22] with the following abelian transition functions

!1 = e
i
2⇡(r�q1N)x2

NL2 , !3 = e
�i

2⇡(1+q3N)x4
NL4 , !2 = !4 = 1 , (2.10)

where, for definiteness, we take q1 and q3 to be nonnegative integers.23 It is straightforward
to check that the SU(N) and U(1) transition functions obey (2.1) with nµ⌫ from (2.8).

The U(1) transition functions (2.10) determine the fluxes of f = da through the 12 and
34 planes (equal to 1/N -th of the corresponding first Chern characters ch1(F)):

Z

T2
(x1,x2)

ch1(F)

N
=

Z

T2

dx1dx2
f12
2⇡

= � r

N
+ q1,

Z

T2
(x3,x4)

ch1(F)

N
=

Z

T2

dx3dx4
f34
2⇡

=
1

N
+ q3, (2.11)

22We stress that all transition functions given below have nontrivial dependence on the absolute value of r,
not only modulo N .

23In our moduli space analysis, beginning with Section 3.4, we will take q1 = q3 = 0.
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�i

2⇡(1+q3N)x4
NL4 , !2 = !4 = 1 , (2.10)

where, for definiteness, we take q1 and q3 to be nonnegative integers.23 It is straightforward
to check that the SU(N) and U(1) transition functions obey (2.1) with nµ⌫ from (2.8).

The U(1) transition functions (2.10) determine the fluxes of f = da through the 12 and
34 planes (equal to 1/N -th of the corresponding first Chern characters ch1(F)):

Z

T2
(x1,x2)

ch1(F)

N
=

Z

T2

dx1dx2
f12
2⇡

= � r

N
+ q1,

Z

T2
(x3,x4)

ch1(F)

N
=

Z

T2

dx3dx4
f34
2⇡

=
1

N
+ q3, (2.11)

22We stress that all transition functions given below have nontrivial dependence on the absolute value of r,
not only modulo N .

23In our moduli space analysis, beginning with Section 3.4, we will take q1 = q3 = 0.
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in 12 and 34 planes: 

f = da
n12 = − r, n34 = 1

Ω ∈ SU(N) :

ω ∈ U(1) :



by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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 wrapped on intersecting 2-cycles on the dual , preserve 8 supercharges
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skip details of: choice of gauge for  (make ) Σμ = ωμΩμ Σ2 = Σ4 = 1
T-duality in , the ones with trivial :  x2, x4 Σμ Dp+4 on 𝕋4 → Dp+2 on 𝕋̃4

… make for intricate reconnections of Σ1, Σ3 ≠ 1 Dp+2 on 𝕋̃4

result: 

BPS condition for intersecting stacks of Dp+2 on 𝕋̃4

 plays again an important roleg ≡ gcd(k, r)
each 2-cycle projects onto 1-d line in  and 1-d line in  𝕋̃2

12 𝕋̃2
34

find two  stacks wrapped on 2-cycles on Dp+2 𝕋̃4 (y1, y2, y3, y4)

describe windings as 1dim lines in ,  or as     (RR charges)  𝕋̃2
12 𝕋̃2

34 𝕋2
worldvolume (σ,τ) → 𝕋4

(tμ)

function in the y1 direction, ⌃0
1 from (3.5) involves (a modified version of) the permutation

matrix P�r
k . In the 34 plane, on the other hand, the g distinct C 0 branes are parallel to y3.

Moving to the C brane—and equations (3.11) with q1 = q3 = 0, giving rise to ` y4
L̂4

= y3
L̂3

(and y2 = 0, up to constants) on the covering space, everything is exactly the same as in the
analysis above—but the behaviour in the two planes is reversed: in the 34 plane, there is a
single `-brane wrapping ` times in y3 (the C brane connects with [C�1]` one upon traversing
the y1 direction), while in the 12 plane, it is parallel to the y1 axes, at fixed position in y2.

From the above—and this is very important for our analysis of the moduli space—it
follows that each of the g “k”-branes wrapping �r/g times in the y1 direction has r/g in-
tersections in the 12 plane with the single `-brane, which is parallel to y1. Each of the r/g

intersection points of a given “k”-brane with the “`”-brane have different coordinates in the
12 plane but the same coordinate in the 34 plane.

