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How are these connected? gauge theory dynamics on R    x S  (spatial circle)1,2 1 

lattice Coulomb gases and 2d spin models

theory of melting of 2d crystal on triangular lattice 

2d “affine” XY 
spin models

at finite T, near
deconfinement transition
is dual to 

4d SU(N) gauge theory with
n   massless adjoint Weyl 
fermions on spatial circle (L)
f

The other side-2d spin models 
(known, or generalization of known, 
models). 
Both analytical and numerical 
progress should be possible.

To illustrate, will give two examples to describe our results.
      One is well-understood by now.  
       The second - less so, but in progress.

In the remaining time, will try to give a picture of how it comes about. 

One side of duality - 4d gauge 
theory with massless fermions. 
Difficult to study by any 
means, including on the lattice.
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How are these connected? gauge theory dynamics on R    x S  (spatial circle)1,2 1 

lattice Coulomb gases and 2d spin models

theory of melting of 2d crystal on triangular lattice 

at finite T, near
deconfinement transition
is dual to 

4d SU(N) gauge theory with
n   massless adjoint Weyl 
fermions on spatial circle (L)
f

2d “affine” XY 
spin models

at y=0 - Berezinskii-Kosterlitz-Thouless transition at kappa=4

small kappa:
vortices proliferate,
disorder system-mass gap

large kappa:
vortices suppressed,
algebraic long-range 
order

adding nonzero y: 
rotation-U(1) breaking
“crystal field”
non-BKT transition of
finite order

1.1 Deconfinement in SU(2) QCD(adj)

We first review our results for an SU(2) gauge theory with nf massless adjoint Weyl fermions
on R1,2 ⇥ S1L. We show that the physics near the deconfinement temperature is described by
a classical 2d XY-spin model with a U(1) ! Z

4

-breaking perturbation. This is the theory of
angular “spin” variables ✓x 2 (0, 2⇡], “living” on the sites x of a 2d lattice with basis vectors
µ̂, with nearest-neighbor interactions. The partition function is Z =

R
D✓e��H , where:

��H =
X

x;µ̂=1,2



2⇡
cos(✓x+µ̂ � ✓x) +

X

x

ỹ cos 4✓x . (1.1)

When matching to the gauge theory, the lattice spacing (set to unity above) is of the order
of the size L of the spatial circle. The normalization of the spin-spin coupling  is the one
useful for our later purposes.

We emphasize that the equivalence of (1.1) to the finite-temperature gauge theory is not
simply an e↵ective model for an order parameter based on a Svetitsky-Ya↵e universality ar-
gument [10]. Instead, the parameters of the lattice spin theory (1.1) can be precisely mapped
to the microscopic parameters of the gauge theory, owing to the small-L calculability of the
gauge dynamics. This map is worked out in Section 3, where the nature and role of the
perturbative or non-perturbative objects driving the deconfinement transition is made quite
explicit. We should note that there have been earlier discussions of the role of various topo-
logical objects in the deconfinement transition, in the continuum and on the lattice, and that
some bear resemblance to our discussion, notably [11–13] and references therein. However,
the study here stands out by being both analytic and under complete theoretical control—and
concerns QCD(adj), a theory with massless fermions, not pure Yang-Mills theory.

In the lattice theory defined as in (1.1), theXY -model vortices map to electrically charged
W -bosons, while the “charges,” represented by the Z

4

-preserving perturbation, map to the
magnetic bions of the SU(2)(adj) theory. The spin-spin coupling is expressed via the four-
dimensional gauge coupling g

4

(L), the size of the spatial circle L, and the temperature T :

 =
g2
4

(L)

2⇡LT
. (1.2)

It determines the strength of the Coulomb interaction between the W -bosons, while the
(dual-) Coulomb interaction between magnetic bions is proportional to �1.

The global U(1) symmetry of the XY -model, ✓x ! ✓x+c, is explicitly broken to Z
4

by the
second, magnetic-bion induced, term in (1.1). In terms of the symmetries of the microscopic
gauge theory, the Z

4

symmetry of the spin model as written in (1.1) contains a discrete Z
2

subgroup of the chiral symmetry of the gauge theory and the topological Z
2

symmetry, due
to the nontrivial ⇡

1

(SU(2)/Z
2

). In a dual lattice formulation of (1.1), see the discussion in
Section 3.3, instead of the topological Z

2

symmetry, one finds the Z
2

center symmetry. The
realization of the symmetries and the behavior of the correlators of ’t Hooft and Polyakov
loops through the deconfinement transition are also discussed in there.

The lattice-spin model (1.1) is a member of a class of Zp-preserving models, defined as in
(1.1), but with cos 4✓ ! cos p✓ instead. It is sometimes also called the p = 4 “clock” model

– 3 –

1.1 Deconfinement in SU(2) QCD(adj)

We first review our results for an SU(2) gauge theory with nf massless adjoint Weyl fermions
on R1,2 ⇥ S1L. We show that the physics near the deconfinement temperature is described by
a classical 2d XY-spin model with a U(1) ! Z

4

-breaking perturbation. This is the theory of
angular “spin” variables ✓x 2 (0, 2⇡], “living” on the sites x of a 2d lattice with basis vectors
µ̂, with nearest-neighbor interactions. The partition function is Z =

R
D✓e��H , where:

��H =
X

x;µ̂=1,2



2⇡
cos(✓x+µ̂ � ✓x) +

X

x
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Ex.1: SU(2) QCD(adj) dual to 
XY model with Z   
preserving perturbation 

4

lattice spacing a ~ L

ỹ ⇠ ⇠biona
2 =

e
� 8⇡2

g

2
4(L)

(1+cg4)

LTg
14�2n

f

4

4. On the deconfinement transition in Nc > 2 QCD(adj)

In this Section, we study the deconfinement phase transition for SU(Nc) QCD like theories
with nf adjoint fermions compactified on R1,2 ⇥ S1L. The SU(Nc) gauge symmetry is broken
by the Higgs mechanism down to U(1)Nc

�1, as described in Section 2.1.

4.1 The Coulomb gas for Nc > 2 and Nc = 3 electric-magnetic duality

The nonperturbative dynamics is also similar to the one described in Section 2.2 for SU(2),
but one has to take into account the fact that there are now di↵erent kinds of nonperturbative
monopole-instanton configurations. The monopole-instantons are now labelled by the a�ne
roots of the SU(Nc) Lie algebra. Let the simple roots be ~↵i, i = 1, . . . Nc�1. A given root ~↵i

can be described as either a Nc � 1- or Nc- dimensional vector (we will not need the explicit
representation here; see footnote (2) for Nc = 3 but note that the roots there are labelled by
~↵A instead of ~↵i). The a�ne root ~↵N

c

is defined as:

~↵N
c

= �~↵
1

� ~↵
2

� ~↵
3

� . . .� ~↵N
c

�1

. (4.1)

The extended (or a�ne) root system is �0

aff = {~↵1, ~↵2, . . . ~↵N
c}, where:

~↵i · ~↵j = 2�i,j � �i,j+1

� �i,j�1

, with i, j = 1 . . . Nc (Nc + 1 ⌘ 1, 0 ⌘ Nc) . (4.2)

The self-dual BPS and KK monopoles in SU(Nc) are labeled by the extended roots—or
equivalently, their magnetic charges under the unbroken U(1)Nc

�1. The magnetic charge of
each monopole is found by integrating its U(1)Nc

�1 magnetic field over spatial infinity in R3:

Z

S2
d⌃ · F =

4⇡

g
~↵i , for the type-i (= 1 . . . Nc) monopole . (4.3)

In the center-symmetric vacuum, the action of each monopole (4.3) is e�S0 = e
� 8⇡2

g

2
N

c .

Magnetic bions, the topological excitations responsible for the confinement, also exist for
SU(Nc) with massless adjoint fermions. Bions are composed of a monopole with charges ↵i

and anti-monopole with charges �↵i�1

. The monopole constituents of the bions repel because
of Coulomb interaction and attract because of fermion zero-mode exchange; this ensures the
stability of the bions, as in the SU(2) case. Clearly, there are also Nc bions, labelled by
the position of (say) the monopole constituent on the extended Dynkin diagram. Every bion
carries a charge under the unbroken U(1)Nc

�1 gauge group, given by:

~Qi = ~↵i � ~↵i�1

, i = 1 . . . Nc . (4.4)
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2

in the SU(2) 
dual, behavior 
near T  can be 
understood 
analytically in 
some detail 
(our work & others’)

c

shown for completeness, even though a W -boson Polyakov loop is not associated with any
symmetry:19

T < Tc T = Tc T > Tc

Qm = q
2

0t Hooft loop : heiq✓(x)e�iq✓(0)i
��
|x|!1 1 1

|x|
q

2
4 (1+O(y))

e�
�̃

q

(T )
T

|x|

Qe = 1 Polyakov loop : hei˜✓(x)e�i˜✓(0)i
��
“|x|!1”

e�
�(T )
T

|x| 1

|x|
1
4 (1+O(y))

1

Zd�
2

,Ztop
2

c = 1
broken CFT

. (3.33)

This shows the spontaneous breaking of Ztop
2

(and Z
2

chiral) at low temperatures, the almost-
BKT scaling at Tc, and the confinement of monopoles in the deconfined phase. Both the
string tension �(T ) and the dual string tension �̃q(T ) are proportional to the spin-model
mass gap (the inverse correlation length ⇠�1), and both vanish as T ! Tc:

�q(T )

T
⇠ �̃q(T )

T
⇠ ⇠�1 ⇠ |T � Tc|⌫ = |T � Tc|

1
16⇡

p
y0ỹ0 . (3.34)

The value of the exponent ⌫ near Tc follows from our RG analysis (3.17), Appendix B.2; recall
also that the RG analysis is valid on both sides of Tc, owing to the high-T/low-T duality.

