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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

We begin with our naive expectations, starting with adding massive quark supermultiplets.

We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in the fundamental

of the gauge group (their fermionic parts constitute N

f

Dirac fundamental flavours).

2.1 Taming the perturbative contributions

Erich Poppitz

Thomas Schäfer Mithat

¨
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Tin Sulejmanpašić

– 1 –

Insightful supersymmetry 
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Figure 10: Contour plots of the bion- and monopole-instanton-induced potential V
total

for G2 for
subcritical and critical values of c

m

(the gaugino mass), as a function of b01 and b02 (at ✓ = 0). Left
panel: Contour plot of the potential for c

m

< c⇤⇤
m

< ccr
m

(c
m

= 1.4, ccr
m

= 1.587). The minimum at
at the origin (h~b0i = 0, h~�0i = 0) is unique and not destabilized by monopole-instantons. The vacuum
energy is �5.6V 0

bion

. Right panel: Contour plot of the potential for c
m

=ccr
m

= 1.587. The minimum at

the origin is degenerate with the h~b0i = (�1.648, �0.345), h~�0i = 0 minimum. The vacuum energy is
�6.348V 0

bion

.

of the potential vanishes. It is also straightforward to see that this point is an extremum and
that the masses of ~b0 and ~�0 excitations are identical, as required by supersymmetry. When
the gaugino mass is turned on, cm 6= 0, the three kinds of monopole-instantons associated
with the a�ne and simple roots generate the terms in the potential given on the last three
lines in Eq. (4.4). These terms can be obtained by a calculation, valid at mL ⌧ 1, virtually
identical to that of Appendix B of [1], where the SU(2) case was considered.

Let us now analyze the minima of the total potential in Eq. (4.4). In doing so, we shall
ignore the O(g2) terms in the monopole-instanton induced potential. This is consistent in
the weak-coupling limit. These terms will contribute a shift of the vevs of ~b0 and ~�0 of order
g2, which can further induce an order g4 shift in h⌦i, which we ignore. As in the discussion
of the SU(Nc) case, we first study the expansion of Eq. (4.4) to quadratic order around
h~b0i = h~�0i = 0 and find that a su�ciently large cm (a number of order unity) destabilizes
the supersymmetric ground state. It is also easy to see that, as in SU(Nc > 2), there are
cubic terms in the potential for the ~b0 fields. Thus, one expects a discontinuous transition to a
ground state where the field ~b0 acquires a vev (and perhaps also ~�0). To locate the transition
we study the ✓ = 0 case in more detail. In this case the h~b0i = h~�0i = 0 vacuum with k = 0
has the lowest energy. We find that for cm < ccrm ⇡ 1.587 the supersymmetric vacuum is
stable. At cm = ccrm , a metastable vacuum with hb0

1

i = �1.648, hb0
2

i = �0.345, h~�0i = 0
becomes degenerate with the zero-vev ground state. Contour plots of the potential are shown
in Figure 10.

We find that while there is no symmetry associated with the discontinuous transition to
a new vacuum at cm > ccrm , the value of htr⌦i changes discontinuously from its subcritical
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Figure 4: Contour plots of the bion- and monopole-instanton-induced potential, as a function of the
two holonomies, showing the first order phase transition for SU(3) (darker shades represent smaller
values of the potential). Left panel: Contour plot for c

m

< c⇤⇤
m

< ccr
m

(c
m

= 2.20, ccr
m

= 2.446) as
a function of b1, b2. The Z3-symmetric (confining) minimum is at the origin. Right panel: Contour
plot for ccr

m

< c
m

< c⇤
m

(c
m

= 2.5) as a function of b1, b2. The Z3-breaking global minima are clearly
visible, and the Z3-symmetric confining minimum is meta-stable.

not a global minimum, see the right panel of Figure 4. In this regime the confining phase is
meta-stable. Finally, for cm > c⇤

m, the center-symmetric point ceases to be a local minimum,
and this correspond to the other limit of metastability. This case is not shown in Figure 4,
but shown in Figure 5.

SU(Nc),Nc > 3: The general structure that emerges for SU(Nc), Nc > 3 is similar to
the SU(3) case shown in Figure 5. We have four characteristic domains for the bion and
monopole-instanton induced potential:

• cm < c⇤⇤
m or L > L⇤⇤: There is a unique center-symmetric (confined) minimum.

• c⇤⇤
m < cm < ccrm or L⇤⇤ > L > Lcr : A global center-symmetric (confined) minimum and

Nc meta-stable ZNc breaking (deconfined) minima.

• ccrm < cm < c⇤
m or Lcr > L > L⇤: A metastable center-symmetric (confined) minimum

and Nc global ZNc breaking (deconfined) minima.

• c⇤
m < cm or L⇤ > L: Nc center-breaking global (deconfined) minima.

A lattice study of the endpoint of the regime of metastability in pure Yang-Mills theory
was reported in [20]. This study was motivated by the old idea that in large-Nc QCD the
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deconfinement in SU(3) deconfinement in G(2)

mr

br

dm−m

b−bd

Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
2

. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
S1. For theories with a ZN center symmetry, the repulsion leads to a ZN -symmetric
distribution, while for theories without a center symmetry, it leads to a non-degenerate
distribution of eigenvalues, as we show explicitly for G

2

.
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It has been realized that studies of supersymmetric gauge 
theories in the late 1990's, when properly interpreted, lead 
to insights whose relevance transcends supersymmetry. 

Why the title/abstract I gave?

While the LHC continues the search for variants of weak-scale supersymmetry:
“natural”, “compressed”, “split” or “flavorful”, among others 
 - and may or may not find evidence for it - 
I will discuss another, less direct, less mainstream, and more recent, 
use of supersymmetry in particle theory... albeit one that will not seen at the LHC...

main message:
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I will illustrate the “insightful” nature of supersymmetry by two examples 
having to do with the microscopic description of the thermal     deconfinement 
transition. 

A host of strange     topological molecules will be seen to be the major players in 
the confinement-deconfinement dynamics. 

Interesting connections emerge, between topology, 
“condensed-matter”      gases of electric and magnetic charges, 
and attempts to make sense of the divergent perturbation series. 
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I will illustrate the “insightful” nature of supersymmetry by two examples 
having to do with the microscopic description of the thermal 1. deconfinement 
transition.

A host of strange 2. topological molecules will be seen to be the major players in 
the confinement-deconfinement dynamics. 

Interesting connections emerge, between topology, 
“condensed-matter”  3. gases of electric and magnetic charges, 
and attempts to make sense of the divergent perturbation series. 
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  1. deconfinement  

  2. topological - including “SYM*/thermal YM continuity conjecture” 
  
  3. thermal gases of electric and magnetic charges 

Outline:

What are 1,2,3? 

What do they have in common? 

And how did SUSY help?

7



  1. deconfinement  

what is it and how do we study it?   

QCD - theory of the strong interactions:
      quarks and gluons, discovered in 1970s

asymptotic freedom - antiscreening, reverse of QED

QED:

Coulomb-like field 
at long distances

8



  1. deconfinement  

what is it and how do we study it?   

QCD - theory of the strong interactions:
      quarks and gluons, discovered in 1970s

QCD:

asymptotic freedom - antiscreening, reverse of QED

Coulomb-like field 
at short distancesstrong scale! less then inverse strong scale!
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How do the gluons and quarks - the fundamental fields of QCD - give rise to 
this configuration?               
... a “million dollar question” - also, literally...  

          ...only one monograph produced, so far
  an overview of various existing approaches models, ca. 2010

(constant force 10  N)6

 (1 N is the force of Earth’s gravity on a mass of about 102 g)

10



What happens when quarks and gluons are “heated up”? 
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

k

B

T ⇠ 100MeV T ⇠ 1012K

(10�10s after big bang)

We begin with our naive expectations, starting with adding massive quark supermul-

tiplets. We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in

the fundamental of the gauge group (their fermionic parts constitute N

f

Dirac fundamental

flavours).
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- quarks and gluons are 
   “liberated” or “deconfined”
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Why does deconfinement occur?   - a picture and an estimate...
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

k

B

T ⇠ 100MeV T ⇠ 1012K

(10�10s after big bang)

E ⇠ L�

S ⇠ k

B

log(2d� 1)L
p
�

F = E � TS ⇠ L� � k

B

TL

p
� log(2d� 1)
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� ⇠ 100MeV

We begin with our naive expectations, starting with adding massive quark supermul-

tiplets. We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in

the fundamental of the gauge group (their fermionic parts constitute N

f

Dirac fundamental

flavours).

2.1 Taming the perturbative contributions
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Sulejmanpašić

1

L

3
e

� 8⇡2

g2(L) (cosh 2�� cos 2�) +
m

L

2
e

� 4⇡2

g2(L) (cosh� cos�)� m

2

L

�

2

e

�2S0
e

�i2�

e

�2S0
e

�2�

e

�2S0
e

+2�

The immediate worry is that fundamentals will destabilize the center symmetry of R3 ⇥ S1;
however, since the boundary conditions on S1 are supersymmetry-preserving (“unphysical”

as some would put it), in the supersymmetric limit the GPY potential of the bosons and

fermions vanishes. When a small gaugino mass m1/2 is introduced, as in [2], it generates a

one-loop soft scalar mass for the fundamental fields—but not to the fermions, as perturbative

contributions to their mass are protected by the classical U(N
f

)
L

⇥ U(N
f

)
R

symmetry. The

one-loop soft scalar mass squared scales as m2
0 ⇠ g

2

4⇡2m
2
1/2.

1 The one loop “GPY” [3] potential

due to N

f

fundamental Dirac fermions of mass M and their scalar superpartners of mass M0,

M

2
0 ⌘ M

2 +m

2
0, can be easily shown to read:

V (v1, ...v
Nc) =

2

⇡

2

NcX

a=1

1X

p=1

cos pv
a

p

2

�
K2(pM)M2 �K2(pM0)M

2
0

�
, (2.1)

where v

a

and all mass scales are given in units of L, the size of S1, which is set to unity until

further notice. The potential V is a function of {v
a

}, the eigenvalues of the holonomy around

S1, more precisely defined as:

Nc�1X

a=1

A

a

4T
a +B41 = diag(v1, v2, . . . v

Nc) , (2.2)

1The precise expression can be borrowed from the literature on “gaugino-mediation” of supersymmetry

breaking, but we will not need it. In fact m0 can be treated as an independent small supersymmetry-breaking

parameter whose order of magnitude is as given.
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... despite “success” - this is a “picture”, quite far from a  “theory” (QCD)      

assume YM theory confines, hence it is a theory of chromoelectric fluxes

energy of a flux tube of length L entropy of a flux tube of length L

 above Tc entropy dominates

“picture” becomes a “theory” - but of compact lattice U(1) 
at strong coupling in the Villain representation [Polyakov; Susskind 1970s]

strings “melt” (or “condense”), confinement  lost...

Z diverges at Tc

12



How do people actually study deconfinement? 

experiment:     real      or      lattice, i.e. numerical 

+

- description of hydrodynamic flow
- equation of state...

e.g.:
quark antiquark potential

confined

liberated

13



Is there a place/need/opportunity for any analytical work here? 

a “picture”, a  “model”, or a  “theory” 

Lattice QCD, is, of course, a 
“theory”, whose use in the 
continuum limit requires 
numerics.

Are there any theoretically-
controlled first-principles 
calculations that allow 
analytic studies?

When dealing with “messy” stuff, these
have their place - but there may be
dangers lurking if taken too seriously. 
Often, “voodoo QCD” characterization
justified...

BJ?(via Ken Intriligator): 
“...never know if you’re right, until 
 confirmed by some other means...”

Models, in the best of cases, are designed to 
fit (some subset of) data  from lattice field 
theory numerical results, e.g.: Pisarski et al./
Diakonov, Petrov/Zhitnitnsky,Parnachev/Shuryak, 
Sulejmanpasic-Faccioli/FRG approach...

e.g., two slides ago

14



There are a only a few of these.