To illustrate this, let us consider a concrete example and a picture. On Figure 1, we
show the brane configurations in the 12 and 34 planes of T̃4, for k = 6, r = 4, ` = 2. Thus,
P�r
k = P 2

6 for the values plotted, indicating that C 0 = 1 connects with C 0 = 3, C 0 = 3 with
C 0 = 5, and C 0 = 5 with C 0 = 1, and similar for the even values of C 0 (as discussed above,
C 0 reconnects with [C 0 � 4]6). This leads to the picture of two parallel branes (as g = 2)
wrapping 3 times in y1, 2 times in y2, as shown, as well as once in y3 and with no wrapping in
y4. Similarly, the interpretation of equation (3.11) is that there is a single D-brane wrapping
once in y4, ` times in y3, without any wrapping in y2 and a wrapping once in y1. Likewise,
the `-tuple winding in y3 is a consequence of the fact that the transition function ⌃0

3 in (3.5)
includes the permutation matrix P` (= P2 as plotted). It is clear from the Figure that each
of the g (two) k-branes have r/g (two) intersections with the single `-brane.

Brane wrappings and Ramond-Ramond charges: A slightly different perspective on
the wrapping of the two-dimensional worldvolume on the T̃4 is also useful. A map from a
worldvolume two torus, T2, parameterized by � 2 R (mod 1) and ⌧ 2 R (mod 1), to the
T̃4, the latter parameterized by tµ ⌘ yµ

L̂µ
2 R (mod 1), is characterized by the six wrapping

numbers wµ⌫ = �w⌫µ (the six non contractible two-planes form a basis of H2(T̃4,Z)):

wµ⌫ =

Z

T2

d�d⌧

✓
@tµ
@�

@t⌫
@⌧

� @t⌫
@�

@tµ
@⌧

◆
. (3.22)

Let us denote the numbers wµ⌫ for the map (3.9) with q1 = q3 = 0, by w(k)
µ⌫ . Parameterizing

t1 =
k
g�, t2 = � r

g�, t3 = ⌧ and t4 = 0, omitting all constant terms, we find35

w(k)
13 =

k

g
, w(k)

23 = �r

g
, w(k)

12 = w(k)
14 = w(k)

24 = w(k)
34 = 0 (⇥ g branes), (3.23)

where we indicated that there are g branes with the above winding numbers. For the map
(3.11), we denote the winding numbers by w(`)

µ⌫ , parameterizing t1 = �, t2 = 0, t3 = `⌧ and
35To avoid any confusion, recall eqn. (3.18), showing that all winding numbers below are integers.
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“`” stack is shown in light blue.16 We stress that the 4gcd(k, r) + 4 = 12 moduli allowed by
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Figure 1. The two stacks of “k”- and “` ”- D-branes wrapped on two-cycles in T̃4, are shown in
the 12 and 34 planes, for our SU(8) example with k = 6, r = 4, ` = 2; g ⌘ gcd(k, r) = 2. The
grid background is kept to help visualize the windings of the branes. The “k” stack consists of g = 2
branes. Its windings, as one dimensional curves in each two-plane, are k

g = 3 in y1, r
g = 2 in y2, unity

in y3 and zero in y4, as pictures. The second stack, the single “`”-brane, is shown in light blue. It is
parallel to y1, wrapping once around it, but is tilted in the 34 plane, wrapping ` times in y3 and once
in y4. We only show, using black dots, the r/g = 2 intersection points between the dark blue and light
blue branes.

the transition functions have clear geometric interpretation: they correspond to the positions
and Wilson lines of each brane on T̃4 (there are two positions and two Wilson lines for each
of the dark blue, red, and light blue brane, giving 12 = 3 ⇥ 4). The “missing” moduli come
from hypermultiplets localized at the intersection.

Each of the gcd(k, r)(= 2) parallel “k”-branes has r/gcd(k, r)(= 2) intersection points with
the light blue “`”-brane; these are shown by black dots for the dark blue brane only. At each
intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
one of gcd(k, r)(= 2) branes and another of a single brane, with the windings shown, can be seen, Section 3.4,
to have the correct RR charges.

17An introduction to the use of branes to study field theories is in [51].
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g

ℓ
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“ ”-stackk “ ”-stackℓ
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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in y3 and zero in y4, as pictures. The second stack, the single “`”-brane, is shown in light blue. It is
parallel to y1, wrapping once around it, but is tilted in the 34 plane, wrapping ` times in y3 and once
in y4. We only show, using black dots, the r/g = 2 intersection points between the dark blue and light
blue branes.

the transition functions have clear geometric interpretation: they correspond to the positions
and Wilson lines of each brane on T̃4 (there are two positions and two Wilson lines for each
of the dark blue, red, and light blue brane, giving 12 = 3 ⇥ 4). The “missing” moduli come
from hypermultiplets localized at the intersection.