The SU(2) theory: Beginning with the S
2

theory (3.30) we observe that it is weakly-coupled
at large , i.e., T < Tc. Thus, semiclassical analysis is appropriate. The potential cos 2✓ has
two minima, indicating that the Z

2

chiral symmetry is broken in the low-temperature phase.
The order parameter is ei✓, creating a ’t Hooft-Polyakov monopole (really, a ’t Hooft loop
of a Qm = 1 monopole winding around S1L; it is charged under the chiral symmetry due to
the intertwining of the topological shift symmetry with chiral symmetry, eqn. (2.26)). On
the other hand, the T -dual description of (3.32) is semiclassical at small  (T > Tc) and
shows that there are two vacua of the cos 2✓̃ potential. The corresponding order parameter
is the “electron” creation operator ei

˜✓(x)—the Polyakov loop of a Qe = 1

2

“electron” with a
worldline winding around around the thermal circle S1�—whose expectation value indicates
that the Z

2

center symmetry is broken at high temperature. We can summarize the relevant
correlators—of ’t Hooft-Polyakov monopole operators, ei✓, and of “electrons”, ei

˜✓—in the
SU(2) theory as follows:

T < Tc T = Tc T > Tc

Qm = 1 0t Hooft loop : hei✓(x)e�i✓(0)i
��
|x|!1 1 1

|x|
1
4 (1+O(y))

e�
�̃(T )
T

|x|

Qe =
1

2

Polyakov loop : hei˜✓(x)e�i˜✓(0)i
��
|x|!1 e�

�(T )
T

|x| 1

|x|
1
4 (1+O(y))

1

Zd�
2

c = 1 Zcenter
2

broken CFT broken

. (3.35)

19For the Q
e

= 1 Polyakov loop correlator the “|x| ! 1” limit should be understood in the sense that while
|x| is large, it is still su�ciently small so that the Polyakov loop is not screened by W± pairs.
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string tension �(T ) and the dual string tension �̃q(T ) are proportional to the spin-model
mass gap (the inverse correlation length ⇠�1), and both vanish as T ! Tc:

�q(T )

T
⇠ �̃q(T )

T
⇠ ⇠�1 ⇠ |T � Tc|⌫ = |T � Tc|

1
16⇡

p
y0ỹ0 . (3.34)

The value of the exponent ⌫ near Tc follows from our RG analysis (3.17), Appendix B.2; recall
also that the RG analysis is valid on both sides of Tc, owing to the high-T/low-T duality.

The SU(2) theory: Beginning with the S
2

theory (3.30) we observe that it is weakly-coupled
at large , i.e., T < Tc. Thus, semiclassical analysis is appropriate. The potential cos 2✓ has
two minima, indicating that the Z

2

chiral symmetry is broken in the low-temperature phase.
The order parameter is ei✓, creating a ’t Hooft-Polyakov monopole (really, a ’t Hooft loop
of a Qm = 1 monopole winding around S1L; it is charged under the chiral symmetry due to
the intertwining of the topological shift symmetry with chiral symmetry, eqn. (2.26)). On
the other hand, the T -dual description of (3.32) is semiclassical at small  (T > Tc) and
shows that there are two vacua of the cos 2✓̃ potential. The corresponding order parameter
is the “electron” creation operator ei

˜✓(x)—the Polyakov loop of a Qe = 1

2

“electron” with a
worldline winding around around the thermal circle S1�—whose expectation value indicates
that the Z

2

center symmetry is broken at high temperature. We can summarize the relevant
correlators—of ’t Hooft-Polyakov monopole operators, ei✓, and of “electrons”, ei

˜✓—in the
SU(2) theory as follows:

T < Tc T = Tc T > Tc

Qm = 1 0t Hooft loop : hei✓(x)e�i✓(0)i
��
|x|!1 1 1

|x|
1
4 (1+O(y))

e�
�̃(T )
T

|x|

Qe =
1

2

Polyakov loop : hei˜✓(x)e�i˜✓(0)i
��
|x|!1 e�

�(T )
T

|x| 1

|x|
1
4 (1+O(y))

1

Zd�
2

free Zcenter
2

broken CFT broken

. (3.35)

19For the Q
e

= 1 Polyakov loop correlator the “|x| ! 1” limit should be understood in the sense that while
|x| is large, it is still su�ciently small so that the Polyakov loop is not screened by W± pairs.
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Ex.2: SU(3) QCD(adj) dual to “affine”
XY model with Z   x Z 
preserving perturbation 

3 3

(because, in the limit of large ỹ, the “spin” ei✓ is forced to take one of p “clock” values). The
Z
4

model stands out among this class in that the critical renormalization group trajectory
is under theoretical control along the entire renormalization group flow (at small fugacities).
This makes it possible to obtain the analytic result for the divergence of the correlation length,
given below in eqn. (1.3), see also Section 3.2 and B.2 .

The phase transition in the Z
4

model occurs at  = 4 and corresponds to the confine-
ment/deconfinement transition in the SU(2)(adj) theory. The critical temperature is given

by Tc ' g24(L)
8⇡L . We note that  = 4 is also the critical coupling for the usual Berezinskii-

Kosterlitz-Thouless (BKT) transition of the XY -model without the U(1) ! Z
4

-breaking
term. The transition in the Z

4

model is also continuous, but, as opposed to BKT, is of finite
(albeit very large) order. As we show in Section 3.2, the correlation length diverges as:

⇣ ⇠ |T � Tc|�⌫ = |T � Tc|
� 1

16⇡
p

y0ỹ0 . (1.3)

Here, y
0

and ỹ
0

are exponentially small parameters, essentially determined by the fugacities of
the W -bosons and magnetic bions at scales of order the lattice cuto↵ L�1. At small values of
these fugacities, the various critical correlators are essentially governed by a free field theory
with BKT ( = 4) exponents.

Finally, we note that an important property of the rank-one case is that the electric-
magnetic Coulomb gas dual to the spin model (1.1) exhibits electric-magnetic (e-m) duality.
This duality is not manifest in eqn. (1.1), but is evident from the Coulomb gas representation,
see Section 3.3. It involves changing the fugacities of bions and W bosons and an inversion
of the coupling:

 () 16


(1.4)

Thus, the critical temperature Tc is precisely determined by the strength of the interaction 
at the point where the Coulomb gas is self-dual. This e-m duality property is shared by all Zp

“clock” models. As usual with Kramers-Vannier-type dualities, it helps establish a candidate
critical temperature. Using bosonization, it has been shown [4] that, indeed, at the self-dual
point the Zp=2,3,4 models map to known conformal field theories. For p = 4, this is a free
massless scalar field, even at large fugacities.1

1.2 Deconfinement in higher rank QCD(adj)

1.2.1 The theory of melting and SU(3)

Our next example is SU(3) QCD(adj) with nf massless adjoint Weyl fermions on R1,2 ⇥ S1L.
The theory near the deconfinement transition is described by a spin model, which is a “vector”
generalization of (1.1). This is the theory of two coupled XY -spins—two compact variables
✓ix2 (0, 2⇡] (i = 1, 2)—defined by:

��H =
X

x;µ̂=1,2

X

A=1,2



2⇡
cos↵A

i (✓
i
x+µ̂ � ✓ix) +

X

x

ỹ
�
cos 3✓1x + cos 3✓1x + cos 3(✓1x � ✓2x)

�
. (1.5)

Here ↵A
i is the A-th component of the i-th simple root2 of SU(3).

1For completeness, we note that the p > 4 models have an intermediate massless phase, e.g., [17].
2These are normalized as ↵

i

· ↵
j

= 2�
ij

� �
i,j�1 � �

i,j+1; explicitly ~↵1=(� 1p
2
,
q

3
2 ), ~↵2=(� 1p

2
,�

q
3
2 ).
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1.1 Deconfinement in SU(2) QCD(adj)

We first review our results for an SU(2) gauge theory with nf massless adjoint Weyl fermions
on R1,2 ⇥ S1L. We show that the physics near the deconfinement temperature is described by
a classical 2d XY-spin model with a U(1) ! Z

4

-breaking perturbation. This is the theory of
angular “spin” variables ✓x 2 (0, 2⇡], “living” on the sites x of a 2d lattice with basis vectors
µ̂, with nearest-neighbor interactions. The partition function is Z =

R
D✓e��H , where:

��H =
X

x;µ̂=1,2



2⇡
cos(✓x+µ̂ � ✓x) +

X

x

ỹ cos 4✓x . (1.1)

When matching to the gauge theory, the lattice spacing (set to unity above) is of the order
of the size L of the spatial circle. The normalization of the spin-spin coupling  is the one
useful for our later purposes.

We emphasize that the equivalence of (1.1) to the finite-temperature gauge theory is not
simply an e↵ective model for an order parameter based on a Svetitsky-Ya↵e universality ar-
gument [10]. Instead, the parameters of the lattice spin theory (1.1) can be precisely mapped
to the microscopic parameters of the gauge theory, owing to the small-L calculability of the
gauge dynamics. This map is worked out in Section 3, where the nature and role of the
perturbative or non-perturbative objects driving the deconfinement transition is made quite
explicit. We should note that there have been earlier discussions of the role of various topo-
logical objects in the deconfinement transition, in the continuum and on the lattice, and that
some bear resemblance to our discussion, notably [11–13] and references therein. However,
the study here stands out by being both analytic and under complete theoretical control—and
concerns QCD(adj), a theory with massless fermions, not pure Yang-Mills theory.

In the lattice theory defined as in (1.1), theXY -model vortices map to electrically charged
W -bosons, while the “charges,” represented by the Z

4

-preserving perturbation, map to the
magnetic bions of the SU(2)(adj) theory. The spin-spin coupling is expressed via the four-
dimensional gauge coupling g

4

(L), the size of the spatial circle L, and the temperature T :

 =
g2
4

(L)

2⇡LT
. (1.2)

It determines the strength of the Coulomb interaction between the W -bosons, while the
(dual-) Coulomb interaction between magnetic bions is proportional to �1.

The global U(1) symmetry of the XY -model, ✓x ! ✓x+c, is explicitly broken to Z
4

by the
second, magnetic-bion induced, term in (1.1). In terms of the symmetries of the microscopic
gauge theory, the Z

4

symmetry of the spin model as written in (1.1) contains a discrete Z
2

subgroup of the chiral symmetry of the gauge theory and the topological Z
2

symmetry, due
to the nontrivial ⇡

1

(SU(2)/Z
2

). In a dual lattice formulation of (1.1), see the discussion in
Section 3.3, instead of the topological Z

2

symmetry, one finds the Z
2

center symmetry. The
realization of the symmetries and the behavior of the correlators of ’t Hooft and Polyakov
loops through the deconfinement transition are also discussed in there.

The lattice-spin model (1.1) is a member of a class of Zp-preserving models, defined as in
(1.1), but with cos 4✓ ! cos p✓ instead. It is sometimes also called the p = 4 “clock” model
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2 ỹ ⇠ ⇠biona
2 =

e
� 8⇡2

g

2
4(L)

(1+cg4)

LTg
14�2n

f

4

4. On the deconfinement transition in Nc > 2 QCD(adj)

In this Section, we study the deconfinement phase transition for SU(Nc) QCD like theories
with nf adjoint fermions compactified on R1,2 ⇥ S1L. The SU(Nc) gauge symmetry is broken
by the Higgs mechanism down to U(1)Nc

�1, as described in Section 2.1.

