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Figure 1. The multi-fractional instanton solution of charge Q = k/N . Displayed is a 3D plot of the
profile described by eqn. (2.22) with k = 3, plotted as a function of x1, x2 while keeping x3, x4 fixed.
To enhance visualization, the plot extends to double the periods in x1 and x2. The graph reveals three
lumps, each one described by the function F of (2.22) (itself defined in (B.6)) but with a di↵erent
center. These are represented by red, yellow, and blue, clustered (lumped) around the three distinct
centers. These lumps, however, are closely packed, more akin to a liquid than a dilute gas. Previously,
similar configurations were generated numerically to investigate confinement, as detailed in [19] and
further explored in [20].

by Lµ (µ = 1, 2, 3, 4), satisfy the condition L1L2 = (N � k)L3L4. However, as noted in [13],

these solutions admit more fermion zero modes than necessary to saturate the condensates.

Additionally, in this case, the adjoint matter contributes a source term to the Yang-Mills

equations of motion, rendering these solutions invalid as legitimate backgrounds. To address

this issue and lift the extra fermion zero modes, one can detune the T4 periods by introducing

a small detuning parameter � ⌘ ((N � k)kL3L4 � kL1L2)/
p
L1L2L3L4. This adjustment

allows for the identification of an approximate self-dual solution to the Yang-Mills equations

of motion as a series expansion in �. The price one pays, however, is that such solutions are

fully nonabelian. This method, which originated in [16, 17] for instantons with topological

charge Q = 1/N , was further developed in [18] for Q = k/N , 1  k  N � 1.

The nonabelian solution of topological charge Q = k/N can be represented as a sum

over k closely packed lumps, resembling a liquid of instantons on T4, see Figure 1 for a

visualization. It admits k distinct holonomies in each spacetime direction (the holonomies are

along the Cartan generators of the group U(k)) for a total of 4k holonomies. These constitute

a compact bosonic moduli space of dimension 4k, as per the index theorem. Identifying the

symmetries and determining the shape and volume of this space is crucial for computing the

condensates. Additionally, each lump supports two adjoint fermion zero modes, for a total of

2k zero modes needed to saturate the higher-order gaugino condensates h
Q

k

i=1 tr(��)(xi)i.
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Figure 13. Plots of the action density across the 03- and 12-planes that cut through the point of
maximal action density. Both the 48⇥ 12⇥ 12⇥ 48 and 48⇥ 9⇥ 9⇥ 48 configurations are shown here
to highlight how the size of the localized instanton changes with the size of the small directions.

solutions are localized in the 03-plane and the size of the vortex depends on the size of the
small 12-plane. This matches the expectation for the infinite volume limit.

A peculiar feature of these solutions is the peak in the action density within the 12-plane.
This raises the concern that the solutions might localize in the 12-plane, which would imply
that they cannot be center vortices, since center vortices must be codim-2. However, we can
confirm that our solutions are center vortices by demonstrating that our solutions properly
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’t Hooft also found the only analytic, constant-F, solutions  ’81

n12 = − r, n34 = 1

by supersymmetry and the matter content. Thus, the study of the moduli space reduces to
parameterizing the conditions for vanishing of the D- and F -terms along the Higgs branch
of the N = 2 worldvolume theory.13 This study of the moduli space is local, since the 4d
EFT does not capture the compact nature of some of the fields, such as brane positions in
T̃4, as well as any T̃4-variations, which should become important when some of the “missing
moduli” are turned on.

Nonetheless, our point is that this 4d N = 2 EFT reproduces the results for the moduli-
space parameterization of [23] in a few lines, essentially without any calculation. Those
interested in the analysis of the N = 2 Higgs branch for general solutions are invited to
consult Sections 3.5 and 3.6.

1.2.2 A concrete example illustrating the brane picture and moduli space

Here, we discuss an example with the minimum detail required to illustrate the results.

Minimum QFT background: Without much ado, we consider the following SU(N) back-
grounds on T4. They depend on N and two positive integers, k and r, with N = k + `

(` > 0):

F12 =

 
� 2⇡`r

NkL1L2
Ik 0

0 2⇡r
NL1L2

I`

!
, F34 =

 
� 2⇡

NL3L4
Ik 0

0 2⇡k
N`L3L4

I`

!
. (1.1)

We use Lµ, µ = 1, ...4 to denote the rectangular T4 periods. Ik and I` are k ⇥ k and ` ⇥ `

unit matrices. Clearly, (1.1) is self-dual provided F12 = F34, i.e.

L1L2

L3L4
=

`r

k
, (1.2)

and we assume from now on that the shape of the rectangular T4 is thus tuned. The topo-
logical charge is

QSU(N) =
r

N
, r 2 N, (1.3)

as a simple calculation using (1.1) shows. The SU(N) background F is the traceless part of
the U(N) background F , F = F � IN

N tr F :

F12 =

 
� 2⇡r

kL1L2
Ik 0

0 0⇥ I`

!
, F34 =

 
0⇥ Ik 0

0 2⇡
`L3L4

I`

!
. (1.4)

In other words, the U(N) background is obtained from the SU(N) one by adding appropriate
U(1) fluxes in the 12 and 34 planes.14 The values of the first Chern characters (U(1) fluxes)
and the second Chern character (U(N) topological charge) determine the SU(N) topological
charge (1.3); see Section 2.1 for explicit formulae.

