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the big picture:
problem of determining the IR 

phases of gauge theories is complex
matching of anomalies (’t Hooft) constrains 

any IR fantasy one might have

 


old story, eg massless QCD: pions!; preons; Seiberg dualities…

there are new ’t Hooft anomalies, 

thus new constraints on IR behavior,

that were missed in the 1980s,

involving higher form symmetries 

the new stuff:

Gaiotto, Kapustin, Komargodski,Seiberg: 2014-…            [GKKS+]
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this talk

1. HOW MIXED ANOMALIES BETWEEN CHIRAL  
(invertible or not) AND CENTER SYMMETRY (“1-form”) 
ARISE IN HILBERT SPACE OF GAUGE THEORY ON TORUS  
& WHAT THEY IMPLY 

2. APPLICATION TO SYM: SEMICLASSICS ON  AND THE GAUGINO 
CONDENSATE vs. SEMICLASSICS ON 

𝕋4

ℝ4, ℝ3 × 𝕊1

any hype aside, this is exciting from a general QFT point of view

as it gives a new nonperturbative tool to study gauge theories



1. HOW MIXED ANOMALIES BETWEEN CHIRAL  
(invertible or not) AND CENTER SYMMETRY (“1-form”) 
ARISE IN HILBERT SPACE OF GAUGE THEORY ON TORUS  
& WHAT THEY IMPLY

remarks

- no time for noninvertible anomaly (Anber, EP 2305.14425)

- will largely use language established by 1980

…intimately familiar to many at IFT!will review w/out details, as not used by many

1st part of talk!



remarks
2. APPLICATION TO SYM: SEMICLASSICS ON  AND THE GAUGINO 
CONDENSATE vs. SEMICLASSICS ON 

𝕋4

ℝ4, ℝ3 × 𝕊1

- motivated by recent work on semiclassical confinement and continuity to :

 (monopole-instantons, Ünsal et al, 2007+) or  (center vortices, Tanizaki-Ünsal, 2022+)

ℝ4

ℝ3 × 𝕊1 ℝ2 × 𝕋2

- work at IFT on confinement and fractional instantons: García Pérez, González-Arroyo 1990’s+ 

authors argue “adiabatic continuity” to : test in SYM !ℝ4

- anomaly and Hilbert space allow to revisit old  calculation of gaugino condensate 
(Cohen, Gómez, 1984; Shifman, Vainshtein 1986) and improve/confront with other existing calculations

𝕋4

-      some puzzles remain!—>
2nd part of talk



1. reminder of old-fashioned language (~1980) 

use Hamiltonian quantization  on : 

 gauge, states  invariant under time-independent gauge transforms (Gauss’ law)

𝕋3

A0 = 0 Ψ[A]



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij

only acts on winding Wilson loops in fundamental

Ŵi = trF𝒫 e
i

Li
∫
0

̂Aidxi

̂TiŴj
̂T−1
i = ei 2π

N δij Ŵj

 - time-direction version familiar from deconfinement transition in pure YM  

- modern language:  1-form symmetry, only acts on line operators,

not on local gauge invariants like 

ℤ(1)
N

tr FμνFλσ . . .



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

only acts on winding Wilson loops in fundamental

Ŵi = trF𝒫 e
i

Li
∫
0

̂Aidxi

̂TiŴj
̂T−1
i = ei 2π

N δij Ŵj

because of the fact that the center elements commute with all elements of the
group, and with any link variable in particular.

The reason that center symmetry is so important is that if this symmetry

• is broken explicitly, e.g. by matter fields in the fundamental representation of the
gauge group, or

• is broken spontaneously, which happens at high temperature, and may happen if
there are matter fields in the adjoint representation of the gauge group, or

• is trivial, i.e. the center subgroup consists only of the unit element, as in the
exceptional group G2.

Then the static quark potential cannot be linear asymptotically; it must become flat.
Let’s see why matter fields in the fundamental representation, or in any rep-

resentation of the gauge group of N-ality k = 0, must break the center symmetry
explicitly. A matter field in color representation r couples to the gauge field via a
term in the action

c
X

x;l

/yðxÞUðrÞl ðxÞ/ðxþ l̂Þ þ c.c.; ð3:21Þ

where the superscript r means that the link variables are in the r-representation.
Under the global center symmetry transformation

/yðx; t0ÞUðrÞ0 ðx; t0Þ/ðx; t0 þ 1Þ! zk/yðx; t0ÞUðrÞ0 ðx; t0Þ/ðx; t0 þ 1Þ: ð3:22Þ

So if the N-ality k of the representation of the matter field is non-zero, the matter
action breaks the global ZN center symmetry. But matter fields of N-ality k = 0 are
exactly the fields associated with string-breaking. Suppose we have two static
color charges, in the fundamental representation of the gauge group. In order to
break the electric flux tube which forms between these sources, by the process
pictured in Fig. 3.2, there must be dynamical particles which can bind to the

zzzzzzzz zzzz z
0

t x

t

Fig. 3.6 The global center transformation. Each of the indicated links in the time direction, on
the timeslice t = t0, is multiplied by the same element z of the center subgroup. The lattice action
of a pure gauge theory is left unchanged by this operation

32 3 What is Confinement?

on lattice,   multiplies by  shown 

link fields in direction 1 (for all )

̂T1 z = ei 2π
N

x3, x4

- all nonwinding closed loops invariant

- winding loops transform by z

1

2

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

Ψ̂adj → ̂TiΨ̂adj
̂T−1
i so transformed field has same b.c. (  and  phases cancel)̂T ̂T−1

if the SU(N) theory has adjoint fields only,  remains a symmetry, sinceℤ(1)
N

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij

if matter representation has nontrivial N-ality (transforms under center), 

the story changes (will not need for this talk)



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

in each of these cases, the appropriate  obey ̂Ti

[ ̂Ti, Ĥ] = 0 so we can label states in  Hilbert space  𝕋3

|E, e1, e2, e3⟩ = |E, ⃗e⟩by “electric flux” quantum numbers

̂Ti |E, ⃗e⟩ = |E, ⃗e⟩ ei 2π
N ei , three (mod N) integers

̂Ti( ⃗x + ⃗ejLj) = ̂Ti( ⃗x) ei 2π
N δij



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

[ ̂Ti, Ĥ] = 0 |E, e1, e2, e3⟩ = |E, ⃗e⟩

1.2 electric flux sectors in Hilbert space on  𝕋3

value of  is changed by one unit by acting with  on state:ei Ŵi
̂Ti (Ŵi | ⃗e⟩) = (Ŵi | ⃗ei⟩) ei 2π

N (ei+1)

’t Hooft ’81; Luscher ’82; van Baal ’84;  Gonzalez-Arroyo; Korthals Altes ‘80s+…

Witten ’82, ’00: use for tr(−1)F

- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3 ̂TlŴk ̂T−1
l = ei 2π

N δkl Ŵk

-  commute with Hamiltonian, generate 1-form ;  eigenvalues ̂Tl Z(1)
N

̂Tl ei 2π
N el ∈ ZN

⃗e⃗m
boundary conditions on T3 eigenvalues of , generating 1-form ̂Tl ZN

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

“flux” label is due to ’t Hooft 
does not necessarily imply 
nonzero gauge field strength!  
 (dynamical issue, twist of b.c.)

̂Tl |ψ ⃗e⟩ = |ψ ⃗e⟩e 2πi
N el

(mod N) … 
discrete “magnetic flux”

(mod N) … 
discrete “electric flux”

in pure YM, at  as , only one electric flux 
sector ( ) has finite energy, while all others have 
energy  with coefficient given by the k-string 
tension; studied much on and off the lattice: 

 ’t Hooft ’80, Lüscher ’82, van Baal, Witten, González-Arroyo… 

θ ≠ π, L → ∞
⃗e = 0

∼ L



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

[ ̂Ti, Ĥ] = 0 |E, e1, e2, e3⟩ = |E, ⃗e⟩

1.2 electric flux sectors in Hilbert space on  𝕋3

value of  is changed by one unit by acting with  on state:ei Ŵi

“whenever you have global symmetry, it pays to introduce a background gauge field for it”
(Seiberg)



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

[ ̂Ti, Ĥ] = 0 |E, e1, e2, e3⟩ = |E, ⃗e⟩

1.2 electric flux sectors in Hilbert space on  𝕋3

value of  is changed by one unit by acting with  on state:ei Ŵi

0-form symmetry (usual one, acting on local operators) has 1-form gauge field (link-based)
1-form symmetry has 2-form gauge field (plaquette based)

in fact, QCD(adj) has SU(n_f) x Z_{2 N n_f} exact chiral symmetry
and a Z_N “1-form” center symmetry  - not visible to the naked eye, 

well known to the lattice folks, but thought - apart from some theoretical studies -
largely irrelevant   (- but is not!)

mod N integer, one per spacetime direction
“1-form”!