4.1 The Coulomb gas for Nc > 2 and Nc = 3 electric-magnetic duality

The nonperturbative dynamics is also similar to the one described in Section 2.2 for SU(2),
but one has to take into account the fact that there are now di↵erent kinds of nonperturbative
monopole-instanton configurations. The monopole-instantons are now labelled by the a�ne
roots of the SU(Nc) Lie algebra. Let the simple roots be ~↵i, i = 1, . . . Nc�1. A given root ~↵i

can be described as either a Nc � 1- or Nc- dimensional vector (we will not need the explicit
representation here; see footnote (2) for Nc = 3 but note that the roots there are labelled by
~↵A instead of ~↵i). The a�ne root ~↵N

c

is defined as:

~↵N
c

= �~↵
1

� ~↵
2

� ~↵
3

� . . .� ~↵N
c

�1

. (4.1)

The extended (or a�ne) root system is �0

aff = {~↵1, ~↵2, . . . ~↵N
c}, where:

~↵i · ~↵j = 2�i,j � �i,j+1

� �i,j�1

, with i, j = 1 . . . Nc (Nc + 1 ⌘ 1, 0 ⌘ Nc) . (4.2)

The self-dual BPS and KK monopoles in SU(Nc) are labeled by the extended roots—or
equivalently, their magnetic charges under the unbroken U(1)Nc

�1. The magnetic charge of
each monopole is found by integrating its U(1)Nc

�1 magnetic field over spatial infinity in R3:

Z

S2
d⌃ · F =

4⇡

g
~↵i , for the type-i (= 1 . . . Nc) monopole . (4.3)

In the center-symmetric vacuum, the action of each monopole (4.3) is e�S0 = e
� 8⇡2

g

2
N

c .

Magnetic bions, the topological excitations responsible for the confinement, also exist for
SU(Nc) with massless adjoint fermions. Bions are composed of a monopole with charges ↵i

and anti-monopole with charges �↵i�1

. The monopole constituents of the bions repel because
of Coulomb interaction and attract because of fermion zero-mode exchange; this ensures the
stability of the bions, as in the SU(2) case. Clearly, there are also Nc bions, labelled by
the position of (say) the monopole constituent on the extended Dynkin diagram. Every bion
carries a charge under the unbroken U(1)Nc

�1 gauge group, given by:

~Qi = ~↵i � ~↵i�1

, i = 1 . . . Nc . (4.4)
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the A-th simple 
root of SU(3)

at y=0 - D. Nelson‘s theory of melting on 2d triangular (=root) lattice
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The exponent q6(T) is related to It&(T) by

g6(T) =18ks T/rrK„(T) (1.14)

while the specific heat displays only an essential
singularity

Below T, all dislocations are bound and their only
effect on the properties of the solid film is to renor-
malize the Lame constants which appear in the elastic
energy. This energy takes the form, '

~0———~ d r(2p, auj+h. nu;;)1 (1.15a)

where u&(r) is the strain tensor

Bu, (r ) Bu~(r
u& r)=- +

2 Brl dF(
(1.15b)

pa(T) = pR(T )I 1+const(T —T)"I, (1.16)

with a similar expression for As(T). There is a
universal relationship involving p,R(T) and h.s(T) at
the melting temperature

and the elastic constants p,R(T) and XR(T) approach
Pnire limiting values as T T Just be.low T we find'

C (T)—g '(T) (1.20)
Thus far, we have ignored the effect of disclina-

tions. Bound states of these angular singularities ex-
ist even in the solid phase —an isolated dislocation
can itself be regarded as a pair of disclinations a lat-
tice spacing apart. '9 [An elementary dislocation on a
triangular lattice and its construction out of a pair of
disclinations is illustrated in Fig. 1(a). The
corresponding construction for a square lattice, with
disclinations a half lattice spacing apart, is shown in
Fig. 1(b).] Although disclinations remain very tightly
bound (in pairs with equal and opposite disclinicity)
at all temperatures up to T, screening by a density
n&(T) = g+'(T) of free dislocations, produces a
weaker logarithmic binding of disclinations
for T)T.
We can now apply to the liquid-crystal phase the

analysis which Kosterlitz and Thouless'2 used for
two-dim|insional superfluids. Bound pairs of+ 60'

lim +1

r-r IR(T) -I „(T)+) „(T)
a02

4+kg T

(1.17)

where a0 is the lattice spacing. The entropy argu-
ment of Kosterlitz and Thouless also leads to a result
of this sort, which they suggested would hold as an
inequality. ' Power-law singularities in the structure
factor of the form (1.6) persist right up to the melt-
ing temperature. Comparing Eqs. (1.17) and (1.S),
we find that the values at T, of the exponents qo(T)
become universal functions of the two-dimensional
Poisson's ratio" a.s(T) —= Xs/(Xn+2p&), namely,

go" =—lim qo(T)
T T

(o)

62a02
lim [1+aR(T)][3—~s(T)]

7P 7~7m'

(1.18)

&(G) -4 (T) (1.19)

(Note that the combination Gao is independent of the
lattice constant for a Bragg point of given order. )
Since an(T) cannot exceed unity, we obtain bounds
on the exponents qo'. The exponent qG "for the

0
first Bragg point of a triangular lattice, for example,
cannot exceed —,. Above T the structure factor is
finite at all Bragg positions and the Lame coefficients
vanish at long wavelengths. As T approaches T
from above, S(6) acquires a singular contribution

(b)

FIG. 1. (a) Elementary dislocation on a triangular lat-
tice. The Burger's vector is the amount by which the path
around the singularity fails to close. The path would be a
closed circuit on a perfect lattice. Note that the dislocation
can be viewed as seven- and five-coordinated disclinations
one lattice-spacing apart. This figure is from a molecular-
dynamics simulation by R. Morf. (b) Elementary dislocation
on a square lattice. This can be viewed as a lattice point
with five-fold symmetry and an interstitial point with three-
fold symmetry separated by about half-a-lattice constant.

the distortion (phonon) field at x

Lame coefficient

vortices = dislocations in crystal

winding number = Burger’

(because, in the limit of large ỹ, the “spin” ei✓ is forced to take one of p “clock” values). The
Z
4

model stands out among this class in that the critical renormalization group trajectory
is under theoretical control along the entire renormalization group flow (at small fugacities).
This makes it possible to obtain the analytic result for the divergence of the correlation length,
given below in eqn. (1.3), see also Section 3.2 and B.2 .

The phase transition in the Z
4

model occurs at  = 4 and corresponds to the confine-
ment/deconfinement transition in the SU(2)(adj) theory. The critical temperature is given

by Tc ' g24(L)
8⇡L . We note that  = 4 is also the critical coupling for the usual Berezinskii-

Kosterlitz-Thouless (BKT) transition of the XY -model without the U(1) ! Z
4

-breaking
term. The transition in the Z

4

model is also continuous, but, as opposed to BKT, is of finite
(albeit very large) order. As we show in Section 3.2, the correlation length diverges as:

⇣ ⇠ |T � Tc|�⌫ = |T � Tc|
� 1

16⇡
p

y0ỹ0 . (1.3)

Here, y
0

and ỹ
0

are exponentially small parameters, essentially determined by the fugacities of
the W -bosons and magnetic bions at scales of order the lattice cuto↵ L�1. At small values of
these fugacities, the various critical correlators are essentially governed by a free field theory
with BKT ( = 4) exponents.

Finally, we note that an important property of the rank-one case is that the electric-
magnetic Coulomb gas dual to the spin model (1.1) exhibits electric-magnetic (e-m) duality.
This duality is not manifest in eqn. (1.1), but is evident from the Coulomb gas representation,
see Section 3.3. It involves changing the fugacities of bions and W bosons and an inversion
of the coupling:

 () 16


(1.4)

Thus, the critical temperature Tc is precisely determined by the strength of the interaction 
at the point where the Coulomb gas is self-dual. This e-m duality property is shared by all Zp

“clock” models. As usual with Kramers-Vannier-type dualities, it helps establish a candidate
critical temperature. Using bosonization, it has been shown [4] that, indeed, at the self-dual
point the Zp=2,3,4 models map to known conformal field theories. For p = 4, this is a free
massless scalar field, even at large fugacities.1

1.2 Deconfinement in higher rank QCD(adj)

1.2.1 The theory of melting and SU(3)

Our next example is SU(3) QCD(adj) with nf massless adjoint Weyl fermions on R1,2 ⇥ S1L.
The theory near the deconfinement transition is described by a spin model, which is a “vector”
generalization of (1.1). This is the theory of two coupled XY -spins—two compact variables
✓ix2 (0, 2⇡] (i = 1, 2)—defined by:

��H =
X

x;µ̂=1,2

X

A=1,2



2⇡
cos↵A

i (✓
i
x+µ̂ � ✓ix) +

X

x

ỹ
�
cos 3✓1x + cos 3✓1x + cos 3(✓1x � ✓2x)

�
. (1.5)

Here ↵A
i is the A-th component of the i-th simple root2 of SU(3).

1For completeness, we note that the p > 4 models have an intermediate massless phase, e.g., [17].
2These are normalized as ↵

i

· ↵
j

= 2�
ij

� �
i,j�1 � �

i,j+1; explicitly ~↵1=(� 1p
2
,
q

3
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(because, in the limit of large ỹ, the “spin” ei✓ is forced to take one of p “clock” values). The
Z
4

model stands out among this class in that the critical renormalization group trajectory
is under theoretical control along the entire renormalization group flow (at small fugacities).
This makes it possible to obtain the analytic result for the divergence of the correlation length,
given below in eqn. (1.3), see also Section 3.2 and B.2 .

The phase transition in the Z
4

model occurs at  = 4 and corresponds to the confine-
ment/deconfinement transition in the SU(2)(adj) theory. The critical temperature is given

by Tc ' g24(L)
8⇡L . We note that  = 4 is also the critical coupling for the usual Berezinskii-

Kosterlitz-Thouless (BKT) transition of the XY -model without the U(1) ! Z
4

-breaking
term. The transition in the Z

4

model is also continuous, but, as opposed to BKT, is of finite
(albeit very large) order. As we show in Section 3.2, the correlation length diverges as:

⇣ ⇠ |T � Tc|�⌫ = |T � Tc|
� 1

16⇡
p

y0ỹ0 . (1.3)

Here, y
0

and ỹ
0

are exponentially small parameters, essentially determined by the fugacities of
the W -bosons and magnetic bions at scales of order the lattice cuto↵ L�1. At small values of
these fugacities, the various critical correlators are essentially governed by a free field theory
with BKT ( = 4) exponents.