None of them captures all features of real QCD. 

So why do we care? 

Before answering, recall some facts about thermal theories.

Lattice QCD, is, of course, a 
“theory”, whose use in the 
continuum limit requires 
numerics.

Are there any theoretically-
controlled first-principles 
calculations that allow 
analytic studies?

15



R4

R3 � S1

R3

Z(�) = tr[e��H ], � = 1/T = radius of S1

high� T low � T

The phase transition occurs at strong scale of 
gauge theory and is non-perturbative.  It is 
very hard to study by analytical methods. 
Lattice works, but it should be seen as 
numerical experiment.  

 Phases of pure Yang-Mills theory

R3 � S1

Quark-Gluon Plasma
phase (sQGP)

Hadronic (confined) phase

The problem is experimentally relevant and theoretically interesting.

2Wednesday, May 18, 2011

Thermal partition function is (without fermions): 

L - size of S
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L

the eigenvalues leads to spontaneous breaking of the Z
2

center symmetry, h1
2

tr⌦i = ±1, and
the appearance of two vacua. In the center broken phase, we expect that these two vacua are
continuously connected to the two thermal equilibrium states of pure Yang-Mills theory as
m̃ ! 1.

One crucial point here is the following. In the confined phase, the e↵ective description of
the dynamics is given in terms of the Wilson line ⌦ (the b0-field) and dual photon �. On the
other hand, � is not a well-defined notion in the “deep” deconfined phase where the SU(2)
gauge symmetry is fully restored and the abelianization of the dynamics is lost. In other
words, the combined potential (2.36) is strictly valid beyond L � Lc(m) and for a range
L . Lc(m) provided the eigenvalues are su�ciently apart. For most of the range L < Lc(m),
the potential is solely in terms of ⌦, without �.

Finally, we can try to perform a (very rough) extrapolation of our result to pure Yang-
Mills theory and obtain an estimate of the critical temperature of the deconfining phase

transition. In the semi-classical domain, from (2.39), we find Tc
⇤

= 1

Lc⇤
⇠

q
8⇤

m , which drops
with m, but for m � ⇤ the result must become independent of m. Not much is known
numerically about the decoupling scale for a Weyl fermion in the adjoint representation. In
the case of Nc = 3 QCD with three flavors of fundamental fermions it is known that relatively
large values of the fermion mass, m >⇠ 5⇤, are needed in order for the phase transition to
approach the deconfinement transition of the pure gauge theory [22]. Assuming that the
decoupling scale for an adjoint Weyl fermion is in the range mdec ⇠ (5 � 10)⇤ we expect
Tc ⇠ (0.8� 1.3)⇤, broadly consistent with lattice data.

3. Pure Yang-Mills theory

In the previous Section, we showed that for m̃ ⌧ 1 the center-symmetry restoring phase tran-
sition can be described semi-classically. In this regime the transition is driven by the com-
petition between center-stabilizing topological molecules and center-destabilizing monopole-
instantons. In this Section, we will show that the same mechanism also exists in the pure
gauge theory, even though in this case the e↵ects cannot be computed reliably. This implies
that it is plausible that the deconfinement transition in pure gauge theory is driven by the
same topological phenomena that operate in the small m̃ limit.

3.1 Non-perturbative e↵ects on the classical background

In this Section, we will consider possible non-perturbative contributions to the potential for
the Wilson line in pure Yang Mills theory. The question is whether there are terms that favor
the center-symmetric vacuum and compete with the perturbative contributions to V (⌦). We
consider a classical background field on R3 ⇥ S1:

⌦ =

✓
ei�✓/2

e�i�✓/2

◆
, (3.1)

where�✓ is the separation between the eigenvalues of Wilson line. In the classical background
(3.1), and at weak coupling, the Wilson line behaves as an adjoint Higgs field breaking the
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Thomas Schäfer Mithat

¨

Unsal

Tin Sulejmanpašić
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Sulejmanpašić
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1

L

3

e

� 8⇡2

g

2(L) (cosh 2�� cos 2�) +
m

L

2

e

� 4⇡2

g

2(L) (cosh� cos�)� m

2

L

�

2

e

�2S0
e

�i2�

e

�2S0
e

�2�

e

�2S0
e

+2�

The immediate worry is that fundamentals will destabilize the center symmetry of R3 ⇥ S1;
however, since the boundary conditions on S1 are supersymmetry-preserving (“unphysical”

as some would put it), in the supersymmetric limit the GPY potential of the bosons and

fermions vanishes. When a small gaugino mass m

1/2

is introduced, as in [2], it generates a

one-loop soft scalar mass for the fundamental fields—but not to the fermions, as perturbative

– 2 –

hence

Contents

1 Introduction 1

2 Quarks with Dirac mass 1

2.1 Taming the perturbative contributions 2

2.2 Qualitative expectations: quarks with Dirac mass and topological molecules 4

2.2.1 Brief review of pure SYM case 4

2.2.2 Adding fundamentals: symmetries and monopole-instanton zero modes 5

2.2.3 The case M = 0 first, with important caveats at the end 7

2.2.4 The case M ! 1: useful connection to calculable pure SYM regime? 8

2.3 Remarks on the linear-chiral duality and charges under global chiral symmetries

on Coulomb branch 9

2.3.1 More of fixing Y charges - for future 11

2.3.2 Heavy quarks - center-symmetry breaking corrections to pure SYM? 12

A Expression for ... 15

B Details of ... 15

1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

S

0

=
8⇡2

g

2

m

W

=
⇡

L

~

Q

i

= ~↵

i

� ~↵

i�1

h⌦i = 0

h⌦i = 1

– 1 –

Contents

1 Introduction 1

2 Quarks with Dirac mass 1

2.1 Taming the perturbative contributions 2

2.2 Qualitative expectations: quarks with Dirac mass and topological molecules 4

2.2.1 Brief review of pure SYM case 4

2.2.2 Adding fundamentals: symmetries and monopole-instanton zero modes 5

2.2.3 The case M = 0 first, with important caveats at the end 7

2.2.4 The case M ! 1: useful connection to calculable pure SYM regime? 8

2.3 Remarks on the linear-chiral duality and charges under global chiral symmetries

on Coulomb branch 9

2.3.1 More of fixing Y charges - for future 11

2.3.2 Heavy quarks - center-symmetry breaking corrections to pure SYM? 12

A Expression for ... 15

B Details of ... 15

1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

S

0

=
8⇡2

g

2

m

W

=
⇡

L

~

Q

i

= ~↵

i

� ~↵

i�1

h⌦i = 0

h⌦i 6= 0

– 1 –

confined

deconfined

16



• ZN  center symmetry, order parameter = Wilson line $

•  L> Lc:  unbroken center symmetry
                
               
             confined phase

• L < Lc:  broken center symmetry

               
              deconfined plasma phase      

�tr �n⇥ = 0

Example 1 : Yang �Mills on R3 ⇥ S1

⇥tr �n⇤ �= 0

circumference L

g(x + L) = hg(x), hN = 1

tr�(x, x + L)� h tr�(x, x + L)

Aperiodic gauge rotations, h ∈ ZN ‘t Hooft

Order parameter

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.26 0.28  0.3  0.32 0.34 0.36 0.38  0.4  0.42

b

<|P|>

<|W|>

A typical simulation result

3Wednesday, May 18, 2011

low T - unbroken center

high T - broken center

T

T>>T  behavior has been understood for 30 years 
                                                               [Gross, Pisarski, Yaffe, 1981] 
High-T perturbation theory good, gives one-loop V(pert), favors center-broken 
vacuum, e.g.

c

in SU(N) theory without fundamentals, deconfinement = 
breaking of global Z_N center symmetry  [“gauge transform” periodic up to center]

terms of functions with essential singularities as above, there is a sense in which (1.1) should
be seen as a double expansion, a perturbative expansion in g and a non-perturbative expansion
in e�1/g.

In this paper, we will use this double expansion to study the phase diagram of an asymp-
totically free gauge theory with strong coupling scale ⇤ on R3 ⇥ S1. In a theory without
fermions the compactification scale on the S1 circle can always be given a thermal inter-
pretation. At small S1, of size L ⌧ ⇤�1, it is well-known that such theories are amenable
to a perturbative treatment. A less widely appreciated fact is that, if certain conditions
are satisfied, such theories are also amenable to non-perturbative semi-classical studies. Let
⌦ = P exp

⇥
i
R
S1 A4

dx
4

⇤
denote the gauge holonomy (or Wilson line) in the compact direction,

which, classically, is a “flat direction”. We expect that quantum e↵ects will induce a potential
for the holonomy ⌦ of the form:

V (⌦) = V
pert.(⌦) + V

nonpert.(⌦) , (1.2)

where V
pert. is the contribution of the perturbative loop-expansion in g2 and V

nonpert.(⌦) is
a non-perturbative expansion, presumably containing terms of the form e�c/g2 . The pertur-
bative term V

pert. was initially computed in [1], and the calculation was extended to higher
order in [2–4]. Although the perturbative potential V

pert.(⌦) is by now part of the standard
books of thermal field theory, V

nonpert.(⌦) has not received as much attention.

The perturbative calculation of the e↵ective potential for the Wilson line in pure SU(N)
Yang-Mills theory on R3 ⇥ S1 with small L = � gives [1]:

V
pert.(⌦) = � 2

⇡2�4

1X

n=1

1

n4

|tr⌦n|2(1 +O(g2)), (1.3)

leading to the conclusion that at small � the theory is in a deconfined phase, with broken
center-symmetry h 1

N tr⌦i = 1. If one thinks in terms of eigenvalues of ⌦, the potential (1.3)
generates an attraction among the eigenvalues. In other words, the e↵ective mass-squared for
the Wilson line is negative.

Based on numerical simulations on the lattice we know that the deconfinement transition
in pure Yang-Mills theory takes place at a temperature of order ⇤: Td = a⇤ where a is a pure
number of order one. At one-loop order in perturbation theory, (1.3) shows that the center-
symmetry is broken. Higher order corrections do not alter this conclusion; there is no e↵ect at
any order in perturbation theory that competes with center symmetry breaking. Hence, the
phase transition must be induced by V

nonpert.(⌦). Disregarding such non-perturbative e↵ects,
one would conclude that one cannot explore the transition as the temperature is lowered,
from the deconfined to the confined phase, using weak coupling techniques.

In this work, we propose a strategy to analytically study the center-symmetry changing
phase transition in four dimensional gauge theories based on an observation discussed in [5].
The main idea, schematically shown in Figure 1, is as follows: It is well-known that N = 1
SYM with periodic boundary conditions for fermions does not have a phase transition as
a function of radius. In fact, for a supersymmetric gauge theory with Hamiltonian H and
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Figure 2: The SU(2) free energy density in lattice units as a function of ⌫ for di↵erent
temperatures T .

For the calculation of F (T,X) with the direct approach based on numerically solving
the integral (16) we set � = 2.6 for the upper limit of the gauge coupling and used
27 sampling points for �

0 between 0 and 2.6 spaced by ��

0 = 0.1. In a conventional
simulation without any prescribed values of the temporal links done at � = 2.6 we
scanned the temperature T = 1/N

t

by varying N

t

between N

t

= 2 and N

t

= 20. We
evaluated the Polyakov loop susceptibility and found its maximum for N

t

= 11. Thus
for � = 2.6 the deconfinement temperature in lattice units is T

c

⇠ 1/11. This implies
that when varying N

t

between 20 and 2 we cover a range of temperatures from T/T

c

=
11/20 = 0.55 at N

t

= 20 to T/T

c

= 11/2 = 5.5 at N
t

= 2.
For the parameterization of X(⌫) = diag (e�i⇡⌫

, e

i⇡⌫) we used the values ⌫ = n/8 with
n = 0, 1, 2, 3, 4. For notational convenience, in this section we use the notation F (T, ⌫)
for the free energy density, i.e., in the general notation F (T,X) used so far we replace
the parameterized matrix X by the single parameter ⌫ that is needed for X 2 SU(2). In
the plots we show, we explore the symmetries F (T, ⌫) = F (T,�⌫) = F (T, 1� ⌫) to plot
our results in the full range of ⌫ 2 [�1, 1].

