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Ultrafast pump-probe measurements on a two-dimensional �2-D� silicon photonic crystal are used to show
the influence of a pump eigenmode’s spatial characteristics on the crystal’s optical tuning properties. Electron-
hole pairs are generated by two-photon absorption of 130 fs, 1.5 �m pulses via different crystal eigenmodes
and spatially modify the crystal’s refractive index via Drude effects; characteristics of an eigenmode near
1.9 �m are monitored via time-resolved reflectivity. For a pump eigenmode producing an inhomogeneous
carrier distribution, diffusion is responsible for an initially fast �10 ps time scale� component of the recovery of
the probe reflectivity with surface recombination accounting for a slower response �700 ps time scale� after the
carriers are nearly uniformly distributed within the silicon backbone. When carriers are initially generated
homogeneously in the silicon, surface recombination alone controls the time evolution of the probed mode. A
simple expression is developed for the mode-dependent two photon absorption in photonic crystals and a
simple perturbation technique is used to treat modifications to photonic crystal eigenmodes by small refractive
index changes.
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I. INTRODUCTION

Tuning of the optical properties of a photonic crystal
�PhC� has been the subject of intense research efforts related
to the potential development of active photonic crystal com-
ponents. With femto- or picosecond pulse excitation of PhCs,
tuning is usually achieved via the free-carrier-induced Drude
effect or the Kerr effect.1–6 However, little attention has been
paid to how the spatial characteristics of the excited eigen-
modes influence the temporal or spectral dependence of the
optical response. In this paper we report the results of experi-
ments in which 1.5 �m, 130 fs pulses excite carriers in a
two-dimensional �2D� silicon PhC by two photon absorption
�2PA� via PhC eigenmodes with different spatial characteris-
tics. We demonstrate a time- and pump mode-dependent
modification of the silicon refractive index via the Drude
effect and monitor this using time-resolved reflectivity in the
vicinity of a PhC mode at 1.9 �m. The 2PA absorption depth
is sufficiently large that a mode description of the initial
carrier description is possible. A simple perturbation
technique7 is adapted to determine how PhC eigenfrequen-
cies in general are influenced by small, refractive index
changes in the PhC. The degree of tuning is controlled by the
spatial overlap of the induced refractive index change �gov-
erned by the pump mode� with the probe mode energy den-
sity.

Although the generated carriers are initially distributed
according to the pump mode �actually the fourth power of
the mode’s field distribution for 2PA�, this distribution can be
influenced by disorder within the PhC but not appreciably
affected by surface termination and weak beam focusing.
Subsequently, the dynamics and spatial distribution of the
carriers are governed by diffusion as well as surface and bulk

recombination. Owing to the fact that bulk recombination in
defect-free Si is slow and carriers are generated within hun-
dreds of nanometers of a surface, surface recombination is
found to dominate bulk recombination.8

The PhC sample used for the experiments is similar to
that described elsewhere.4 As shown in Fig. 1 the silicon
sample has a triangular lattice arrangement of 560 nm diam-
eter, 96 �m deep air holes with a pitch of 700 nm. Figure 2
shows the calculated photonic band structure for light propa-
gating along the �-M direction, which is normal to a face of
the PhC. The pump modes labeled �A�–�D� at 0.25k0, 0.5k0,
0.75k0, and k0 �where k0 is the �-M wave vector� are used to
make specific comparisons later in the text. Experimentally,
the optical tuning of the PhC was accomplished using a para-
metric amplifier pumped by a 250 kHz repetition rate Ti-
sapphire oscillator/regenerative amplifier. The 1.5 �m,
130 fs signal �pump� pulses are focused onto the sample with
a spot size of 34 �m �FWHM� and a peak intensity of
16 GW/cm2. The pump beam can be introduced either along
the �-M direction �the z direction of Fig. 1�, with the E-field

FIG. 1. Schematic diagram of the 2-D silicon photonic crystal
with an axis reference system.
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polarized normal to the pore axis or near the front face of the
PhC, along the pore-axis direction �the y direction in Fig. 1�
with the E-field polarized along the �-M direction. The 2PA
of the pump pulses generate free carriers that induce a
change in the refractive index of the silicon. The subsequent
tuning of the photonic band structure is probed via reflectiv-
ity of a weak, E-polarized �i.e., polarized along the y direc-
tion� 1.9 �m idler beam that has a focused spot size of
20 �m and a peak intensity of 0.2 GW/cm2. This probe
beam is incident along the �-M direction and tuned to the
longer-wavelength band edge of the second stop gap that is
sensitive to small changes in the Si refractive index.