Finally, we note that an important property of the rank-one case is that the electric-
magnetic Coulomb gas dual to the spin model (1.1) exhibits electric-magnetic (e-m) duality.
This duality is not manifest in eqn. (1.1), but is evident from the Coulomb gas representation,
see Section 3.3. It involves changing the fugacities of bions and W bosons and an inversion
of the coupling:
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(1.4)

Thus, the critical temperature Tc is precisely determined by the strength of the interaction 
at the point where the Coulomb gas is self-dual. This e-m duality property is shared by all Zp

“clock” models. As usual with Kramers-Vannier-type dualities, it helps establish a candidate
critical temperature. Using bosonization, it has been shown [4] that, indeed, at the self-dual
point the Zp=2,3,4 models map to known conformal field theories. For p = 4, this is a free
massless scalar field, even at large fugacities.1

1.2 Deconfinement in higher rank QCD(adj)

1.2.1 The theory of melting and SU(3)

Our next example is SU(3) QCD(adj) with nf massless adjoint Weyl fermions on R1,2 ⇥ S1L.
The theory near the deconfinement transition is described by a spin model, which is a “vector”
generalization of (1.1). This is the theory of two coupled XY -spins—two compact variables
✓ix2 (0, 2⇡] (i = 1, 2)—defined by:

��H =
X

x;µ̂=1,2
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A=1,2
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Here ↵A
i is the A-th component of the i-th simple root2 of SU(3).

1For completeness, we note that the p > 4 models have an intermediate massless phase, e.g., [17].
2These are normalized as ↵
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melting = proliferation of dislocations at 
small kappa (solid becomes a“fluid of 
dislocations”upon melting)

` s vector

chiral Z  and topological Z  
              (dual to center Z  ) 

3 3
3

2

lattice spacing a ~ L



in the SU(3) dual spin model,  behavior near T  is not so well understood 
- yet (by us?)... 

c

- clearly, however, at small-T (large-kappa) Z  -chiral x Z  -topological broken, 
  as appropriate to confining phase

3 3

- just as SU(2), dual has el-m duality (high-T/low-T)

- which - if any - CFT describes critical behavior at self-dual point? 

Ex.2: SU(3) QCD(adj) dual to “affine”
XY model with Z   x Z 
preserving perturbation 

3 3

(because, in the limit of large ỹ, the “spin” ei✓ is forced to take one of p “clock” values). The
Z
4

model stands out among this class in that the critical renormalization group trajectory
is under theoretical control along the entire renormalization group flow (at small fugacities).
This makes it possible to obtain the analytic result for the divergence of the correlation length,
given below in eqn. (1.3), see also Section 3.2 and B.2 .

The phase transition in the Z
4

model occurs at  = 4 and corresponds to the confine-
ment/deconfinement transition in the SU(2)(adj) theory. The critical temperature is given

by Tc ' g24(L)
8⇡L . We note that  = 4 is also the critical coupling for the usual Berezinskii-

Kosterlitz-Thouless (BKT) transition of the XY -model without the U(1) ! Z
4

-breaking
term. The transition in the Z

4

model is also continuous, but, as opposed to BKT, is of finite
(albeit very large) order. As we show in Section 3.2, the correlation length diverges as:
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Here, y
0

and ỹ
0

are exponentially small parameters, essentially determined by the fugacities of
the W -bosons and magnetic bions at scales of order the lattice cuto↵ L�1. At small values of
these fugacities, the various critical correlators are essentially governed by a free field theory
with BKT ( = 4) exponents.

Finally, we note that an important property of the rank-one case is that the electric-
magnetic Coulomb gas dual to the spin model (1.1) exhibits electric-magnetic (e-m) duality.
This duality is not manifest in eqn. (1.1), but is evident from the Coulomb gas representation,
see Section 3.3. It involves changing the fugacities of bions and W bosons and an inversion
of the coupling:
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(1.4)

Thus, the critical temperature Tc is precisely determined by the strength of the interaction 
at the point where the Coulomb gas is self-dual. This e-m duality property is shared by all Zp

“clock” models. As usual with Kramers-Vannier-type dualities, it helps establish a candidate
critical temperature. Using bosonization, it has been shown [4] that, indeed, at the self-dual
point the Zp=2,3,4 models map to known conformal field theories. For p = 4, this is a free
massless scalar field, even at large fugacities.1

1.2 Deconfinement in higher rank QCD(adj)

1.2.1 The theory of melting and SU(3)

Our next example is SU(3) QCD(adj) with nf massless adjoint Weyl fermions on R1,2 ⇥ S1L.
The theory near the deconfinement transition is described by a spin model, which is a “vector”
generalization of (1.1). This is the theory of two coupled XY -spins—two compact variables
✓ix2 (0, 2⇡] (i = 1, 2)—defined by:

��H =
X

x;µ̂=1,2

X

A=1,2



2⇡
cos↵A

i (✓
i
x+µ̂ � ✓ix) +

X

x

ỹ
�
cos 3✓1x + cos 3✓1x + cos 3(✓1x � ✓2x)

�
. (1.5)

Here ↵A
i is the A-th component of the i-th simple root2 of SU(3).

1For completeness, we note that the p > 4 models have an intermediate massless phase, e.g., [17].
2These are normalized as ↵

i

· ↵
j

= 2�
ij

� �
i,j�1 � �

i,j+1; explicitly ~↵1=(� 1p
2
,
q

3
2 ), ~↵2=(� 1p

2
,�

q
3
2 ).
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1.1 Deconfinement in SU(2) QCD(adj)

We first review our results for an SU(2) gauge theory with nf massless adjoint Weyl fermions
on R1,2 ⇥ S1L. We show that the physics near the deconfinement temperature is described by
a classical 2d XY-spin model with a U(1) ! Z

4

-breaking perturbation. This is the theory of
angular “spin” variables ✓x 2 (0, 2⇡], “living” on the sites x of a 2d lattice with basis vectors
µ̂, with nearest-neighbor interactions. The partition function is Z =

R
D✓e��H , where:

��H =
X

x;µ̂=1,2



2⇡
cos(✓x+µ̂ � ✓x) +

X

x

ỹ cos 4✓x . (1.1)

When matching to the gauge theory, the lattice spacing (set to unity above) is of the order
of the size L of the spatial circle. The normalization of the spin-spin coupling  is the one
useful for our later purposes.

We emphasize that the equivalence of (1.1) to the finite-temperature gauge theory is not
simply an e↵ective model for an order parameter based on a Svetitsky-Ya↵e universality ar-
gument [10]. Instead, the parameters of the lattice spin theory (1.1) can be precisely mapped
to the microscopic parameters of the gauge theory, owing to the small-L calculability of the
gauge dynamics. This map is worked out in Section 3, where the nature and role of the
perturbative or non-perturbative objects driving the deconfinement transition is made quite
explicit. We should note that there have been earlier discussions of the role of various topo-
logical objects in the deconfinement transition, in the continuum and on the lattice, and that
some bear resemblance to our discussion, notably [11–13] and references therein. However,
the study here stands out by being both analytic and under complete theoretical control—and
concerns QCD(adj), a theory with massless fermions, not pure Yang-Mills theory.

In the lattice theory defined as in (1.1), theXY -model vortices map to electrically charged
W -bosons, while the “charges,” represented by the Z

4

-preserving perturbation, map to the
magnetic bions of the SU(2)(adj) theory. The spin-spin coupling is expressed via the four-
dimensional gauge coupling g

4

(L), the size of the spatial circle L, and the temperature T :

 =
g2
4

(L)

2⇡LT
. (1.2)

It determines the strength of the Coulomb interaction between the W -bosons, while the
(dual-) Coulomb interaction between magnetic bions is proportional to �1.

The global U(1) symmetry of the XY -model, ✓x ! ✓x+c, is explicitly broken to Z
4

by the
second, magnetic-bion induced, term in (1.1). In terms of the symmetries of the microscopic
gauge theory, the Z

4

symmetry of the spin model as written in (1.1) contains a discrete Z
2

subgroup of the chiral symmetry of the gauge theory and the topological Z
2

symmetry, due
to the nontrivial ⇡

1

(SU(2)/Z
2

). In a dual lattice formulation of (1.1), see the discussion in
Section 3.3, instead of the topological Z

2

symmetry, one finds the Z
2

center symmetry. The
realization of the symmetries and the behavior of the correlators of ’t Hooft and Polyakov
loops through the deconfinement transition are also discussed in there.

The lattice-spin model (1.1) is a member of a class of Zp-preserving models, defined as in
(1.1), but with cos 4✓ ! cos p✓ instead. It is sometimes also called the p = 4 “clock” model
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2 ỹ ⇠ ⇠biona
2 =

e
� 8⇡2

g

2
4(L)

(1+cg4)

LTg
14�2n

f

4

4. On the deconfinement transition in Nc > 2 QCD(adj)

In this Section, we study the deconfinement phase transition for SU(Nc) QCD like theories
with nf adjoint fermions compactified on R1,2 ⇥ S1L. The SU(Nc) gauge symmetry is broken
by the Higgs mechanism down to U(1)Nc

�1, as described in Section 2.1.

4.1 The Coulomb gas for Nc > 2 and Nc = 3 electric-magnetic duality

The nonperturbative dynamics is also similar to the one described in Section 2.2 for SU(2),
but one has to take into account the fact that there are now di↵erent kinds of nonperturbative
monopole-instanton configurations. The monopole-instantons are now labelled by the a�ne
roots of the SU(Nc) Lie algebra. Let the simple roots be ~↵i, i = 1, . . . Nc�1. A given root ~↵i

can be described as either a Nc � 1- or Nc- dimensional vector (we will not need the explicit
representation here; see footnote (2) for Nc = 3 but note that the roots there are labelled by
~↵A instead of ~↵i). The a�ne root ~↵N

c

is defined as:

~↵N
c

= �~↵
1

� ~↵
2

� ~↵
3

� . . .� ~↵N
c

�1

. (4.1)

The extended (or a�ne) root system is �0

aff = {~↵1, ~↵2, . . . ~↵N
c}, where:

~↵i · ~↵j = 2�i,j � �i,j+1

� �i,j�1

, with i, j = 1 . . . Nc (Nc + 1 ⌘ 1, 0 ⌘ Nc) . (4.2)

The self-dual BPS and KK monopoles in SU(Nc) are labeled by the extended roots—or
equivalently, their magnetic charges under the unbroken U(1)Nc

�1. The magnetic charge of
each monopole is found by integrating its U(1)Nc

�1 magnetic field over spatial infinity in R3:

Z

S2
d⌃ · F =

4⇡

g
~↵i , for the type-i (= 1 . . . Nc) monopole . (4.3)

In the center-symmetric vacuum, the action of each monopole (4.3) is e�S0 = e
� 8⇡2

g

2
N

c .