Each of the gcd(k, r)(= 2) parallel “k”-branes has r/gcd(k, r)(= 2) intersection points with
the light blue “`”-brane; these are shown by black dots for the dark blue brane only. At each
intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
one of gcd(k, r)(= 2) branes and another of a single brane, with the windings shown, can be seen, Section 3.4,
to have the correct RR charges.

17An introduction to the use of branes to study field theories is in [51].
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.
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unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.
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L3L4
=
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, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN
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In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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from hypermultiplets localized at the intersection.
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the light blue “`”-brane; these are shown by black dots for the dark blue brane only. At each
intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
one of gcd(k, r)(= 2) branes and another of a single brane, with the windings shown, can be seen, Section 3.4,
to have the correct RR charges.

17An introduction to the use of branes to study field theories is in [51].
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by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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in y3 and zero in y4, as pictures. The second stack, the single “`”-brane, is shown in light blue. It is
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blue branes.

the transition functions have clear geometric interpretation: they correspond to the positions
and Wilson lines of each brane on T̃4 (there are two positions and two Wilson lines for each
of the dark blue, red, and light blue brane, giving 12 = 3 ⇥ 4). The “missing” moduli come
from hypermultiplets localized at the intersection.

Each of the gcd(k, r)(= 2) parallel “k”-branes has r/gcd(k, r)(= 2) intersection points with
the light blue “`”-brane; these are shown by black dots for the dark blue brane only. At each
intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
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Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
one of gcd(k, r)(= 2) branes and another of a single brane, with the windings shown, can be seen, Section 3.4,
to have the correct RR charges.

17An introduction to the use of branes to study field theories is in [51].
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intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
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the light blue “`”-brane; these are shown by black dots for the dark blue brane only. At each
intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
one of gcd(k, r)(= 2) branes and another of a single brane, with the windings shown, can be seen, Section 3.4,
to have the correct RR charges.

17An introduction to the use of branes to study field theories is in [51].
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of the dark blue, red, and light blue brane, giving 12 = 3 ⇥ 4). The “missing” moduli come
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intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
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Coulomb branch ϕ3
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hyper 
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qa
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a

ignoring -variations [discuss later] study -dim  theory vacua𝕋̃4 p + 1 = 3 + 1 𝒩 = 2
 hypers (2 chiral ) under each : r

g
𝒩 = 1 U(1)i × U(1)ℓ q, q̃

field U(1)` charge U(1)1 charge ... U(1)i charge ... U(1)g charge multiplicity
qa1 1 �1 a = 1, ..., r/g

q̃1a �1 1 a = 1, ..., r/g

. . . a = 1, ..., r/g

qai 1 �1 a = 1, ..., r/g

q̃ia �1 1 a = 1, ..., r/g

. . . a = 1, ..., r/g

qag 1 �1 a = 1, ..., r/g

q̃ga �1 1 a = 1, ..., r/g

�A A = 1, 2, 3

�i
A A = 1, 2, 3; i = 1, ..., g.

Note that the hypers are qai , q̃
i
a neutral under the diagonal U(1), i.e. do not couple to the

overall “center of mass” of the branes. The chiral adjoints in the N = 2 vector multiplet are
(�3,�3i) and the chiral adjoint hypermultiplets are �1,�2,�1i,�2i, i = 1, ..., g, all of which are
neutral under the U(1)’s.

Before we continue, let us make the following comments on the scope (and limitation) of our
study of the moduli space:

1. The Coulomb branch of the N = 2 theory described above corresponds to separating
the two stacks of wrapped D5 branes in the y8 and y9 directions orthogonal to the T̃4.
It thus gives masses to the bifundamental hypermultiplets living at the intersections.
This causes additional breaking of the T -dual gauge group by these vector multiplet
adjoint vevs (this is especially clear in the enhanced symmetry point, see the discussion
further below) which has nothing to do with the pure gauge theory background of
interest (2.19). Thus, the Coulomb branch does not describe self-dual deformations of
the constant flux background. On the other hand, the Higgs branch of the worldvolume
theory moduli space corresponds to the deformations of the constant flux background
that do not change the action and does not separate the branes in y8,9.