We begin the discussion of our results with Fig. 2 where we show the free energy density
F (T, ⌫) in lattice units as a function of ⌫ 2 [�1, 1] and compare di↵erent temperatures
T/T

c

below and above the deconfinement transition. For the lowest temperature T =

6

e.g. 1205.4768
SU(2) 40x40x40x30 lattice
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Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.
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We begin with our naive expectations, starting with adding massive quark supermul-

tiplets. We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in

the fundamental of the gauge group (their fermionic parts constitute N
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Dirac fundamental

flavours).
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The immediate worry is that fundamentals will destabilize the center symmetry of R3 ⇥ S1;
however, since the boundary conditions on S1 are supersymmetry-preserving (“unphysical”

as some would put it), in the supersymmetric limit the GPY potential of the bosons and

fermions vanishes. When a small gaugino mass m

1/2

is introduced, as in [2], it generates a

one-loop soft scalar mass for the fundamental fields—but not to the fermions, as perturbative

contributions to their mass are protected by the classical U(N
f

)
L

⇥ U(N
f

)
R

symmetry. The
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high-T: 
coinciding
eigenvalues

Homework 4, PHY 2407S
Special Topics: Particle Physics Below 10 TeV, Winter 2007

T indicates that a problem is required for theorists!
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1. Longitudinal W -boson scattering and unitarity.

1. Consider the Goldstone boson scattering amplitude. By carefully expanding the Goldstone lagrangian show
that the longitudinal W -boson scattering amplitude at s � m

2
W is

M�+��!�+�� = � u

4v2
,

where v is as normalized in the notes (⇠ 126 GeV ).

2. Consider now adding the Higgs boson interactions, p. 184 in notes. Show that the sum of the Goldstone
amplitude plus the amplitudes with Higgs exchange combine to:
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and use it deduce the unitarity bound on the Higgs mass stated in class.

2. Other uses of the equivalence theorem.

1. Top quark decay intoW and b. Treat theW as a stable asymptotic state (why’s that? hint: recall relation between

decay rates and the imaginary part of the self-energy of Ch. 7 of P&S). This can be performed by explicitly summing
over the polarizations of the W , but it is quicker to realize that since mt > mW , the branching to a longitudinal
polarization W -boson is likely to be enhanced. Naively, the top width would be ⇠ g

2
2mt/(4⇡), but as you will

show, there is an extra m

2
t/m

2
W enhancement factor. Consider the coupling of the top to the �

± Goldstone
bosons (recalling your Homework 1, where you worked it out!) and calculate �(t ! �

+
b). To convince yourself

that this is the right expression of the width in the mt � mW limit, calculate also �(t ! W

+
b), now summing

over the three polarizations of the W and compare to the equivalence theorem result. (Needless to say, treat the

b quark as massless and let Vtb = 1.)

2. Higgs decay into vector bosons: If the Higgs is heavier than twice the W and Z, it can decay to pairs of gauge
bosons. In the limit mh � MW (say), compute �(h ! �

+
�

�) and show that the result agrees with the x ! 0
limit of the formula for �(h ! W

+
W

�) of p. 192 of notes.

3. T A heavy fourth generation of fermions. Suppose that there is another SU(2) doublet of (quarks and leptons)
FL = (T 0

L, B
0
L) and singlets T

0
R(B

0
R) (also with sequential quark or lepton quantum numbers), whose (e.g.)

bottom component has mass from the familiar gauge invariant coupling:

�mB0
F̄L⌃

✓
0
1

◆
B

0
R + h.c..

We assume mB0
> mt > mW . Consider all graphs that contribute to the scattering process W

+
L W

�
L ! B

0
B̄

0

and single out the ones that are most relevant at s � m

2
W for the given parameters of the model. Calculate

the scattering amplitude, for given spin states of the final state fermions. Study—estimate, derive, conjecture, ...

e.g. make as much progress as you can!—the possible violation of unitarity as a function of
p
s/v and m

0
B/v.
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Nonetheless, it is of interest to find examples where one could study 
deconfinement by reliable analytical techniques (“why bother?”):

- because we can, it is great fun, and it is beautiful.

- because, we believe that understanding an analytically calculable      
  regime is always good, likely to give insight into important aspects  
  of the physics and into how QFT “works”
                                                                          
- because pushing a calculable regime to (or beyond) borders of its             
  validity can be useful; resulting models can be compared, e.g. with      
  lattice (e.g. work of Shuryak, Sulejmanpasic; lattice work...)

It is hardly surprising that we cannot explore the transition, as 
the temperature is lowered, from the unconfined to the 
confined phase using solely weak coupling techniques

“

”

Gross, Pisarski, Yaffe, 1981

Several ways to do this have been found in the past 30 years: 
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S xS  compactifications3

pro: semiclassical string theory provides a weak-coupling
 description of strongly-coupled gauge theory

con: comes with extra baggage - non decoupling KK modes; 
no asymptotic freedom; 
microscopic connection ?

2.

Gauge-gravity duality1. [many, after Witten 1998, ...]

[Aharony, Marsano, Minwalla, Papadodimas, van Raamsdonk, 2003-5]

pro:  at small S , a weakly coupled matrix model

con: thermodynamic limit means large-N transition only

These authors rejected the possibility of finding a weak-coupling transition at infinite volume...

1

thermal
non-thermal

3
low-T:  Vandermonde repulsion of EVs
high-T: pert. attraction of Polyakov loop EVs

deconfinement=Hawking-Page

useful macroscopically (especially out-of-equilibrium) 

 such a description has been found: 
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abelianized, L< infinity 
nonetheless (I think) fascinating systems: 
2d “gases” of el. and m. charged particles, with Aharonov-Bohm 
interactions, inheriting the symmetries of their respective 4d gauge 
theories and showing a deconfinement transition [far from all is understood!]

pro: at small S , map 4d thermal gauge theory to a 2d spin system - “affine” 
XY spin models related to cond. mat. systems: e.g., 2d triangular lattice 
crystal melting for SU(3)(adj) - or more general new stat-mech models

1

con:

R xS xS compactifications  2 1 1

thermal
non-thermal

3. [Simic, Unsal 2010         Anber, EP, Unsal 2011

“deformed” pure-YM “QCD(adj)” = YM with many 
 massless adjoint Weyl fermion

Anber, Collier, EP 2012Unsal 2012
Anber, Collier, Strimas-Mackey, 
Teeple, EP 2013]

In the process of unraveling the above map, SUSY played a crucial role... 
        - to be explained later; note the nf=1 adjoint theory is N=1 SYM -

(~ large-N limit of QCD with fundamental 
quarks via some large-N “orientifold” equivalences...)
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R xS  compactifications of SYM*3 1

(non-) thermal

4.

super YM = “SYM” = YM + massless quark, a triplet of SU(2), aka “gaugino”

  SYM* = SYM + mass for the triplet quark, i.e. with a “gaugino mass”

DEFINITIONS: 

• ZN  center symmetry, order parameter = Wilson line $

•  L> Lc:  unbroken center symmetry
                
               
             confined phase

• L < Lc:  broken center symmetry

               
              deconfined plasma phase      

�tr �n⇥ = 0

Example 1 : Yang �Mills on R3 ⇥ S1

⇥tr �n⇤ �= 0

circumference L

g(x + L) = hg(x), hN = 1

tr�(x, x + L)� h tr�(x, x + L)

Aperiodic gauge rotations, h ∈ ZN ‘t Hooft

Order parameter

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.26 0.28  0.3  0.32 0.34 0.36 0.38  0.4  0.42

b

<|P|>

<|W|>

A typical simulation result

3Wednesday, May 18, 2011

L
with periodic (supersymmetric, non-thermal)
boundary condition for gaugino 

we study SYM* on 

1

2

fields: gauge bosons + gauginos; Z_4 chiral symmetry

there are only two parameters to vary:  L and m

m

the theory is asymptotically free with a strong scale! 

supersymmetry and Z_4 chiral symmetry explicitly broken by m

Z_2 center symmetry- S
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[ Schaefer, Unsal, EP 1205.0290, 1212.1238
  Anber 1302.2641; Sulejmanpasic, EP 1307.1317;   
  early remarks in Unsal, Yaffe 1006.2101]
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Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.

fermion number operator F ,

eZSYM(L) = tr
⇥
e�LH(�1)F

⇤
(1.4)

is the supersymmetric (Witten) index and is independent of radius. In softly broken su-
persymmetric theory, however, this quantity does not have an interpretation as an index.
Consider adding a small mass for the fermion in N = 1 SYM. Eqn. (1.4) is still well-defined,
and can be interpreted as a twisted partition function. The twisted partition function is a
signed sum over the states in the bosonic and fermionic Hilbert spaces, HB and HF , according
to the Z

2

= (�1)F grading,

eZSYM(L,m) = ZB � ZF =
X

n2HB

e�LEn �
X

n2HF

e�LEn . (1.5)

This is di↵erent from the ordinary partition function, ZSYM(�,m) = ZB +ZF by the over-all
sign of the contribution of fermionic states.

The twisted partition function, despite being a non-thermal quantity for general values
of the fermion mass m, is immensely useful as a tool that continuously connects the thermal
phase transition in pure Yang Mills theory with a semi-classically calculable transition on
R3 ⇥ S1

� . A similar continuity argument at finite baryon density was made in [6]. For m 6= 0,
(1.5) should be viewed as probing the phase structure of the theory as a function of radius
L (which does not generally have an interpretation as inverse temperature). As emphasized,
the twisted partition function is manifestly non-thermal. Yet, it can be used to study aspects

– 3 –

size of 
circle

gaugino mass

[ Schaefer, Unsal, EP 1205.0290, 1212.1238
  Anber 1302.2641; Sulejmanpasic, EP 1307.1317;   
  early remarks in Unsal, Yaffe 1006.2101]

Davies, Hollowood, Khoze 1999
important relevant details of instanton 
calculation only recent 
EP, Schaefer, Unsal, 2012

SYM on R3xS1:
Seiberg,Witten 1996
Aharony, Hanany, Intriligator, Seiberg, 
Strassler 1997

R xS  compactifications of SYM*
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At small m,L, the transition can be studied in a theoretically controlled 
manner.  A variety of novel topological excitations and perturbative 
contributions yield competing effects, resulting in a Z_2 breaking 
transition as                   varies.  
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accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.

fermion number operator F ,

eZSYM(L) = tr
⇥
e�LH(�1)F

⇤
(1.4)

is the supersymmetric (Witten) index and is independent of radius. In softly broken su-
persymmetric theory, however, this quantity does not have an interpretation as an index.
Consider adding a small mass for the fermion in N = 1 SYM. Eqn. (1.4) is still well-defined,
and can be interpreted as a twisted partition function. The twisted partition function is a
signed sum over the states in the bosonic and fermionic Hilbert spaces, HB and HF , according
to the Z

2

= (�1)F grading,

eZSYM(L,m) = ZB � ZF =
X

n2HB

e�LEn �
X

n2HF

e�LEn . (1.5)

This is di↵erent from the ordinary partition function, ZSYM(�,m) = ZB +ZF by the over-all
sign of the contribution of fermionic states.