Magnetic bions, the topological excitations responsible for the confinement, also exist for
SU(Nc) with massless adjoint fermions. Bions are composed of a monopole with charges ↵i

and anti-monopole with charges �↵i�1

. The monopole constituents of the bions repel because
of Coulomb interaction and attract because of fermion zero-mode exchange; this ensures the
stability of the bions, as in the SU(2) case. Clearly, there are also Nc bions, labelled by
the position of (say) the monopole constituent on the extended Dynkin diagram. Every bion
carries a charge under the unbroken U(1)Nc

�1 gauge group, given by:

~Qi = ~↵i � ~↵i�1

, i = 1 . . . Nc . (4.4)
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the A-th simple 
root of SU(3)

chiral Z  and topological Z  
              (dual to center Z  ) 

3 3
3

2

lattice spacing a ~ L

OUTLOOK: we can find out - if all else fails using simulations...



In a class of 4d QCD-like theories - QCD with massless 
adjoint Weyl fermions, to be precise - the thermal 
confinement-deconfinement transition can be understood 
as arising due to a competition of “electric” and 
“magnetic” degrees of freedom... 
          
         “electric”:     perturbative d.o.f., i.e., gauge bosons
        
         “magnetic”:  non-perturbative d.o.f., 
           in the theories at hand, magnetic monopole-                      
             instantons “bound” by fermion zero-mode exchange    
             - the ``magnetic bions” responsible for
               confinement in QCD(adj) at T=0 

How does this duality come about? 



This claim, of course, is quite expected - perturbative d.o.f. do 
not cause confinement, so it must be that the deconfinement 
transition arises due to a “fight” of perturbative vs. non-
perturbative physics. 

What’s new is that - as should’ve become clear from my summary:

- I will not attempt to “model” non-perturbative effects, 
  i.e., I will not be engaging in “voodoo QCD” - whatever merits this might sometimes have... 
           Liao-Shuryak 2006 idea of E-M “competition” near Tc similar, classical E-M gas molecular dynamics, 
           whose relation to underlying gauge theory unclear

- I will not be using a Svetitsky-Yaffe-type universality - e.g., Z    
   center symmetry - based effective Landau-Ginsburg theory of the        
  thermal transition our descrition will, of course, reflect symmetries

- Nor will I be doing numerical lattice simulations (yet?)

  ... or AdS/CFT(QCD)

N



I’ll be looking at the dynamics of the theory by studying it in - 
even arbitrarily - small, but nonzero, volume: 

the small volume will be, today, where spatial circle 
has size “L”

Is this crazy?     What does one hope to learn? 
These are very good questions. I have two (and a half) answers: 

2.
At fixed-L and fixed-N, the dynamics of many 4d QCD like 
theories in this geometry becomes calculable - usually difficult to 
study properties, such as confinement and chiral symmetry 
breaking are semiclassically calculable and under analytical control.

1. 
In the large-N limit, Eguchi-Kawai reduction for QCD(adj) holds, 
and certain correlators in small-L gauge theories are the same as 
at infinite-L
      - not my topic today - only note this requires N  L Lambda(QCD)>>1c 



The attitude I take is that, since non-perturbative calculability is 
not often encountered in the study of gauge dynamics, it may be 
of interest - and is certainly fun! - to take this opportunity seriously 
and “squeeze out” everything we can of this calculable limit. 

L

The hope is, of course, that some of the insight found at small-L will 
continue to hold - “morally” if not quantitatively - at large L. 
    (in some cases, one may contemplate an analytic 1/L-expansion... future...)

Recall the numerous efforts in AdS/CFT(QCD): another semiclassically 
calculable limit - in the (super)gravity regime - where the UV completion 
is string theory.  Here, instead, the UV completion is “ordinary” 4d 
asymptotically-free QFT and the semiclassical objects are not fundamental 
strings, but some good old -and some new- monopoles, instantons, etc...

But should one care? 
After all, calculability requires taking
        N  L Lambda(QCD) << 1
i.e., rather small-L... 

c



  n   = 4  
- “minimal walking technicolor”
-  happens to be N=4 SYM             
   without the scalars

 f

“applications”:For simplicity, will consider only 4d SU(2) 
theories with n   adjoint Weyl fermions f

consider theory on R  x S 3 1

with periodic (“susy”) boundary conditions on fermions

Pthen Polyakov loop

/2

/2

acquires a center-symmetric expectation value (n  >1, Unsal-Yaffe 2007)f

theory dynamically “abelianizes”, i.e.
clearly, weakly coupled if L << inverse strong scale

 n  = 1 is            
 N=1SUSY YM

f



Despite weak coupling, nonperturbative dynamics is not trivial: 
     since SU(2) broken to U(1), there are “monopole-instanton” solutions 
(should be called instantons, since finite action Euclidean, but keeping with tradition will stick with “monopoles”)

“twisted” or “Kaluza-Klein”: monopole embedded in 
4d by a twist by a “gauge transformation” periodic up 
to center - in 3d limit not there! (infinite action)

KK

monopole 
trivially
embedded in 4d

M

“monopole instanton” in 3d
KK discovered by K. Lee, P.  Yi, 
1997, as “Instantons and monopoles 
on partially compactified D-branes”

M

KK
Euclidean
D0-brane

Euclidean
D0-brane

D-brane picture, 
despite all of its SUSY, 
is the best - easiest, fastest -
way to learn about the 
properties of M, KK,...!



  = M(+)/M*(-)

M:

M*:

KK:

KK*:

......

......-

-+

+ Index theorem:
Nye, Singer 2000
Unsal, E.P. 2008

4d QCD(adj) dilute instanton gas of M,M*,KK,KK* 
at small L 

= KK(-)/KK*(+)



4d QCD(adj) fermion attraction M-KK* at small-L 
Unsal 2007 

  = M(+)/M*(-)

= KK(-)/KK*(+)

M:

M*:

KK:

KK*:

......

......-

-+
...+ +

...- -
B:

B*:

+ Index theorem:
Nye, Singer 2000
Unsal, E.P. 2008



4d QCD(adj) bion plasma at small-L 
Unsal 2007 

= M(+)/M*(-)

= KK(-)/KK*(+)

“blobs” = Bions(++)/Bions*(--)

M + KK* = B - magnetic “bions” - 
-carry 2 units of magnetic charge 
-no topological charge (non self-dual)
   locally 4d nature crucial: no KK in 3d

- bion/antibion plasma screening               
  generates mass for dual photon  
  ~ confining string tension 



eL 4 
2  1/g (L)   

L

  L/g (L)   
4 
2 

“magnetic bion confinement” operates at small-L in any theory with 
massless Weyl adjoints, including N=1 SYM (& N=1 from Seiberg-Witten theory)

it is “automatic”: no need to “deform” theory other than small-L 
first time confinement analytically shown in a non-SUSY, continuum, locally 4d theory

4d QCD(adj) bion plasma at small-L 
Unsal 2007; Unsal, E.P. 2009; Anber, E.P. 2011



4d QCD(adj) bion plasma at small-L 
Unsal 2007; Unsal, E.P. 2009; Anber, E.P. 2011

eL 4 
2  1/g (L)   

L

  L/g (L)   
4 
2 

..++

..++
eL 4 

2  1/g (L)   

eL 4 
2  1/g (L)   

  L/g (L)   
4 
2 

  1/T   

 Next, we turn on finite temperature...



..++

..++
eL 4 

2  1/g (L)   
  L/g (L)   

4 
2 

  1/T   

dual photon mass  <<  T  <<  inverse bion size  

for temperatures in the range

bions have not 
yet “dissociated”

distance ~ inverse dual photon mass

bion gas is essentially 
2-d Coulomb gas



..++

  1/T   

dual photon mass  <<  T  <<  inverse bion size << 1/L

for temperatures in the range

W bosons, of mass ~ 1/L, can not be ignored in this range 
         -  Boltzmann suppressed, but as important as bions

static W-boson worldline

magnetic bion

Aharonov-Bohm phase



..++   1/T   

dual photon mass  <<  T  <<  inverse bion size << 1/Lfor temperatures in the range

static W-bosonmagnetic bion

of the bion-bion interaction):

Zbion+W

=
X

N
b±,q

a

=±1

X

N
W±,q

A

=±1

⇠
N

b++N
b�

bion

Nb+!Nb�!

(2⇠W )NW++N
W�

NW+

!NW�!

N
b++N

b�Y

a

Z
d2Ra

N
W++N

W�Y

A

Z
d2RA (3.11)

⇥ exp

2

432⇡LT

g2

X

a>b

qaqb ln |~Ra � ~Rb|+
g2

2⇡LT

X

A>B

qAqB ln |~RA � ~RB|+ 4i
X

a,B

qBqa⇥(~RB � ~Ra)

3

5 .

The meaning of the various terms in the partition function above have already been explained.
Eqn. (3.11) is the nontrivial (i.e., interacting) part of the partition function of the SU(2)(adj)

theory on R1,2 ⇥ S1� , for T in the range 1

Le
� 8⇡2

3g2 ⌧ T ⌧ g2n
f

⇡L , as in(3.2).

An important property of Zbion+W is that it is invariant under electric-magnetic duality.
This follows immediately by noticing that exchanging:

⇠bion () 2⇠W ,

32⇡LT

g2
() g2

2⇡LT
(3.12)

in (3.11) gives rise to an equivalent partition function. The self-dual point T⇤ = g2

8⇡L occurs
exactly at the critical temperature of the bion-only gas. This temperature also happens to
be the BKT temperature of the W -only gas (where the only interactions would be given by
(3.8)). This strongly suggests that the deconfinement transition in SU(2)(adj) indeed occurs

at Tc =
g2

8⇡L .

The partition function Zbion+W , when defined on the lattice, also has a Krammers-Vannier
type duality, analogous to (3.12) (exchanging electric and magnetic charges living on dual
lattices), and is known [6] to be equivalent to the lattice XY -model with a Z

4

preserving
perturbation, defined in (1.1). We will refer the reader to the quoted literature for the lattice
duality, we will present a (somewhat shorter but helpful) continuum version later in Section

LCD. There, we will establish that  = g2

2⇡LT , as claimed in Section 1.1.

Before we continue, we note that if one studies the thermal physics not of QCD(adj) but
of deformed Yang-Mills theory on R1,2 ⇥ S1L [16], one finds, instead, a lattice XY -model with
a Z

2

preserving perturbation. If the 3d minimally supersymmetric Georgi-Glashow model
is studied at finite temperature, a partition function similar to (3.11) is obtained [32] . The
nature of the composite topological excitations in the N = 1 3d theory, analogous to magnetic
bions (whose e↵ect was deduced earlier by the power of supersymmetry) was only elucidated
recently in [39].