13On the Coulomb branch, the two stacks are separated in directions orthogonal to T̃4, see Section 1.2.2.
14Here, we have only added the minimal U(1) fluxes such that the U(N) topological charge of (1.4) vanishes.
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F(Ā + a) = * F(Ā + a)

known solution perturbation

gauge condition 

eqn. for self-dual manifold

quadratic in , study by expanding in nonlinearity,

~
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result: 

2.1. for gcd , show that only (k, r) = r a = const .
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qai and q̃ia are:
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i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.
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+  rephrasingg

g ≡ gcd(k, r)

dim(moduli)= 4g + 4r - 2g - g - g = 4r, as per index theorem (= 4NQ, Q=r/N)

the good news: satisfying, also did numerical check for Q=2/3, r=2, k=1, SU(3) (gcd(k,r)=1)

from field theory: Anber, Cox, EP, 2504: very involved perturbative calculation…
from string theory D-branes:  EP, 2604… same result obtains, much easier!

result: 

2.1. for gcd , show that only (k, r) = r a = const .



… four technical slides follow

The ‘twist’…



Ā → Ā + a, * D(Ā) ∧ *a = 0

F(Ā + a) = * F(Ā + a)known solution
perturbation

gauge condition eqn. for self-dual manifold

quadratic in , study by expanding in nonlinearity,

 

a
A. Schwarz; E. Weinberg; C. Taubes ’77-‘82

The ‘twist’…

  ,  -  Dirac operator in  background ,  is a two-spinor, function of ,  formal expansion D̄λ = ϵλ2 D̄ Ā λ a ϵ = 1

maps to:

solve in formal power series:
  λ = λ1 + ϵλ2 + ϵ2λ3 + . . . ϵn−1λn + . . .

D̄λ = ϵλ2 → D̄λ1 = 0

D̄λ2 = λ2
1

D̄λn = f(λ1, . . . , λn−1), n > 2.

solve:

λ2 = D
1

D̄D
λ2

1

OK if  invertible!D̄D

proceeds to all orders to find 
λn

D is the adjoint of  D̄

(regular implicit function  dim)∞λ1 = Σ2r
i=1ciϕi(x)

as for BSPT on ℝ4

But in our  background   not invertible!𝕋4 D̄D
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D̄λ = ϵλ2 → D̄λ1 = 0

D̄λ2 = λ2
1

solve:

D is the adjoint of  D̄

λ1 = Σ2r
i=1ciϕi(x) + Σ4g

p=1ψp

But in our  background   not invertible!𝕋4 D̄D
 also has  zero modesD 4g

impose orthogonality of r.h.s. to  zero modes: 

 constraints on the  real components of  

D
4g 4r ci

the linearized 

moduli space eqns

qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)

To continue, as we already stressed, we are working in a setup where the two stacks of branes
are not separated in the directions orthogonal to T̃4 (otherwise, the SU(N) gauge group
would be broken by the separation and not only by the flux background). In other words, we
are interested in the Higgs, not Coulomb branch of the U(1)` ⇥ U(1)g theory. Thus, we set
�3 + �3i = 0 (ignoring the motion of the center of mass of the entire configuration in y8,9).
The remaining F -term conditions are from the variation of W wrt �3i,�3:

r
gX

a=1

q̃iaq
a
i = 0, i = 1, ...g;

gX

i=1

r
gX

a=1

q̃iaq
a
i = 0 (g complex constraints), (3.29)

while the D-term conditions are:40

r
gX

a=1

|q̃ia|2 � |qai |2 = 0, i = 1, ...g;
gX

i=1

r
gX

a=1

|q̃ia|2 � |qai |2 = 0 (g real constraints). (3.30)

We note that the second equations in both (3.29) and (3.30) follow from the first, which is a
reflection of the fact that the hypermultiplets are uncharged under the diagonal U(1).

Let us now count the dimension of the Higgs branch, or equivalently the dimension
of the moduli space. The adjoint hypers �1,�2,�1i,�2i give rise to 4g + 4 moduli.41 The
bifundamental hypers qai , q̃

i
a (i = 1, ..., g; a = 1, ..., rg ) have 2 ⇥ g ⇥ r

g = 2r complex or 4r

real components. These are subject to the 3g real constraints from the F -term and D-term
conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
dimension of the Higgs branch is:

dim of Higgs branch = 4g + 4| {z }
adjoint hypers

+ 4r|{z}
bifundamental hypers

� 4g|{z}
D�,F�,gauge constraints

= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.
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conditions (3.29, 3.30). In addition, the nontrivially acting gauge factor (U(1)g) should be
modded out, increasing the number of constraints to a total of 4g real constraints. Thus,
adding the number of fields and subtracting the number of constraints, we find that the real
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dim of Higgs branch = 4g + 4| {z }
adjoint hypers
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bifundamental hypers

� 4g|{z}
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= 4r + 4.