Z_N “1-form” global center symmetry: 

- only acts on fundamental representation Wilson line operators, infinite or wrapping around T^4 

- only preserved in theories with zero N-ality representations: pure YM, QCD(adj)
- explicitly broken in theories with massless or light fundamentals (emergent if heavy)
- in theories with two-index tensors only (AS, S) a Z_2 1-form center is exact, etc. 

moral: QCD(adj) has SU(n_f) x Z_{2 N n_f} x Z_N exact global symmetry

“1-form”“0-form”
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1 Introduction

Pe
i
H
dx1A1 ! e

i
2⇡n1
N Pe

i
H
dx1A1

Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.
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Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.
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now, make  


x-dependent: 
zμ eiBμν(x)

plaquette based

(2-form) -valuedℤN
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Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.
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eiBμν(x)
plaquette based

(2-form) -valuedℤN

for 1-form gauge field,  is gauge invariant∮ Aμdxμ
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Quantum field theory (QFT) is a universal paradigm for writing down the fundamental

laws of nature. In many situations, however, QFTs are strongly coupled and learning about

their nonperturbative behavior becomes a daunting task. One of the powerful tools that

sheds light on the nonperturbative structure of QFT is ’t Hooft’s anomaly matching [? ].

Given a QFT with a continuous or discrete global symmetry G, one may try to introduce

a background gauge field of G. If the theory doesn’t maintain its gauge invariance, we say

that it has a ’t Hooft anomaly. The anomaly is renormalization group invariant and must

be matched between the infrared (IR) and ultraviolet (UV) dynamics. This matching is

especially powerful in asymptotically free theories: one computes the anomaly coe�cient

upon gauging G in the UV, where the theory is amenable to perturbative analysis. Then,

this coe�cient has to be matched in the IR, which puts constraints on the strongly coupled

IR spectrum of the theory, see [? ? ? ]. If G = G1 ⇥G2, then it might happen that G1 and

G2 have no ’t Hooft anomalies, but the product G1 ⇥G2 is anomalous. In this case, we say

that the theory has a mixed ’t Hooft anomaly.

A global symmetry G is said to be a 0-form symmetry if it acts on local operators. If

G acts on operators of spacetime dimension q, then G is a q-form symmetry [? ]. A famous

example is SU(N) Yang-Mills theory, which enjoys a 1-form ZC
N center symmetry that acts

on Wilson line operators. Recently, it has been realized that gauging the 1-form discrete

symmetries can also be obstructed due to the existence of ’t Hooft anomalies, which can

provide more handles to study the phases of gauge theories [? ? ]. In particular, non trivial

constraints can be imposed on the vacua of gauge theories (including their number) that enjoy

both 0- and 1-form discrete symmetries upon gauging the latter.
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eiBμν(x)
plaquette based

(2-form) -valuedℤN

1-form symmetry has 2-form gauge field (plaquette based)

for 2-form abelian/  gauge field, ℤN ∮ Bμνd2σμν

is gauge invariant; on  we can introduce 

curvature-free background for  2-form field

𝕋3

ℤN



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

[ ̂Ti, Ĥ] = 0 |E, e1, e2, e3⟩ = |E, ⃗e⟩

1.2 electric flux sectors in Hilbert space on  𝕋3

value of  is changed by one unit by acting with  on state:ei Ŵi

∮ dx1dx2B12 =
2πm3

N
(mod2π)

∮ dx2dx3B23 =
2πm1

N
(mod2π)

∮ dx3dx1B31 =
2πm2

N
(mod2π) x3

-planex1, x2

for 2-form abelian/  gauge field, ℤN ∮ Bμνd2σμν

is gauge invariant; on  we can introduce 

curvature-free background for  2-form field

𝕋3

ℤN



1. reminder of old-fashioned language (~1980) 

1.1 center symmetry: : “gauge” transforms periodic in 
 up to a center element 

̂Ti, i = 1,2,3
xi

[ ̂Ti, Ĥ] = 0 |E, e1, e2, e3⟩ = |E, ⃗e⟩

1.2 electric flux sectors in Hilbert space on  𝕋3

value of  is changed by one unit by acting with  on state:ei Ŵi

1.3 magnetic fluxes on  (aka “twisted b.c.”; “’t Hooft fluxes”)𝕋3

 Hilbert space basis is: |E, ⃗e⟩ ⃗m , with*   ̂Ti |E, ⃗e⟩ ⃗m = |E, ⃗e⟩ ⃗m ei 2π
N ei

(* at θ = 0)
in thermodynamic limit, usually only  have finite energy while dependence 
on b.c., , is expected to be irrelevant, at least for gapped theories

⃗e = 0
⃗m

[check in TD limit, Teper, Stephenson; González-Arroyo… ’80s-‘90s]



̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N m3 ei2π ∫T3 tr( ̂Ad ̂A+...)

Crucial observation (’t Hooft)


, the  generator in the direction orthogonal to the (12) plane of the twist


has winding number Q =  


[  is a gauge transform, a map from torus to gauge group, so winding makes sense]

̂T3 Z(1)
N m3

N
(mod Z)

T3

3d CS action, , normalized to shift 


by unity under a unit-winding gauge transformation, 

so   invariant

SCS = ∫ tr(AdA + . . . )

ei2πSCS

however, CS action shifts by  under fractional winding
m3

N

ei2πSCS

consider a unit “magnetic flux” (twist) in one plane (12, say) only: ⃗m = (0,0,1)

- have to accept or ask later…



̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N m3 ei2π ∫T3 tr( ̂Ad ̂A+...)

Crucial observation (’t Hooft)


, the  generator in the direction orthogonal to the (12)  plane of the twist


has winding number Q =  


̂T3 Z(1)
N m3

N
(mod Z)

- fractional winding explained by ’t Hooft ~ 1980

- as an equation in Hilbert space (*) appears first in unpublished Ch. 3 of van Baal’s PhD thesis, 1984

at the time, (*) significance as an anomaly and implications for spectrum, incl. in TD limit, missed!

(*)



̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N m3 ei2π ∫T3 tr( ̂Ad ̂A+...)

Crucial observation (’t Hooft)


, the  generator in the direction orthogonal to the (12)  plane of the twist


has winding number Q =  


̂T3 Z(1)
N m3

N
(mod Z)

- fractional winding explained by ’t Hooft ~ 1980

- as an equation in Hilbert space (*) appears first in unpublished Ch. 3 of van Baal’s PhD thesis, 1984

- Eq. (*): Hilbert space expression of what GKKS ~2014 call  -periodicity anomaly (GKKS study Euclidean path integral)θ

U1(ei2πSCS[A]Ψ[A]) = ei(2π+θ) (ei2πSCS[A]Ψ[A])U1Ψ[A] = eiθ Ψ[A]

(*)

- hence  is “operator shifting  by ”      (  is operator of unit-winding gauge transform)ei2πSCS θ 2π U1

- Eq. (*) says that when  (mod N), shifting  by  and center symmetry do not commutem3 ≠ 0 θ 2π

we care because  shifts of  can be part of physical symmetry (simplest: parity in pure-YM )2π θ θ=π



SU(N) with  adjoint Weyl quarks, for definiteness take SYM,  below: nf nf = 1

Since the adjoint fermions obey (3.6), the Z
(1)
N center-symmetry generators T̂i commute with

the Hamiltonian.
Classically, the nf Weyl fermions have a U(nf ) (0-form) global chiral symmetry. However,

in the quantum theory, this is broken by the triangle anomaly to
Z2nfN×SU(nf )

Znf
. In what

follows, we shall only consider the discrete chiral symmetry which is defined as the center of
the full unbroken chiral symmetry, that is Z2nfN . The classical U(1) ∈ U(nf ) chiral current
operator ĵµf = λ̂a †σ̄µλ̂a, with a sum over a and flavour understood, has an anomaly given by
the (Heisenberg picture) operator equation

∂µĵ
µ
f = ∂µ(λ̂

a †σ̄µλ̂a) = 2nfN∂µK̂
µ . (3.48)

This allows one to define a conserved but gauge variant current which we label Ĵµ
5 for historical

reasons:31

Ĵµ
5 = ĵµf − 2nfNK̂µ . (3.49)

The corresponding U(1) charge operator, Q̂5 =
∫

d3xĴ0
5 =

∫

d3xĵ0f − 2nfN
∫

d3xK̂0, com-
mutes with the Hamiltonian but is not gauge invariant. However, the unitary operator rep-
resenting a Z

(0)
2nfN

subgroup of the chiral symmetry is gauge invariant32

X̂
Z
(0)
2nfN

= e
i 2π
2nfN Q̂5

= e
i 2π
2nfN

∫
d3xĵ0f V̂ −1

2π , (3.50)

with V̂2π from (3.23). Since the fermions are adjoint and the operator
∫

d3xĵ0f contains a trace
in its definition, the fermion part of the chiral symmetry operator commutes with the 1-form
center symmetry generators T̂j . Hence, the algebra between X̂