3.2 The renormalization group equations for the magnetic bion/W-boson plasma
and the approach to Tc

The behavior of the magnetic-bion/W-boson Coulomb gas (3.11) can be studied by various
means. One way would be to do Monte-Carlo simulations, using its representation as a lattice
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of the bion-bion interaction):

Zbion+W

=
X

N
b±,q
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=±1
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⇠
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The meaning of the various terms in the partition function above have already been explained.
Eqn. (3.11) is the nontrivial (i.e., interacting) part of the partition function of the SU(2)(adj)

theory on R1,2 ⇥ S1� , for T in the range 1

Le
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3g2 ⌧ T ⌧ g2n
f

⇡L , as in(3.2).

An important property of Zbion+W is that it is invariant under electric-magnetic duality.
This follows immediately by noticing that exchanging:

⇠bion () 2⇠W ,

32⇡LT

g2
() g2

2⇡LT
(3.12)

in (3.11) gives rise to an equivalent partition function. The self-dual point T⇤ = g2

8⇡L occurs
exactly at the critical temperature of the bion-only gas. This temperature also happens to
be the BKT temperature of the W -only gas (where the only interactions would be given by
(3.8)). This strongly suggests that the deconfinement transition in SU(2)(adj) indeed occurs

at Tc =
g2

8⇡L .

The partition function Zbion+W , when defined on the lattice, also has a Krammers-Vannier
type duality, analogous to (3.12) (exchanging electric and magnetic charges living on dual
lattices), and is known [6] to be equivalent to the lattice XY -model with a Z

4

preserving
perturbation, defined in (1.1). We will refer the reader to the quoted literature for the lattice
duality, we will present a (somewhat shorter but helpful) continuum version later in Section

LCD. There, we will establish that  = g2

2⇡LT , as claimed in Section 1.1.

Before we continue, we note that if one studies the thermal physics not of QCD(adj) but
of deformed Yang-Mills theory on R1,2 ⇥ S1L [16], one finds, instead, a lattice XY -model with
a Z

2

preserving perturbation. If the 3d minimally supersymmetric Georgi-Glashow model
is studied at finite temperature, a partition function similar to (3.11) is obtained [32] . The
nature of the composite topological excitations in the N = 1 3d theory, analogous to magnetic
bions (whose e↵ect was deduced earlier by the power of supersymmetry) was only elucidated
recently in [39].

3.2 The renormalization group equations for the magnetic bion/W-boson plasma
and the approach to Tc

The behavior of the magnetic-bion/W-boson Coulomb gas (3.11) can be studied by various
means. One way would be to do Monte-Carlo simulations, using its representation as a lattice
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bion-bion magnetic interaction W-W electric interaction W-bion AB phase interaction

small, with fugacities e
� 8⇡2

g

2 . The Boltzmann suppression of W -bosons (mW = ⇡
L in the

center-symmetric vacuum) is, at T = Tc, e
�m

W

T

c = e
� ⇡

L

8⇡L

g

2 = e
� 8⇡2

g

2 . Thus, near Tc W -bosons
and bions are equally likely to appear in the plasma and we expect that the deconfinement
transition in SU(2)(adj) is driven by competition between the interactions of electrically
(W -bosons) and magnetically (bions) charged particles.

Including the e↵ects of electric charges on the bion plasma partition function is relatively
straightforward (neutral particles, such as the radial mode of the “Higgs” boson A

4

is not
expected to play a role in the deconfining dynamics, despite being lighter than the charged
W -bosons). The heavy charged fermions �±

I (of mass equal to mW , I = 1, ..., nf ) contribute
similar to the W -bosons, because at m� ⌧ T ⌧ mW , the W -boson, �±

I , and bion gas is

(exponentially) dilute: the thermal de Broglie wavelength (mWT )�
1
2 is much smaller than

the typical distance between particles ⇠ �Rbion, and the Fermi statistics is irrelevant. Thus,
we will further refer to the gas of electrically charged particles as the “W -boson gas” and will
account for the �±

I contribution via the multiplicity—see also Footnote 13 below. At the T ⌧
mW temperatures of interest, the W -boson partition function is that of a 2d gas of electrically
charged non-relativistic particles, which interact via Coulomb forces with themselves (as well
as with the magnetically charged objects, the bions, as described below). Thus, the W -
boson/�± fugacity is:12

⇠W = (2nf + 1)
mWT

2⇡
e�

m

W

T . (3.7)

Another subtlety that we have to discuss is that at the lowest mass level on R3 ⇥ S1L in
the center-symmetric vacuum there are actually two sets W±-bosons (and �± fermions). This
is easiest to see in the D-brane picture [24], which, despite being highly supersymmetric, the
D-brane picture greatly helps studies of the nonsupersymmetric tree-level spectrum. It can
also be seen via the usual Kaluza-Klein decomposition: the masses of W± come from their
interaction with the Higgs field A

4

(recall Footnote 4), which always enters the Lagrangian
as @

4

+ A
4

. Replacing @
4

with 2⇡n
L (n 2 Z) and A

4

by its vev ⇡
L , see eqn. (2.7), we find that

the W± masses are proportional to |2⇡n+⇡|
L . Thus states of mass ⇡

L appear at the n = 0 and
n = �1 Kaluza-Klein levels, explaining the presence of two sets of lowest mass W± bosons.
These will be the only W -boson states whose contribution we will keep. Similar to accounting
for the �± contribution, at T ⌧ mW , the contribution of these states to the grand partition
function can be accounted for by doubling the fugacity (3.7).13

12The prefactor follows from integrating over the momenta in the non relativistic partition function, equal to

the product of factors
R

d

2
p d

2
x

(2⇡)2
e�

m
T � p2

2mT +V (x) for all particles. The 2n
f

factor accounts for the multiplicity
of charged fermions. The various terms contributing to the interaction V (x) are given in eqns. (3.8) and (3.10).

13Perhaps a comment on this is necessary. We are treating the two kinds ofW± bosons (and the �± fermions),
which have the same charges (and, to the order of our calculation, the same fugacities), as indistinguishable.
One can show, via the sine-Gordon representation of a 2d Coulomb gas partition function, using the fact
that only overall charge-neutral configurations contribute to the 2d partition function, that, indeed, the grand
partition function of a gas of two kinds of same-charge particles with fugacities ⇠1 and ⇠2 is equal to that of a
gas of one kind of charged particles with fugacity ⇠1 + ⇠2.
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magnetic bions). This picture essentially remains in the temperature range m� ⌧ T ⌧ 1

L ⇠
mW , albeit with a few important changes, as we now discuss.

First, all fermions—even the massless ones, responsible for the binding of monopoles
and KK-anti-monopoles into bions—now have a thermal mass of order T . Their Euclidean
propagators, and thus the attractive potential between the bion constituents, are a↵ected at
distances larger than 1

T . Recalling that the bion size is r⇤ = ⇡L
g2n

f

and requiring that the
behavior of the fermion propagator is only di↵erent at distances of larger than the bion size
implies 1

T � r⇤ = ⇡L
g2n

f

. Thus, the fermion-induced attraction between the constituents of
the bions will be una↵ected so long as:

T ⌧ 1

r⇤
=

g2nf

⇡L
. (3.1)

The critical behavior that we find occurs well within the range (3.1). In fact, a more detailed
calculation of the attractive potential between bion constituents is possible and one finds
that near Tc, which, as we show later, is equal to g2

8⇡L , the finite temperature contribution
to the bion potential near r⇤ is suppressed by a factor of order (r⇤Tc)3 = (8nf )�3, where
r⇤Tc = 1/(8nf ) ⌧ 1, relative to the zero temperature potential. Thus, for the dynamics near
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for this is that the bions are much smaller than the size of the compact “thermal” direction.
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(requiring thus a somewhat stronger restriction T � �Rbion) the separation between bions
is � 1/T , (and 1/T , from (3.1), is in turn larger than the bion size). This means that in the
regime (3.2) the bion dynamics, whose T = 0 partition function is (2.28), can be described
by the dimensional reduction of (2.28). Thus, the 3d Coulomb potential between bions can
be replaced by the 2d logarithmic one, where the coe�cient follows simply from Gauss’ law:

1

|~R|
! �2T log |~R|T , (3.3)

and ~R denotes now a vector in R2 (the argument T in the logarithm was inserted for dimen-
sional reasons; it will play no role due to charge neutrality of the 2d gas). Furthermore, the

integral over positions of the bions should be now over points in R2, replacing d3R
j

L3 ! d2R
j

TL3 .
Thus, we obtain for the thermal partition function of the 2d bion gas:
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where we introduced the bion fugacity:
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Z
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L3T
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L3Tg14�8n
f

, (3.5)
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magnetic bions). This picture essentially remains in the temperature range m� ⌧ T ⌧ 1

L ⇠
mW , albeit with a few important changes, as we now discuss.

First, all fermions—even the massless ones, responsible for the binding of monopoles
and KK-anti-monopoles into bions—now have a thermal mass of order T . Their Euclidean
propagators, and thus the attractive potential between the bion constituents, are a↵ected at
distances larger than 1

T . Recalling that the bion size is r⇤ = ⇡L
g2n

f

and requiring that the
behavior of the fermion propagator is only di↵erent at distances of larger than the bion size
implies 1

T � r⇤ = ⇡L
g2n

f

. Thus, the fermion-induced attraction between the constituents of
the bions will be una↵ected so long as:

T ⌧ 1

r⇤
=

g2nf

⇡L
. (3.1)

The critical behavior that we find occurs well within the range (3.1). In fact, a more detailed
calculation of the attractive potential between bion constituents is possible and one finds
that near Tc, which, as we show later, is equal to g2

8⇡L , the finite temperature contribution
to the bion potential near r⇤ is suppressed by a factor of order (r⇤Tc)3 = (8nf )�3, where
r⇤Tc = 1/(8nf ) ⌧ 1, relative to the zero temperature potential. Thus, for the dynamics near
criticality, well within the range (3.1), we can treat bions as pointlike. The ultimate reason
for this is that the bions are much smaller than the size of the compact “thermal” direction.

Second, recall that the inter-bion separation �Rbion at T = 0 is �Rbion ⇠ Le
8⇡2

3g2 ⌧ 1

m
�

.
Thus, for T within the range:

Le
8⇡2

3g2 ⇠ �Rbion � 1

T
� r⇤ ⇠

g2nf

⇡L
, (3.2)

(requiring thus a somewhat stronger restriction T � �Rbion) the separation between bions
is � 1/T , (and 1/T , from (3.1), is in turn larger than the bion size). This means that in the
regime (3.2) the bion dynamics, whose T = 0 partition function is (2.28), can be described
by the dimensional reduction of (2.28). Thus, the 3d Coulomb potential between bions can
be replaced by the 2d logarithmic one, where the coe�cient follows simply from Gauss’ law:

1

|~R|
! �2T log |~R|T , (3.3)

and ~R denotes now a vector in R2 (the argument T in the logarithm was inserted for dimen-
sional reasons; it will play no role due to charge neutrality of the 2d gas). Furthermore, the

integral over positions of the bions should be now over points in R2, replacing d3R
j

L3 ! d2R
j

TL3 .
Thus, we obtain for the thermal partition function of the 2d bion gas:

Z
2d bion gas =

X

N±,q
a

=±1

⇠N++N�
bion

N
+

!N�!

