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I. Carefully enumerate all conditions that would make it possible for a particle of mass m moving
in a central potential U(r) = α

r2 to fall into the center of the potential. Would such a fall take a
finite or infinite time?

Total marks for I.: 10 points

II. Consider the family of orbits in a central potential for which the total energy is constant (but
the orbits have different values of angular momentum). If a stable circular orbit exists at r = r0

with angular momentum M0, argue that any other orbits of the family with r ≈ r0 must have
angular momentum M < M0.

Total marks for II.: 20 points

III. Find the Hamiltonian of a heavy symmetric top with one fixed point (either derive from the
Lagrangian, or simply write down). Write the Hamiltonian equations of motion and show that
these equations can be solved “in quadrature.”

Total marks for III.: 25 points

IV. A particle of mass m and charge q is moving in a constant homogeneous magnetic field B in
the z direction (for definitiveness, use the Ax = −By gauge). Write down the Largangian and the
Hamiltonian of the particle in a frame rotating with a uniform angular velocity Ω around the z
axis. Find the special value of Ω for which the form of the Hamiltonian is simplest (be free to have
physical intuition guide you; in the end, explain why the result should have been expected).

Total marks for IV.: 20 points

V. A homogeneous cone (of mass density ρ, height h, and opening angle at the tip π/6) is rolling on
a plane on its side with its tip at a fixed position. There is no sliding and no dissipation of energy
due to friction. Express the kinetic energy of the cone as a function of ρ, h, and the appropriate
dynamical variables.

Total marks for V.: 25 points

Total marks for the exam 10 + 20 + 25 + 20 + 25 = 100

Total number of pages = 1