2. Our focus on the scalar potential of the 4d EFT suffices to explore the moduli space
locally and to find its dimension for general r, k—assuming it has no disconnected
components. However, exploring its global structure or finding the explicit instanton
background—especially for cases when the bifundamental hypers can have nonzero vevs
(e.g. for g 6= r, see below)—requires resolving structures inside T̃4 and going beyond
the 4d worldvolume EFT. This is clear from the fact that our 4d N = 2 EFT with
superpotential given in (3.28) below, ignores the compact nature of the fields �1,�2,
etc., describing the moduli space. This compact nature was crucial for describing its
global structure—in the gcd(k, r) = r case where it is understood in QFT (described at
the end of Section 2.3).
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Note that the hypers are qai , q̃
i
a neutral under the diagonal U(1), i.e. do not couple to the

overall “center of mass” of the branes. The chiral adjoints in the N = 2 vector multiplet are
(�3,�3i) and the chiral adjoint hypermultiplets are �1,�2,�1i,�2i, i = 1, ..., g, all of which are
neutral under the U(1)’s.

Before we continue, let us make the following comments on the scope (and limitation) of our
study of the moduli space:

1. The Coulomb branch of the N = 2 theory described above corresponds to separating
the two stacks of wrapped D5 branes in the y8 and y9 directions orthogonal to the T̃4.
It thus gives masses to the bifundamental hypermultiplets living at the intersections.
This causes additional breaking of the T -dual gauge group by these vector multiplet
adjoint vevs (this is especially clear in the enhanced symmetry point, see the discussion
further below) which has nothing to do with the pure gauge theory background of
interest (2.19). Thus, the Coulomb branch does not describe self-dual deformations of
the constant flux background. On the other hand, the Higgs branch of the worldvolume
theory moduli space corresponds to the deformations of the constant flux background
that do not change the action and does not separate the branes in y8,9.

2. Our focus on the scalar potential of the 4d EFT suffices to explore the moduli space
locally and to find its dimension for general r, k—assuming it has no disconnected
components. However, exploring its global structure or finding the explicit instanton
background—especially for cases when the bifundamental hypers can have nonzero vevs
(e.g. for g 6= r, see below)—requires resolving structures inside T̃4 and going beyond
the 4d worldvolume EFT. This is clear from the fact that our 4d N = 2 EFT with
superpotential given in (3.27) below, ignores the compact nature of the fields �1,�2,
etc., describing the moduli space. This compact nature was crucial for describing its
global structure—in the gcd(k, r) = r case where it is understood in QFT (described at
the end of Section 2.3).

Despite the limitations of the EFT approach, a focus on the 4d EFT allows us to use
our understanding of N = 2 supersymmetric Higgs branches. This will permit us to
reproduce, in only a few lines, the results on the parameterization of the moduli space,
obtained in QFT after the lengthy and laborious calculations of [16, 23].

This being said, we focus on the 4d EFT in the y0, y5, y6, y7 noncompact directions of the
D5 branes worldvolume. The superpotential of the U(1)` ⇥U(1)g theory, with charged fields
given in the table above, is fixed by N = 2 supersymmetry:

W =
gX

i=1

�3i

r
gX

a=1

q̃iaq
a
i + �3

gX

i=1

r
gX

a=1

q̃iaq
a
i , (3.27)

where we absorb the inessential normalization into the fields �3,�3i. We stress that the adjoint
hypermultiplets �1,�2,�1i,�2i do not appear in either the F -terms or the D-terms. The F -
term conditions resulting from the variation of (3.27) wrt the bifundamental hypermultiplets
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qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.
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We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:
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(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.
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are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:
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We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.

– 30 –

qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.

– 30 –

qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.

– 30 –

qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.

– 30 –



qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.

– 30 –
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, as per index theorem4NQ = 4r

 holonomiesU(1)

identical equations and counting (minus the  holonomies) obtained in Anber, Cox, EP 2504 paper 4 U(1)
in local analysis of self-dual perturbations of constant-  instantonsF

… using the tens of pages of Appendices of Anber, EP 2307 
… vs virtually no calculation here!
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associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.
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F- and D-term conditions, Higgs branch

geometric

moduli ϕ1, ϕ2

missing

moduli

, as per index theorem4NQ = 4r

 holonomiesU(1)

identical equations and counting (minus the  holonomies) obtained in Anber, Cox, EP 2504 paper 4 U(1)
in local analysis of self-dual perturbations of constant-  instantonsF

While this makes me happy, I would like to learn more… where does this leave us, re. ? Q =
r
N

on 𝕋4
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QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
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… using the tens of pages of Appendices of Anber, EP 2307 
… vs virtually no calculation here!