N++N�Y

j

Z
d2Rj exp

"
32⇡LT

g2

X

a>b

qaqb log |~Ra � ~Rb|T
#
, (3.4)

where we introduced the bion fugacity:

⇠
bion

=
Z
bion

L3T
⇠ e�2S0(1+cg)

L3Tg14�8n
f

, (3.5)

– 17 –

Clearly, bion/W partition function for SU(2) is el.-m. duality invariant 
          = Kramers-Vannier (low-T/high-T duality)
          = 2d T-duality (vortex-charge duality)

gas of W’s and bions is dilute and 2-dimensional



dual photon mass  <<  T  <<  inverse bion size << 1/Lfor temperatures in the range
of the bion-bion interaction):
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The meaning of the various terms in the partition function above have already been explained.
Eqn. (3.11) is the nontrivial (i.e., interacting) part of the partition function of the SU(2)(adj)

theory on R1,2 ⇥ S1� , for T in the range 1

Le
� 8⇡2

3g2 ⌧ T ⌧ g2n
f

⇡L , as in(3.2).

An important property of Zbion+W is that it is invariant under electric-magnetic duality.
This follows immediately by noticing that exchanging:

⇠bion () 2⇠W ,

32⇡LT

g2
() g2

2⇡LT
(3.12)

in (3.11) gives rise to an equivalent partition function. The self-dual point T⇤ = g2

8⇡L occurs
exactly at the critical temperature of the bion-only gas. This temperature also happens to
be the BKT temperature of the W -only gas (where the only interactions would be given by
(3.8)). This strongly suggests that the deconfinement transition in SU(2)(adj) indeed occurs

at Tc =
g2

8⇡L .

The partition function Zbion+W , when defined on the lattice, also has a Krammers-Vannier
type duality, analogous to (3.12) (exchanging electric and magnetic charges living on dual
lattices), and is known [6] to be equivalent to the lattice XY -model with a Z

4

preserving
perturbation, defined in (1.1). We will refer the reader to the quoted literature for the lattice
duality, we will present a (somewhat shorter but helpful) continuum version later in Section

LCD. There, we will establish that  = g2

2⇡LT , as claimed in Section 1.1.

Before we continue, we note that if one studies the thermal physics not of QCD(adj) but
of deformed Yang-Mills theory on R1,2 ⇥ S1L [16], one finds, instead, a lattice XY -model with
a Z

2

preserving perturbation. If the 3d minimally supersymmetric Georgi-Glashow model
is studied at finite temperature, a partition function similar to (3.11) is obtained [32] . The
nature of the composite topological excitations in the N = 1 3d theory, analogous to magnetic
bions (whose e↵ect was deduced earlier by the power of supersymmetry) was only elucidated
recently in [39].

3.2 The renormalization group equations for the magnetic bion/W-boson plasma
and the approach to Tc

The behavior of the magnetic-bion/W-boson Coulomb gas (3.11) can be studied by various
means. One way would be to do Monte-Carlo simulations, using its representation as a lattice
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bion-bion magnetic interaction W-bion AB phase interaction

small, with fugacities e
� 8⇡2

g

2 . The Boltzmann suppression of W -bosons (mW = ⇡
L in the

center-symmetric vacuum) is, at T = Tc, e
�m

W

T

c = e
� ⇡

L

8⇡L

g

2 = e
� 8⇡2

g

2 . Thus, near Tc W -bosons
and bions are equally likely to appear in the plasma and we expect that the deconfinement
transition in SU(2)(adj) is driven by competition between the interactions of electrically
(W -bosons) and magnetically (bions) charged particles.

Including the e↵ects of electric charges on the bion plasma partition function is relatively
straightforward (neutral particles, such as the radial mode of the “Higgs” boson A

4

is not
expected to play a role in the deconfining dynamics, despite being lighter than the charged
W -bosons). The heavy charged fermions �±

I (of mass equal to mW , I = 1, ..., nf ) contribute
similar to the W -bosons, because at m� ⌧ T ⌧ mW , the W -boson, �±

I , and bion gas is

(exponentially) dilute: the thermal de Broglie wavelength (mWT )�
1
2 is much smaller than

the typical distance between particles ⇠ �Rbion, and the Fermi statistics is irrelevant. Thus,
we will further refer to the gas of electrically charged particles as the “W -boson gas” and will
account for the �±

I contribution via the multiplicity—see also Footnote 13 below. At the T ⌧
mW temperatures of interest, the W -boson partition function is that of a 2d gas of electrically
charged non-relativistic particles, which interact via Coulomb forces with themselves (as well
as with the magnetically charged objects, the bions, as described below). Thus, the W -
boson/�± fugacity is:12

⇠W = (2nf + 1)
mWT

2⇡
e�

m

W

T . (3.7)

Another subtlety that we have to discuss is that at the lowest mass level on R3 ⇥ S1L in
the center-symmetric vacuum there are actually two sets W±-bosons (and �± fermions). This
is easiest to see in the D-brane picture [24], which, despite being highly supersymmetric, the
D-brane picture greatly helps studies of the nonsupersymmetric tree-level spectrum. It can
also be seen via the usual Kaluza-Klein decomposition: the masses of W± come from their
interaction with the Higgs field A

4

(recall Footnote 4), which always enters the Lagrangian
as @

4

+ A
4

. Replacing @
4

with 2⇡n
L (n 2 Z) and A

4

by its vev ⇡
L , see eqn. (2.7), we find that

the W± masses are proportional to |2⇡n+⇡|
L . Thus states of mass ⇡

L appear at the n = 0 and
n = �1 Kaluza-Klein levels, explaining the presence of two sets of lowest mass W± bosons.
These will be the only W -boson states whose contribution we will keep. Similar to accounting
for the �± contribution, at T ⌧ mW , the contribution of these states to the grand partition
function can be accounted for by doubling the fugacity (3.7).13

12The prefactor follows from integrating over the momenta in the non relativistic partition function, equal to

the product of factors
R

d

2
p d

2
x

(2⇡)2
e�

m
T � p2

2mT +V (x) for all particles. The 2n
f

factor accounts for the multiplicity
of charged fermions. The various terms contributing to the interaction V (x) are given in eqns. (3.8) and (3.10).

13Perhaps a comment on this is necessary. We are treating the two kinds ofW± bosons (and the �± fermions),
which have the same charges (and, to the order of our calculation, the same fugacities), as indistinguishable.
One can show, via the sine-Gordon representation of a 2d Coulomb gas partition function, using the fact
that only overall charge-neutral configurations contribute to the 2d partition function, that, indeed, the grand
partition function of a gas of two kinds of same-charge particles with fugacities ⇠1 and ⇠2 is equal to that of a
gas of one kind of charged particles with fugacity ⇠1 + ⇠2.
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1.1 Deconfinement in SU(2) QCD(adj)

We first review our results for an SU(2) gauge theory with nf massless adjoint Weyl fermions
on R1,2 ⇥ S1L. We show that the physics near the deconfinement temperature is described by
a classical 2d XY-spin model with a U(1) ! Z

4

-breaking perturbation. This is the theory of
angular “spin” variables ✓x 2 (0, 2⇡], “living” on the sites x of a 2d lattice with basis vectors
µ̂, with nearest-neighbor interactions. The partition function is Z =

R
D✓e��H , where:

��H =
X

x;µ̂=1,2



2⇡
cos(✓x+µ̂ � ✓x) +

X

x

ỹ cos 4✓x . (1.1)

When matching to the gauge theory, the lattice spacing (set to unity above) is of the order
of the size L of the spatial circle. The normalization of the spin-spin coupling  is the one
useful for our later purposes.

We emphasize that the equivalence of (1.1) to the finite-temperature gauge theory is not
simply an e↵ective model for an order parameter based on a Svetitsky-Ya↵e universality ar-
gument [10]. Instead, the parameters of the lattice spin theory (1.1) can be precisely mapped
to the microscopic parameters of the gauge theory, owing to the small-L calculability of the
gauge dynamics. This map is worked out in Section 3, where the nature and role of the
perturbative or non-perturbative objects driving the deconfinement transition is made quite
explicit. We should note that there have been earlier discussions of the role of various topo-
logical objects in the deconfinement transition, in the continuum and on the lattice, and that
some bear resemblance to our discussion, notably [11–13] and references therein. However,
the study here stands out by being both analytic and under complete theoretical control—and
concerns QCD(adj), a theory with massless fermions, not pure Yang-Mills theory.

In the lattice theory defined as in (1.1), theXY -model vortices map to electrically charged
W -bosons, while the “charges,” represented by the Z

4

-preserving perturbation, map to the
magnetic bions of the SU(2)(adj) theory. The spin-spin coupling is expressed via the four-
dimensional gauge coupling g

4

(L), the size of the spatial circle L, and the temperature T :

 =
g2
4

(L)

2⇡LT
. (1.2)

It determines the strength of the Coulomb interaction between the W -bosons, while the
(dual-) Coulomb interaction between magnetic bions is proportional to �1.

The global U(1) symmetry of the XY -model, ✓x ! ✓x+c, is explicitly broken to Z
4

by the
second, magnetic-bion induced, term in (1.1). In terms of the symmetries of the microscopic
gauge theory, the Z

4

symmetry of the spin model as written in (1.1) contains a discrete Z
2

subgroup of the chiral symmetry of the gauge theory and the topological Z
2

symmetry, due
to the nontrivial ⇡

1

(SU(2)/Z
2

). In a dual lattice formulation of (1.1), see the discussion in
Section 3.3, instead of the topological Z

2

symmetry, one finds the Z
2

center symmetry. The
realization of the symmetries and the behavior of the correlators of ’t Hooft and Polyakov
loops through the deconfinement transition are also discussed in there.

The lattice-spin model (1.1) is a member of a class of Zp-preserving models, defined as in
(1.1), but with cos 4✓ ! cos p✓ instead. It is sometimes also called the p = 4 “clock” model

– 3 –

W’s = XY model gas of vortices

W-W electric interaction



dual photon mass  <<  T  <<  inverse bion size << 1/Lfor temperatures in the range
of the bion-bion interaction):

Zbion+W

=
X

N
b±,q

a

=±1

X

N
W±,q

A

=±1

⇠
N

b++N
b�

bion

Nb+!Nb�!