II. THEORETICAL CONCEPTS

Mode frequency shifts that result from weak changes in
the index of refraction can be derived using perturbation
theory, using an approach similar to that used in elementary
quantum mechanics.7 We consider a PhC characterized by a
position-dependent index of refraction n�r� with modes la-
beled by crystal momentum k and band index m. For a non-
degenerate mode with frequency �mk, under a �periodic�
change in the index of refraction with n�r�→n�r�+�n�r�, to
lowest order in �n�r� a mode frequency changes according
to �mk→�mk+��, where

��

�mk
= −

�
cell

�n�r�
n�r�

Umk�r�dr

�
cell

Umk�r�dr

, �1�

and

Umk�r� � �0n2�r�Emk
* �r� · Emk�r�

identifies the spatially dependent, time-averaged energy den-
sity distribution associated with the mode mk and electric
field spatial profile Emk�r�. Since both Umk�r� and �n�r� are
periodic in the PhC, the integrals in Eq. �1� extend only over
a unit cell. The Umk�r� or the Emk�r� are determined from the
PhC eigenmode equations. Note that the result in Eq. �1� is

independent of the normalization chosen for Emk�r�.
In addition to using result �1� to determine mode shifts,

we employed finite difference time domain �FDTD� tech-
niques to determine if the pulsed excitation of the PhC pro-
duces effects that differ from continuous �time-independent�
excitation, as assumed above. In the FDTD calculations a
1.5 �m, 130 fs pump pulse is launched from air into a PhC
that is treated as periodic in the x direction but has a finite
length of 30 rows along the z direction. This sample length is
chosen so that the pulse does not reach the end of the sample
before the power distribution is determined; this prevents
any interference from backreflected fields. The FDTD calcu-
lations show that the power distributions are not changed
significantly by surface termination, even though the sample
transmissivity may be strongly affected.9 At normal inci-
dence, these distributions are established once the pulse en-
ters the samples and show little variation for incident angles
up to 10 deg. Slight deviations occur only in the first crystal
row at the sample edge because slightly off-normal incidence
beams are refracted toward the normal, taking into account
the band structure of the PhC.10 Since the focused beams
converge with an angle �4 deg on the sample, we do not
expect significant deviations from the calculated power dis-
tributions from focusing effects. We also verified that the
energy density distributions are not appreciably affected by
weak absorption, e.g., owing to 2PA in the silicon backbone.

A simple model11 is used to describe the generation and
evolution of a spatially inhomogeneous carrier distribution
within the PhC backbone. The carrier density evolution can
be described by

�N�r�
�t

= DN�2N + � �N

�t
�

gen
, �2�

where DN=10 cm2/s is taken to be the ambipolar
diffusivity12,13 appropriate for our typical carrier density
��1018 cm−3� and “gen” refers to a carrier generation pro-
cess. The time constants associated with radiative and Auger
recombination for this density are 17 and 2.5 �s, respec-
tively, and are assumed to be negligible in our experiments,
where the characteristic evolution time scale is �1 ns. We
furthermore assume that the recombination time associated
with bulk defects and impurities in the high-quality silicon
backbone is �1 ns since the bulk resistivity is 40 � cm, with
an n-doping density of �1015 cm−3.14 Recombination in
these macroporous samples is likely dominated by surface
effects. For a surface recombination velocity S, one has the
boundary condition

SN��r,t��surface = DN���N��surface. �3�

In our experiments in which carriers are excited via 2PA, the
carrier generation term becomes

� �N

�t
�

gen
=

	�r,�p�
2
�

I2�r,t� , �4�

where �p refers to the pump frequency, I�r , t� is the intensity
at location r inside the photonic crystal, and 	�r ,�p� is the
local 2PA coefficient. For our peak intensities the absorption
depth associated with 2PA is �1 �m and 2PA does not sig-

FIG. 2. Dispersion curves of the 2D silicon PhC for the �-M
direction. The solid and dashed lines correspond to E- and
H-polarized light, respectively. The filled triangle and circle corre-
spond to the experimental probe and pump frequencies, respec-
tively. The filled squares �A�–�D� indicate the pump frequencies
used in some of the simulations.