Z
(0)
2nfN

and the T̂j is exactly the

same as between V̂2π and Z
(1)
N symmetry generators T̂j of eqn. (3.26)

T̂j X̂
Z
(0)
2nfN

= e−i 2πN mj X̂
Z
(0)
2nfN

T̂j. (3.51)

This implies that the discrete chiral symmetry transformation results in a shift $e → $e− $m.
We can now return to our example of $m = (0, 0, 1). We have, as in the pure gauge theory,

that T̂1,2 commute with the Hamiltonian and the chiral symmetry generator X̂
Z
(0)
2nfN

. Similar

to (3.40), the interesting part of the algebra is

[T̂3, Ĥ] = 0, [X̂
Z
(0)
2nfN

, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)

As Ĥ commutes with T̂3, as before, we can label energy eigenstates as |E, e3〉. Clearly, the
algebra (3.52) then requires that

X̂
Z
(0)
2nfN

|E, e3〉 = |E, e3 − 1〉 . (3.53)

31See [71] for the calculation of the relevant field-current and current-current equal-time commutators.
32The discussion that follows parallels the one in the charge q > 1 Schwinger model [13]. In particular, the

algebra (3.51) with mj = 1, for one chosen j, is identical to the one found there.
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, Ĥ] = 0, T̂3 X̂
Z
(0)
2nfN

= e−i 2πN X̂
Z
(0)
2nfN

T̂3. (3.52)
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X̂2N = ei 2π
2N Q̂5 = ei 2π

2N ∫ d3x ̂j0
f e−i2π ∫ d3xK̂0

gauge invariant operator 

of  discrete R-symmetryZ(0)

2N

̂T3 ei2π ∫T3 tr( ̂Ad ̂A+...) ̂T−1
3 = ei 2π

N ei2π ∫T3 tr( ̂Ad ̂A+...) ⟹ ̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N

 ∫ d3xK̂0 = SCS mixed 0-form/1-form anomaly

Qtop. =
1

32π2 ∫ d4x Fa
μνFa

λσϵμνλσ =: ∫ d4x ∂μKμ ∫ d3xK0 ≡ SCSnotation: with

classical chiral U(1)   “R-symmetry”λ → eiαλ

on  with :𝕋3 m3 = 1

(nf = 1)



SYM on twisted  - invertible chiral/center anomalyT3

Hilbert space with spatial ‘t Hooft twist ; SYM has two global symmetries, 

 and , 1-form and 0-form, invertible (=normal unitary operators on Hilbert space)


commute with Hamiltonian, but not with each other: 

n12 = m3 = 1
̂T3 X̂2N

̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N X̂2N |E, e3⟩ = |E, e3 − 1⟩
action of chiral symmetry changes  flux of state but not energy e3

all energy levels on the twisted  are N-fold degenerate, 

exact degeneracy at any finite volume, provided !

T3

n12 = m3 = 1

unusual in QFT! (TQFTs “living” on DW-instanton worldvolume responsible!)


different from topological order (e.g.  in superconductors) 

where degeneracy only in “topological scaling limit”

ℤ2

  [Cox, Wandler, EP 2106] 



SYM on twisted  - invertible chiral/center anomalyT3

Hilbert space with spatial ‘t Hooft twist ; SYM has two global symmetries, 

 and , 1-form and 0-form, invertible (=normal unitary operators on Hilbert space)


commute with Hamiltonian, but not with each other: 

n12 = m3 = 1
̂T3 X̂2N

̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N X̂2N |E, e3⟩ = |E, e3 − 1⟩
action of chiral symmetry changes  flux of state but not energy e3

as volume goes to infinity, if theory confines (center unbroken) clustering ground states are the 
lowest energy degenerate flux states, related by broken discrete chiral symmetry 

here, a consequence of the mixed anomaly, not SUSY!

  [Cox, Wandler, EP 2106] 

⟨E, e3 | trλλ |E, e3⟩ = ei 2π
N ⟨E, e3 + 1 | trλλ |E, e3 + 1⟩gaugino bilinear phase in different flux sectors:

all energy levels on the twisted  are N-fold degenerate, 

exact degeneracy at any finite volume, provided !

T3

n12 = m3 = 1



SYM on twisted  - invertible chiral/center anomalyT3

Hilbert space with spatial ‘t Hooft twist ; SYM has two global symmetries, 

 and , 1-form and 0-form, invertible (=normal unitary operators on Hilbert space)


commute with Hamiltonian, but not with each other: 

n12 = m3 = 1
̂T3 X̂2N

̂T3 X̂2N
̂T−1
3 = e−i 2π

N X̂2N X̂2N |E, e3⟩ = |E, e3 − 1⟩
action of chiral symmetry changes  flux of state but not energy e3

as volume goes to infinity, if theory confines (center unbroken) clustering ground states are the 
lowest energy degenerate flux states, related by broken discrete chiral symmetry 

here, a consequence of the mixed anomaly, not SUSY!

degeneracy does not require SUSY, similar degeneracies in non-SUSY QCD(adj) 

exact degeneracies less severe if gauge group has smaller center… SP, Spin, E6, E7 

  [Cox, Wandler, EP 2106] 

[Cox, Wandler, 

EP 2106] 

⟨E, e3 | trλλ |E, e3⟩ = ei 2π
N ⟨E, e3 + 1 | trλλ |E, e3 + 1⟩gaugino bilinear phase in different flux sectors:

all energy levels on the twisted  are N-fold degenerate, 

exact degeneracy at any finite volume, provided !

T3

n12 = m3 = 1



focus on even N: no state mapped to itself, all states doubly degenerate!

̂T3 ̂P0 = ̂P0 ̂T†
3

 expect  flux to have finite E at , others  θ = 0 e3 = 0 L → ∞ Eflux = σL

dihedral    D2Ndeformed

What about real infinite-  world ?T3

vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):

Ĥ → Ĥθ ≡ V̂θĤV̂ †
θ =

∫

T3

d3x

(

g2

2
(Π̂a

i −
θ

8π2
B̂a

i )(Π̂
a
i −

θ

8π2
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

. (3.35)

For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π

P̂0Ĥθ=πP̂0 =

∫

T3

d3x

(

g2

2
(Π̂a

i +
1

8π
B̂a

i )(Π̂
a
i +

1

8π
B̂a

i ) +
1

2g2
B̂a

i B̂
a
i

)

= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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COMMENT 1:

if confinement? 

Studying a gauge theory on torus with twisted b.c. 

(=in 2-form  background fields for the 1-form symmetry)

is a powerful probe of the dynamics, especially in the presence of anomalies.
Mixed anomaly of invertible or noninvertible chiral symmetries with center symmetry implies exact 
degeneracy of flux sectors at any size torus.

Cartoon picture to remember: 
A.) no anomaly: lowest energy in  flux sector e3 ≠ 0 → σL → ∞

torus with 2-form background (any), 

upon increasing size to ∞

confining

string tension

(lattice!)

higher flux 

sectors decouple at   L → ∞

[Teper, Stephenson;

 González-Arroyo,…1990s]

part 1 summary:



Cartoon picture to remember: 

torus with 2-form background 

(the one revealing anomaly!), 

upon increasing size to ∞

B.) anomaly: lowest energies of  flux sectors remain equale3 = 0, e3 = 1

focus on even N: no state mapped to itself, all states doubly degenerate!

̂T3 ̂P0 = ̂P0 ̂T†
3

dihedral    D2Ndeformed

What about real infinite-  world ?T3

vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
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  e.g.  and  states of finite E at θ = π |e3 = 0⟩ |e3 = 1⟩ L → ∞
  parity breaking vacua|0⟩, |1⟩

COMMENT 1:

if confinement? 
clustering: if center preserved, parity broken:

 as in dYM [Unsal, Yaffe 2008+… coming up],…, lattice [Kitano et al 2021] ?interchanged by chiral symmetry   ∀L < ∞

for  valued anomalyℤ2

(or parity, in pure YM at ) θ = π

part 1 summary:



Cartoon picture to remember: 
B.) anomaly: lowest energies of  flux sectors remain equale3 = 0, e3 = 1

focus on even N: no state mapped to itself, all states doubly degenerate!
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What about real infinite-  world ?T3

vs . θ = 0at θ = π YM, take e.g. SU(N) ⃗m = (0,0,1)

Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):
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For θ = 0, P̂0, defined via (3.30), is the operator generating the parity symmetry: from
the remarks after (3.34) it follows that Ĥθ=0 commutes with P̂0. However, for θ $= 0, this
transformation flips the sign of the theta term, as it reverses the sign of Π̂i, thus parity cannot
be a symmetry for almost all non-zero values of θ, with θ = π being the notable exception.
Thus, consider the action of P̂0 on the Hamiltonian (3.35) with θ = π
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= Ĥθ=−π . (3.36)

Now act with V̂2π on (3.36), using (3.25) as V̂2πΠ̂a
i V̂

−1
2π = Π̂a

i − 1
4π B̂

a
i , to find

V̂2πP̂0Ĥθ=πP̂0V̂
−1
2π = Ĥθ=π. (3.37)

In other words, parity at θ = π is generated by the operator

P̂π = V̂2πP̂0 . (3.38)

Notice that P̂0V̂2πP̂0 = V̂ −1
2π , so P̂ 2

π = 1 as required for a parity symmetry. Finally, to find
the commutator of P̂π with the center generators, we use the algebras (3.26) and (3.34):

T̂j P̂π = e
2πi
N mj P̂π T̂ †

j . (3.39)

Hence, P̂π sends #e to #m − #e. The algebra (3.39) is a central extension of the DN algebra
(3.34).