The twisted partition function, despite being a non-thermal quantity for general values
of the fermion mass m, is immensely useful as a tool that continuously connects the thermal
phase transition in pure Yang Mills theory with a semi-classically calculable transition on
R3 ⇥ S1

� . A similar continuity argument at finite baryon density was made in [6]. For m 6= 0,
(1.5) should be viewed as probing the phase structure of the theory as a function of radius
L (which does not generally have an interpretation as inverse temperature). As emphasized,
the twisted partition function is manifestly non-thermal. Yet, it can be used to study aspects
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We conjectured that continuously connected to deconfinement 
in pure YM (will present evidence).

Mechanism behind semiclassical transition is universal, valid for all gauge 
groups (that we have studied), with or without center. 

Order of transition is same as in corresponding pure YM in all cases. 

Some qualitative properties - theta-dependence of Tc and the strength of 
transition- first predicted at small-m,L have been verified in recent 
experiments (i.e. lattice simulations of pure thermal YM theory). 

At small m,L, the transition can be studied in a theoretically controlled 
manner.  A variety of novel topological excitations and perturbative 
contributions yield competing effects, resulting in a Z_2 breaking 
transition as                   varies.  
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Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.
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I will tell you how this part of the phase diagram comes about.
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Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.
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Figure 3: Monte Carlo history of the Polyakov loop from a numerical simulation on
a 203 × 6 lattice at 7/g2 = 9.765.

very close to zero, i.e. the free energy of a static quark is very large (although not
infinite). As one approaches the phase transition, a second peak emerges. This
peak corresponds to the high-temperature phase and has a much larger value of
the Polyakov loop, i.e. a static quark now has a much smaller free energy. As we
further increase the temperature (by increasing 7/g2) the peak corresponding to the
low-temperature phase disappears and we are left with the deconfined peak only.
We have varied Nt to check that the critical bare coupling 7/g2

c varies accordingly,
but we have not attempted to extract the value of the critical temperature in the
continuum limit.
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Figure 4: Polyakov loop probability distributions in the region of the deconfinement
phase transition in (3+1)-d G(2) Yang-Mills theory. The temperature increases from
left to right. The simulations have been performed on a 203 × 6 lattice at the three
gauge couplings 7/g2 = 9.75, 9.765, and 9.775 (left to right).

In the high-temperature phase we have observed tunneling events between differ-
ent minima of the effective potential for the Polyakov loop. In SU(3) gauge theory
these would simply represent the three different ZZ(3) copies of the deconfined phase.

11

[Pepe, Wiese 2006; Cossu et al. 2007] 
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m : htr⌦i = 3.21
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4⇡
. (4.7)

To obtain the second number above, we substituted the expectation value of h~�i, Eq. (4.2)
with the vevs of ~b0 as given in the previous paragraph, into Eq. (4.1). It is interesting to
compare Eq. (4.7) to the results obtained in the lattice simulations of pure Yang Mills G

2

theory [32, 34]. Fig. 4 of Pepe et al. [32] shows histograms of htr⌦i in the low and high
temperature phase. The results show that htr⌦i changes from slightly negative values below
Tc to large positive values above Tc, in agreement with Eq. (4.7).

5. Weak vs. strong coupling non-trivial Wilson line holonomy

We would like to conclude with a general discussion of the relation between semi-classical
theories of confinement, discussed in this work, and strong coupling confinement, studied on
the lattice. For simplicity we consider SU(Nc) gauge theory. A question that is not well
understood is whether the expectation value of the trace of the Wilson line vanishes in the
confined phase because

a) the Wilson line is dominated by gauge configurations in which its eigenvalues are located
at the Nc roots of unity with small fluctuations around them. This is the adjoint Higgs
regime, see Fig. 3b.

b) fluctuations randomize the eigenvalues over the unit circle, and there is no preferred
background, as in Fig. 3c.

This question is a source of confusion especially when one considers the phase transition
in pure YM theory. There, the transition occurs at the strong scale, hence there is no
parametric separation of scales to justify an e↵ective field theory in the transition regime.9

This regime is often modelled by a potential which breaks the center symmetry in the high
temperature deconfined phase and restores it in the low temperature confined phase. In the
limit of asymptotically high T the potential can be justified via a perturbative calculation [3],
but at low T the coupling is strong and one cannot systematically derive a potential. Ref. [37]
discusses this issue and proposes that option a) is operative in the low T confined regime of
Yang-Mills theory.

First, we emphasize that both a) and b) take place in the confined phase of a large class
of gauge theories on R3 ⇥ S1

L, where S1

L is a spatial circle. Examples include N = 1 SYM and

9An exception is the second order transition of pure SU(2) gauge theory. In this case universality arguments

imply the existence of a 3d e↵ective theory for the Wilson line [38]. We also note that one can always define

an e↵ective potential for the Wilson line. This potential simply determines the free energy as a function of the

average Wilson line — it is not the potential in a local e↵ective field theory.
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First, the evidence in support of continuity:

- same ‘universality’ (‘...’: most 1st order) class: Z_N breaking, for SU(N) 

our jump at “Tc” 

- same order of transition:
          -1st order at N>2, as seen on lattice
          -1st order for G_2, as seen on lattice 
             not associated with symmetry breaking  

EP, Schaefer, Unsal, 2012 
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Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.

fermion number operator F ,

eZSYM(L) = tr
⇥
e�LH(�1)F

⇤
(1.4)

is the supersymmetric (Witten) index and is independent of radius. In softly broken su-
persymmetric theory, however, this quantity does not have an interpretation as an index.
Consider adding a small mass for the fermion in N = 1 SYM. Eqn. (1.4) is still well-defined,
and can be interpreted as a twisted partition function. The twisted partition function is a
signed sum over the states in the bosonic and fermionic Hilbert spaces, HB and HF , according
to the Z

2

= (�1)F grading,

eZSYM(L,m) = ZB � ZF =
X

n2HB

e�LEn �
X

n2HF

e�LEn . (1.5)

This is di↵erent from the ordinary partition function, ZSYM(�,m) = ZB +ZF by the over-all
sign of the contribution of fermionic states.

The twisted partition function, despite being a non-thermal quantity for general values
of the fermion mass m, is immensely useful as a tool that continuously connects the thermal
phase transition in pure Yang Mills theory with a semi-classically calculable transition on
R3 ⇥ S1

� . A similar continuity argument at finite baryon density was made in [6]. For m 6= 0,
(1.5) should be viewed as probing the phase structure of the theory as a function of radius
L (which does not generally have an interpretation as inverse temperature). As emphasized,
the twisted partition function is manifestly non-thermal. Yet, it can be used to study aspects
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First, the evidence in support of continuity:

- same order of transition:
          -1st order at N>2, as seen on lattice
          -1st order for G_2, as seen on lattice 
             not associated with symmetry breaking  

- theta-angle dependence of transition 
   these were actually predicted - Unsal 2012; EP, Schaefer, Unsal, 2012; Anber 2013

- disc of Polyakov loop at Tc, for Nc>2, increases with increasing       
   theta [predicted Mohamed Anber 2013] and seen on lattice

 - Tc decreases with increasing theta; seen on lattice

- same ‘universality’ (‘...’: most 1st order) class: Z_N breaking, for SU(N) 

-with massive fundamental quarks transition becomes crossover

  [D’ Elia, Negro 2012]

EP, Schaefer, Unsal, 2012 

EP, Sulejmanpasic, 2013 

  [D’ Elia, Negro 2013]

as seen on lattice
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Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.
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major players: monopole-instanton “BPS” and twisted “KK”[Piljin Yi, Kimeyong Lee, 1997]

theory is weakly coupled at small L - abelian!, not just asymptotic freedom  
thus
allows us to have calculable non-perturbative effects 
and
calculable perturbative effects - which are suppressed by m -
so the two can compete and result in a calculable transition
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.
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roughly ~

and various “topological molecules made thereof”

What is the role of SUSY?

[Unsal 2007, Unsal EP 2011]

29



... how this part of the phase diagram comes about ...
       SU(2) 

2

Z1

Lc

∞

Center symmetric 

∞
   

Center broken 

L

YMSYM

0

Thermal YM  

m
non−thermal SYM with mass deformation 

Z

Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.
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- small-L theory is abelian
  SU(2) breaks to U(1)

- no light charged states
  (remember this is T=0 quantum
   transition!)
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

We begin with our naive expectations, starting with adding massive quark supermultiplets.

We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in the fundamental

of the gauge group (their fermionic parts constitute N

f

Dirac fundamental flavours).
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

We begin with our naive expectations, starting with adding massive quark supermultiplets.

We generalize the setup of Ref. [2] by adding N

f

massive chiral super fields in the fundamental

of the gauge group (their fermionic parts constitute N

f

Dirac fundamental flavours).

2.1 Taming the perturbative contributions

1

L

3
e

�2S0 (cosh 2�� cos 2�)

e

�2S0
e

�i2�

e

�2S0
e

�2�

e

�2S0
e

+2�

– 1 –

- 3d dual to A  = “dual photon” (potential for magnetic charge)

- deviation of A   from center symmetric value

relevant bosonic fields: A  - gauge field in compact direction -
and A  - 3d gauge field - in the unbroken U(1) of SU(2), equivalent to:
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- small-L theory is abelian
  SU(2) breaks to U(1)

- no light charged states
  (remember this is T=0 quantum
   transition!)

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping

???
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- small-L theory is abelian
  SU(2) breaks to U(1)

- no light charged states
  (remember this is T=0 quantum
   transition!)

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping

QM:

ground state ~
a dilute 1d “gas” of 
“tunneling events”
or instantons

t - i t>

 2. topological
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... how this part of the phase diagram comes about ...
       SU(2) 

2

Z1

Lc

∞

Center symmetric 

∞
   

Center broken 

L

YMSYM

0

Thermal YM  

m
non−thermal SYM with mass deformation 

Z

Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.

fermion number operator F ,

eZSYM(L) = tr
⇥
e�LH(�1)F

⇤
(1.4)

is the supersymmetric (Witten) index and is independent of radius. In softly broken su-
persymmetric theory, however, this quantity does not have an interpretation as an index.
Consider adding a small mass for the fermion in N = 1 SYM. Eqn. (1.4) is still well-defined,
and can be interpreted as a twisted partition function. The twisted partition function is a
signed sum over the states in the bosonic and fermionic Hilbert spaces, HB and HF , according
to the Z

2

= (�1)F grading,

eZSYM(L,m) = ZB � ZF =
X

n2HB

e�LEn �
X

n2HF

e�LEn . (1.5)

This is di↵erent from the ordinary partition function, ZSYM(�,m) = ZB +ZF by the over-all
sign of the contribution of fermionic states.

The twisted partition function, despite being a non-thermal quantity for general values
of the fermion mass m, is immensely useful as a tool that continuously connects the thermal
phase transition in pure Yang Mills theory with a semi-classically calculable transition on
R3 ⇥ S1

� . A similar continuity argument at finite baryon density was made in [6]. For m 6= 0,
(1.5) should be viewed as probing the phase structure of the theory as a function of radius
L (which does not generally have an interpretation as inverse temperature). As emphasized,
the twisted partition function is manifestly non-thermal. Yet, it can be used to study aspects
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   transition!)

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping
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  (remember this is T=0 quantum
   transition!)

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping

QFT:

BPS KK

KK*BPS*

these main “players”, as they interact, can form “molecules” - “correlated tunneling events”
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... how this part of the phase diagram comes about ...

mr

br

dm−m

b−bd

Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
2

. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
S1. For theories with a ZN center symmetry, the repulsion leads to a ZN -symmetric
distribution, while for theories without a center symmetry, it leads to a non-degenerate
distribution of eigenvalues, as we show explicitly for G

2

.
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m=0 case

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping
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... how this part of the phase diagram comes about ...

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping
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Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
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. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
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distribution of eigenvalues, as we show explicitly for G

2

.
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Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.