TAN et al. PHYSICAL REVIEW B 72, 165115 �2005�

165115-2



nificantly alter the PhC modes, including their lifetime.
However, the field distribution of the excited mode can in-
fluence the local carrier generation rate. Also, the group
velocity15 of the pump beam eigenmode can differ from that
in bulk silicon. In the Appendix we derive the local 2PA
coefficient inside the PhC in terms of mode characteristics.
For our purposes here, with light polarized along one of the
silicon principal axes �also parallel or perpendicular to the
cylinder axis�, we can neglect the anisotropy characteristics
of 2PA and use the effective 2PA coefficient given by Eq.
�15�.

Equations �2� and �3� can be numerically solved for N,
with the initial condition that the quiescent carrier density in
the silicon is 1015 cm−3. A unit cell of the PhC is divided into
a spatial grid and the carrier evolution equations are dis-
cretized within the silicon backbone via a forward time-
centered space scheme.16 Periodic boundary conditions are
assumed, reflecting the translational symmetry of the PhC.
The induced refractive index change is given by17

�n�r,t� = −
e2

2nm*�0�r
2N�r,t� , �5�

where m*=0.16m0 is the optical effective mass of the elec-
trons and holes, and �r=2.87�1014 rad/s is the probe fre-
quency. Equation �5� can be substituted into Eq. �1� to com-
pute the frequency shift for a mode at different probe delays.
Because the pump pulse width is much less than the time
scale on which diffusion and surface recombination occur,
the carriers can be considered to have been injected at t=0.
Furthermore, the time scale on which the mode frequencies
change is long compared to the inverse of the mode fre-
quency so that the induced shift can be regarded as a steady-
state response.

To illustrate how spatial overlap between the pump and
probe pulses influences tuning, we have simulated the shift
in the 1.9 �m band edge when the PhC is pumped with
130 fs pulses with a center wavelength between 1.1 and
2.2 �m, a wavelength range over which 2PA may occur in
silicon. Here, the E-polarized pump and probe beams are
incident along the �-M direction of the PhC and the 2PA
coefficient is treated as frequency independent to elucidate
the role of the modes. For carriers generated via 2PA, �n�r�
is proportional to the square of the local pump energy den-
sity. Figure 3 shows the frequency shift at the probe mode
immediately after the pump pulse for various pump modes
�including the �A�–�D� modes of Fig. 2	 calculated using Eq.
�1�. The pump modes chosen are those that can be optically
excited by incident plane waves. The pump pulse intensity is
chosen to produce the same average carrier density in the
silicon, although the density varies in space according to the
pump mode spatial profile. The shifts plotted are those that
would be recorded before diffusion or recombination alter
the injected carrier density, i.e., on a picosecond time scale.
Under the conditions stated, one obtains a significant varia-
tion in the 1.9 �m mode with an excitation mode. While the
shifts plotted are given in arbitrary units, it might be pointed
out that typical shifts are of the order of several nm for an
average injected carrier density of �1018 cm−3, similar to

experimental results obtained by Leonard et al.4 Consistent
with Eq. �1� we find that the largest frequency shift is
achieved when the spatial overlap between Umk�r� and �n�r�
is large, i.e., when the pump and probe beams are degenerate
or nearly so. Similar results are also obtained for H-polarized
pump light. This is clearly illustrated in Fig. 4, which shows
the energy density of the �A�–�D� modes located on a rela-
tively flat dispersion curve. Also shown in Fig. 4 is the en-
ergy density of the probe mode �labeled �E�	. A comparison
of Figs. 3 and 4 shows how the frequency shift varies with
pump mode/probe mode overlap. In the experiments, rather
than directly observing the frequency shift of a 1.9 �m
mode, which defines one edge of a photonic band gap, we
measure the change of the reflectivity �R� at the correspond-
ing Bragg reflectivity peak, making use of the fact that �R
= ��R /�����.