To see the implications of the algebras (3.34) and (3.39), consider, with no loss of gener-
ality, the background #m = (0, 0, 1) of section 3.1.4. Let us summarize our knowledge of the
parity and center symmetries in this background. The operators T̂1 and T̂2 commute with
the Hamiltonian, as well as with P̂π and T̂3. The interesting part of the algebra is:

[T̂3, Ĥθ=π] = 0 , [P̂π, Ĥθ=π] = 0 , T̂3P̂π = ei
2π
N P̂πT̂

†
3 , (3.40)

where P̂ 2
π = 1 and T̂N

3 = 1, where we recall that we are working in Hphys.
θ=0 . Clearly, every

energy eigenstate can also be labeled by the value of discrete electric flux, e322 (of course,
finding what values of e3 a given energy eigenstate has requires solving for the spectrum).
Let us denote the energy eigenstate by |E, e3〉, where Ĥθ=π|E, e3〉 = |E, e3〉E and T̂3|E, e3〉 =

22As well as by e1 and e2, the eigenvalues of T̂1,2. However, the symmetry algebra does not imply degeneracies

between states labeled by different e1 and e2, as T̂1,2 commute with P̂π, Ĥθ=π, and T̂3. Hence to avoid

cluttering, we omit denoting the energy eigenstate by |E, e1, e2, e3〉.
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  e.g.  and  states of finite E at θ = π |e3 = 0⟩ |e3 = 1⟩ L → ∞
  parity breaking vacua|0⟩, |1⟩
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Hamiltonian Ĥθ=0 has in Hphys.
θ ). The θ-dependent Hamiltonian (3.10) then becomes, making

use of (3.25):
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4d Georgi-Glashow  w/ real triplet vev ; IR-free CFT at , at any L!SU(2) → U(1) v ≫ 1/L θ = π
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COMMENT 1:

What about real infinite-  world ?T3

Example: 
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   by -center̂T3

interchanged by chiral symmetry   ∀L < ∞

for  valued anomalyℤ2
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2. APPLICATION TO SYM: SEMICLASSICS ON  AND THE GAUGINO 
CONDENSATE vs. SEMICLASSICS ON 

𝕋4

ℝ4, ℝ3 × 𝕊1
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The gaugino condensate from asymmetric
four-torus with twists
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Abstract: We calculate the gaugino condensate in SU(2) super Yang-Mills theory

on an asymmetric four-torus T4 with ’t Hooft’s twisted boundary conditions. The T4

asymmetry is controlled by a dimensionless detuning parameter �, proportional to

L3L4 � L1L2, with Li denoting the T4 periods. We perform our calculations via a

path integral on a T4. Its size is taken much smaller than the inverse strong scale ⇤

and the theory is well inside the semi-classical weak-coupling regime. The instanton

background, constructed for � ⌧ 1 in [1], has fractional topological charge Q = 1
2 and

supports two gaugino zero modes, yielding a non-vanishing bilinear condensate, which

we find to be �-independent. Further, the theory has a mixed discrete chiral/1-form

center anomaly leading to double degeneracy of the energy eigenstates on any size torus

with ’t Hooft twists. In particular, there are two vacua, |0i and |1i, that are exchanged
under chiral transformation. Using this information, the �-independence of the con-

densate, and assuming further that the semi-classical theory is continuously connected

to the strongly-coupled large-T4 regime, we determine the numerical coe�cient of the

gaugino condensate: h0|tr��|0i = |h1|tr��|1i| = 32⇡2⇤3, a result equal to twice the

known R4 value. We discuss possible loopholes in the continuity approach that may

lead to this discrepancy.
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 =1 SYM: symmetries and nonrenormalization theorems 𝒩

 chiral  by anomaly   U(1) : λ → eiαλ → Z(0)
2N

formation (we also determine these gauge transformations). Finally, we determine the

Jacobian of the bosonic zero modes moduli space needed to complete the calculations.

2 Fractional instantons on the symmetric torus

We consider the SU(2) SYM theory on T4 with periods of lengths L1, L2, L3, L4. The

Euclidean action of the theory is given by13

SSYM =
1

g2

Z

T4

tr


1

2
FmnFmn + 2(@n�̄↵̇ + i[An, �̄↵̇])�̄

↵̇↵

n
�↵

�
, (2.1)

and � is a left-handed adjoint Weyl fermion, the gaugino. Dn = @n + i[An, ] is the

covariant derivative, �n ⌘ (i~�, 1), �̄n ⌘ (�i~�, 1), ~� are the Pauli matrices, and the

Latin letters n,m run over 1, 2, 3, 4. The field strength is given by Fmn = @mAn �
@nAm + i[Am, An]. This action is invariant under the supersymmetry transformations

�An = ⇣↵ �n ↵↵̇ �̄↵̇ + ⇣̄↵̇ �̄↵̇↵

n
�↵ , ��↵ = �� �

mn ↵
⇣� Fmn , ��̄↵̇ = ��̄ ↵̇

mn �̇
⇣̄ �̇ Fmn ,

(2.2)

where the spinors obey ⇠1 = ⇠2, ⇠2 = �⇠1 and likewise for the dotted ones. The

equations of motion that result from the variation of SSYM are

(DmFmn)
A = �i tr �̄�̄n[T

A,�] , �̄↵̇↵

n
Dn�

A

↵
= 0 , �n ↵↵̇Dn�̄

A↵̇ = 0, (2.3)

where A = 1, 2, 3 labels the color group generators TA = ⌧A/2 with ⌧A the Pauli

matrices. We shall consider SYM with twisted boundary conditions on T4. Without

loss of generality, we can use the following transition functions:

⌦2(x) = e�i2⇡
x1
L1

⌧3

2 , ⌦4(x) = e�i2⇡
x3
L3

⌧3

2 , while ⌦1 = ⌦3 = 1. (2.4)

⌦2 and ⌦4 implement the twists along the x2 and x4 directions, while the transition

functions along the x1 and x3 directions are trivial. The transition functions obey the

cocycle conditions

⌦i(x+ Lj êj) ⌦j(x) = ei⇡nij⌧3 ⌦j(x+ Liêi) ⌦i(x), i, j = 1, 2, 3, 4, 8x 2 R4, (2.5)

13The Euclidean action, supersymmetry transformations, and the matrices �n, �̄n, �mn, �̄mn, are as
in [25], except that we use hermitean gauge fields, necessitating the replacement Athat ref. = iA

this paper.
See also Appendices A.1 and B.2.
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 =1 SYM: symmetries and nonrenormalization theorems 𝒩

 chiral  by anomaly   U(1) : λ → eiαλ → Z(0)
2N

⟨tr λ2⟩ = ± 16π2Λ3Z(0)
2N → Z(0)

2  (N=2)

modes in the Q = 1 instanton background gives a nonzero value to the 2N -point func-

tion h(tr�2)Ni, from which one can naively extract the value of the 2-point function

h(tr�2)i =
⇥
h(tr�2)Ni

⇤1/N
. A detailed calculation, keeping track of all numerical coe�-

cients, gives h(tr�2)i = 2((N � 1)!(3N � 1))�1/N(16⇡2⇤3)ei
2⇡k
N , with k = 0, 1, ..., N � 1.

The complex phase results from taking the Nth root of unity, in accordance with the

expectation that the theory admits N distinct vacua needed to match the generalized

’t Hooft anomaly.