2 Quarks with Dirac mass

We begin with our naive expectations, starting with adding massive quark supermultiplets.
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m=0 case - physics is that of 3d Debye screening - mass gap and confinement:

magnetic bion gas: classical 
3d Coulomb plasma
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- 2d Coulomb potential

+ +B: - -B*:

BPS KK* BPS*KK

(BPS-KK* “molecules”) “magnetic bions” - confinement!
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N*:

magnetic bions: break chiral Z_2, mass gap for dual photon 
magnetic bion gas: classical 
3d Coulomb plasma

neutral bions: stabilize center Z_2, mass gap for modulus
(phi=0 - center stable)

Our interest is in the center Z_2 (as chiral Z_2 broken at m>0)

Recall it is the center Z_2 which becomes the thermal 
center symmetry of pure YM when m goes to infinity.
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... how this part of the phase diagram comes about ...
       SU(2) 

2

Z1

Lc

∞

Center symmetric 

∞
   

Center broken 

L

YMSYM

0

Thermal YM  

m
non−thermal SYM with mass deformation 

Z

Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.

fermion number operator F ,

eZSYM(L) = tr
⇥
e�LH(�1)F

⇤
(1.4)

is the supersymmetric (Witten) index and is independent of radius. In softly broken su-
persymmetric theory, however, this quantity does not have an interpretation as an index.
Consider adding a small mass for the fermion in N = 1 SYM. Eqn. (1.4) is still well-defined,
and can be interpreted as a twisted partition function. The twisted partition function is a
signed sum over the states in the bosonic and fermionic Hilbert spaces, HB and HF , according
to the Z

2

= (�1)F grading,

eZSYM(L,m) = ZB � ZF =
X

n2HB

e�LEn �
X

n2HF

e�LEn . (1.5)

This is di↵erent from the ordinary partition function, ZSYM(�,m) = ZB +ZF by the over-all
sign of the contribution of fermionic states.

The twisted partition function, despite being a non-thermal quantity for general values
of the fermion mass m, is immensely useful as a tool that continuously connects the thermal
phase transition in pure Yang Mills theory with a semi-classically calculable transition on
R3 ⇥ S1

� . A similar continuity argument at finite baryon density was made in [6]. For m 6= 0,
(1.5) should be viewed as probing the phase structure of the theory as a function of radius
L (which does not generally have an interpretation as inverse temperature). As emphasized,
the twisted partition function is manifestly non-thermal. Yet, it can be used to study aspects

– 3 –

CONFINED

DECONFINED
=1/Tc

monopole-instantons (BPS,KK+*)

magnetic bion “molecules” 

neutral bion “molecules” 
[breaking of discrete chiral symmetry]

[stability of Z2 center symmetry [non-thermal]]

mr

br

dm−m

b−bd

Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
2

. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
S1. For theories with a ZN center symmetry, the repulsion leads to a ZN -symmetric
distribution, while for theories without a center symmetry, it leads to a non-degenerate
distribution of eigenvalues, as we show explicitly for G

2

.
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m>0 case: breaks chiral symmetry, yields:

1. extra nonperturbative contributions 
from monopole-instantons (no fermion zero modes)

2. extra perturbative Gross-Pisarski-Yaffe-like contribution
(small since m is small)

small SUSY breaking “m” allows us to have perturbative and nonperturbative 
contributions compete while under theoretical control, resulting in a center-
breaking transition as             becomes O(1) (2nd order for SU(2); 1st for SU(N)...)

Y ⇠ e

i�+� Tr⌦ = 0
cosh 2�� cos 2�
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We start with the action dual Sine-Gordon model in the continuous space S =R
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and J
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and J

�

are external currents. The discrete version of the above Lagrangian
can be obtained by putting it on a lattice. Since the fields � and � are the dual of
each other, i.e. @

i

� = ✏

ij

@

j

� where ✏

x⌧

= 1, it is natural to put one of the fields, say
�, on the lattice, and the other on the dual lattice. We define the forward derivatives
as @
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and its dual, and 1̂, 2̂ are unit vectors in the direction of the two axis. Now, let
us consider the discretization of the di↵erent terms. We start with
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Taking the functional derivative w.r.t. �
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=8, so if at m>5   decoupled, as quarks in QCD, 
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T indicates that a problem is required for theorists!
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1. Longitudinal W -boson scattering and unitarity.

1. Consider the Goldstone boson scattering amplitude. By carefully expanding the Goldstone lagrangian show
that the longitudinal W -boson scattering amplitude at s � m

2
W is

M�+��!�+�� = � u

4v2
,

where v is as normalized in the notes (⇠ 126 GeV ).

2. Consider now adding the Higgs boson interactions, p. 184 in notes. Show that the sum of the Goldstone
amplitude plus the amplitudes with Higgs exchange combine to:

M�+��!�+��(s, t) = � 1

4v2
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3. Consider now the zero angular momentum partial wave amplitude corresponding to M�+��!�+��(s, t). Show
that:
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,

and use it deduce the unitarity bound on the Higgs mass stated in class.

2. Other uses of the equivalence theorem.

1. Top quark decay intoW and b. Treat theW as a stable asymptotic state (why’s that? hint: recall relation between

decay rates and the imaginary part of the self-energy of Ch. 7 of P&S). This can be performed by explicitly summing
over the polarizations of the W , but it is quicker to realize that since mt > mW , the branching to a longitudinal
polarization W -boson is likely to be enhanced. Naively, the top width would be ⇠ g

2
2mt/(4⇡), but as you will

show, there is an extra m

2
t/m

2
W enhancement factor. Consider the coupling of the top to the �

± Goldstone
bosons (recalling your Homework 1, where you worked it out!) and calculate �(t ! �

+
b). To convince yourself

that this is the right expression of the width in the mt � mW limit, calculate also �(t ! W

+
b), now summing

over the three polarizations of the W and compare to the equivalence theorem result. (Needless to say, treat the

b quark as massless and let Vtb = 1.)

2. Higgs decay into vector bosons: If the Higgs is heavier than twice the W and Z, it can decay to pairs of gauge
bosons. In the limit mh � MW (say), compute �(h ! �
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3. T A heavy fourth generation of fermions. Suppose that there is another SU(2) doublet of (quarks and leptons)
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We assume mB0
> mt > mW . Consider all graphs that contribute to the scattering process W
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and single out the ones that are most relevant at s � m
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W for the given parameters of the model. Calculate

the scattering amplitude, for given spin states of the final state fermions. Study—estimate, derive, conjecture, ...

e.g. make as much progress as you can!—the possible violation of unitarity as a function of
p
s/v and m
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1. Longitudinal W -boson scattering and unitarity.

1. Consider the Goldstone boson scattering amplitude. By carefully expanding the Goldstone lagrangian show
that the longitudinal W -boson scattering amplitude at s � m
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M�+��!�+�� = � u

4v2
,

where v is as normalized in the notes (⇠ 126 GeV ).
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and use it deduce the unitarity bound on the Higgs mass stated in class.

2. Other uses of the equivalence theorem.

1. Top quark decay intoW and b. Treat theW as a stable asymptotic state (why’s that? hint: recall relation between
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Same objects that were identified in 
SYM also exist in pure thermal YM. 
What is lost is the theoretical 
control... 

Instanton-liquid type models of the 
deconfinement transition can be 
considered, incorporating 
“molecular” contributions...
[Shuryak, Sulejmanpasic...’13]
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Figure 4: Contour plots of the bion- and monopole-instanton-induced potential, as a function of the
two holonomies, showing the first order phase transition for SU(3) (darker shades represent smaller
values of the potential). Left panel: Contour plot for c

m

< c⇤⇤
m

< ccr
m

(c
m

= 2.20, ccr
m

= 2.446) as
a function of b1, b2. The Z3-symmetric (confining) minimum is at the origin. Right panel: Contour
plot for ccr

m

< c
m

< c⇤
m

(c
m

= 2.5) as a function of b1, b2. The Z3-breaking global minima are clearly
visible, and the Z3-symmetric confining minimum is meta-stable.

not a global minimum, see the right panel of Figure 4. In this regime the confining phase is
meta-stable. Finally, for cm > c⇤

m, the center-symmetric point ceases to be a local minimum,
and this correspond to the other limit of metastability. This case is not shown in Figure 4,
but shown in Figure 5.

SU(Nc),Nc > 3: The general structure that emerges for SU(Nc), Nc > 3 is similar to
the SU(3) case shown in Figure 5. We have four characteristic domains for the bion and
monopole-instanton induced potential:

• cm < c⇤⇤
m or L > L⇤⇤: There is a unique center-symmetric (confined) minimum.

• c⇤⇤
m < cm < ccrm or L⇤⇤ > L > Lcr : A global center-symmetric (confined) minimum and

Nc meta-stable ZNc breaking (deconfined) minima.

• ccrm < cm < c⇤
m or Lcr > L > L⇤: A metastable center-symmetric (confined) minimum

and Nc global ZNc breaking (deconfined) minima.

• c⇤
m < cm or L⇤ > L: Nc center-breaking global (deconfined) minima.

A lattice study of the endpoint of the regime of metastability in pure Yang-Mills theory
was reported in [20]. This study was motivated by the old idea that in large-Nc QCD the
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instead of formulae, plot of potential due to “neutral bions” for SU(3): 
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increases (deviation of      EVs from Z3)

- one can build models and/or compare small-L calculations with lattice ... eventually entire m/L
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m
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Figure 1: The thermal deconfinement phase transition in pure Yang Mills (YM) theory can be
accessed through a non-thermal (quantum) phase transition in supersymmetric Yang Mills (SYM)
theory deformed by a gluino mass term. In the massless limit, the supersymmetric theory does not
have a phase transition. The phase transition at small-m is analytically calculable and, by decoupling,
it is connected to thermal deconfinement phase transition in pure YM theory.

fermion number operator F ,

eZSYM(L) = tr
⇥
e�LH(�1)F

⇤
(1.4)

is the supersymmetric (Witten) index and is independent of radius. In softly broken su-
persymmetric theory, however, this quantity does not have an interpretation as an index.
Consider adding a small mass for the fermion in N = 1 SYM. Eqn. (1.4) is still well-defined,
and can be interpreted as a twisted partition function. The twisted partition function is a
signed sum over the states in the bosonic and fermionic Hilbert spaces, HB and HF , according
to the Z

2

= (�1)F grading,

eZSYM(L,m) = ZB � ZF =
X

n2HB

e�LEn �
X

n2HF

e�LEn . (1.5)

This is di↵erent from the ordinary partition function, ZSYM(�,m) = ZB +ZF by the over-all
sign of the contribution of fermionic states.

The twisted partition function, despite being a non-thermal quantity for general values
of the fermion mass m, is immensely useful as a tool that continuously connects the thermal
phase transition in pure Yang Mills theory with a semi-classically calculable transition on
R3 ⇥ S1

� . A similar continuity argument at finite baryon density was made in [6]. For m 6= 0,
(1.5) should be viewed as probing the phase structure of the theory as a function of radius
L (which does not generally have an interpretation as inverse temperature). As emphasized,
the twisted partition function is manifestly non-thermal. Yet, it can be used to study aspects
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CONFINED

DECONFINED
=1/Tc

1. a quantum center-breaking transition
continuously connected (? ... gave evidence) 
to thermal deconfinement

So far I told you about 

2. driven by topological molecules, incl. 
some rather strange ones - 
appear related to renormalons and needed
to make sense of the divergent perturbation 
series... and even define the theory? 
[Argyres, Dunne, Unsal ... 2012-]

All of this was non-thermal -but quantum 
connected to thermal (electric charges were not 
directly present). 

Schaefer, Unsal, EP 1212.1238

Can one have a controllable thermal deconfinement transition? - YES
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1. Longitudinal W -boson scattering and unitarity.

1. Consider the Goldstone boson scattering amplitude. By carefully expanding the Goldstone lagrangian show
that the longitudinal W -boson scattering amplitude at s � m

2
W is

M�+��!�+�� = � u

4v2
,

where v is as normalized in the notes (⇠ 126 GeV ).