4. Summary and wishlist
- I told you that  instantons on  are responsible, in various 

calculable settings, for confinement, chiral symmetry breaking: 
so physically of interest.

Q =
r
N

𝕋4

- I considered the embedding of constant- , , BPS instantons in 

string theory and used this picture for a local study of the moduli space. 

F Q =
r
N

, ∀r ∈ ℕ

- The results are satisfying … agree with index theorem, QFT study, easy to obtain…

-  … but ignore  variations where the most interesting properties are hiding!𝕋̃4

“ignoring -variations [discuss later] study -dim  theory vacua”𝕋̃4 p + 1 = 3 + 1 𝒩 = 2
now



- Giving the bifundamental hypers (“missing moduli”) vevs makes solutions space-
time dependent. Not much is known of these, apart from very limited numerics!     

“`” stack is shown in light blue.16 We stress that the 4gcd(k, r) + 4 = 12 moduli allowed by

y1
�L1

y2
�L2

y3
�L3

y4
�L4

0

1

1 1

1

0

g = 2
r
g

= 2
k
g

= 3

� = 2

Figure 1. The two stacks of “k”- and “` ”- D-branes wrapped on two-cycles in T̃4, are shown in
the 12 and 34 planes, for our SU(8) example with k = 6, r = 4, ` = 2; g ⌘ gcd(k, r) = 2. The
grid background is kept to help visualize the windings of the branes. The “k” stack consists of g = 2
branes. Its windings, as one dimensional curves in each two-plane, are k

g = 3 in y1, r
g = 2 in y2, unity

in y3 and zero in y4, as pictures. The second stack, the single “`”-brane, is shown in light blue. It is
parallel to y1, wrapping once around it, but is tilted in the 34 plane, wrapping ` times in y3 and once
in y4. We only show, using black dots, the r/g = 2 intersection points between the dark blue and light
blue branes.

the transition functions have clear geometric interpretation: they correspond to the positions
and Wilson lines of each brane on T̃4 (there are two positions and two Wilson lines for each
of the dark blue, red, and light blue brane, giving 12 = 3 ⇥ 4). The “missing” moduli come
from hypermultiplets localized at the intersection.

Each of the gcd(k, r)(= 2) parallel “k”-branes has r/gcd(k, r)(= 2) intersection points with
the light blue “`”-brane; these are shown by black dots for the dark blue brane only. At each
intersection point between two branes, there are massless string excitations, a bifundamental
hypermultiplet charged under the U(1) ⇥ U(1) gauge fields on the worldvolumes of the two
intersecting branes.

Following the logic outlined earlier, let us now describe the 4d EFT in the noncompact
worldvolume directions of the D5 brane.17 It is an N = 2 4d supersymmetric theory with
gauge group U(1)`⇥U(1)1⇥U(1)2, where U(1)` lives on the light blue brane and the other two
U(1) factors on dark blue and red branes. Each U(1) factor has an adjoint chiral superfield

16These cycles are described by eqns. (3.9, 3.11) with q1 = q3 = 0. The two stacks in an SU(N(= 8)) theory,
one of gcd(k, r)(= 2) branes and another of a single brane, with the windings shown, can be seen, Section 3.4,
to have the correct RR charges.

17An introduction to the use of branes to study field theories is in [51].
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bifundamental hypers: vevs?
For  instantons of charge- ,  (say) 
the ADHM moduli space is also a Higgs branch; 
ADHM background “lives” on a probe , can be 
found explicitly.

ℝ4 p ∈ ℤ D5/D9

D1

On  both geometric and bifundamental hyper 
moduli are expected to be compact… can one study 
via branes? Global structure of moduli space?

𝕋4

It is natural to expect that  with  
reproduces ADHM in infinite volume limit, for fixed 
overall size. Details?

Q = r/N r = pN

I also told you early on that “monopole-instantons” on , “center-vortices” on  and 
“fractional instantons” on  are all related (numerics/analytics). Can this be seen/better 
understood using the brane picture? 

ℝ3 × 𝕊1 ℝ2 × 𝕋2

ℝ × 𝕋3

Finally, detuning the   shape away from the BPS limit leads to an open string tachyon at 
intersections… end point of tachyon condensation vs. -expansion in QFT? 

𝕋4

Δ

4.                         wishlist … where help is needed

- Anber, Cox, EP 2504

There may be some interesting math…



Thank you!