In the weak-coupling instanton method, we consider super QCD with N�1 funda-

mental flavors �i, i = 1, .., N�1, where �i is a chiral superfield, and give all the flavors

small masses m. We work in the limit |�i| � ⇤Q, where ⇤Q is the strong scale in the

presence of quarks. Since there are N �1 flavors, the gauge group fully abelianizes and

we are well inside the weak-coupling regime. The total superpotential of this theory

takes the from W = mi

j
�̄j�i +

⇤2N+1
Q

Det(�̄�)
, where the second term is the A✏eck-Dine-

Seiberg (ADS) superpotential [20]. The ADS term is nonperturbative in nature and is

based on holomorphy and the symmetry structure of super QCD. It also results from

saturating the quarks’ zero modes in the BPST instanton background (the numerical

coe�cient was obtained1 in [29], and corrected in [30]). Since we are in a weak-coupling

limit, the instanton calculations are reliable. Minimizing the energy, we obtain the su-

persymmetric vacuum �̄j�i = (m�1)j
i

h
⇤(2N+1)

Q
Detm

i1/N
. Finally, we substitute this

result back into W to find W = N
⇥
⇤2N+1

Q
Detm

⇤1/N
. We then decouple the quarks by

taking m � ⇤Q, thus, leaving the weak-coupling regime. Using holomorphy, we can

write We↵ = N⇤3, where ⇤ is the strong scale at the mass threshold, and it exactly

coincides with SYM strong scale at the decoupling limit. Recalling that one can write

the holomorphic strong scale as ⇤ = µe2⇡i⌧/3N , with ⌧ = 4⇡i
g
2
h(µ)

(gh is the holomorphic

gauge coupling, running at one loop only and µ is some arbitrary energy scale) and

that htr�2i = �8⇡i
@We↵
@⌧

, one obtains htr�2i = 16⇡2⇤3ei
2⇡k
N in the k-th vacuum.2

Having two di↵erent methods that yield two di↵erent answers resulted in many

debates in the literature about the validity of both methods. It was earlier understood

that the strong-coupling instanton method is in tension with the cluster decomposition

principle (CDP). Consider the correlator htr�2(x)tr�2(x0)i. In the limit |x�x0| ! 1 we

expect htr�2(x)tr�2(x0)i = htr�2i2. However, since a BPST instanton cannot saturate

2 gaugino zero modes, one finds htr�2i = 0, contradicting CDP. A possible resolution

1The comparison between the weak-coupling and strong-coupling instanton methods in SU(2) was
first performed in [21], where the correct ratio between the two methods was given.

2The definition of the strong coupling scale we follow in this paper is given by ⇤3 = µ
3 e�8⇡2/Ng2

g2 ,
the one used in [25, 26, 31].
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where A = 1, 2, 3 labels the color group generators TA = ⌧A/2 with ⌧A the Pauli

matrices. We shall consider SYM with twisted boundary conditions on T4. Without

loss of generality, we can use the following transition functions:
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cocycle conditions
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in [25], except that we use hermitean gauge fields, necessitating the replacement Athat ref. = iA

this paper.
See also Appendices A.1 and B.2.
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 G=SU(N) 
 (N=2 later)



 =1 SYM: symmetries and nonrenormalization theorems 𝒩

Z(0)
2N → Z(0)

2  (N=2)

modes in the Q = 1 instanton background gives a nonzero value to the 2N -point func-

tion h(tr�2)Ni, from which one can naively extract the value of the 2-point function

h(tr�2)i =
⇥
h(tr�2)Ni

⇤1/N
. A detailed calculation, keeping track of all numerical coe�-

cients, gives h(tr�2)i = 2((N � 1)!(3N � 1))�1/N(16⇡2⇤3)ei
2⇡k
N , with k = 0, 1, ..., N � 1.

The complex phase results from taking the Nth root of unity, in accordance with the

expectation that the theory admits N distinct vacua needed to match the generalized

’t Hooft anomaly.

In the weak-coupling instanton method, we consider super QCD with N�1 funda-

mental flavors �i, i = 1, .., N�1, where �i is a chiral superfield, and give all the flavors

small masses m. We work in the limit |�i| � ⇤Q, where ⇤Q is the strong scale in the

presence of quarks. Since there are N �1 flavors, the gauge group fully abelianizes and

we are well inside the weak-coupling regime. The total superpotential of this theory

takes the from W = mi

j
�̄j�i +

⇤2N+1
Q

Det(�̄�)
, where the second term is the A✏eck-Dine-

Seiberg (ADS) superpotential [20]. The ADS term is nonperturbative in nature and is

based on holomorphy and the symmetry structure of super QCD. It also results from

saturating the quarks’ zero modes in the BPST instanton background (the numerical

coe�cient was obtained1 in [29], and corrected in [30]). Since we are in a weak-coupling

limit, the instanton calculations are reliable. Minimizing the energy, we obtain the su-

persymmetric vacuum �̄j�i = (m�1)j
i

h
⇤(2N+1)

Q
Detm

i1/N
. Finally, we substitute this

result back into W to find W = N
⇥
⇤2N+1

Q
Detm

⇤1/N
. We then decouple the quarks by

taking m � ⇤Q, thus, leaving the weak-coupling regime. Using holomorphy, we can

write We↵ = N⇤3, where ⇤ is the strong scale at the mass threshold, and it exactly

coincides with SYM strong scale at the decoupling limit. Recalling that one can write

the holomorphic strong scale as ⇤ = µe2⇡i⌧/3N , with ⌧ = 4⇡i
g
2
h(µ)

(gh is the holomorphic

gauge coupling, running at one loop only and µ is some arbitrary energy scale) and

that htr�2i = �8⇡i
@We↵
@⌧

, one obtains htr�2i = 16⇡2⇤3ei
2⇡k
N in the k-th vacuum.2

Having two di↵erent methods that yield two di↵erent answers resulted in many

debates in the literature about the validity of both methods. It was earlier understood

that the strong-coupling instanton method is in tension with the cluster decomposition

principle (CDP). Consider the correlator htr�2(x)tr�2(x0)i. In the limit |x�x0| ! 1 we

expect htr�2(x)tr�2(x0)i = htr�2i2. However, since a BPST instanton cannot saturate

2 gaugino zero modes, one finds htr�2i = 0, contradicting CDP. A possible resolution

1The comparison between the weak-coupling and strong-coupling instanton methods in SU(2) was
first performed in [21], where the correct ratio between the two methods was given.

2The definition of the strong coupling scale we follow in this paper is given by ⇤3 = µ
3 e�8⇡2/Ng2

g2 ,
the one used in [25, 26, 31].
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( = μ3 e
− 8π2

Ng2
h(μ) ) holomorphic scale

1983-1999: Novikov, Shifman, Vainshtein, Zakharov; Amati, Konishi, Rossi, Veneziano; Affleck, Dine, Seiberg; Cordes; Finnell, Pouliot 
(SQCD —> SYM on );  Davies, Hollowood, Khoze, Mattis;… 2014 Anber, Teeple, EP (SYM on  —> SYM on )R4 R3 × S1 R4

two weakly-coupled calculations of ⟨λ2⟩

⟨tr λ2⟩ = ± 16π2Λ3

all history…? 



using this new and deeper knowledge, 

revisit old (1984!) calculations of  on ⟨λ2⟩ T4

one of two weakly-coupled calculations 

of : continuous connection to ⟨λ2⟩ R4

⟨λ2⟩ = 16π2Λ3 ⟨λ2⟩ = c 16π2Λ3 Cohen, Gómez ‘84;  
Shifman, Vainshtein ‘86

2. generalized symmetries, 

   backgrounds, new anomalies

I. weak coupling 

  confinement… “adiabatic continuity”?

 (monopole-instantons, Ünsal et al, 2007+)

 (center vortices, Tanizaki-Ünsal, 2022+)

ℝ3 × 𝕊1

ℝ2 × 𝕋2
Gaiotto, Kapustin, Komargodski,Seiberg: 2014-…



using this new and deeper knowledge, 

revisit old (1984!) calculations of  on ⟨λ2⟩ T4

one of two weakly-coupled calculations 

of : continuous connection to ⟨λ2⟩ R4

⟨λ2⟩ = 16π2Λ3 ⟨λ2⟩ = c 16π2Λ3 Cohen, Gómez ‘84;  
Shifman, Vainshtein ‘86

how well do we understand semiclassics in the femtouniverse? 


is there continuity to infinite volume limit? 

- test for condensate, in SYM, where some exact results are known 

what fluctuations contribute to the gaugino condensate?



using this new and deeper knowledge, 

revisit old (1984!) calculations of  on ⟨λ2⟩ T4

one of two weakly-coupled calculations 

of : continuous connection to ⟨λ2⟩ R4

⟨λ2⟩ = 16π2Λ3 ⟨λ2⟩ = c 16π2Λ3 Cohen, Gómez ‘84;  
Shifman, Vainshtein ‘86

from Davies, Hollowood, Khoze, Mattis, ~ last time  gaugino condensate mentioned in literature:𝕋4

… advantage of our (i.e. their ) approach… we do not have to fine tune sides of torus…


… the value of the gaugino condensate from toron (i.e. ) approach is difficult to 


    interpret in infinite volume limit … numerical value disagrees …

ℝ3 × 𝕊1

𝕋4

??? … since never computed!

resolved
 footnote in hep-th/9905015:

The central idea pursued in the present paper is that there are additional configurations

which contribute to gluino condensate in the strongly-coupled regime, implying that the

instanton-induced SCI expression (1.1a) is incomplete. The existence of other contributions

necessarily affects the application of cluster decomposition in the following sense. Since each

single instanton has 2N adjoint fermion zero-modes the k-instanton configuration contributes

to the correlation function
〈

trλ2(x1)

16π2
· · · trλ

2(xkN)

16π2

〉

, (1.2)

rather than directly to
〈

trλ2

16π2

〉

itself. In the SCI approach gluino condensate is obtained by

applying cluster decomposition to (1.2) with the additional assumption that the instanton

calculation averages over the N physically equivalent vacua of the N = 1 theory. In the

following, we will show that the correlator (1.2) is not dominated solely by instantons and

hence the clustering argument must be applied to the complete expression and not just to

the instanton contribution. This is of course in complete agreement with our earlier observa-

tion [1] that clustering fails when only multi-instantons are included in the SCI calculation.