Although we do not consider this explicitly here, another
method for inducing a mode frequency shift is through a
Kerr-induced refractive index change.18 The treatment of this
spatially dependent effect is similar to that of the 2PA pro-
cess, as shown in the Appendix, although as is well known4

for a given laser intensity, Kerr-induced changes are much
smaller than Drude-induced changes. The tradeoff is that for
the Kerr effect the induced changes follow the optical pulse
temporal profile.

III. EXPERIMENTAL RESULTS AND DISCUSSION

Figure 5�a� shows the experimental time-resolved probe
reflectivity results and curves derived from simulations based
on Eq. �1� for the two different pump geometries. When the
pump beam is incident along the �-M direction, there is
partial recovery in the probe reflectivity on a 10 ps time scale
followed by a slower recovery on a few hundred picosecond
time scale. When the pump propagates along the pore axis,
the probe reflectivity recovers with a 700 ps time constant.

FIG. 3. Magnitude of induced mode tuning at 1.9 �m as a func-
tion of pump wavelength for the same, average carrier density in the
silicon backbone. Both the E-polarized pump and probe beams are
incident along the �-M direction. The filled squares �A�–�D� indi-
cate the pump frequencies used in some of the simulations while the
filled triangle indicates the 1.9 �m probe wavelength used in the
experiments.
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The difference in the temporal dependence of the reflectivity
can be attributed to the different initial spatial distributions
of the free carriers, although in both cases smearing of the
mode field distribution by defects in the PhC can influence
the corresponding carrier distributions. This might be ex-
pected to be more important when the pump propagates
along the pore axis since it must propagate �50 �m in the
PhC before it reaches the probe location. At such a depth the
carriers could be expected to be almost uniformly distributed
within the silicon and carrier evolution would occur via re-
combination alone. However, if the pump and probe beams
propagate collinearly along the �-M direction, the sampled
carrier distribution will not differ significantly from that in a
perfect PhC sample since the effective probe depth is limited
to the first few PhC unit cells.19 The measured reflectivity
results are therefore influenced by both carrier diffusion and
recombination.

In the simulations, since the free carriers are generated by
2PA of the pump pulse, their initial distributions N�x ,z , t
=0� can be inferred by taking the square of the energy den-
sity Umk�r� at the pump frequency in the silicon backbone.
For the pump beam incident along the pore axis direction,
the initial carrier distribution is assumed to be uniform in the
silicon. The solutions for N�x ,z , t� obtained by solving Eq.
�2� and Eq. �3� are substituted into Eq. �1� to compute the
band-edge shifts at different probe delays. For small index
changes, the reflectivity change is proportional to the band-
edge shifts. It should also be noted that S is the only free
parameter used to fit the simulation traces to the experimen-
tal data.

The best fit results, obtained for S=7�104 cm/s, are
shown in Fig. 5�a� and show reasonable agreement. In high-
quality crystalline Si, the value of S has been measured to be
3�104 cm/s but can be as large as 106 cm/s as the surface
quality degrades.20 When the pump direction lies along the
�-M direction and the initial carrier distribution is inhomo-
geneous in the PhC, carrier diffusion accounts for the initial
fast recovery in the reflectivity traces. The initial contrast
between the regions of high and low carrier density is also
accentuated by the 2PA process. After the carriers are uni-
formly distributed after �30 ps, the recovery is slower and
can be attributed to surface recombination.21 When the pump
beam is incident along the pore axis, the uniform carrier
distribution decays via surface recombination alone. This re-

FIG. 4. �Color� Spatial energy density distributions correspond-
ing to the �A�–�D� modes shown in Fig. 2; �E� shows the energy
density distribution for the eigenmode probed in the experiments.