2. Consider now adding the Higgs boson interactions, p. 184 in notes. Show that the sum of the Goldstone
amplitude plus the amplitudes with Higgs exchange combine to:
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and use it deduce the unitarity bound on the Higgs mass stated in class.

2. Other uses of the equivalence theorem.

1. Top quark decay intoW and b. Treat theW as a stable asymptotic state (why’s that? hint: recall relation between

decay rates and the imaginary part of the self-energy of Ch. 7 of P&S). This can be performed by explicitly summing
over the polarizations of the W , but it is quicker to realize that since mt > mW , the branching to a longitudinal
polarization W -boson is likely to be enhanced. Naively, the top width would be ⇠ g

2
2mt/(4⇡), but as you will

show, there is an extra m
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2
W enhancement factor. Consider the coupling of the top to the �

± Goldstone
bosons (recalling your Homework 1, where you worked it out!) and calculate �(t ! �

+
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that this is the right expression of the width in the mt � mW limit, calculate also �(t ! W

+
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over the three polarizations of the W and compare to the equivalence theorem result. (Needless to say, treat the

b quark as massless and let Vtb = 1.)

2. Higgs decay into vector bosons: If the Higgs is heavier than twice the W and Z, it can decay to pairs of gauge
bosons. In the limit mh � MW (say), compute �(h ! �
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limit of the formula for �(h ! W
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We assume mB0
> mt > mW . Consider all graphs that contribute to the scattering process W
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L W
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and single out the ones that are most relevant at s � m

2
W for the given parameters of the model. Calculate

the scattering amplitude, for given spin states of the final state fermions. Study—estimate, derive, conjecture, ...

e.g. make as much progress as you can!—the possible violation of unitarity as a function of
p
s/v and m

0
B/v.
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R xS xS compactifications  2 1 1

thermal
non-thermal

3. [Simic, Unsal 2010         Anber, EP, Unsal 2011

“deformed” pure-YM “QCD(adj)” = YM with many 
 massless adjoint Weyl fermion

Anber, Collier, EP 2012Unsal 2012
Anber, Collier, Strimas-Mackey, 
Teeple, EP 2013]

In the process of unraveling the above map, SUSY played a crucial role... 
        - notice the nf=1 adjoint theory is N=1 SYM 
(already mentioned relation of QCD(adj) to a large-N limit of QCD(fund.) via various equivalences)

“QCD(adj)” on R x S  with fermions periodic around the circle, retains many features of SYM.3 1

Consider first theory on  R x S  with fermions periodic around the circle and then study 
nonzero-T of this theory (i.e. add a second “thermal circle”).

3 1

Go back to my SYM slide... and proceed by applying
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- small-L theory is abelian
  SU(2) breaks to U(1)

- no light charged states
  (remember this is T=0 quantum
   transition!)
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dm−m
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Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
2

. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
S1. For theories with a ZN center symmetry, the repulsion leads to a ZN -symmetric
distribution, while for theories without a center symmetry, it leads to a non-degenerate
distribution of eigenvalues, as we show explicitly for G

2

.

– 5 –

monopole-instantons (M,KK+*)

magnetic bion “molecules” 

neutral bion “molecules” 

T=0 in QCD(adj)

all (almost) dynamics is due to nonperturbative objects:  vacuum of the theory is a 
dilute 3d “gas” of “molecules” interacting via long-range forces due to
(dual) photon, scalar modulus, and fermion zero-mode hopping

more precisely: 
no role in thermal center; spatial-circle 
center stabilized perturbatively

QCD(adj) on R x S (spatial) 3 1

(same features as SYM before)
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Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
2

. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
S1. For theories with a ZN center symmetry, the repulsion leads to a ZN -symmetric
distribution, while for theories without a center symmetry, it leads to a non-degenerate
distribution of eigenvalues, as we show explicitly for G
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Figure 2: The Euclidean vacuum of the small-m, L theory can be described as a plasma of monopole-
instantons (gray circles) and anti-monopole-instantons (white circles) with fermionic zero modes (un-
paired arrows). The paired events are magnetic and neutral bions. Neutral bion amplitudes generate
repulsion among the eigenvalues of the Wilson line and magnetic bions generate a mass gap for gauge
fluctuations via a generalization of the Polyakov mechanism to a locally 4d theory.

which generates the bosonic potential and the mass gap for bosonic fluctuations is due to
bions, correlated monopole-anti-monopole instantons without any fermionic zero modes. The
bosonic potential also has h_ minima, leading, at weak coupling, to the spontaneous breaking
of the discrete chiral symmetry, Z

2h_ ! Z
2

. This, in turn, generates a dynamical mass for
fermions. The importance of this point of view, apart from providing the correct interpretation
of the physical phenomena governing the dynamics in the supersymmetric theory, is that semi-
classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
bosonic potential cannot be extracted from the super-potential [2, 12–14].

1.3 Phase transition in the small m-L regime and universal aspects

There are two main e↵ects of adding a small fermion mass term. The mass term lifts the zero
modes of the monopole-instantons. This implies that there is a non-zero monopole-instanton
contribution to the bosonic potential. The mass term also breaks supersymmetry, which leads
to a perturbative contribution to the potential for the holonomy [3]. Studying the competition
between these e↵ects and the bion induced potential already present at m = 0 shows that
there is a phase transition at some critical compactification scale that grows with m. We find
a description of this phase transition valid for all Lie groups, G:

1. Neutral bions always generate repulsion among the eigenvalues of the Wilson line around
S1. For theories with a ZN center symmetry, the repulsion leads to a ZN -symmetric
distribution, while for theories without a center symmetry, it leads to a non-degenerate
distribution of eigenvalues, as we show explicitly for G
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classical monopole and bion amplitudes also exist in non-supersymmetric theories, where the
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The partition function of the theory is that of a classical 2d gas of electric 
and magnetically charged particles... depends on fugacities, charges and 
coupling strength: all mapped to 4d theory parameters:
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Collecting everything, we arrive to the 2d Coulomb gas representation of the partition function
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We have slightly changed notation, compared to (4.14), notably the subscript m refers now
to bions and e—to W ’s. The interaction strengths are denoted by e for the electric charges’
Coulomb interaction and 1

m
for the magnetic charges’ interaction. The map between the

UV-cuto↵ (a) values of e, m, ye, ym, and g, ⇠
bion

, ⇠W , L, and T , is:

ye $ ⇠Wa2 , ym $ ⇠
bion

a2 , e(a) = m(a) $ g2

2⇡LT
. (4.16)

The electric charges (W ’s) of type i (of charges qA~↵i, qA = ±1) are located at ~Ri
A and the

magnetic charges (bions) of type i (of charges qa ~Qi, qa = ±1) are located at ~Ri
a. Note that

only e- and m- charge-neutral, with respect to U(1)Nc�1, configurations will give a finite
contribution to the partition function. There are arbitrary numbers of electric (N i

e±) and
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We have slightly changed notation, compared to (4.14), notably the subscript m refers now
to bions and e—to W ’s. The interaction strengths are denoted by e for the electric charges’
Coulomb interaction and 1

m
for the magnetic charges’ interaction. The map between the

UV-cuto↵ (a) values of e, m, ye, ym, and g, ⇠
bion

, ⇠W , L, and T , is:

ye $ ⇠Wa2 , ym $ ⇠
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a2 , e(a) = m(a) $ g2
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. (4.16)

The electric charges (W ’s) of type i (of charges qA~↵i, qA = ±1) are located at ~Ri
A and the

magnetic charges (bions) of type i (of charges qa ~Qi, qa = ±1) are located at ~Ri
a. Note that

only e- and m- charge-neutral, with respect to U(1)Nc�1, configurations will give a finite
contribution to the partition function. There are arbitrary numbers of electric (N i

e±) and
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ā � ~Rj

¯B

⌘

�
ni,m̄jX

a, ¯B

⇥
⇣
~Ri
a � ~Rj

¯B

⌘
�

n̄i,mjX

B,ā
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Coulomb interaction and 1

m
for the magnetic charges’ interaction. The map between the

UV-cuto↵ (a) values of e, m, ye, ym, and g, ⇠
bion

, ⇠W , L, and T , is:

ye $ ⇠Wa2 , ym $ ⇠
bion

a2 , e(a) = m(a) $ g2

2⇡LT
. (4.16)

The electric charges (W ’s) of type i (of charges qA~↵i, qA = ±1) are located at ~Ri
A and the

magnetic charges (bions) of type i (of charges qa ~Qi, qa = ±1) are located at ~Ri
a. Note that

only e- and m- charge-neutral, with respect to U(1)Nc�1, configurations will give a finite
contribution to the partition function. There are arbitrary numbers of electric (N i

e±) and
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Collecting everything, we arrive to the 2d Coulomb gas representation of the partition function
of SU(Nc) QCD(adj):
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For further use, let us rewrite (4.14) as follows:
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We have slightly changed notation, compared to (4.14), notably the subscript m refers now
to bions and e—to W ’s. The interaction strengths are denoted by e for the electric charges’
Coulomb interaction and 1

m
for the magnetic charges’ interaction. The map between the

UV-cuto↵ (a) values of e, m, ye, ym, and g, ⇠
bion

, ⇠W , L, and T , is:

ye $ ⇠Wa2 , ym $ ⇠
bion

a2 , e(a) = m(a) $ g2

2⇡LT
. (4.16)

The electric charges (W ’s) of type i (of charges qA~↵i, qA = ±1) are located at ~Ri
A and the

magnetic charges (bions) of type i (of charges qa ~Qi, qa = ±1) are located at ~Ri
a. Note that

only e- and m- charge-neutral, with respect to U(1)Nc�1, configurations will give a finite
contribution to the partition function. There are arbitrary numbers of electric (N i

e±) and
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.
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ā � ~Rj

¯B

⌘

�
ni,m̄jX

a, ¯B

⇥
⇣
~Ri
a � ~Rj

¯B

⌘
�

n̄i,mjX

B,ā
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Collecting everything, we arrive to the 2d Coulomb gas representation of the partition function
of SU(Nc) QCD(adj):
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We have slightly changed notation, compared to (4.14), notably the subscript m refers now
to bions and e—to W ’s. The interaction strengths are denoted by e for the electric charges’
Coulomb interaction and 1

m
for the magnetic charges’ interaction. The map between the

UV-cuto↵ (a) values of e, m, ye, ym, and g, ⇠
bion

, ⇠W , L, and T , is:

ye $ ⇠Wa2 , ym $ ⇠
bion

a2 , e(a) = m(a) $ g2

2⇡LT
. (4.16)

The electric charges (W ’s) of type i (of charges qA~↵i, qA = ±1) are located at ~Ri
A and the

magnetic charges (bions) of type i (of charges qa ~Qi, qa = ±1) are located at ~Ri
a. Note that

only e- and m- charge-neutral, with respect to U(1)Nc�1, configurations will give a finite
contribution to the partition function. There are arbitrary numbers of electric (N i

e±) and
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Figure 2. LEFT: Magnetic and electric charge densities as a function of the temperature. RIGHT:
Aharonov-Bohm phase contribution to the partition function (see text for definition and interpreta-
tion). Two volumes, N = 16, 32 were only considered in the dual-Coulomb gas simulation.

on the right panel of Fig. 2. There, we show the average (over the grand canonical ensemble

of electric and magnetic particles and �) of the real and imaginary part of the Aharonov-

Bohm factor in the partition function, e4i
P

aA qaqA⇥(a,A). The bottom curve shows that the

re-weighting factor is real, as expected. The upper curve shows that, as N increases, the

Aharonov-Bohm interaction becomes important near the transition (when the two densities

are comparable). For the temperature step used near the transition and for the volumes we

have studied, we do not see a serious sign problem yet—but such is expected to appear as

the volume and resolution are increased. The value of Rehe4i
P

aA qaqA⇥(a,A)i in Fig. 2 is seen

to change significantly upon doubling the volume and we expect that as N further increases,

the expectation value of Rehe4i
P

aA qaqA⇥(a,A)i will approach zero; however, studying this is

beyond the task of this largely qualitative simulation.