Furthermore, when the theory is partially compactified on R3×S1, we will identify the config-

urations contributing directly to
〈

trλ2

16π2

〉

with monopoles. By considering the contribution of

the monopole configurations, we will be able to argue that the complete strong coupling ex-

pression for gluino condensate is different from the SCI expression (1.1a) but agrees perfectly

with the WCI result (1.1b).

It has been suspected for a long time [24–27] that in the strongly coupled theories, such

as QCD or its supersymmetric brethren, instantons should be thought of as composite states

of more basic configurations, loosely referred to as ‘instanton partons’. These partons would

give important and possibly dominant contributions to the non-perturbative dynamics at

strong coupling. Our intention is to make this idea more precise. A necessary evil in our

approach is to consider the theory with one of its dimensions compactified.1 To this end, we

suppose that, say, x4, is periodic with period β/2π.2 We must then impose periodic boundary

conditions for bosons and fermions

Am(xµ, x4 = 0) = Am(xµ, x4 = β) , λ(xµ, x4 = 0) = λ(xµ, x4 = β) , (1.3)

1Our approach is different from the toron calculations of Ref. [28] where all four dimensions were compact-
ified on a torus. The advantage of our method compared to that of [28] is that we do not have to fine-tune the
compactification parameters for the finite-action configurations to exist. We also note that the value gluino
condensate extracted from the toron approach of [28] in the finite-volume torus with the fine-tuned periods
is difficult to interpret in the infinite volume and its numerical value agrees neither with the WCI (1.1b) nor
with the SCI (1.1a) results. In the alternative toron set-up advocated in [29], the fine-tuning problem was
avoided at the cost of introducing singular toron-like configurations with a branch cut and an IR regulator.

2The indices run over m = 1, 2, 3, 4 and µ = 1, 2, 3. Our other conventions in four and three non-compact
dimensions as well as instanton and monopole basics follow closely Appendices A and C of Ref. [30].

3

García Pérez, 

González-Arroyo, 

Pena, 2000



⟨λ2⟩n12,n34
= Trℋn12 [e−βH(−1)F ̂T3 λ2] =

X̂ |E,0⟩(n12) ∼ |E,1⟩(n12) and X̂ λ2 X̂† = − λ2

∑
E;e3=0,1

( − )Fe−βE (−1)e3 ⟨E, e3 |λ2 |E, e3⟩(n12)

armed with Hilbert space story, consider condensate, : λ2 ≡ trλ2
T3

imply that   has opposite signs in degenerate flux statesλ2

hence this product is same for e =0,1

inserts =1 twistn34
 eigenvalue

3⃗m = (0,0,n12), x4 = x4 + β



⟨λ2⟩n12,n34
= Trℋn12 [e−βH(−1)F ̂T3 λ2] = ∑

E;e3=0,1

( − )Fe−βE (−1)e3 ⟨E, e3 |λ2 |E, e3⟩(n12)

armed with Hilbert space story, consider condensate, : λ2 ≡ trλ2
T3

hence this product is same for e =0,1

inserts =1 twistn34
 eigenvalue

⟨λ2⟩n12,n34
= 2∑

E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

⟨1⟩n12,0 = Trℋn12
e−βH(−1)F = ∑

E;e3=0,1

( − )Fe−βE ⟨E, e3 |E, e3⟩(n12) = 2

normalize by path integral without  and  (i.e. no  twist, only ), i.e. Witten indexλ2 ̂T3 n34 n12

e.g., sum over one flux sector x 2

3



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

, the leading contribution to numerator, will have two undotted  zero modes Q =
1
2

λ

semiclassical expansion expected to hold at small     𝕋4

Q ∈ Z + 1/2

Q ∈ Z

 we shall discuss this calculation… but first the big picture



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

Q ∈ Z + 1/2

Q ∈ Z

take  infinite: 

 gaugino condensate in one of the vacua 

L1,2,3
R4

take  infinite: only E=0β



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

Q ∈ Z + 1/2

Q ∈ Z

semiclassical calculation in small  limit

   - made assumptions, stated later! 

𝕋4

+  argue that result is , -independent   
based on holomorphy - no f( ) allowed!

Lμ gYM
L |Λ |

take  infinite: 

 gaugino condensate in one of the vacua 

L1,2,3
R4

take  infinite: only E=0β



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

Q ∈ Z + 1/2

Q ∈ Z

Λ*
d

dΛ*
⟨λ2⟩ ∼ ⟨λ2F*⟩ ∼ ⟨λ2Q̄ ·αψ̄ ·α + λ2ψ̄ ·αQ̄ ·α⟩ ∼ ⟨Q̄ ·αλ2ψ̄ ·α + λ2ψ̄ ·αQ̄ ·α⟩ = 0

usual argument on ℝ4

but on , for each , , as states  reps. of 𝕋3 E, e3 ∑
over states w/ given E, e3

( − )F⟨E |X ·2Q̄ ·1 + Q̄ ·1X ·2 |E⟩ = 0 ∈ {Qα, Q̄ ·β} = δα ·βE

Holomorphy on ?𝕋4



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

Q ∈ Z + 1/2

Q ∈ Z

Λ*
d

dΛ*
⟨λ2⟩ ∼ ⟨λ2F*⟩ ∼ ⟨λ2Q̄ ·αψ̄ ·α + λ2ψ̄ ·αQ̄ ·α⟩ ∼ ⟨Q̄ ·αλ2ψ̄ ·α + λ2ψ̄ ·αQ̄ ·α⟩ = 0

Holomorphy on ?𝕋4

—> holomoprphy on  as well𝕋4     , , holomorphy -> no -dependence⟨λ2⟩ = cΛ3 L |Λ |

holomorphy argument appears known/obvious to Shifman & Vainshtein,

in their 1986 “Solution of anomaly puzzle…”



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

Q ∈ Z + 1/2

Q ∈ Z

, the leading semiclassical contribution to numerator, w/ two undotted  zero modes.Q =
1
2

λ

 what are these instantons? 



and thus deforming the symmetric , we find T4

- only 2  (no ) zero modes λ λ̄
explicit expressions to O(Δ)- four translational moduli zn

following this Anber, EP 2210.13568

- measure -independent to all ordersΔ
- condensate -independent to all ordersΔ

Δ =
L3L4 − L1L2

V

argument assumes  
convergence (+ uses SUSY)

all orders 
-independence 

of action
Δ

SUSY
( =

4π2

g2
)

skipping details García Perez, González-Arroyo, Pena  introduced an analytic 
expansion in allowing to construct the Q=1/2 instantons from the constant 
flux solution of ’t Hooft  (skip: issues with number of zero modes etc.)

∫ d(B & F moduli) trλλ
Q= 1

2 instanton
∼ ∫ d4x trF2 =

1
2

SBPST

thus: most important is range of moduli?



iff zk ∈ (0,4π)e− 4π2
g2 −i θ

2
V
g4 ∫M

4

∏
k=1

dzk W(x, z, Cn1,n2,n3,n4
) + h.c. = 0 (∀x, θ)

range of moduli?

winding loop in Q=1/2 

self-dual background

- to find range of  moduli, require  in pure-YM theory in small  with twists 

- use uniqueness - numerical evidence strong!

zn ⟨Wμ⟩ = 0 𝕋4

pure YM, Hamiltonian argument:

⟨W1⟩n12,n34
= Trℋn12

e−βHθ ̂T3 W1 = 0, as ⟨E, ⃗e |W1 |E, ⃗e⟩ = 0

- the value of gaugino condensate ~ volume of moduli space



iff zk ∈ (0,4π)

range of moduli found by demanding vanishing of Wilson loop vevs in pure-YM, is 
equivalent to that found by demanding that there exist gauge invariants, evaluated in 
solution background, that differentiate between all points  - i.e., we are not integrating over 
gauge equivalent values of moduli

(0,4π)

- 

Remark: Range of  moduli  means that instanton wraps twice around each direction of torus. 

            Local gauge invariants identify , but ones dressed by Wilson loops see difference. 

zn (0,4π)
z ∼ z + 2π

(also supported by numerics: F.D. Wandler, 2024 to appear)

range of moduli?