FIG. 5. Time dependence of normalized reflectivity change for
two different pump-probe geometries. In �a�, the filled squares are
the experimental data points and the bold lines are the fitted curves
in a sample that has 560 nm diameter air holes with a pitch of
700 nm. The pump eigenmode is excited by 1.5 �m, H-polarized
light. In �b�, simulation results are shown for different pump modes
in two different samples. The trace corresponding to mode m1 is the
same as the lower trace in �a�. Modes m2 and m3 are excited by E-
and H-polarized, 1.25 �m light, respectively, in the same sample.
Mode m4 is excited by 1.5 �m, E-polarized light in a PhC that has
400 nm diameter air holes with a pitch of 500 nm.

FIG. 6. �Color� Initial free carrier distributions �shaded areas�
for pump modes m1 to m4.
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sult is also consistent with earlier results obtained when a
1.76 �m pump beam, also introduced along the pore axis,
was used to tune the 1.6 �m band edge for E-polarized light
in the same sample.22 Note that the subnanosecond carrier
surface recombination time can be estimated from Eq. �3�
�since both terms represent current density into the interface�
as L /S, where L is the thickness of the Si neck; For L
=0.2 �m, L /S�300 ps. In general, the time constant is in-
dependent of the diffusion coefficient, which simply governs
the size of the �weak� density gradient. Although the possible
temporal dependence of S on a picosecond time scale due to
surface charging and the transient occupation of surface
states23,24 has been neglected in our simulations, the model
describes the experimental results reasonably well. There is a
noticeable discrepancy between the simulation and experi-
mental results for the collinear pump-probe geometry. This
could be reduced by employing a diffusion coefficient of
20 cm2 s−1, however, it might be misleading to do so since
part of the discrepancy may reflect other effects such as a
different initial carrier distribution owing to PhC or mode
imperfections, including clipped pore effects near the sur-
face. The experimental results also reflect averaging effects
related to pump and probe volumes.

To illustrate the influence different excited modes can
have on the dynamics of the injected free carriers, simula-
tions were also carried out using different pump wavelengths
and a different PhC pitch. Figure 5�b� shows the results of
these simulations for DN=10 cm2/s and S=7�104 cm/s;
four modes, m1 , . . . ,m4, were considered. The corresponding
initial free carrier distribution for these modes is illustrated
in Fig. 6. Mode m1 is the same as the one used as a probe
mode and the simulation trace is the same as the lower one in
Fig. 5�a�. Modes m2 and m3 are excited by E- and
H-polarized, 1.25 �m pump beams, respectively, incident
along the �-M direction in a sample of the same character-
istics as was used in the experiments.25 Although the initial
free carrier distribution patterns for modes m3 and m1 are
very similar �the modes lie on different air bands�, the initial
carrier density gradient is larger in the former case. This
results in stronger carrier diffusion and thus faster recovery,
as shown in Fig. 5�b�. It is also interesting to note that al-
though the field distributions for mode m2 and m1 are very
different, their corresponding reflectivity traces are similar. It
is thus difficult for one to conclusively differentiate the vari-
ous mode excitations based on the time-dependent reflectiv-
ity traces alone. The curve corresponding to mode m4 in Fig.
5�b� is the result obtained when an E-polarized, 1.5 �m
pump beam is incident along the �-M direction of a PhC but
with 400 nm diameter air holes and a pitch of 500 nm. The
reflectivity recovery is found to be faster in this material,
although it has the same radius to pitch ratio as the one used
in the experiment. This is due to the different initial carrier
distributions and also the larger surface area to volume ratio
�factor of 1.4� of the sample that results in the enhancement
of the role played by surface recombination. Therefore, a
complete picture of the probe reflectivity recovery must also
include considerations of the PhC sample geometry. Indeed,
it may be simpler to experimentally observe enhanced sur-
face recombination effects from samples with different pitch
than from attempts to differentiate the different pump modes
in samples with the same pitch.