(3.31)

We note that the factor of 4r� 4g is the dimension of the bifundamental hypermultiplet part
of the Higgs branch. Both eqns. (3.31) and (3.29, 3.30) are exactly the ones found in previous
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precisely the number of moduli for an instanton of topological charge r

N plus the four moduli
associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
The mystery of the 4r�4g missing moduli (for r 6= g) was pointed out in [16] and resolved

in [23] within field theory. The missing moduli were found in [23] after a calculation relying
40Note that there are no deformations in this setup that give rise to Fayet-Illiopoulos terms.
41We stress that these are nothing but the moduli present in (3.9, 3.11), renamed.
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qai and q̃ia are:

(�3 + �3i)q̃
a
i = 0, (�3 + �3i)q

a
i = 0 . (3.28)
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gX

a=1

q̃iaq
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i=1

r
gX

a=1
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a
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QFT analysis [23] and reproduced earlier in Section 2.3. The result, 4r + 4, from (3.31) is
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associated to the U(1) compensating flux added to facilitate an embedding of the SU(N)

fractional instanton in U(N).
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Anber, Cox, EP, 2504 QFT = branes !

+ one numerical check EP, 2604the good news:

  λ = λ1 + ϵλ2 + ϵ2λ3 + . . . ϵn−1λn + . . .

impose orthogonality of r.h.s. to  zero modes: 

 constraints on the  real components of  

D
4g 4r ci



Ā → Ā + a, * d ∧ *a = 0

F(Ā + a) = * F(Ā + a)known solution
perturbation

gauge condition eqn. for self-dual manifold

quadratic in , study by expanding in nonlinearity,

 

a
A. Schwarz; E. Weinberg; C. Taubes ’77-‘82

maps to:

solve in formal power series:

D̄λ = ϵλ2 → D̄λ1 = 0

D̄λ2 = λ2
1

solve:
But in our  background   not invertible!𝕋4 D̄D

D is the adjoint of  D̄

λ2 = D
1

D̄D
λ2

1

The ‘twist’…

D̄λn = f(λ1, . . . , λn−1), n > 2.

  ,  -  Dirac operator in  background ,  is a two-spinor, function of ,  formal expansion D̄λ = ϵλ2 D̄ Ā λ a ϵ = 1

so can invert on space  zero modes…⊥

λ1 = Σ2r
i=1ciϕi(x) + Σ4g

p=1ψp  also has  zero modesD 4g

⊥

BUT:  higher orders… new constraints? global structure?
 except gcd(k,r)=r 

  λ = λ1 + ϵλ2 + ϵ2λ3 + . . . ϵn−1λn + . . .



END: The ‘twist’…



2.2. gcd , show to linear order in , that space of solutions includes the 

4 gcd  constant holonomies + 2r complex 

(k, r) ≠ r a
(k, r) qa

i , q̃i
a, a = 1,...,r/gcd(k, r), i = 1,...,gcd(k, r)

dim(moduli)= 4g + 4r - 2g - g - g = 4r, as per index theorem (= 4NQ, Q=r/N)

result: 

2.1. for gcd , show that only (k, r) = r a = const .

the good news: satisfying, also did numerical check for Q=2/3, r=2, k=1, SU(3) (gcd(k,r)=1)

from field theory: Anber, Cox, EP, 2504: very involved perturbative calculation…
from string theory D-branes:  EP, 2604… same result obtains, much easier!

the bad news: perturbation calculation no info on global structure
 - important for physics applications
 - physicists commonly take infinite volume limit 𝕋4 → ℝ4

 solutions with Q-integer should approach ADHM…how? when?

4

∏
μ=1

S1
μ × ΓSU(r)

r

ℤr
/𝕊r + some physics 


applicationglobally,



2.2. gcd , show to linear order in , that space of solutions includes the 

4 gcd  constant holonomies + 2r complex 

(k, r) ≠ r a
(k, r) qa

i , q̃i
a, a = 1,...,r/gcd(k, r), i = 1,...,gcd(k, r)

dim(moduli)= 4g + 4r - 2g - g - g = 4r, as per index theorem (= 4NQ, Q=r/N)

the good news: satisfying, also did numerical check for Q=2/3, r=2, k=1, SU(3) (gcd(k,r)=1)

from field theory: Anber, Cox, EP, 2504: very involved perturbative calculation…
from string theory D-branes:  EP, 2604… same result obtains, much easier!

the bad news: perturbation calculation no info on global structure
 - important for physics applications
 - physicists commonly take infinite volume limit 𝕋4 → ℝ4

 solutions with Q-integer should approach ADHM…how? when?

summary, 
outlook 
math problem?

moduli space of  onF = * F, Q = r/N, N = k + ℓ; r, k ∈ ℕ 𝕋4 :
4

∏
μ=1

S1
μ × ΓSU(r)

r

ℤr
/𝕊r + some physics 


application2.1. for gcd , show that only (k, r) = r a = const . globally,