- to find range of  moduli, require  in pure-YM theory in small  with twists 

- use uniqueness - numerical evidence strong!

zn ⟨Wμ⟩ = 0 𝕋4



⟨λ2⟩ = ∑
E

( − )Fe−L4E ⟨E, e3 = 0 |λ2 |E, e3 = 0⟩
n12=1, V3=L1L2L3,

L3L4 − L1L2
L1L2L3L4

≪1, LiΛ≪1

Recall what we compute

⟨λ2⟩ = 32π2Λ3 = 2 × 16π2Λ3

Λ3 =
M3

PV

g2
e− 4π2

g2
 result of weak-coupling 


calculations, all use same def. of scale 
R4, R3 × S1

all qualifications stated! 
Collecting everything, we find

two times the 

(reminder: factor of 2 from Witten index already divided out, so value in one vacuum only)



thus, we seem to have a problem…

-  we made an algebraic mistake (all factors spelled out in glory detail in paper) 

-  there is a loophole in -independence argument? TD limit with flux more subtle? Li

- to boot, using one (no numeric study of uniqueness here!) of ’t Hooft SU(N) solutions (+ …) we findΔ

⟨λ2⟩ = N × 16π2Λ3  times the  weak coupling instanton result, 

in the usual normalization (N-fold degeneracy divided out, as in SU(2))
N R4, R3 × S1

 -  other backgrounds contribute?

 -  misidentified moduli space? (missed some global identification? need rationale?) 

(what? numerics supports uniqueness of Q=1/2 instanton) 



using this new and deeper knowledge, 

revisit old (1984!) calculations of  on ⟨λ2⟩ T4

one of two weakly-coupled calculations 

of : continuous connection to ⟨λ2⟩ R4

⟨λ2⟩R4

= 2 × for SU(2)  

wish for better understanding of fractional charge instantons, semiclassics, 
and their role in gauge dynamics (for which some evidence has accumulated)

⟨λ2⟩T4    ⟨λ2⟩R4 why?
important for pushing & checking ‘adiabatic continuity’ program qualitatively

⟨λ2⟩T4

input from math-phys/string? (re. moduli space of fractional instantons)

part 2 summary:



part 2…

rotate two stacks    into 2-1 and 4-3, respectively

shown: k = 5, r1 = 1; l = 3, r2 = 1

input from math-phys/string? 

 - moduli space of fractional instantons, motivated by D-branes vs ADHM

N D2-branes wrap 24 plane in  ~ T-dual in 13 -> N D4 on  𝕋4 𝕋̃4



part 2…

N D2-branes wrap 24 plane in  ~ T-dual in 13 -> N D4 on  𝕋4 𝕋̃4

rotate two stacks    into 2-1 and 4-3, respectively

U(N) on   with , , 


 but 

𝕋̃4 c(12)
1 = r1 c(34)

1 = r3 c(12)
1 = − ∮

trF12

2π
dx1dx2

ch2 = 0 = Q(U(N)) Q(SU(N)) = −
r1r3

N

 => SU(N) SD (U(1) not) ’t Hooft’s constant F on 
r1

kL1L2
= −

r3

lL3L4
𝕋̃4

detuning  => “lumpy” fractional instanton,
r1

kL1L2
≠ −

r3

lL3L4 as per expansion, numericsΔ−

shown:  (BPS: )k = 5, r1 = 1; l = 3, r3 = 1 α = − β

Figure 1. A 3D plot of the profile given by Eq. (6.11), with r = 3, as a function of (x1, x2),

for fixed (x3, x4). For better visualization, we show double the periods in x1 and x2. We see

three solutions, in red, yellow, and blue, lumped around three distinct centers. These lumps,

however, are not well-separated, comprising a liquid rather than a dilute gas. Earlier [9],

similar configurations were constructed numerically and used to study confinement, see [3].

control of the higher orders in the �-expansion. Numerical studies of instantons on the

twisted torus can also be used to study the convergence of the expansion as well as the

approach to various large volume limits.

2 Review of ’t Hooft’s constant-flux solutions on T4

This section quickly reviews SU(N) ’t Hooft twisted solution on the four-torus T4. We

take the torus to have periods of length Lµ, µ = 1, 2, 3, 4, where µ, ⌫ runs over the

spacetime dimensions. The gauge fields Aµ are Hermitian traceless N ⇥ N matrices,

– 5 –

pic from Anber, EP 2307.04795

input from math-phys/string? 

 - moduli space of fractional instantons, motivated by D-branes vs ADHM

… string?… too complex? (tachyon condensation) 
(much structure hidden: monopole-instantons etc!)



1. HOW MIXED ANOMALIES BETWEEN CHIRAL  
(invertible or not) AND CENTER SYMMETRY (“1-form”) 
ARISE IN HILBERT SPACE OF GAUGE THEORY ON TORUS  
& WHAT THEY IMPLY 

2. APPLICATION TO SYM: SEMICLASSICS ON  AND THE GAUGINO 
CONDENSATE vs. SEMICLASSICS ON 

𝕋4

ℝ4, ℝ3 × 𝕊1

global summary:

=> some puzzles re. “adiabatic continuity”

 or: “please, help me out with the factor of 2!”

=> degeneracies at finite volume 



some old slides/backup





|E = 0,e3 = 0⟩(n12)

|E = 0,e3 = 1⟩(n12) two clustering vacua in 

infinite volume limit

Assuming confinement (unbroken center) -> broken chiral

= |(n12)
⟨0,e3 |W3( ⃗x12,0) |0,e3 + 1⟩(n12) |

2

for L1,2 → ∞ m-x element expected to → 0

(n12)⟨0,e3 |W†
3 ( ⃗x12, T) W3( ⃗x12,0) |0,e3⟩(n12)

T→∞

= exact 

(“perimeter,” 
“broken” ) T3

(area law,  unbroken ) T3by clustering (W3( ⃗x12,0) local, at L3 < ∞)

’t Hooft ’81; Luscher ’82; van Baal ’84;  Gonzalez-Arroyo; Korthals Altes ‘80s+…

Witten ’82, ’00: use for tr(−1)F

- center-symmetry:     act on winding loops    ̂Tl, l=1,2,3 ̂TlŴk ̂T−1
l = ei 2π

N δkl Ŵk

-  commute with Hamiltonian, generate 1-form ;  eigenvalues ̂Tl Z(1)
N

̂Tl ei 2π
N el ∈ ZN

⃗e⃗m
boundary conditions on T3 eigenvalues of , generating 1-form ̂Tl ZN

 framework:  Hilbert space: :    with  obeying ’t Hooft twisted boundary conditionsT3 A0 = 0 Ψ[A] A

“flux” label is due to ’t Hooft 
does not necessarily imply 
nonzero gauge field strength!  
 (dynamical issue, twist of b.c.)

̂Tl |ψ ⃗e⟩ = |ψ ⃗e⟩e 2πi
N el

(mod N) … 
discrete “magnetic flux”

(mod N) … 
discrete “electric flux”

= W3

remarks on infinite vs. finite volume in ’t Hooft flux  background n12 = 1

≠ 0 for L1,2,3 < ∞



Trℋn12
e−βH(−1)F ̂T3 λ2

Trℋn12
e−βH(−1)F

=
∫

n12=1,n34=1
𝒟A𝒟λ e−S λ2

∫
n12=1,n34=0

𝒟A𝒟λ e−S

≡ ⟨λ2⟩ = ∑
E

( − )Fe−βE ⟨E,0 |λ2 |E,0⟩(n12)

Q ∈ Z + 1/2

Q ∈ Z

, the leading semiclassical contribution to numerator, w/ two undotted  zero modes.Q =
1
2

λ

 what are these instantons? 



A particular field configuration obeying (A.4) is the constant field strength Abelian

background, the “fractional instanton” introduced by ’t Hooft, see [15, 44, 62]:

Ān(x, z) = Ā3
n
(x, z)

⌧ 3

2
: Ā3

1 =
2⇡x2

L1L2
+

z1
L1

, (A.7)

Ā3
2 =

z2
L2

,

Ā3
3 =

2⇡x4

L3L4
+

z3
L3

,

Ā3
4 =

z4
L4

.

Here, zn are constants whose significance as collective coordinates associated with the

instanton will be discussed at length later. The field strength of the abelian background

(A.7) is:

F (0)
mn

=
⌧ 3

2

0

BBB@

0 � 2⇡
L1L2

0 0
2⇡

L1L2
0 0 0

0 0 0 � 2⇡
L3L4

0 0 2⇡
L3L4

0

1

CCCA
. (A.8)

The abelian background (A.7,A.8) has the following properties:

1. The field strength F (0)
mn from (A.8) can be used to explicitly verify that the abelian

background (A.7) has topological charge 1/2. This can be seen by recalling that

the topological charge only depends on the transition functions. Its fractional

nature is owing to the nonzero twists n12 = n34 = 1.

2. In addition, it also follows from (A.8), that for a “symmetric” T4—one where

L1L2 = L3L4—the background (A.7) is self-dual and hence stable, i.e. it has

minimal action for the given topological charge. The action of the self-dual abelian

solution is S0 =
4⇡2

g2
, half that of the BPST instanton.