IV. CONCLUSIONS

We have shown that the field distributions of optical pump
pulses in PhCs can influence both the magnitude and tempo-
ral characteristics of optical tuning through differences in the
dynamics of the generated free carriers. The interplay be-
tween carrier diffusion and surface recombination is respon-
sible for the overall temporal dynamics and surface recom-
bination becomes even more important when the surface area
to volume ratio of the sample is increased. While the results
here point out how pump mode characteristics are important
in determining dynamical optical effects in photonic crystals,
the inverse problem, namely determining the spatial charac-
teristics of an induced refractive index change in a photonic
crystal from the time-dependent optical properties, does not
present a unique solution in general.
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APPENDIX: KERR EFFECT AND TWO PHOTON
ABSORPTION IN A PHOTONIC CRYSTAL

Here we sketch the treatment of two-photon absorption
and the Kerr effect �related to the imaginary and real parts of
a ��3� interaction, respectively� in a photonic crystal based on
the more general formalism developed by Bhat and Sipe,18

henceforth referred to as BhSi. In that paper the energy flux
I�r , t� associated with a Bloch mode could be written in
terms of a complex slowly varying �in space and time� en-
velope function �r , t� as

I�r,t�ŝ = 2��r,t��2ŝ = 
E�r,t� � H�r,t�� , �A1�

where ŝ is a unit vector indicating the direction of energy
flow in the Bloch mode, 
 � indicates an average over the
rapidly varying time dependence and over a unit cell. Within
the usual approximations �no ��2� effects, no degeneracy at
the point of interest, etc.� the function �r , t� satisfies the
equation

��r,t�
�t

+ vi�k�
��r,t�

�ri =
1

2

�2��k�
�ki �kj

�2�r,t�
�ri �rj + i��k���r,t�

+ i
�

�ov�k�
�r,t���r,t��2. �A2�

Here v�k� �with Cartesian component vi�k�	 is the group
velocity, the term involving �2��k� /�ki �kj describes both
diffraction and group velocity dispersion, the coefficient �
describes linear loss, and � describes the ��3� interaction. All
functions of k are evaluated at the k of the modulated Bloch
function. We have taken the ��3� nonlinearity to be described
as
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PNL
i �r,t� = 3�o�3

ijkl�r;− �;�,�,− ��E j�r,t�Ek�r,t�

��El�r,t�	*e−i�t + c.c.,

where � is the carrier frequency of the pulse �����k�	 and
E�r , t�=E�r , t�e−i�t+c.c. With these definitions, � is given by

� =
3

2
��

cell

dr

�cell
�3

ijkl�r;− �;�,�,− ���Emk
i �r�	*�Emk

j �r�	

��Emk
k �r�	�Emk

l �r�	*, �A3�

where �cell is the volume of the unit cell and Emk�r� is the
Bloch function electric field of the mode mk that the enve-
lope function modulates. Here, following BhSi, the Bloch
functions are normalized according to

�
cell

dr

�cell
n2�r�Emk

* �r� · Emk�r� = 1,

where the first integral is over the normalization volume.
Note that the factor of the group speed v�k� in the de-

nominator of Eq. �A2� arises because the nonlinearity ��3� is
referenced to the electric field amplitude, while Eq. �A2� is
an equation for the intensity amplitude, and for a given in-
tensity I�r , t�ŝ=2��r , t��2ŝ the electric field amplitude is
greater the more slowly the field is propagating. We pick up
a second factor of the group velocity, which can be seen most
easily by examining a field that is propagating precisely at
the carrier frequency �, for which the slowly varying ampli-
tude �r , t� has no time dependence. Neglecting diffraction
and dispersion effects, and setting �=0 �no linear absorption,
etc.�, Eq. �A2� reduces to

v�k�
��z,t�

�z
= i

�

�ov�k�
�z,t���z,t��2, �A4�

where we now assume that the field propagates in the z di-
rection in the crystal, which we take to be the direction k of
the modulated Bloch function. This equation is trivially writ-
ten as

��z,t�
�z

= i
�

�ov
2�k�

�z,t���z,t��2. �A5�

So now there is indeed a second factor of v�k� in the de-
nominator; this one arises because, colloquially speaking, the
nonlinearity is more effective the slower the group velocity
because the light spends “more time” sampling the nonlin-
earity.