(2⇠W )NW++N
W�

NW+

!NW�!

N
b++N

b�Y

a

Z
d2Ra

N
W++N

W�Y

A

Z
d2RA (3.11)

⇥ exp

2

432⇡LT

g2

X

a>b

qaqb ln |~Ra � ~Rb|+
g2

2⇡LT

X

A>B

qAqB ln |~RA � ~RB|+ 4i
X

a,B

qBqa⇥(~RB � ~Ra)

3

5 .

The meaning of the various terms in the partition function above have already been explained.
Eqn. (3.11) is the nontrivial (i.e., interacting) part of the partition function of the SU(2)(adj)

theory on R1,2 ⇥ S1� , for T in the range 1

Le
� 8⇡2

3g2 ⌧ T ⌧ g2n
f

⇡L , as in(3.2).

An important property of Zbion+W is that it is invariant under electric-magnetic duality.
This follows immediately by noticing that exchanging:

⇠bion () 2⇠W ,

32⇡LT

g2
() g2

2⇡LT
(3.12)

in (3.11) gives rise to an equivalent partition function. The self-dual point T⇤ = g2

8⇡L occurs
exactly at the critical temperature of the bion-only gas. This temperature also happens to
be the BKT temperature of the W -only gas (where the only interactions would be given by
(3.8)). This strongly suggests that the deconfinement transition in SU(2)(adj) indeed occurs

at Tc =
g2

8⇡L .

The partition function Zbion+W , when defined on the lattice, also has a Krammers-Vannier
type duality, analogous to (3.12) (exchanging electric and magnetic charges living on dual
lattices), and is known [6] to be equivalent to the lattice XY -model with a Z

4

preserving
perturbation, defined in (1.1). We will refer the reader to the quoted literature for the lattice
duality, we will present a (somewhat shorter but helpful) continuum version later in Section

LCD. There, we will establish that  = g2

2⇡LT , as claimed in Section 1.1.

Before we continue, we note that if one studies the thermal physics not of QCD(adj) but
of deformed Yang-Mills theory on R1,2 ⇥ S1L [16], one finds, instead, a lattice XY -model with
a Z

2

preserving perturbation. If the 3d minimally supersymmetric Georgi-Glashow model
is studied at finite temperature, a partition function similar to (3.11) is obtained [32] . The
nature of the composite topological excitations in the N = 1 3d theory, analogous to magnetic
bions (whose e↵ect was deduced earlier by the power of supersymmetry) was only elucidated
recently in [39].

3.2 The renormalization group equations for the magnetic bion/W-boson plasma
and the approach to Tc

The behavior of the magnetic-bion/W-boson Coulomb gas (3.11) can be studied by various
means. One way would be to do Monte-Carlo simulations, using its representation as a lattice
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and bions are equally likely to appear in the plasma and we expect that the deconfinement
transition in SU(2)(adj) is driven by competition between the interactions of electrically
(W -bosons) and magnetically (bions) charged particles.

Including the e↵ects of electric charges on the bion plasma partition function is relatively
straightforward (neutral particles, such as the radial mode of the “Higgs” boson A

4

is not
expected to play a role in the deconfining dynamics, despite being lighter than the charged
W -bosons). The heavy charged fermions �±

I (of mass equal to mW , I = 1, ..., nf ) contribute
similar to the W -bosons, because at m� ⌧ T ⌧ mW , the W -boson, �±

I , and bion gas is

(exponentially) dilute: the thermal de Broglie wavelength (mWT )�
1
2 is much smaller than

the typical distance between particles ⇠ �Rbion, and the Fermi statistics is irrelevant. Thus,
we will further refer to the gas of electrically charged particles as the “W -boson gas” and will
account for the �±

I contribution via the multiplicity—see also Footnote 13 below. At the T ⌧
mW temperatures of interest, the W -boson partition function is that of a 2d gas of electrically
charged non-relativistic particles, which interact via Coulomb forces with themselves (as well
as with the magnetically charged objects, the bions, as described below). Thus, the W -
boson/�± fugacity is:12

⇠W = (2nf + 1)
mWT

2⇡
e�

m

W

T . (3.7)

Another subtlety that we have to discuss is that at the lowest mass level on R3 ⇥ S1L in
the center-symmetric vacuum there are actually two sets W±-bosons (and �± fermions). This
is easiest to see in the D-brane picture [24], which, despite being highly supersymmetric, the
D-brane picture greatly helps studies of the nonsupersymmetric tree-level spectrum. It can
also be seen via the usual Kaluza-Klein decomposition: the masses of W± come from their
interaction with the Higgs field A

4

(recall Footnote 4), which always enters the Lagrangian
as @

4

+ A
4

. Replacing @
4

with 2⇡n
L (n 2 Z) and A

4

by its vev ⇡
L , see eqn. (2.7), we find that

the W± masses are proportional to |2⇡n+⇡|
L . Thus states of mass ⇡

L appear at the n = 0 and
n = �1 Kaluza-Klein levels, explaining the presence of two sets of lowest mass W± bosons.
These will be the only W -boson states whose contribution we will keep. Similar to accounting
for the �± contribution, at T ⌧ mW , the contribution of these states to the grand partition
function can be accounted for by doubling the fugacity (3.7).13

12The prefactor follows from integrating over the momenta in the non relativistic partition function, equal to

the product of factors
R

d

2
p d

2
x

(2⇡)2
e�

m
T � p2

2mT +V (x) for all particles. The 2n
f

factor accounts for the multiplicity
of charged fermions. The various terms contributing to the interaction V (x) are given in eqns. (3.8) and (3.10).

13Perhaps a comment on this is necessary. We are treating the two kinds ofW± bosons (and the �± fermions),
which have the same charges (and, to the order of our calculation, the same fugacities), as indistinguishable.
One can show, via the sine-Gordon representation of a 2d Coulomb gas partition function, using the fact
that only overall charge-neutral configurations contribute to the 2d partition function, that, indeed, the grand
partition function of a gas of two kinds of same-charge particles with fugacities ⇠1 and ⇠2 is equal to that of a
gas of one kind of charged particles with fugacity ⇠1 + ⇠2.
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1.1 Deconfinement in SU(2) QCD(adj)

We first review our results for an SU(2) gauge theory with nf massless adjoint Weyl fermions
on R1,2 ⇥ S1L. We show that the physics near the deconfinement temperature is described by
a classical 2d XY-spin model with a U(1) ! Z

4

-breaking perturbation. This is the theory of
angular “spin” variables ✓x 2 (0, 2⇡], “living” on the sites x of a 2d lattice with basis vectors
µ̂, with nearest-neighbor interactions. The partition function is Z =

R
D✓e��H , where:

��H =
X

x;µ̂=1,2



2⇡
cos(✓x+µ̂ � ✓x) +

X

x

ỹ cos 4✓x . (1.1)

When matching to the gauge theory, the lattice spacing (set to unity above) is of the order
of the size L of the spatial circle. The normalization of the spin-spin coupling  is the one
useful for our later purposes.

We emphasize that the equivalence of (1.1) to the finite-temperature gauge theory is not
simply an e↵ective model for an order parameter based on a Svetitsky-Ya↵e universality ar-
gument [10]. Instead, the parameters of the lattice spin theory (1.1) can be precisely mapped
to the microscopic parameters of the gauge theory, owing to the small-L calculability of the
gauge dynamics. This map is worked out in Section 3, where the nature and role of the
perturbative or non-perturbative objects driving the deconfinement transition is made quite
explicit. We should note that there have been earlier discussions of the role of various topo-
logical objects in the deconfinement transition, in the continuum and on the lattice, and that
some bear resemblance to our discussion, notably [11–13] and references therein. However,
the study here stands out by being both analytic and under complete theoretical control—and
concerns QCD(adj), a theory with massless fermions, not pure Yang-Mills theory.

In the lattice theory defined as in (1.1), theXY -model vortices map to electrically charged
W -bosons, while the “charges,” represented by the Z

4

-preserving perturbation, map to the
magnetic bions of the SU(2)(adj) theory. The spin-spin coupling is expressed via the four-
dimensional gauge coupling g

4

(L), the size of the spatial circle L, and the temperature T :

 =
g2
4

(L)

2⇡LT
. (1.2)

It determines the strength of the Coulomb interaction between the W -bosons, while the
(dual-) Coulomb interaction between magnetic bions is proportional to �1.

The global U(1) symmetry of the XY -model, ✓x ! ✓x+c, is explicitly broken to Z
4

by the
second, magnetic-bion induced, term in (1.1). In terms of the symmetries of the microscopic
gauge theory, the Z

4

symmetry of the spin model as written in (1.1) contains a discrete Z
2

subgroup of the chiral symmetry of the gauge theory and the topological Z
2

symmetry, due
to the nontrivial ⇡

1

(SU(2)/Z
2

). In a dual lattice formulation of (1.1), see the discussion in
Section 3.3, instead of the topological Z

2

symmetry, one finds the Z
2

center symmetry. The
realization of the symmetries and the behavior of the correlators of ’t Hooft and Polyakov
loops through the deconfinement transition are also discussed in there.

The lattice-spin model (1.1) is a member of a class of Zp-preserving models, defined as in
(1.1), but with cos 4✓ ! cos p✓ instead. It is sometimes also called the p = 4 “clock” model
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W’s = XY model gas of vortices bions = XY model gas of charges 

2

In addition to low-T/high-T duals, mentioned above, 
there are different (GNO-like) duals appropriate to SU(2) vs SO(3) gauge theories  
center Z  symmetry for SU(2) maps to  topological Z  symmetry for SO(3)2
Analysis of phase transition & critical indices involves Coulomb gas 
RGEs and bosonization. 

W-W electric interaction



What did I tell you about? gauge theory dynamics on R    x S  (spatial circle)1,2 1 

lattice Coulomb gases and 2d spin models

theory of melting of 2d crystal on triangular lattice 

2d “affine” XY 
spin models

at finite T, near
deconfinement transition
is dual to 

4d SU(N) gauge theory with
n   massless adjoint Weyl 
fermions on spatial circle (L)
f

The other side - 2d spin models, 
known, or a generalization of known ones.  

Both analytical and numerical 
progress should be possible - as 
I showed you in an example.

SU(3) is self dual, should be possible to find order of transition? 
exponents? (if there’s a CFT at Tc?)
No e-m duality for SU(N>3), RGEs flow to strong coupling...

 Study of nonequilibrium properties? QGP experiments non-static, really...  

CHALLENGES: 
Understanding of higher-rank cases is still incomplete. 

 Complete phase diagram in L - 1/T plane?

One side of duality - 4d gauge 
theory with massless fermions. 
Difficult to study by any means, 
including on the lattice