3. For use below, it is convenient to introduce the variables

(ẑ1, ẑ2, ẑ3, ẑ4) ⌘ (z1 +
2⇡x2

L2
, z2 �

2⇡x1

L1
, z3 +

2⇡x4

L4
, z4 �

2⇡x3

L3
) (A.9)

The ẑ-variables are important since all gauge invariants characterizing the non-

abelian instanton background depend on ẑn only. In the gauge we are using,

the fact that the background depends on ẑ1, ẑ3 is already evident in (A.7). The

appearance of the combinations ẑ2, ẑ4 follows from the action of translations in

– 32 –

A particular field configuration obeying (A.4) is the constant field strength Abelian

background, the “fractional instanton” introduced by ’t Hooft, see [15, 44, 62]:
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’t Hooft, 1981,  constant flux backgroundQ =
1
2
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… SU(N) generalizations

BPS if symmetric :  T4 L1L2 = L3L4

gZN is kept fixed [4]. We show in Sect. 4 how to construct configurations with 
such an action. All our solutions will be represented in a suitably chosen gauge 
that makes them look essentially translationally invariant and Abelian. How- 
ever, considering the difficulty we had in finding them it looked worth-while to 
publish the result. 

 



attempting symmetric  … all looks bad! T4

- find 4  and 2  zero modes λ λ̄
(explicit, 2210.13568)

- these source gauge field EOM…  lifted? how?   
(we don’t know!) 

-  does not allow taking some interesting

limits, e.g., 

L1L2 = L3L4
R2 × T2

n12 Tanizaki Ünsal 2022

BPS if symmetric :  T4 L1L2 = L3L4

’t Hooft, 1981,  constant flux backgroundQ =
1
2

BPS - minimum action for given Q 

- preserves 1/2 SUSY
(SYM: B/F det’s of nonzero modes cancel, 

         up to power of PV regulator mass)



’t Hooft, 1981,  constant flux backgroundQ =
1
2

Cohen, Gomez 1984  gave an expression using 
this solution (“toron”) unaware (?) of subtleties 
mentioned, or of coefficient.  
In any case, since Hilbert space at finite was 
not understood at the time,  interpretation would 
have been difficult.

T3
n12

- find 4  and 2  zero modes λ λ̄

- these source gauge field EOM…  lifted? how?   
(we don’t know!) 

-  does not allow taking some interesting

limits, e.g., 

L1L2 = L3L4
R2 × T2

n12 Tanizaki Ünsal 2022

BPS if symmetric :  T4 L1L2 = L3L4

(explicit, 2210.13568)

BPS - minimum action for given Q 

- preserves 1/2 SUSY
(SYM: B/F det’s of nonzero modes cancel, 

         up to power of PV regulator mass)

attempting symmetric  … all looks bad! T4



’t Hooft, 1981,  constant flux backgroundQ =
1
2 BPS if symmetric :  T4 L1L2 = L3L4

- find 4  and 2  zero modes λ λ̄

- these source gauge field EOM…  lifted? how?   
(we don’t know!) 

-  does not allow taking some interesting

limits, e.g., 

L1L2 = L3L4
R2 × T2

n12 Tanizaki Ünsal 2022

deform the symmetric , impose BPS: T4
González-Arroyo, Pérez, Pena 2000

- only 2  zero modes λ

- , so can take limitsL1L2 ≠ L3L4

- no source term in YM field EOM

Sounds fantastic!?

(explicit, 2210.13568)

attempting symmetric  … all looks bad! T4



deformed-  analytic BPS solution is only known to leading order in  T4

Δ =
L3L4 − L1L2

V

There is “bad news,” too:

for SU(2), there is numerical evidence for uniqueness and convergence upon comparing to

“exact” (=numerical) solution for …           so, for now, we stick with SU(2)Δ ≤ 0.08

Remark: 


If there were general statements known about the moduli space of  instantons on , 

one could do certain calculations in SYM only using this knowledge (not explicit form of 
solutions) as integrals for some correlators reduce to those over bosonic and fermionic moduli. 

Q =
r
N

T4

Alas…not known! 


hence, we proceed by “trial and error” (consistency) 


(as I’ll discuss, our results may be taken to suggest that it is here where we likely need help!)



at order , gauge invariant

densities (constant at )

acquire x-dependence

Δ1

Δ0

this is Q=3/N, in SU(N>3), 12 moduli are 
positions of 3 lumps 

(yellow, red, blue; 2-torus shown doubled in size)


see Anber, EP 2307.04975 

Figure 1. A 3D plot of the profile given by Eq. (6.11), with r = 3, as a function of (x1, x2),

for fixed (x3, x4). For better visualization, we show double the periods in x1 and x2. We see

three solutions, in red, yellow, and blue, lumped around three distinct centers. These lumps,

however, are not well-separated, comprising a liquid rather than a dilute gas. Earlier [9],

similar configurations were constructed numerically and used to study confinement, see [3].

control of the higher orders in the �-expansion. Numerical studies of instantons on the

twisted torus can also be used to study the convergence of the expansion as well as the

approach to various large volume limits.

2 Review of ’t Hooft’s constant-flux solutions on T4

This section quickly reviews SU(N) ’t Hooft twisted solution on the four-torus T4. We

take the torus to have periods of length Lµ, µ = 1, 2, 3, 4, where µ, ⌫ runs over the

spacetime dimensions. The gauge fields Aµ are Hermitian traceless N ⇥ N matrices,

– 5 –

As an aside 




iff zk ∈ (0,4π)e− 4π2
g2 −i θ

2
V
g4 ∫M

4

∏
k=1

dzk W(x, z, Cn1,n2,n3,n4
) + h.c. = 0 (∀x, θ)

Most importantly: range of moduli?

any winding Wilson loop Ŵp,

hŴpi = trHm3=1

h
e�L4ĤŴpT̂3

i
= 0. (5.3)

We spent so much time explaining the expected result (5.3) because its consistency

with semiclassics is one of our main criteria used to determine the moduli space of the

fractional instanton.

Thus, we now contrast the general result (5.3) with the computation of the ex-

pectation value of a Wilson loop in the path integral formalism, in the semiclassical

approximation. Consider a Wilson loop W (Cn1,n2,n3,n4), with C beginning at an arbi-

trary point x in T4 and winding n` times around each direction L`:

W (x, Cn1,n2,n3,n4) = tr
⇣
Pe

i
R
Cn1,n2,n3,n4

Ak(x0)dx0
k ⌦n2

2 (x) ⌦n4
4 (x)

⌘
, (5.4)

where we inserted ⌦n2
2 (x) ⌦n4

4 (x) to enforce the gauge invariance of W (x, Cn1,n2,n3,n4).

Using the classical self-dual background (3.1),(3.5), we show in eqn. (A.58) in the

Appendix, that W to order � is:

W (x, Cn1,n2,n3,n4)

= 2 cos


1

2

✓
n1(z1 +

2⇡x2

L2
) + n2(z2 �

2⇡x1

L1
) + n3(z3 +

2⇡x4

L4
) + n4(z4 �

2⇡x4

L2
)

◆�
.

⇥ [1 +�F(x, z)] . (5.5)

The O(1) and O(�) contributions come from the abelian and nonabelian components

of (3.1). The cosine function has 4⇡ periodicity in {zi}, while the O(�) piece F(x, z) is

a periodic and even function of {z1+ 2⇡x2
L2

, z2� 2⇡x1
L1

, z3+
2⇡x4
L4

, z4� 2⇡x4
L2

} with periodicity

2⇡ for {zi}.
Now, using the results from the previous section and limiting our discussion to

pure Yang-Mills theory and ignoring issues of normalization, the expectation value of

a general Wilson loop is

hW (x, Cn1,n2,n3,n4)i =
X

⌫

Z
[DAµ]W (x, Cn1,n2,n3,n4)e

�SY M�i✓(⌫+ 1
2 )|n12=1,n34=1

⇠ e�S0�i
✓
2
V

g4

Z

M

4Y

k=1

dzkp
2⇡

W (x, Cn1,n2,n3,n4) + e�S0+i
✓
2
V

g4

Z

M

4Y

k=1

dzkp
2⇡

W̃ (x, Cn1,n2,n3,n4) ,

(5.6)

where in going from the first to the second line, we ignored the quantum loops and

used the bosonic zero-mode measure (4.12). We limited the r.h.s. to the contributions
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3

f-n of etc.,  periodicz1 +
2πx2

L2
, 2π

winding loop in Q=1/2 

self-dual background

- to find range of  moduli, require  in pure-YM theory in femtouniverse with twists (use 
uniqueness):

zn ⟨Wμ⟩ = 0

pure YM, Hamiltonian argument:
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⟨W1⟩n12,n34
= Trℋn12

e−βHθ ̂T3 W1 = 0, as ⟨E, ⃗e |W1 |E, ⃗e⟩ = 0