The real part of � describes the intensity-dependent index
of refraction and the imaginary part describes 2PA. For ex-
ample, using Eq. �A1�, we find from Eq. �A5� that

�I�z�
�z

= − 	I2�z� ,

where

	 =
Im���

�ov
2�k�

�A6�

is the phenomenological 2PA absorption coefficient associ-
ated with the Bloch function Emk�r�. Thus, in place of Eq.
�A3� we can write

� =
3

2
�

�
cell

dr

�cell
�3

ijkl�r;− �;�,�,− ���Emk
i �r�	*�Emk

j �r�	�Emk
k �r�	�Emk

l �r�	*

��
cell

dr

�cell
n2�r�Emk

* �r� · Emk�r�2 . �A7�

This is a more convenient way to write �, because it is now unmodified by a change in whatever normalization condition is
adopted for Emk�r�. Hence, Emk�r� can be taken directly from any technique that finds the Bloch functions. From the symmetry
properties of �3

ijkl�r ;−� ;� ,� ,−�� we only get an imaginary part of � from an imaginary part of �3
ijkl�r ;−� ;� ,� ,−��; hence

combining Eq. �11� and Eq. �12�, we find

	 =
3�

2�ov
2�k�

�
cell

dr

�cell
Im��3

ijkl�r;− �;�,�,− ��	�Emk
i �r�	*�Emk

j �r�	�Emk
k �r�	�Emk

l �r�	*

��
cell

dr

�cell
n2�r�Emk

* �r� · Emk�r�2 . �A8�
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Once the Bloch function of interest is known, and a model
for �3

ijkl�r ;−� ;� ,� ,−�� adopted, then it is only two inte-
grals over the unit cell that must be done to find 	, once v�k�
is determined from the band structure.

One can verify the above expression for a uniform, bulk
medium. To do that, we imagine a plane wave propagating
along the z direction so that

Emk�r� → êeikz,

where ê is a polarization direction, and is perpendicular to ẑ.
Here we have v�k�=c /n, where n is the uniform index of
refraction, and from Eq. �A8� we get

	 =
3�

2�oc2n2 Im��3
eeee�− �;�,�,− ��	 ,

where now �3
eeee�−� ;� ,� ,−�� is the indicated component

of a uniform �3.
Now consider the phenomenological description of light

propagation through this material, with an n2=n2
R+ in2

I that
has both a real and imaginary part, as indicated. A wave
propagates as

exp�i
�

c
�n2I�z = exp�i

�

c
�n2

RI�zexp�−
�

c
�n2

I I�z ,

which gives an intensity dropping off as

exp�−
�

c
�2n2

I I�z ,

and so we can identify a phenomenological

	bulk =
2�

c
n2

I .

Since we have

n2 =
3

4�ocn2�3
eeee�− �;�,�,− ��

for this geometry �see BhSi, Eq. �122�	, we have

	 = 	bulk,

as expected.
The expression �A8� can be simplified for common situa-

tions. For example, if the PhC has two constituents with one
of them air �for which we neglect 2PA� and the other a solid,
then the integration in the numerator of Eq. �A8� only has to
be performed over the solid. Furthermore, if the solid has
cubic symmetry for the electronic lattice and the beam is
polarized along a cubic axis then the 2PA coefficient for this
mode is

	 = 	bulk c2

v2�k�

�
cell�

dr

�cell
n2�r��Emk�r��4

��
cell

dr

�cell
n2�r�Emk

* �r� · Emk�r�2 ,

�A9�

where the � indicates that the integration is only over the
solid region of the unit cell and 	bulk is the 2PA coefficient
for the solid for the assumed beam polarization. From this
last equation and for the purposes of generating, e.g., a local
carrier generation or energy deposition rate, we can infer a
local effective 2PA coefficient given by

	�r� = 	bulk c2

v2�k�
n2�r��Emk�r��4

��
cell

dr

�cell
dr n2�r�Emk

* �r� · Emk�r�2 .

�A10�
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