We note that the transition between the magnetically dominated and the electrically

dominated phase occurs precisely when T ⇠ ⇡ = 

4

(recall we use  = 4⇡), i.e., precisely

when the electric (at � = 0) and magnetic fugacities are the same. To ask about the order

of the transition (in the dual-Coulomb gas picture, we have not studied the large-volume

behavior of susceptibilities), we studied the histograms of the distributions of the action

as a function of temperature. Within our accuracy, we have not found any double-peaked

distribution of the action that would indicate a first order transition (this is consistent with

the study of the related Z
4

model of [1, 51] and is in contrast with the Z
3

⇥Z
3

models studied

in [35] which exhibit a first order transition).

Another qualitative observation is that the fluctuations of � do not seem to a↵ect the

transition in any significant manner. In order to study these, we have measured several
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Collecting everything, we arrive to the 2d Coulomb gas representation of the partition function
of SU(Nc) QCD(adj):
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We have slightly changed notation, compared to (4.14), notably the subscript m refers now
to bions and e—to W ’s. The interaction strengths are denoted by e for the electric charges’
Coulomb interaction and 1

m
for the magnetic charges’ interaction. The map between the

UV-cuto↵ (a) values of e, m, ye, ym, and g, ⇠
bion

, ⇠W , L, and T , is:

ye $ ⇠Wa2 , ym $ ⇠
bion

a2 , e(a) = m(a) $ g2

2⇡LT
. (4.16)

The electric charges (W ’s) of type i (of charges qA~↵i, qA = ±1) are located at ~Ri
A and the

magnetic charges (bions) of type i (of charges qa ~Qi, qa = ±1) are located at ~Ri
a. Note that

only e- and m- charge-neutral, with respect to U(1)Nc�1, configurations will give a finite
contribution to the partition function. There are arbitrary numbers of electric (N i

e±) and
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.
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For SU(N_c)

For SU(2) and SU(3): Kramers-Wanier duality (low-T/high-T); self dual point: Tc

- SU(2): el.-m. Coulomb gas RGEs have a fixed line extending to weak coupling
(fugacities); transition is second order; can calculate (some) critical exponents

- SU(N>2): small fugacity RGEs break down
map to XY “affine” spin model
study via Monte Carlo

Monte Carlo of Coulomb gas

3. thermal gases of electric and magnetic charges
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How do we study the phase transition? 
- SU(2): el.-m. Coulomb gas RGEs have a fixed line extending to weak coupling
(fugacities); transition is second order; can calculate (some) critical exponents

- SU(N>2): small fugacity RGEs break down
map to XY “affine” spin model
study via Monte Carlo

Monte Carlo of Coulomb gas

order of transition? 
comparison with L=infinity?

SU(2): continuous, as in 4d
SU(3), SU(4): first order, as in 4d

Anber, EP, Unsal 2011
Anber, Collier, Strimas-Mackey, EP, Teeple 2013 

Anber, Collier, EP 2012
TBA, 2013/4

Most answers so far were obtained in the spin-model picture (no sign problem). 
These are new “affine” XY-models (for SU(3), ignoring W’s = 
dislocation theory of 2d triangular-lattice crystal melting of D. Nelson 1970’s)

physics of transition? 
(critical exponents?)

3. thermal gases of electric and magnetic charges
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do not display a fixed point, at least to lowest order in fugacities, and because e-m duality,
which is helpful to find the value of Tc even in models where small-fugacity RGEs break down
(and even study the theory at Tc) is absent in QCD(adj).

In the next section, we describe the construction of a lattice model dual to the Nc = 3
Coulomb gas. The model is related to vectorial Coulomb gas models used to study the
melting of 2d crystals with a triangular lattice [5] (not surprisingly, in view of the root lattice
of SU(3)), by the addition of appropriate symmetry breaking fields. In this paper, we will
only present the lattice model and will defer the study of its phase diagram for future work.

4.3 The SU(3) Coulomb gas as a system of coupled lattice XY spins

In this section, we map the Coulomb gas of bions and W -bosons for the SU(3) theory to
the Z

3

⇥Z
3

-preserving “vector” spin model discussed in the Introduction, see eqn. (1.6). We
provide two alternative, but equivalent, descriptions of the spin-system.

4.3.1 First description

The first description uses a two-component vector ~✓x = (✓1x, ✓
2

x), which is a periodic variable:

~✓x ⌘ ~✓x + 2⇡~↵
1

⌘ ~✓x + 2⇡~↵
2

or ~✓x ⌘ ~✓x + 2⇡�r , (4.20)

whose periodicity is determined by (2⇡ times) the root lattice ~↵i 2 �r of SU(3). The vector ~✓x
is associated with a site x on a two-dimensional lattice. We shall take the partition function
of the model to be defined as a path integral over the compact ~✓, Z =

R
D✓e��H (in the

path-integration, ✓ needs to be integrated over the unit cell of the root lattice �r), where:

��H =
X

x;µ̂=1,2

3X

i=1



4⇡
cos 2~⌫i · (~✓x+µ̂ � ~✓x) +

X

x

3X

i=1

ỹ cos 2(~↵i � ~↵i�1

) · ~✓x. (4.21)

Here, ~⌫i are the three two-component weights of the defining representation of SU(3), ~↵i �
~↵i�1

⌘ ~Qi is the magnetic bion charge defined in (4.5). The factor of two in both terms
ensures the periodicity (4.20) of ✓.29

The continuum description of the lattice model (4.21) can be found by taking the naive
continuum limit and keeping in mind that the two scalars are periodic according to (4.20).

29In this footnote, we give an explicit basis for calculations and various properties of weights and roots
of SU(3). As per our trace normalization, Tr(tatb) = 1

2�ab, the weights of the defining representation are
~⌫1 = ( 12 ,

1
2
p
3
), ~⌫2 = (� 1

2 ,
1

2
p

3
), ~⌫3 = (0,� 1p

3
). The roots are di↵erences of weights and are given by

~↵1 = ~⌫1 � ~⌫2 = (1, 0), ~↵2 = ~⌫2 � ~⌫3 = (� 1
2 ,

p
3

2 ), and a�ne root ~↵3 = ~⌫3 � ~⌫1 = (� 1
2 ,�

p
3
2 ). Their length is,

following normalization of the trace, normalized to one. The following relations are valid for general SU(N)
and are useful in practical calculations. The weights, now represented by N (N�1)-dimensional vectors ~⌫i,
obey:

NX

i=1

~⌫i = 0, ~⌫i · ~⌫j =
N�1X

a=1

(⌫i)
a(⌫j)

a =
�ij
2

� 1
2N

, i, j = 1, . . . , N ,

NX

i=1

(⌫i)
a(⌫i)

b =
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2
, a, b = 1, . . . , N � 1 , (4.22)
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Nc

XY-spins - rank(G) of them: dual photons
weights of fundamental

magnetic bions
=”external field” in spin model

W bosons
=vortices of spin model

physics at low-T: 
- vortices (electric charges) are confined, almost none present, 
  bound in neutral pairs
- external charges in spin model (magnetic bions) proliferate, 
  breaking of discrete chiral symmetry

physics at high-T: 
- vortices (electric charges) proliferate, breaking center symmetry
- external charges in spin model (magnetic bions) confined, only appear in pairs

QCD(adj) on R x S (spatial)x S (thermal) 2 1 1

Nc

3. thermal gases of electric and magnetic charges
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physics of transition... 

 movie courtesy Seth Strimas-Mackey, Nov. 2013

vortices = magnetic bions

arrows = XY spins = photon (U(1) in SU(2)) 

ordered arrows =
center symmetry breaking 
in spin model can probe confinement 
with unphysical “half-electron” operator, so Z_4

randomly fluctuating 
arrows =
small correlation length, 
mass gap 

(W-bosons are, now, represented by external field potential)

QCD(adj) on R x S (spatial)x S (thermal) 2 1 1
3. thermal gases of electric and magnetic charges

but in a different “duality frame” ... SU(2)
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one final slide for theorists...  also showing detailed map to 4d parameters

same physics can be described by the quantum phase transition 
of a1-dimensional system with Hamiltonian:                         “dual sine-Gordon”

deconfinement transition was found in lattice simulations of the full QCD(adj) nf = 2 gauge
theory [23]. In the next Section we will summarize our findings, outline avenues for future
studies, and speculate on the phase diagram in the �-L plane for various values of nf .

3. Conclusions and outlook

3.1 Summary of results

This paper is devoted to a study of the phase transition in the “a�ne” XY-spin model dual
to the SU(3)/Z3 QCD(adj) theory on R2 ⇥ S1� ⇥ S1L, at small L, with a particular emphasis
on the nature of the deconfining phase transition. In our Monte Carlo study, we found that
as the temperature is increased, there is a single deconfining and discrete-chiral restoration
phase transition, which is discontinuous at least for h � 0.5, as found for the deconfinement
transition in SU(3) 4d QCD(adj) [23] (with nf = 4). Finite-size scaling of the susceptibility
and heat capacity and a study of the probability distribution for the energy were used to
corroborate our conclusion.

We now continue with comments on possible future work and speculations.

3.2 Further studies of (selfdual) electric-magnetic Coulomb gases

The partition function of QCD(adj) on R2⇥S1�⇥S1L in the regime (1.2) can be cast as the grand
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Here, y and ỹ are the W -boson and bion fugacities and the sums/integrals are over arbitrary
numbers and spatial distribution of the various kinds of W -bosons and bions. The actions
Sbion, SW , and SW/bion contain their electric and magnetic Coulomb and Aharonov-Bohm
interactions (an explicit expression for these can be found in Eq. (4.9, 4.11, 4.13) in [1]).

We show Eq. (3.1) here only to note that the electric-magnetic Coulomb gas parti-
tion function (3.1) can be given a di↵erent description, which may be useful for analyti-
cal studies. To write it down, we introduce a two-compoenent, two-dimensional scalar field
~� = (�1,�2) and its dual field ~⇥ = (⇥1,⇥2). These obey the equal time commutation rela-
tion [⇥i(x),�j(y)] = �i�ij✓(x�y), where ✓ is the Heaviside theta function, so that ~⇧~� = @x~⇥
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Here, ỹ and y are the magnetic and electric fugacities also appearing in (3.1), g ⌘ g4(L),
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deconfinement transition was found in lattice simulations of the full QCD(adj) nf = 2 gauge
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actually, any Nc 4d gauge coupling at 1/L

L,T - (inverse) sizes of two circles

fact that the gauge theory possesses magnetic monopole-instanton solutions (essentially ’t
Hooft-Polyakov monopoles or “twists” [13] thereof).

In the spin model dual to QCD(adj), the U(1)2 symmetry is explicitly broken, by the
potential “external field” term in (1.4), to a Z3 ⇥ Z3 symmetry, to be defined below. This
breaking of U(1)2 is crucial (and is the main di↵erence between (1.4) and the models describing
melting) as it captures the e↵ect of the magnetically charged excitations in the thermal gauge
theory, the magnetic bions responsible for confinement. The strength of the “external field”
in (1.4), ỹ, is proportional to the bion fugacity in the gauge theory. The bion fugacity,
see [1, 12, 14], is small at small L, and is given by (up to a numerical constant):

ỹ ⇠ 1

T

1

L3g14�8nf
e�S0 , (1.6)

where S0 ' 8⇡2

g24(L)
is the bion action. In SU(3), there are three kinds of magnetic bions of

di↵erent magnetic charges (⇠~↵i � ~↵j , i 6= j) but equal fugacities. The Coulomb gas of these
three kinds of bions is represented in the spin model by the three equal-strength “external
field” terms in (1.4). Thus, the model has an additional symmetry, permuting the arguments
of the three cosines, simultaneously in the kinetic and potential terms. This symmetry is
inherited from the unbroken Weyl group in the center-symmetric vacuum responsible for
the SU(3) ! U(1)2 breaking. This symmetry remains unbroken at zero temperature and
we do not expect it to break at T > 0 (indeed, the results of our simulations confirm this
expectation, as the two magnetizations m1 and m2 (1.17) and their susceptibilities behave
identically, but would not be expected to if the exchange symmetry between di↵erent bions
and W bosons was broken).

As described in Section 1.3.1, in the temperature range (1.2) the gauge theory has
an electric-magnetic Coulomb gas description as a gas of magnetic bions and W -bosons—
both come in three varieties—interacting via electric and magnetic Coulomb potentials and
Aharonov-Bohm interactions. A Coulomb gas description also holds for the spin model and
is the reason behind the duality; see [8] for a lattice derivation and [1] for a continuum
description.

The two Z3 symmetries7 of the spin model (1.4) are mapped to the topological Zt
3 of

SU(3)/Z3 QCD(adj), associated with the nontrivial ⇡1(SU(3)/Z3), and the Zd�
3 discrete sub-

group of the anomaly-free global chiral symmetry. Note that while the nf -adjoint flavor
theory has a larger chiral symmetry group, only Zd�

3 is relevant for the deconfinement tran-
sition on R1,2 ⇥ S1L; the continuous SU(nf ) chiral symmetry remains unbroken at small L.

7The reader not familiar with the Lie-algebraic constructions used in this Section is advised to proceed to
Section 1.3.3, where a description in terms of coordinates rectifying the root lattice is given. While the physical
interpretation of the two Z3 symmetries is not obvious in the “simulation” coordinates of Section 1.3.3, the
presence of two Z3 symmetries is evident.
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magnetic bion fugacity
boson/�± fugacity is:19

⇠W = (2nf + 2)
mWT

2⇡
e�

mW
T . (3.8)

Another subtlety that we have to discuss is that at the lowest mass level on R3 ⇥ S1L
in the center-symmetric vacuum there are actually two sets W±-bosons (and �± fermions).
This is easiest to see in the D-brane picture [40], which, despite being highly supersymmetric,
greatly helps in studies of the nonsupersymmetric tree-level spectrum. It can also be seen via
the usual Kaluza-Klein decomposition: the masses of W± come from their interaction with
the Higgs field A

4

(recall Footnote 5), which always enters the Lagrangian as D
4

= @
4

+ iA
4

.
Replacing @

4

with i2⇡n
L (n 2 Z) and A

4

by its vev diag( ⇡L ,�
⇡
L), see eqn. (2.7), we find that

the W± masses are proportional to |2⇡n+⇡|
L . Thus states of mass ⇡

L appear at the n = 0 and
n = �1 Kaluza-Klein levels, explaining the presence of two sets of lowest mass W± bosons.
These will be the only W -boson states whose contribution we will keep. Similar to accounting
for the �± contribution, at T ⌧ mW , the contribution of these states to the grand partition
function can be accounted for by doubling the fugacity (3.8).20

Because the W -bosons carry electric charges, two W -bosons with electric charges qa and
qb (equal to ±1) located at Ra and Rb interact via the logarithmic potential:21

VW ab = � g2

2⇡LT
qaqb ln |~Ra � ~Rb|T . (3.9)

In addition to the 2d Coulomb interaction (3.9) between W -bosons, there is an Aharonov-
Bohm phase due to the presence of magnetic charges (the bions) in the system. The interaction
between the a-th bion located at the origin in R2 and the b-th staticW -boson of electric charge
qb, located at ~xb (in R2) is given by the integral over the W -boson worldline (i.e., along x

0

):

qb

Z
1/T

0

dx
0

A0 a
bion(x0, ~xb) , (3.10)

where A0 a
bion(x0, ~xb) is the time component of the gauge field of the bion. Note that the

exponential of i times (3.10) contributes a phase factor in the path integral also in Euclidean
space and that in our normalization of the fields no factors of g appear. Next, we note that

19The prefactor follows from integrating over the momenta in the non relativistic partition function, equal to

the product of factors
R

d2p d2x
(2⇡)2

e�
m

T

� p

2

2mT

+V (x) for all particles. The 2nf factor accounts for the multiplicity
of charged fermions. The various terms contributing to the interaction V (x) are given in eqns. (3.9) and (3.11).

20Perhaps a comment on this is necessary. We are treating the two kinds ofW± bosons (and the �± fermions),
which have the same charges (and, to the order of our calculation, the same fugacities), as indistinguishable.
One can show, via the sine-Gordon representation of a 2d Coulomb gas partition function, using the fact
that only overall charge-neutral configurations contribute to the 2d partition function, that, indeed, the grand
partition function of a gas of two kinds of same-charge particles with fugacities ⇠1 and ⇠2 is equal to that of a
gas of one kind of charged particles with fugacity ⇠1 + ⇠2.

21A quick way to obtain this formula is to recall that unit electric charges appear as unit winding number
vortices of the dual photon field in (2.1); then (3.9) is just the interaction energy of two vortices of unit

winding. Equally quickly, since the interaction energy of two static W bosons in R1,2 is g2

2⇡L
qaqb ln rab and the

W ’s propagate in a (Euclidean) time interval 1
T
, the corresponding action is precisely (3.9).
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W-boson fugacity y

For Nc=2,3 this is self dual.     For Nc=2 at self-dual point c=1 (free field).
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1 Introduction

Our purpose here is to extend the study of [1, 2] to the case with fundamental fermions. This

is closer to the real world QCD compared to those studies, and hence of some interest.
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Can this representation of the problem be used to understand why 
SU(2) transition is continuous but SU(3,4...) is not?

3. thermal gases of electric and magnetic charges
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I told you about how SUSY can - directly or otherwise - help in finding calculable 
realizations of deconfinement - generally, a complicated strongly-coupled 
(non-BPS, non-protected, non-holomorphic) problem.

SYM with gaugino mass on R xS QCD(adj) on R xS xS
where a quantum phase transition 
appears continuously related to 
thermal deconfinement

where deconfinement maps to 
the transition in a “simple” electric 
magnetic “Coulomb gas”

In both cases, various properties of the transition agree with known 4d lattice results.  

BRIEF SUMMARY AND A FEW MORE QUESTIONS:

(potential use in nonequilibrium?)

3 1 2 1 1

We pointed out many erroneous assumptions/statements in existing models of 
deconfinement via topology.

Some new effort in “model building” (“instanton-monopole liquid”?)

Lattice work - in pure YM; in studying the phases of QCD(adj) on S ; also incl. SYM. 1
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 - We found novel topological excitations stabilizing center symmetry.  
   Appear related to “renormalons” - a “semiclassical shadow” thereof -
   required to cancel ambiguities of perturbative series... Argyres, Unsal; Dunne,Unsal ...2012-

   ... does it always “work” ? why ?   
                            - is continuity of SYM*/thermal YM  related to the item below? 

 ... how general ? how far can the “resurgence” idea be pushed in QFT ? 

BRIEF SUMMARY AND A FEW MORE QUESTIONS:

- A natural step is to extend these studies to all gauge groups. 

Stimulated by QM [Zinn-Justin Jentchura...]. Semiclassical series - all exp. small, power-law, log 
terms, e.g.,

is a “resurgent transseries”...  can be “Borel-Ecalle summed”,
hence obtained from an exact semiclassical result 

Generating Energy Eigenvalue Trans-series from Perturbation Theory

Gerald V. Dunne
Physics Department, University of Connecticut, Storrs, CT, 06269

Mithat Ünsal
Department of Physics and Astronomy, SFSU, San Francisco, CA 94132

We show that the full resurgent trans-series expression for energy eigenvalues, containing all
orders of perturbative, non-perturbative and quasi-zero-mode terms, may be generated directly
from the perturbative expansion, combined with a single global boundary condition. For quantum
mechanical problems with degenerate harmonic vacua, such as the double-well or periodic Sine-
Gordon potentials, this global boundary condition follows from the asymptotic behavior in the
complex plane of the parabolic cylinder functions. This extends the results of Zinn-Justin and
Jentschura and provides a dramatic realization of the concept of resurgence.

PACS numbers: 03.65.Sq, 11.15.Kc, 12.38.Cy, 11.10.Jj

It is well known that perturbation theory is generi-
cally divergent, and that this fact implies a deep relation-
ship between perturbation theory and non-perturbative
physics [1–3]. There is also a long history of exact WKB
quantization conditions [4–6] for energy eigenvalues, e.g.
for homogeneous oscillators: V (x) = xN . A further level
of subtlety arises for the double-well (DW) potential (a
paradigm for the physics of level splitting and tunnel-
ing), and the periodic Sine-Gordon (SG) potential (a
paradigm for tunneling, band structure and ⇥-vacua ef-
fects in QFT), which have degenerate classical vacua and
for which perturbation theory is non-Borel-summable
[7, 8]. This leads to ambiguous non-perturbative imag-
inary terms generated by the analytic continuation [in
the coupling, g ! g ± i✏] of Borel summed perturbation
theory, and these terms are exactly cancelled by terms
in the instanton/anti-instanton sector of the associated
instanton gas analysis of the problem [9, 10]. This cancel-
lation, which we refer to as the Bogomolny-Zinn-Justin
(BZJ) mechanism, is presumed to persist to all orders in
a trans-series expansion of the energy eigenvalue, yield-
ing a real unambiguous expression for the energy (this is
‘resurgence’):

E(N)(g) =
X

±

1X

k=0

k�1X

l=1

1X

p=0

c±k,l,p
e�k S

g

gk(N+ 1
2 )

✓
ln


⌥2

g

�◆l

gp (1)

In physical terms, the trans-series is a sum over all in-
stanton contributions, perturbative fluctuations about
each instanton sector, and logarithmic terms coming from
quasi-zero-modes, starting at the two-instanton level.

Zinn-Justin and Jentschura (ZJJ) have shown that re-
markably the entire trans-series for the energy can be
generated from two functions, denoted B = B(E, g) and
A = A(E, g), combined with a (conjectured) exact quan-
tization condition [11]. The precise computational pre-
scriptions for B and A can be found in [11]: the com-
putation of B(E, g) is equivalent to standard perturba-
tion theory and is straightforward, while A(E, g) encodes

all multi-instanton physics and its computation is much
more involved, most e�ciently done by Mellin-transform
methods [11]. For e.g., for the DW and SG models, with
V (x) = x2(1 �p

g x)2/2 and V (x) = sin2(2
p
g x)/8, the

exact quantization conditions are (for DW the ± refers to
the upper/lower level, and for SG, ✓ is the Bloch angle):

DW :
1p
2⇡

�

✓
1

2
�B

◆✓
�2

g

◆B

e�A/2 = ±i (2)
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2 +B
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2 cos ✓p

2⇡
(3)

and the first few terms of the B and A functions are:

BDW(E, g) = E + g

✓
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◆
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✓
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4
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1155

2
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ADW(E, g)=
1

3g
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BSG(E, g) = E + g
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1

g
+ g

✓
3

4
+ 3E2

◆
+ g2

✓
23E

4
+ 11E3

◆

+g3
✓
215

64
+

341E2

8
+

199E4
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With these functions, a small g expansion of the exact
quantization condition (an implicit expression for E as a
function of the coupling g), generates the trans-series ex-
pansion (1). The extraordinary numerical precision, and
resurgent consistency, of these results has been demon-
strated [11] in the DW and SG models, as well as the
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  a (very) long-term story, obviously... 

- does it continue to strong coupling? - answer appears “yes” in QM [Unsal... ’13/14]

- in cases where continuous connection exists (SYM*/thYM?)
  is a similar continuation to strong coupling the deep reason behind agreement we see?             

56


